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1. Statement of the problem. We are to consider th? problem of 
minimizing an integral of the form 


T ap m 
I= f Plen try imi a a) f F(z, a’) dt 
to to 
io the class of all admissible curves k 
rt _= 3t) (oo StSTz;a—1,---, 2) 


»ulch join two fixed points s, and Fe in space of n dimensions (n > 1). 
We assume the usual continaity and homogeneity propertie- for the integrand 
function F, and “admissible curves” are ordinary curves in the sense used 
by Bolza.* We shall make use of the well-known summation convention of 


" Vorlesungen, § 25, p. 189. 
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tensor arslysis, except that it will not be necessary to distinguish betwee: 
contravariant and covariant indices. We have, for example, to deal with ih. 


n 

“norm” gret (= $, ar’) of a vector g®. It is important to recall that i 
ax] 

‘he g'e are the derivatives of functions ©* defining an admissible curve, thea. 


Z% never vanishes along that curve. We shall use the indices « and £ io 
iu. from 1 to x, and the indices i and j to run from 1 to a —1. 


2. The classico’ necessary conditions for a minimum. An adinissibl> 


carve 
Eo : att) 


minimizing the integral J must satisfy the following well-known necessary 
conditions: 


(L) the Euler equations: 
d oF oF 


D] N PIE — In e 
{ we 1 } 7 
het veen corners on Fe; 


(Iz) the corner conditions: 


OF (r.e-) OF (a, x) 


ee) ĝe ĝe 
at eich corner; here «^ and 2’* denote the directie .s on Ly preceding and 
follo ing the corner, respectively ; 


(II) the Weierstrass condition: 


- OF (x, &) OF (2,2) . 
a g) == ZN S un RZ Na ta > 
& (x, 0”, &) == ir fara 20 


for every (7, 2’) on E, and every direction #” different from a’; 


(:II) the Legendre condition: 


e 7 — ao F(a, 2) B> 
or Q (2, 2/39) =q Ax’ 29278 1) = 0 


lor every (2,27) on Fo and every n whose components are not proportional 
to those of ad; 


(I11,) the function F, defined by the equations * 


“CH. Bliss, Transactions of the American Mathematical ‘Society, Vol. 15 (1014), 
pp. 376, 378. 
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Fey? —= He 
is not negative along Hy; here the matrix H°8 is the adjoint of 0?F'/da’%Ga’8 ; 


(IV) the Jacobi condition: that there shall be no pair of conjugate 
points on any are of E, which is of class C’ and has F, 0 along it. 

Geometrically interpreted, the Jacobi condition is that no are of Ey of 
class C” may contain a point of contact with the envelope, if existing, of the 
(n—1)-parameter family of extremal arcs passing through a fixed point of 
the arc of E, in question. If the equations of this family of extremal arcs are 


il == y(t, a) 
then the analytic formulation of the condition is that the determinant 
| aye/dat = ay /0E | 


shall not vanish along the are of E, in question, except at the fixed point 
through which all the extremals of the family pass. A formulation of the 
Jacobi condition for minimizing arcs of class O’, in terms of the second 
variation and solutions of the Jacobi equations, has been given by Bliss.” 
A modification of Bliss’ method is used in §§ 8-10 of this paper. 


3. Construction of families of extremaloids. The equations (2.1) and 
(2.2) characterize the admissible curves called simple extremaloids by Ton- 
elli.t We shall drop the prefix “simple,” inasmuch as no other types of 
extremaloids appear in this paper. 

If E, is an extremal are j 

zt = gt (t) (G StS t) 


along which the function F, does not vanish, then for each point z and 
direction a’ sufficiently near those on E, there is a unique extremal passing 
through x, in the direction to. The equations of these extremals can be 
given in the form 


et == F(t, Los Zo ) ’ 


where the functions =° and their first and second derivatives with respect to 
t are of class C” for the specified range of x, and z,’ and for ¢ on an interval 
4 —8StSt,+ 4, and where 


R(t, Tos Lo’) = gt (t) (GS tS t) 


# “ Jacobi’s Condition for Problems of the Calezlus of Variations in Parametric 
Form,” Transactions of the American Mathematical Society, Vol. 17 (1916), p. 195. 
f Fondamenti di Calcolo delle Variazioni, Vol. TI, p. 189. 
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whenever x, and x,’ represent a point and corresponding direction on the 


original extremal Ky. The totality of these extremals constitutes a (2n — 2)- 
parameter family 


zt = Yt (t, a, b) 


where a and b each represent n— 1 parameters. The totality of extremals 
through a fixed point constitutes an (n — 1)-parameter family 
Š zt = Y(t, a). 
The functions ¥* and %* have the same differentiability properties as E*. 
Moreover the determinant 
a a 
dat db! di 
pue goe pue pwe 
dtda* 196? at? dt 
never vanishes for ¢; —8S iS t, -+ 8, and the determinant 


aye aye 
(3.2) dat ot 


(3.1) 


is not identically zero on any subinterval of titz” 

We shall obtain corresponding imbedding theorems for extremaloids, by 
starting from a family of extremals containing an extremal are of the givin 
extremaloid Æo, and showing how to get past a corner. The extension of 
the properties of the determinants (3.1) and (3.2) will come naturally in 
the later sections on the second variation and the Jacobi equations. 

Suppose then that E, is an extremaloid joining the points x, and X and 
having corners at @:,° ' `, Sm, and suppose that the function F, is different 
from zero along E,, including both sides of corners. For definiteness and 
simplicity of notation, start from a family a*—y(t,a) containing the 
first extremal arc Eo, of Ey for a = aot, to StS t. Let p and p% repro- 


= 


2 


® These statements are justified on the basis of the imbedding theorems for dif- 
forential equations. Cf. Bolza, Vorlesungen über Variationsrechnung, Ch. IV; Bliss 
cad Mason, Transactions of the American Mathematical Society, Vol. 9 (1808), pp. 
443, 444; J. H. Taylor, Bulletin of the American Mathematical Society, Vol. 31 (1925), 
p. 257. 

t Cf. the references to Caratheodory and Bolza already cited; also Sakellarioa, 
“Sur les solutions discontinues du probleme du calcul des variations dans l'espace à 


n dimensions,” Comptes Rendus du Oongrés Internationale des Mathématiciens, Stras- 
bourg (1924), p. 351. 
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sent the direction cosines of the tangents to Fo at the corner zı, and suppose 
for convenience that y% (tı, ao) = p*.* The corner equations 

OF[y(t,@).q] _ Fly, a), w(t) ] 
(OB) gg ee. ee 
have the initial solution at = ay’, t = t, q% = p*. At this solution the func- 
tional determinant with respect to the n +- 1 variables (¢, q) is 


gF 02F* en OR 5 
(3.4) De oe P dx° 
ap 0 


since the arc Mo, satisfies the Euler equations (2.1). If we expand this 
determinant by the last row and column and make use of the identities + 


i i 
B+ ce 
p"F,*p adjoint of ——. Baba > 
em _ IR 
P” a? 


we find that the determinant (3.4) reduces to 2F,*Q., where 
(2, W, pt) = (BF /da*) p — (OF /ba*) p™. 
Consequently, if we make the additional assumption 
Q, 0, 


the equations (3.3) have unique solutions t=t(a), g*—q*(a), having 
a, t, q in sufficiently restricted neighborhoods of a, tı, p* respectively, and 
these solutions are of class C’ at least. Application of the imbedding theorems 
to the external arc Eos adjacent to Eo, shows that through each point 
z+ == y(t(a),a) there passes a unique extremal are in the direction 
x’ == g%(a), provided at is sufficiently near ap’. 

If the function Q, is different from zero at each of the corners on Fo, 
we obtain by this method (with proper choice of the parameter t on each 
sub-arc) a family 2* = ¢%(t,a) of extremaloids, defined for tj—8t 
ST +8, containing the original extremaloid E, for a= ao to E tE T. 
The functions $* are continuous in all their arguments, and $t, 06%/dt, and 
0°p%/0t? are of class C’ in all their arguments except at the corners. There 
is no change in the reasoning if we start from a family of extremals depending 
on a different number of parameters. We shall use the notation 


* Primes will always denote differentiation with respect to ž. 
+ These identities are consequences of the homogeneity condition on the a ia 
function F. 
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pe == P(t, a, b) 


to represent the general (2n—-2)-parameter family of extremaloids, cen- 
taining Fo for a! == a)', bt but. That we obtain the same set of curves, no 
matter which extremal arc of E, we start from, is a consequence of the faci, 
to be proved in § 10 for the case of extremaloids, that if the determinant 

oae gee oae 

dat 0b? ât 

par por por ga 

dtdat db? gt? at 
is different from zero at one point of E, then it never vanishes. 

It is sometimes convenient to have the corners on all the extremaloi: s 

of a family occur for the same values of the parameter ¢ This can be 
brought about by a transformation of the form 


t= f(t, a, b), 





where f is continuous in all its arguments, f and f = ôf/ôðt are of class (” 
between corners, and f > 0. Such a transformation multiplies the deter- 
minants 

a(t) 982 (t) we (t) 








öde ES ĝa? abt ot £ 
iar DE |? | asel) aael) a dB“ (to) |’ 
da‘ gb? ôt 


by F(t) and f’(Z) f’ (to) respectively, and hence cannot affect the sign of 
either of these determinants. When the corners on all the extremaloids of 
the family occur for the same values of the parameter t, the partial derivatives 
of the functions * (or ¢*) with respect to the parameters aê and bê are 
continuous functions of t. 


4., A relation between the functions & and Qo, and a further necessary 
condition. The relation sought is due to Dresden.* We temporarily select 
the are length s as parameter along the extremaloid Fo Then we find 
preceding a corner 

d/ds € [z(s), g(s), pt] = Qo, 
and following a corner 


d/ds E [x(s), g (s), er] = — %, 


* Transactions of the American Mathematical Society, Vol. 9 (1908), p. 485. 
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where 2% are the direction cosines of the tangent to Wo preceding the corner, 
and p“* those of the tangent following the corner. From the corner conditions 
(2.2) we obtain the equation 


& (£, 7, p') =0=€ (2, po). 
From this and the Weierstrass condition we readily obtain the following 
theorems. 


If E, ts an extremaloid along which & = 0, then QS 0 at the corners. 


If E, is an admissible are minimizing the integral J, then Q,=0 at the 
corners on Eo. 


5. Additional properties of extremals and extremaloids. The Legendre 
quadratic form Q(z, x’; 7) is said to be positive regular in case it is never nega- 
tive and vanishes only when the y“ are proportional to 2’*. The form Q can be 
transformed by a real orthogonal transformation into a form Q == Agf%* whose 
coefficients A, are the n roots of the characteristic equation of the matrix 
0°F'/da’*da'8,* The characteristic equation in this case has the form when 
expanded 

(— 1)” 4... as — Fra == Q, 


Consequently we have 


Lemma 5.1. If the form Q is never negative and F,>0, then Q is 
positive regular, and conversely, if Q is positive regular, then Fy > 0. 


Since the roots A, of the characteristic equation are continuous functions 
of (z, 2’), we have the further property: 


Lemma 5.2. If the Legendre quadratic form. Q is positive regular for 
(x, x’) in a bounded closed set K, then Q is positive regular in a neighborhood 
of 8. 

The Weierstrassian function € (g, 2’, %’) obviously vanishes whenever 2’ 
and 7 represent the same direction, and we wish to secure a related function 
which shall vanish only when the function € vanishes for 2’ and # in different 
directions. This has been done by Bliss for space problems as follows.{ It is 
first shown that for every two directions p and q there is at least one direction 
pı orthogonal to p such that 


(5. 1) g? == p* cos w + Pı* sin o 


* Cf. Kowalewski, Hinfiihrung in die Determinantentheorie (1909), § 116; Dickson, 
Modern Algebraic Theories, p. 76, theorem 12. 

t The “Weierstrass &-Function for Problems of the Calculus of Variations in 
Space,” Transactions of the American Mathematical Society, Vol. 15 (1914), p. 369. 
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where 027." For every pair of orthogonal directions p and p, wa 
define: a direction g depending also on w by equation (5.1), and direction: 
qı and gz depending also on r by 


qı? = p* cos T + p1? sin T, qa = — p* sin T + Pı“ COS T, 
(0S7rSv). 


Then «re define the desired new function €, by the equations 


. E (2, P» Pis o) =€ (z, P: q)/(1— cos w) (0 [LoS T), 
€, (x, P; Pa 0) == Q(T, p; pr), 


where Q is the Legendre quadratic form. It is easily shown that 
(5. 2) € (2, Ps Pi, o) = Q (2, q” 5 q2) 


vhere q, and g correspond to a value t == r* between 0 and o. Hence iu. 
-unction €, is continuous in all its arguments when p, is orthogonal to ;. 
We say that an extremal arc F is positively strong in case 


& 1 (2, P, Pi; w) > 0 


‚or every clement (x, p) on E, p, orthogonal to p, and 0S o Sr. Sin 
uch a set of points (7, P, Pp w) is closed, we have the property that: 


Lexma 5.3. If an extremal arc E is positwely strong, then there is o 
neighborhood of the elements (x, p) on E in which E (z, p, ppo) >0 fr 
el directions p, orthogonal to p and 0 S o S vr. 


An additional proposition, obvious from. the definition of the function 
€ a is the following: 


Lemma 5.4. If &(2,9, ppo) > 0 at an element (z,p) for all direz- 
tions p, orthogonal to p and 0 Sw S r, then the quadratic form Q is positive 
regular at (x, p). 


An important theorem, due to Caratheodory for the plane case,f is +s 


follows? 


LEMMA 5.5. If an extremal arc E ceases to be strong at a point 2, bv! 
s‘ill has the quadratic form Q (21, £137) regular, then there is an admissib.e 





“The components of p, q, etc, are supposed to represent direction cosines. 

f The extra argument p, is essential because when n > 2 there is more than œc 
direction orthogonal to p, and the limit of the ratio €(%, p, q)/(1— cosw) when q 
approaches p depends on the direction of approach. 

$ Cf. Bolza, Vaviationsrechnung, p. 387. 
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direction p which with the direction ©,’ of E at x, satisfies the corner 
conditions (2.2). 


To prove this, let x*==2*(t) be equations of the are Æ, and let t= t 
correspond to the point v, Suppose for definiteness that Æ is positively 
strong for? < t. Let 


E(t, q) =£[x(t), a(t), ql, E(t, Py w) = ĉi [e(t), v(t), Pis oj. 


Then E (t, pupo) >0 for every t< t, pı orthogonal to v'@t), and 
0S oS r. Consequently E(t, Pı 0) Z0 for the same range of p, and w. 
Since E ceases to be strong at z,, there is a direction p, orthogonal to s7, 
and » such that E(t, 91,0) = 0. Moreover, wo s40, since Q is regular at 
(21,2). Hence there is a direction p different from z,’, such that 
E(t, p) =0. By Taylor’s theorem we have 


E (ty g) = E(t + 
OF (2, p) OF (T1, £1) sy 
= Liv — pe |e) +8 


Since E(t, q) 20 for every q, normed or not, and since R is infinitesimal 
of the second order with respect to the differences g*— p*, we must have 


(0/022) P (2,5) = (0/02) F(a,, 27). 


We shall say that an extremaloid Ey is positwely strong in case each of 
its extremal ares is positively strong between corners, and the function F 
remains positive on both sides of the corners on Hy. This requirement implies 
that the Legendre quadratic form Q is positive regular along EZ, including 
both sides of corners. 

Consider a point z; and a direction p such that there is a unique direction 
p* different from p, satisfying the corner equations 


(0/02) F (21, p) = (8/8x’*) F(a, p*). 


In this case we shall say that at x, there is a unique continuation direction pt 
corresponding to p. It is obvious that p is then the unique continuation 
direction corresponding to p*. 

Suppose that Æe is a positively strong extremaloid, having Q)5£0 at 
the corners, and with a unique continuation direction corresponding to each 
corner direction. By § 4, Qo < 0 at each corner, and if we continue past a 
corner on any extremal composing Fo, the function € (z, 2’, q) becomes nega- 
tive for some directions g. If we require that the “strong” property is to 
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be preserved wherever possible, then an extremaloid having these propertie 
may be said to be uniquely determined by each of its elements (z, a’). 
We can now state the following important theorem. 


Lemma 5.6. Let E, be an extremaloid which is positively strong ant 
which has Qo 5&0 at each corner. Suppose also that the extremaloid Ey i 
uniquely determined by each of its elements (a, 2’). Let == ®*(t,a,b' 
be equations of the (2n—2) parameter family of extremaloids containin: 
Eo for a= at, bt == bo. 


Then there is a neighborhood of (ao, bo) in which every correspondin: 
extremaloid of the family is positively strong. 


The proof is rather complicated, and begins with the following pre 
liminary proposition. 


Suppose that E is an extremal arc with the properties: 


1) E has direction p at a point zı, and at z, there is a unique continua 
tion direction p* corresponding to p; 
2) the quadratic form Q is positwe regular at (a1, p); 
3) Fila, pt) #0; 
4) (21, P- p*) #0; 
5) the family x” == W“(t,a,b) of extremals contains E for at == 0; 
bt == bot; 
6) the parameter value t, corresponds to the point z, on E. 
Then there are neighborhoods N (a,, bo) and N(t,) such that for eaci 
(a, b) in this N (ao, bo) there is one and only one set of functions [t(a, b) 
g°(a, b)] having t(a, b) in the N (tı) and the direction g*(a, b) diferen 
from We[t(a, b), a, b], and satisfying the corner equations 


OF [ v(t, a, b), q] OFTw(t,a,b),W’(t,a,b)] 
(5. 3) 7 7 == 0, 
Oa’ ĝazo 
kd gg — 1 = 0. 


For, suppose the last conclusion untrue. In constructing a family of extrema 
loids in § 3 we showed that there are always neighborhoods N (a,, bo) ani 
N (i, p*) in which there are unique functions t(a, b), q*(a,b), satisfyin: 
the corner conditions. Then for every N (do, bo, t1) there will be a poin 
(a, b, t, q) such that: 


1) (a, b, t) is in this N (ao, bo, t) ; 
2) (a,b, t, q) satisfies the corner equations (5.3); 
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3) the direction g is different from the direction Y(t, a, b); 
4) (t, q) is not in the neighborhood N (t, p*). 


The set composed of such points (a,b,t,q) has at least one limit point 
(a, bo, 43,9). Since G54 p*, we must have G—p. Now at these points 
(a, b, t, q) we have ° 


_ OF(%, 9) _ OF (HY, Y’) 


er Ox’ ba’ 
_ (PF HUF] sus ` 
-= Í, PPTI (q u )du, 


and therefore 
1 
0 = fol, V + u(q—W) 59—W'] du. 
0 


Since the quadratic form Q is positive regular at (zı, p) it remains positive 
regular in a neighborhood of (zı, p), and since the directions g and W’ are 
different we have 


N omy tuar) g— vdu > 0 


when (a,b, t, q) is sufficiently near (a, bo, t p). Thus the desired contra- 
diction is secured. 

To complete the proof of lemma 5.6, suppose that the corners on Eo 
correspond to parameter values f * * ", tm. Then from the preliminary 
proposition we know that there exist neighborhoods 


N (4, bo), N(ti),° + +, N (tm), 


such that, for each (a,b) in N (ao, bo) and each integer & there is only one 
parameter value t.(a,b) in N(t,) at which a corner is possible. Consider 
one of the extremal arcs Ho, of Hy. It has equations 


TI == e(t, Boy bo) (wots trn). 


Let t, > ty bein N (tr), te < tun be in N (trn). Then by lemma 5.%, there 
is a neighborhood Nx(a,, bo) contained in N (ao, bo) such that for (a,b) in 
Nx(ao, bo) the are 


Er: vt == 6%(t, a, b) (tr E t S ty) 


is positively strong. If there is a parameter value ¢ in N (tx) at which the 
extremal containing the arc Wy ceases to be strong, there is a corner possible, 
by lemma 5.5. Hence this t= tz(a, b). Thus we find that for each (a,b) 
in Nr (ao, bo) the extremal arc 
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LY == T(t, a, b) [te (a, b) Sis bess (@, b) | 


is positively strong except at the ends. If the neighborhood Nr(as, bo) is 
taken sufficiently small, the function F, will remain positive at the ends of 
these extremal ares. Since each extremaloid is composed of only a finite 
Lumber of extremal arcs, we have proved the lemma. 


GEOMETRIG TREATMENT OF THE JACOBI-CARATHEODORY CONDITION. 


6. «The extension of the Jacobi condition. Let E, be an extremaloid 
joining the points x, and X and minimizing the integral J, and let 


gt = pt (ta) (LS:<ST) 


be equations of the n— 1 parameter family of extremaloids passing through 
the point x, and containing Eo for at = dẹ. Then the determinant 


06% db 
D(t,a) = a nu 





does not vanish for at == ao, to Ct ST, with the possible exception of the 
parameter values ty +0 corresponding to the sides of corners toward the 
second end-point X.* 

The proof is made by means of the envelope theorem in the usual way, 
since (with the exception noted in the statement of the condition) there is ¢ 
neighborhood of the point of contact with the envelope in which corners neec. 
not appear. The differentiation of the integrals is slightly simplified if the 
corners occur for fixed values of ¢ on all the extremaloids of the family. 

The proof requires the following assumptions: 


1) F, 540 along Ey; 
2) Qo 540 al the corners on Eo; 
3) at the first zero of D(t, ao) following ty the partial derivative 0D/ti 
does not vanish; 
4) the enveloping curve of the one parameter family of extremaloids 
° containing Eo and determined in the usual way, has a regressive 
branch at its point of contact with En. 


For the discussion of the existence and properties of the envelope, the 


* This exception is removed in the proof by means of the second variation in 
§§ 8-10. 

f For the proof cf. Bolza, Variationsrechnung, pp. 336, 378, 610; Bliss and Mazin. 
Transactions of the American Mathematical Society, Vol. 9 (1908), pp. 449-451. 

$ See the closing paragraphs of § 3. 
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function F is supposed to be of class C% at least, so that all the operations of 
differentiation required in the theory may surely be carried out. 


7. A new form of the Caratheodory condition. Let Ey be an extrema- 
loid joining the points zo and X and minimizing the integral J, and let 
l(t, a), D(t,a) have the same meaning as in §6. Then D(t, a.) does nôt 
change sign at the corners on Eo. 


The proof to be given in this section depends on the following as- 
sumptions: $ 


1) the extremaloid Ey is positwely strong; 
2) Qo £0 at the corners on Ey; 
3) Eo is uniquely determined by each of its elements (x, x). 


As indicated in the closing paragraphs of § 3, we may suppose in making 
the proof that the corners on all extremaloids of the family occur for fixed 
values of t Then the partial derivatives 06%/da* are all continuous. Now 
suppose that the determinant D changes sign at a corner vy where t= tp. Let 


gt = f(t, a) (to S tS i + 8) 


denote the equations of the parts of the extremaloids preceding se, but with 
their last extremal arcs extended slightly beyond the corner manifold. Let 


zt = gO (t) (%—8StST) 
denote the equations of the part of E, following £r, but with its first extremal 
are extended backward past the corner ay. The equations 
(7.1) 9° (t, a) = 2 (u) 


have the initial solution t == tp, a =, u= tp, at which their functional 
determinant with respect to (a, t) is D(x, a) #0. Hence these equations 


have a unique solution at == ĝt (u), t= t(u) near this initial solution, and 
the functions ä?(w), t(u), are of class C’. Their derivatives a+, Y, satisfy 
the relations z . 
(7.2) (pIE + (06% /0a*) Gt = ae, 
The one parameter family of curves Ey made up of the two parts 

a == po[t, d(u) ] [t SiS t(u)], 

zt = g% (t) (uS tT), 


are all continuous admissible curves joining the points sẹ and X. The value 
of the integral J taken along E„ is a function J(u) which is differentiable. 
Its derivative turns out to be 
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j tw (AR dp OF Per Por 
A Í. dat Dar T gre Jadi agg ut tr? =: 
where the arguments of F- are #*-[t(u), ä(u)], #°[i(u), ä(u)], and those 
of F* are z% (u), 2’ (u). By means of integration by parts, the Euler equa- 
tigns (2.1) with the corner conditions (2.2), the homogeneity condition, 
and the relations (7.1) and (7.2), this expression reduces to 


J’ (u) = F- fxe (06%/dat)a’t + (due /8t) 7] — (BP*/dare) ar 
e = — g'™ (OF */a/¢ — OF-/0x'*) 
= — ê (#8, 6 on x’) . 


If we solve equations (7.2) for the derivative ¥ at the value u = tr, we find 
Ë (te) = D (tr + 0, ao) /D (te — 0,0) < 0. 


Consequently, for u > ty but near ty we have f(u) < tw and the point 
¢*[t(u), d(u)] precedes the corner manifold on each extremaloid. Then 
by lemma 5.6 € > 0 and hence J’(u) <0 for u sufficiently near tw, and 
hence E, could not minimize the integral J. 


THE SECOND VARIATION.” 


8. The extension of the Jacobi equations. Propegties of their solutions. 
If the extremaloid F, minimizes the integral J, then the second variation 


T 
n=f Qu(t, , &) di 


is greater than or equal to zero for all admissible variations é*(¢) such that 
£*(f,) = €*(T) = 0. The quadratic form » is defined by the equation 


ar ER. 2.5 
N HE a HE az € 


Here and in the remainder of the discussion of the second variation, the 
argumeñts of the derivatives of F are always the functions e(t), a(t) 
defining the extremaloid Fo. Admissible variations (t) are continuous on 
(iT) and have continuous first derivatives except at a finite number of points 
where one or more of the derivatives may have a finite jump. It will be con- 


*The ensuing treatment of the second variation employs the elegant methods 
originated by Bliss. However, it is necessary to depart in a minor way from the 
methods for the parametric problem expounded in Bliss’ paper, “ Jacobi’s Condition 
for Problems of the Calculus of Variations in Parametric Form,” Transactions of the 
American Mathematical Society, Vol. 17 (1916), p. 195. 
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venient to say that such functions are of class D’. It is assumed throughout 
that Fı 0 along the extremaloid Ey, and that Qo 5&0 at the corners. 

If é is a variation giving to the second variation J, its minimum value 
zero, the functions é* must satisfy the equations 


dw t fw s 
(8.1) age = to pE dt + Ca (hSt=T), 
where the Ca are properly chosen constants. These equations are equivalent 
to the differential equations 


d do dw 
sez) at Oe de 
holding between corners of Fo and £, and the corner conditions 
folt, é E) _ al E) 
8.3 se =o 
( ) DE“ HE“ 


These equations may be obtained by applying to the integral J, the Euler 
equations (2.1) and the corner conditions (2.2), which are valid even if the 
integrand function 2w is discontinuous in t. 

The equations (8.2) are the Jacobi differential equations. They are not 
independent, but in fact are satisfied between corners on E, by every set of 
functions of the form pa’ where p is a differentiable function of ¢ The 
equations (8.1) are to, be looked upon as the extension of the Jacobi equations 
for the case of discontinuous solutions. For these equations we have the 
following property. 


Lemma 8.1. Every set of functions of the form £ = pa’* is a solution 
of equations (8.1), provided p is a function of t of class D’ on (toT), and 
pts) = lin) = 

The parameter values £,, © © +, tm, as before, correspond to the corners on 
E,. To prove the lemma, we note first that 

r 2 
5 e = EE u a se one +P =m 
ad OF oF 
=e a igh? oF 
on account of the homogeneity property of F and the Euler equations (2.1). 
Similarly 
td It 2 
ne EEE) — pate De) A a rst ee eTA 
d F ar d oF 
=P GE tat TP tot am) 


(8. 4) 
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Moreover, the corner conditions (8.3) are satisfied, since p is zero at 
ti, * t, tm, and p’ disappears from the final form of w/dé8 in (8.4). 

We shall say that a solution é of equations (8.2) on an interval 
(tx-1, iu) is normal on that interval in case the functions é are of class C? 
and satisfy the equation 2/*f/*=-0.* Using the assumption already made 
that F; £0 along Fo, it is readily proved that for every normal solution the 
functions &* are of class O” at least. Solutions é* normal on an interval 
(tz-1, ix) have the property that £ (r) = ° (r) = 0 at a point r only if the 
functions & are identically zero on the interval.} Moreover, if we start with 
an arbitrary solution é of equations (8.2) which is of class C’ on (trn tò, 
we can secure an associated normal solution éy* of the form Ext = é — pa”. 
where p is of class C’. Such a normal solution is uniquely determined by 
prescribing the value of p at a single point. This follows from the fact that 
the condition for *—-pa’* to be normal yields a first order differential 
equation for p. With these facts in mind we can prove the important 


LEMMA 8.2. If & is a solution of equations (8.1) having 
&(r) = ya" (r), EC (r) = yz” (7) + 8e'"(r), 


at a single point +, then & = px’“ on the whole interval (toT), where the 
function p is of class D’ and vanishes at the corner parameter values 
His oe ; tix 

Consider an interval containing the point r, on which the given solution 
é% is of class C’, and consider the associated normal solution &x == $% — px’ 
having p(r) =y and hence éy*(r) =0. The condition 2’éy’* = 0, applied 
at the point r, gives p’(r) =ô, and hence éy’*(r) = 0. Consequently thc 
normal solution &y* is identically zero and &* = pzx’* on the interval in ques- 
tion. Consider next a point r of discontinuity of €'%, different from #1,°°*, fir 
At such a point v the corner conditions (8.3) reduce to 


(BEP /ðr' 0r) (ER-— ER) = 0), 


Since F, 4 0, the matrix of coefficients has rank n—1, and hence é/4* 
differs from °- by a multiple of zf. Then by the part of the lemma already 
proved, é has the form px’* on the adjacent interval on which £ is of class C”. 
Finally, suppose that the hypothesis of the lemma holds at t= tz, corre- 
sponding to one side of one of the corners on Eo By means of the Eula 


* Alternative equations equally applicable to our needs would be: a/’aé/a == con 
stant, or, ’ata == constant, or, w’afa == linear function of t, 

+The proof of this is similar to the proof of Lemma 1, page 199, in the paper 
by Bliss already cited. 


2 


18 Graves: Discontinuous Solutions in Space 


equations (2.1) and the homogeneity condition on the function F, the corner 
conditions (8.3) in this case are easily reduced to 


(8.5) (GF dar) —(0°F+/0n’*da'®) EB — (9° F*/0x!*00?) x/®- — 0. 


If we multiply these equations by 2’°* and sum, we find that the middle term 
drops out, and 
y [2% (OP -/02%)— (OF * OP) 2) = — yy = 0. 


Since we have assumed 2) 0 at the corners on Eo, we must haye y= 0. 
Substituting this in equations (8.5), we find that £?* must be a multiple 
of «’5*, so that if the hypothesis of the lemma holds on one side of a corner, 
it must hold on the other side also. 


9. A new definition of conjugate point, and the corresponding form of 
the Jacobi-Caratheodory condition. A point v is defined to be conjugate to 
a point x, on an extremaloid E, in case it corresponds to a parameter value 
tÆ t such that there exist constants y, ô, e, and an admissible solution & 
of the Jacobi equations (8.1) with the properties: 


1) é is not of the form p24; 
2) e&*(t,) = 0, and e$t (r) = yr" (r) + r'e (rt) 5 
3) y, 6, « are not all three zero, and yo 0. 


Here ze(r) and z’%*(r*) refer respectively to the left hand and right hand 
derivatives of z* at r. The special case where y and § may both be taken as 
zero is the only one of interest for a minimizing are without corners. In case 
e == 0, it is obvious, since gtg“ £0, that yè > 0 and = is at a corner which 
is a cusp on Eo. 


THE JACOBI-CARATHEODORY CONDITION. If E, is an admissible arc 
joining the points zo and X and minimizing the integral J, and if F, #0 
on E, and Qo £0 at the corners on Eo, then there can be no point x conjugate 
to zo on E, between 2 and X. 


Corollary. A minimizing are can contain no cusp. 


The hypotheses imply that E, is an extremaloid whose extremal arcs are 
each of class O”. Moreover, Qo < 0 at the corners, by § 4. Suppose x is 
conjugate to x, and lies between 2 and X, and let £&* be a solution of the 
Jacobi equations defining the conjugate point x. Let i 


dp (WSS), 
= pa"? (SiS T), 
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where the function p vanishes at do, t'im, T, except that at t=r, 
p(T) =y, p(t) =8 We suppose that p is of class D’ on (dr) and on 
(tT). Then y is an admissible variation, vanishing at tọ and T, and satis- 
fying the Jacobi equations (8.1) on the intervals (tur) and (rT). How- 
ever, n cannot satisfy those equations on the whole interval (to 7), by lemma 
8.2, since if e 40, 7° has the form pz’* on only part of the interval, and if 
e:=(, the parameter value r corresponds to a corner at which p does not 
venish. Consequently J2(y) cannot be a minimum. We shall show tha: 
J.(y) = 0, and hence that Fo cannot minimize the integral J if Fo contains 
a conjugate point x as assumed. 

On an interval (tz-1, ix) not containing r, the usual manipulations give * 


tr dw(t 7 y) tb 
Dwlt 5 — yt — 2 D i R 
S = ( z ı i ) a 7 gge | Erg 


Since 7° vanishes at t and T, and @w/dé’* is continuous except at t =r, 
we find 





J r Go (t, 7, 7° T- 
Jo(n) =f Bolt) D - 
= ape LEEY _ Gaz, po", pe” + pzy 
7 HE“ jpa 


_ olr, pad, pa” + p’a’)* ] 
08% 
Now from equation (8.4) we have 


(0/88) o(7, px’, pa” + pa’) — p(0F 02°). 
Also du/dg’“ is continuous on the solution é Hence 
Jalg) = dx’ [6 (8/08) w (r, &,E)* — y(OF°/ör°)] 
— (et — ya’)8(OF*/dr“) 


= de (OP*/d28) £6 — ySfa’e (OF-/dx) — 2’ (OF */02*%) ] 
— sefe (AP* /dxe) 


0 if x is not at a corner, 
~~ | yê = 0 if x is at a corner. 


10. The relation between the two forms of the Jacobi-Caratheodory 
condition. Associated with a set of 2n — 2 solutions 


É, qt (Gi=1, n— 1), 


* Of. Bliss, loc. cit., p. 200. 
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of the Jacobi equations (8.1) are two important determinants 





&;% ni* aft 0 
Bl) = EB 7 gB gB |? 
. o ée) nel) ge) 0 j 
Olt) = | EB) meh) 0 Zei) |? 


and associated with a set of n — 1 solutions is the determinant 
D(t) =] ée |. 
We shall proceed to develop the relations between these determinants, the 


points conjugate to z,, and the families of extremaloids discussed in § 3. 


Lemma 10.1. The determination Y(t) either vanishes identically or is 
never zero on the interval (to T). 


To prove this, suppose YW(r)==0. Then there exist 2n constants 
at, b+, y, 8, not all zero, satisfying the equations 
até;% -- bin? -4 yyt = (0 
ae ey + §2’'4 = 0 
for ¿= 7. Moreover, the constants a‘, bt, are not all zero, since if they were, 
we would have y = ô= 0 also. The solution * = atg; + bin“ of the Jacobi 
equations has &*(7) ==— ya/*(r), E" (r) =— yr”“(r) — szt (r). Hence by 


lemma 8.2, é* has the form pr on (tẹ T) and therefore W(t) vanishes 
identically. 


Lemma 10.2. If the determinant W does not vanish, then every solution 
of the Jacobi equations (8.1) is expressible uniquely in the form 
ET == a | Hin, + pe, 


where the at, bt, are constants, and p is a function of t of class D’ vanishing 
at ty, ake S f Ém- z 
For at an arbitrary point r of (to, T) the equations 


& = alte + bint + ya's 
Ee — ase + bit + yat + da’ 


have unique solutions for the 2n unknowns at, bt, y,6. Then 
nt p= ga BR até,% a bin, 


is a solution of the Jacobi equations having y%(r) =yr’*lr), 7/%(r) = 
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yo”a(r) + 82’%(r), and consequently „° has the form py% on the whole in- 
terval (fo T), by lemma 8. 2. 


Lemma 10.3. The function ®(t,t,) can be expressed in the form 


© (É, to) = (E — to) IA (t, to), 


where A is continuous at t == to, and Afto to) = + W (i). 


Here it is understood that the parameter value ¢) does not correspond to 
a corner. on Eo Consequently the proof given in Bliss’s paper” for his 
theorem 7 is essentially applicable to this lemma. 


Lemma 10.4. The function ©(t, to) vanishes identically if and only if 
RB(t) vanishes. 


That the condition %(¢) = 0 is necessary follows at once from the 
lemmas 10.3 and 10.1. To show W(t) =0 is sufficient, we have from the 
proof of lemma 10.1 that there exist constants a‘, b+ not all zero, and a 
function p(t), such that ar&; + bin -+ px*==0. It is an obvious conse- 
quence of this that the determinant @(¢,¢)) vanishes identically in t and te. 


Lemma 10.5. If the determinant ©(t, tọ) does not vanish identically. 
then the points x conjugate to x, on the extremaloid Eo correspond to ihe 
parameter values t= t Æ to at which © vanishes or changes sign. 


By lemmas 10.2 and 10.4, a solution é of the Jacobi equations derer 
mining the conjugate point æ is expressible in the form é¢= qig; + b'y, 
-+ px’*, where the constants a‘, bt, are not all zero, and the function p vanishes 
at the parameter values ° * ‘, im, corresponding to the corners. From tko 
conditions «£¢(r) = ya’*(r-) + 82’%(r*), e&*(t,) = 0, we have the system of 
linear equations 

cabbie (r) + bmth) + ln) (r) — ya) — rel) = 0 

caté (to) + bmt (to) + ep (to) a” (to) = 0. 
Consider first the case yê = 0, in which we have es£0, by § 9. When the 
point z is not at a corner, the situation may always be reduced to this ca-e. 


Then obviously ® must vanish for t= r, 7, or 7*. In case zis at a cornei 
and yè > 0, p(t) = 0, we must have 


Eel) mC) ee) He] 0 N 


E(t)  me(h) 2 w(t) | 
® Loc. cit., p. 206. a 
M 
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from which we see that © changes sign for t= 7. | 
To prove the converse, suppose, in the first place, that ® vanishes for 
t=r. Then the equations 


até: (r) + bin: (7) + yX*(r) == 0 

até: (to) + bin (to) + z'a (to) = 0 . 
have solutions a’, bt, y, & with the constants a‘, bt, not all zero. Let 
E = ale + bi + px’, where p(to) = 8, p(t) =p(ti)—=' > < = p(tm)= 0. 
Then é*(t)) = 0, &*(7) =— yr" (r). By lemmas 10.4 and 10. 2,,é is not 
of the form pz’*. Consequently the point x corresponding to t==7 is con- 
jugate to sọ Suppose finally that © changes sign without vanishing at t= r. 
Then y@(r-, io) + 8@(7*, to) == 0, where yi > 0. Hence the equations 


aigle) + Bigit(r) + yaLye’e(r) + e'l] = 0 
arte) + bint (to) + setto) = 0 


have solutions a+, b+, y1,8,, not all zero. The constant yı is not zero, since 
otherwise the determinant © would vanish at r. If the constants a’, b+, are 
all zero, we have yx’*(7-) + 824(7*) = 0, and the solution é* of the Jacobi 
equations occurring in the definition of conjugate point may be taken arbi- 
trarily. If the constants a‘, bt, are not all zero, let é! = até; + bi" + px’, 


where p(f)) = ô p(t) =" "—=p(im) =0. Then & is a solution of the 
Jacobi equations, not of the form pz’, having 
ét (to) == 0, E*(r) = — yyt" (1T) — yida"*(r*), y1°y8 > 0. 


Suppose we have a one-parameter family of extremaloids 2* = ¢$%(t, c) 
containing the extremaloid E, for c= co, and with the corners all occurring 
at the fixed parameter values t,,:°‘,t¢m. If the functions $* are substituted 
for z° in the Euler equations (2.1) and the corner conditions (2.2), these 
equations become identities in ¢ and c. If we differentiate these identities 
with respect to c and set c==co, we find that é == (0/0c)¢% (t, co) is a 
solution of the Jacobi equations (8.1) for the extremaloid Eo. Hence 
from the 23 — 2 parameter family of extremaloids 2° == ©%(t, a, b) discussed 
in § 3 (supposing that the corners all occur at the fixed parameter values tz), 
we obtain a set of 2n — 2 solutions of the Jacobi equations 


&*(t) = (0/0a*) E(t, do, bo), q(t) = (0/801) 8 (t, ao, bo). 


For this set the determinant W does not vanish on at least one extremal are 
of Eo, by the imbedding theorems for extremals, and hence W does not vanish 
on Ey, by lemma 10.1. The corresponding determinant ® does not vanish 
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identically, by lemma 10.4. As explained in the closing paragtaph of ; 


the sign of each of the determinants 








I 98° t) db* (7) 0 
dat ob! at 
£10. 1) 
Be (ty) 08% (to) 0 abe (ty) (E 
da’ db! öt iy ot 
db“ 0° 
10.2 —— 
ys du! ðt | a= tlh, 








is unaffected hy the transformations necessary to make the comes ayer: 
fixed parameter values. If the parameters a and b are properly sehe -d 
z 1 parameter family of extremaloids «¢==¢%(t,4) passing thio zu 


fixed point ze may be obtained from the general family by setting b 


ies b(t, a) == &*(t, a, bo). Hence the determinant (10.1) is a rial ip: 


the determinant (10.2) with multiplier not zero. Lemma 10.5 «ml 
with these facts yields the 


THEOREM. Let æt = &*(t,a,b) be equations of the general 2n- 2, 
meler fumily of extremaloids, and x* = $*(t,a) be equations of the » 
parameter family passing through the point ao, in which the extreme ‘oi 
is contained for a==@, b==bo. Then the points z conjugate tv £. m 


correspond to the values of the parameter t for which the determinuni's i, 


and (10.2) vanish or change sign. 


SUFFICIENT CONDITIONS FOR A MINIMUM. 


11. Definition of a feld, and a general sufficiency theorem.’ A 
with, m discontinuities is defined to be a continuum @& in .r-space. hu 
associated with it m corner-manifolds 


Sp : st = Xr (a) 





of # — 1 dimensions, and n slope-functions p*(z), with the propertie- : 


v 


1) the corner manifolds S; are non-singular, have no multiple pe 
do not intersect each other, and each S; divides % into two parts: 

2) the slope functions p*(#) do not vanish simultaneously, a d 
their first derivatives are continuous between corner manifolds Sr anc 
proach finite limits on each side of each Sr; 





“ Cf. Bliss. The Problem of Lagrange in the Calculus of Variations, mimeuer: | 
lectures prepared by O. E. Brown, Chap. IV. Also Bliss, “The Transformutı 


Clebsch in the Calculus of Variations,” Proceedings of the Toronto Congress, p. ci. 
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3) the two limits p% and p* of the functions p* at a point of a mani- 
fold Sx always determine directions on the same side of Sp and never tan- 
gent to it; 

4) the functions dF [2, p(x) ]/02’* are continuous in %; 

5) the integral . 


PEN OF Ta, p(x) | a 
J f a da 


is independent of the path in %. R 
The condition 3) is equivalent to saying that the two determinants 


| 8X 4% /da* pe |, | 9X2 / at p* |, 


are both positive or both negative along a corner manifold. It may be proved 
in the usual way that the solutions of the equations 


dæt/dt == pt (s) 


between manifolds S; are all extremals. The condition 4) implies that these 
extremal arcs may be pieced together to form extremaloids. These are called 
the extremaloids of the field. Along an extremaloid of the field the integrals 
J and J* obviously have the same value. From these facts we may readily 
prove the 


GENERAL SUFFICIENOY THEOREM. Let E be an extremaloid of a field 
g in which the Weierstrassian function 


Ele, p(x), q] 20 


for all directions q. Then if C is an admissible curve lying in % and joining 
the same two points as E, we must have 


I(0) ZJ (E). 


If, except for points z on the manifolds Sy, the function € vanishes only when 
the direction q coincides with the direction p(x) (i. e., if the extremaloids of 
the field are positwely strong), then J(C) ==J (E) only when the eurve C 
coincides with the extremaloid E. 

This theorem is applicable even in cases where the hypotheses Fi 0, 
Qo =~ 0, used in deriving necessary conditions, are not everywhere fulfilled. 


12. Sufficient conditions for the existence of a field." The theorem we 


wish to secure is the following: 


* Bolza gives a geometric proof for the plane case in Vorlesungen über Variations- 
reohmung, pp. 381 ff. 
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Let E, be an extremaloid along which F, £ 0, and Q. 0 at the co ne. 
.! Eo contains no multiple point and no point conjugate to one uf its e: 
pints, then Eo is an extremaloid of a field Y, as defined in $11. 

From the discussion of §3 and § 10 we know that Fy is a membo ; 
` 2a- -2 parameter family of extremaloids 


zt = 6*(t,a,b), 
‘or which the determinant 

















i @b2(t) b(t) aSa (t) i. 3 
T da’ abt at | 
ot, to) = 
( o) D(t) 98% (ty) 0 gs (tf, | 
dat abt at 


Joes not vanish nor change sign for te < t& T. By lemma 10.3 we h. 
hat for t and to in a sufficiently small neighborhood to — y St SE to t- y ofe 


(12.1) O(t, fo) = (t — io) "A (t, to), A(t, to) 0. 


ine function @(t, te) is continuous for to —— y S to <S bo +y, and to. i 
ach of the intervals to + y S tS ty tr S ES tens (k == 1; mit. 
Since © preserves its sign for this range of t and fo = to © will still p ~ > 
its sign for a fixed value to such that to — y < h < t,, and for the same 1a 
of t The combination of this result with (12.1) shows then that ei! — 
does not vanish nor change sign for, StS T., _ 

Let Fo be the point on Eo (preceding zo) corresponding to to, and ici 


2° == pt (7, a) 


be equations of the n ——1 parameter family of extremaloids passing 1''ro 
Žo for t = tẹ containing E, for a =d, We now suppose also that th pi i 
meter ¢ is chosen so that the corners on all the extremaloids occur ror 
ised parameter values 4,°°-,¢m. From the relation between the de: 
miuants @(¢, to) and 


D(t,a) =| 04%/dat —g%/0E | 


discussed in § 10, we know that D (t, ao) does not vanish nor change sign . 
h> iS. 

The next step is to show that these facts imply the existence of a un. ı 
solution t= t(s), at= a(x), of the equations 2*— ¢%(t,a), for p: mi 
in a neighborhood of the extremaloid Eo, so that there is a contin in 
containing the extremaloid E, which is in one-to-one continuous corr spi 
ence with a neighborhood of the set of points t S LS T, at = ay. 
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ordinary implieit function theorems are not immediately applicable, since the 
derivatives of the functions &* are not all continuous. Let us recall, however, 
from the method of constructing the family of extremaloids, that this family 
may be broken up into m + 1 families of extremals 


xe = pt (t, a) er: p*(t, a) (tx-1 = t = th). 


Moreover, these extremals may be slightly extended beyond the corner mani- 
folds so that the functions y,* have first and second partial derivatives which 
are continuous, and the determinants 


Du(t, a) = | Oyn%/da* — yy, /0E | 


do not vanish and all have the same sign. The standard implicit function 
theorems are therefore applicable to each of these families. For points x 
near a corner Tr, there will be a unique solution f(a), a(s) near ty, ao’, 
of the equations 2° == yy,*(¢t,a@), and a unique solution t(s), at (e), of the 
equations 2*— %qi(t,a). If either ¢ or ¢ equals tm, then © = F = &, 
a’ = a", since 

(12. 2) Wie? (ie, a) = Wns (te, a). 


The remaining cases are: 
ltr<ckh <tr; 
2) >t, > te 
8) <tt> te; 
4) tr >t <te 


We shall show that in a sufficiently small neighborhood of (Zr, fx, @) the 
third and fourth cases cannot occur, so that the equations 7* = #*(t, a) define 
functions t(s), a’(z), which are single-valued near gy. In the determinants 
Dr, Dui, Suppose the arguments (t, a) of each element to be replaced by in- 
dependent variables, and denote the resulting functions of n? variables by Dr, 
Deue Since Dre == De (te, do), Dir = Dis (tr, do), when the arguments of all 
the elements are set equal to (tx, ao), there will be a neighborhood of (tx, do) 
in which Dy and Den do not vanish and have the same sign. Suppose that 
either the third or the fourth case listed above occurs in this neighborhood. 
Then by using equations (12.2) we have 


(12. 3) 0 = Yra (E, a) — Ye? (t, a) 


= Yrs (t, a*) == Wer ( ts a*) 
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+ Yn (tae, a7) — x(t", a”) 
+ Wi (te, a) — pat (te, a7) 


Wale) (Pa) | Mrtbe) (BE un 


+ PEED (grat, 


where the arguments t, T, a, are those prescribed by the theorem of the mei 
From (12.2) we have also 


Opa (tea) OW xa (ie, o. 
3 fæ 


so that the determinant of the matrix of coefficients of the quantities (¢* — ¢-), 
(att — a*-) in equations (12.3) reduces to 


t— t t, — t 
= x) Dar + $=") D Æ 0. 


Hence the third and fourth cases cannot occur. The extended implicit func- 
tion theorem of Bolza can now be proved for the present situation by exactly 
the same arguments as those used by Bliss for the case of continuous de- 
rivatives.* 





We can now define the slope functions for the field by the equations 
p*(x) = (0/0t) p [t(£), a(x) ]. 


The five properties in the definition of a field in § 11 are readily verified. 
The third follows from the fact that the determinant D (t, a) does not vanish 
nor change sign in a sufficiently restricted neighborhood of the extremaloid EF». 
To verify property 5), the invariance of the Hilbert integral, we compute the 
partial derivatives of the field-integral 


W(a)—= f Piel a(2)], (6/64) 6, a(x) ]) at 


to 


and find that between corner manifolds they are 
OW /0x* == (0/0a’*) F[ ax, p(x)]. 


* Cf. Princeton Colloquium Lectures, pp. 20, 21. 
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Since these derivatives are continuous even on the corner manifolds, we see 
at once that the Hilbert integral J* is independent of the path, for all ad- 
missible curves in Ẹ. 

13. A set of sufficient conditions for a relative minimum. From the 
preceding sections we can now readily prove that the following conditions are 
sufficient for J(E,) to be a proper strong relative minimum.” 


I. E, is an extremaloid having no multiple point. 
I. Q)5<0 at the corners on Eo. è 
III. Ey is positively strong, and is uniquely determined by each of its 
elements (z,).} 


IV. E, contains no point conjugate to one of ils end-points. 


For, the third condition implies F, 4 0 along E,, and this with the other 
conditions implies that F, is an extremaloid of a field, by § 12. Then we 
apply lemmas 5.3 and 5.6 to show that the extremaloids of the field are all 
positively strong if the field is restricted to a sufficiently small neighborhood 
of Eo This enables us to apply the general sufficiency theorem of § 11. 

The third condition is understood to mean that the function E, of 85 
does not vanish at either of the end-points £o, X, of the extremaloid Eo. 


* For the terminology, cf. Bolza, loc. cit., pp. 17, 197. 
{See §5, p. 11. 


Geodesics on a Toroid.” 


BrB.F, KIMBALL. 


1. Introduction. The study of the geodesics on a toroid is of interest 
not only because of the geometric properties of the surface which this study 
discloses, but also because the geodesic curves are the solutions of a differen 
tial equation which is of interest; namely, 


v (u) = [r(v)/a] [r?(v) — a? ]4 


where & is a constant not zero and r(v) is a real, analytic, periodic func 
tion of v greater than zero. The function r(v) is restricted to have only 
one maximum and one minimum value in a period interval. Taking v == 0 
at a maximum of r it is also required that r(v) =r(-v). 

The results obtained in this paper through Part III apply to solutions «° 
the above differential equation, the solutions being mapped on a surface of 
revolution. The results set forth in Part IV apply to a slightly more restricty.' 
differential equation [see condition (c) § 2]. The reason for introduc in: 
such further restriction is that a more complete and interesting study of 1} 3 
envelopes of the geodesics on the surface is thereby made possible. 

The surface of revolution defined in § 2 is called a toroid since it resen-- 
bles a torus. The torus was defined by Cayley + as “a surface generated 
by the rotation of a conic about a fixed axis anywise situate.” The geodesics 
on the anchor ring torus have already been studied by G. A. Bliss.{ 

The differential equation of the geodesics on the anchor ring, Bliss solved 
by means of elliptic functions and in an elegant manner studied the solutions 
thus obtained. A destinctive feature of the present paper is the policy of 
dealing directly with the differential equations, since closed solutions are 
not obtainable in this more general case, and of getting at the desired propcr- 
ties of the solutions directly from them. This paper uses for the first time, 
as far as the writer is aware, the equation of second variation as an aid in a 
specific investigation of the envelopes of geodesics, and makes application of 
the envelope theory of Lindeberg (cf. § 16) to that study. This introduction 


* Presented to the American Mathematical Society, October 30, 1926. 

q Cayley, Mathematical Papers, Vol. 7, p. 246, and Vol. 8. 

¿“The Geodesic Lines on the Anchor Ring,” Annals of Mathematics, Ser. 2 
Vol, 4 (1903), p. 1. 
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would not be complete without making an acknowledgment of the inspiration 
gained from the work of Prof. Marston Morse in this field of study. 


PART I. THE SURFACE. 
2.. Definition of the surface. ; 


(a) The surface is taken as a surface of revolution with the z-axis as 
its axis of revolution. The generatria is a simple, closed curve which lies 
initially in the zz-plane and does not cut the z-axis. It will be represented im 
terms of two functions r(v) and z(v) which are real, analytic, periodic func- 
tions of v for all real values of v and with a period 2w. In its initial position 
tt is expressed in the form 


(2. 1) t—=r(v) r(—o) = r(+ o), 

z= 2(0) 2(—w) =2(+0), 
where v is the arc length of the curve. Only values of v in the interval 
—o Svs +o will be considered. 


(b) It shall further be required that the curve (2.1) be symmetrical 
with respect to the x-avis. Of the intersections of the generating curve with 
the a-axis, let A be the one of maximum x and B the one of minimum z. 
The points A and B divide the generatrix into two segments. Of these two 
segments at least one has some points at which z is positive. Let C be a 
point on this segment at which z takes on its absolute maximum. Let D 
be the reflection of C in the z-axis. The arc length v used in (2.1) will 
be measured in the sense A C B from A as origin. 


(c) The last important restriction on the above surface is that the total 
curvature K of the surface satisfy the relation dK/dv <0 at all points of 
ACB except at A and B. 


3. Some properties of the surface. One can write the equations of the 
surface in the form: 


z=r(v) cosu, y=r(v)sinu, 2=z(V), 
where wis the angle that the half meridian plane through the point makes 
with the z2-plane measured in the zy-plane from the a-axis in a sense which 


is counterclockwise from the point of view of a position on the positive 
z-axis. Then the square of the element of arc on the surface will be 


(3.1) ds? == dv? + r? (v) du’. 


It follows from a familiar formula of Differential Geometry * that 


* Eisenhart, Differential Geometry (1909), p. 208, VI (55). 
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(3.2) K = —ı?”(v)/r(v). 


Let & be the curvature of the generating curve taken with the sign given 
by the curvature formula: 
(3.3) b eg"? — 27”, 


Also since v is the arc length 


(3. 4) r? 12/2 — I, 
This gives 
(3. 5) ry"! + g'z” == 0, 


z’, and substituting for 2’z” its value obtained 





Multiplying (3.3) by 
from (3.5) one obtains 
(3. 6) — Zk =r” 


and (3.2) becomes 
(3.7) K = z'k/r. 


From hypothesis (a), (b) and (c) and the above formulae one obtains 
the following theorem concerning the properties of the generating curve. The 
will follow. 


Ae 1. (a) The curvature k of the generatria is always positive. 

The derivative r’(v) vanishes only twice on the generatrix; namely, al 

sinls A and B and at these points r takes on its absolute maximum and 
olule minimum respectively. 


% The proof of statement (a) follows from the consideration of 
E “ula (3.7). Since dK/dv < 0 between A and B one sees that K can- 
not Vanish more than once on ACB (including the end points A and B). 
Hence from the above formula 2’ vannot vanish more than once. But z” neces- 
sarily vanishes at the maximum C. Thus K is zero on A C B only at the point 
C. It then follows that if k vanishes at all on A C B, it can only vanish 
at C. One can now show that k cannot vanish at this point. Differentiating 
(3.7) and employing hypothesis (c) one obtains the relation 
dK or(a’k’ 4 2h) — zkr 
Te 


(3.8) < 0, 


which shows that % and 2’ cannot vanish at the same point. Thus k does not 
vanish at C and from symmetry cannot vanish at any point on the segment 
ADB. Thus statement (a) is proved. To determine the sign of % observe 
that, at the pomt A, 
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Zz =1, !=0, "<0. 


Formula (3.3) then shows that & is positive at A and hence positive at 
all points of the curve. 


(b) The statement (b) can be proved as follows. Consider the genera- 
trix in the xz-plane. Let 9 denote the angle which the tangent directed in 
the sense of increasing v makes with the positive z-axis. For a simple closed 
curve possessing a continuously turning tangent at every point it has been 
proved * that this angle changes by a net amount of 27 as the curve is 
traversed once. Now for above curve k = d0/dv > 0. Hence 9 must increase 
monotonically, and by an amount 2r as the curve is traversed from D to D 
in the positive sense. ‘Thus cos @ is zero only twice; namely, at A and B. 
The statement (b) above follows. 

If the generatrix is an ellipse with axis A B equal to 2a and axis CD 
equal to 2b and 7, the distance from the center of the ellipse to the z-axis, 
greater than a; it can be shown that necessary and sufficient conditions 
that dK /dv < 0 for the interval 0 < v < w are that 


a= bd, 
or 


(3.9) a<b< (2/3%)a, r, = 4a(b? — a?) / (4a? — 307). 


Part II. THe GEODESICS. 


4. The differential equations of the geodesics. It was seen that for the 
system of coordinates chosen, the square of the element of arc on the surface 
was 
(4.1) ds? = dv? + r? (v) du’. 

The differential equation of the geodesics in parametric form is thus + 


(4.2) (ù ù= üh) —(2Qr/r)ie—rr B= 0 


where a dot above a letter indicates differentiation with respect to the para- 
meter ¢ and 1’ is dr/dv. One also needs the equation of the geodesics in 
non-parametric form for the case where u is taken as the independent variable. 
Setting == u, equation (4.2) becomes 


% Watson, Proceedings of the London Mathematical Society, Ser. 2, Vol. 15 (1916), 
pp. 227-42. i 

f Bolza, Variationsrechnung (1909), § 26, p. 210. Future references to this book 
will be indicated by the letter B. 
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(4.3) v” (u) — [2r (v)/r(v)] v? (u) —r(v)r’(v) = 0. 


Other formulae for the geodesics are found by integrating one of the Euler 
equations giving 


(+. 4) ru / [0 + r (v)u = @, 

where & is a constant of integration. Write (4.4) in the form 
(4. 5) rdu/ds = q 

or . 

(4.6) T COS x= g 


where x is that angle which the positive direction of a geodesie makes with 
the positive tangent to the parallel thru the point on the geodesic considered, 
measured in a counterclockwise sense from the point of view of a position 
on the exterior normal to the surface. For geodesics along which u may be 
taken as the independent variable, when one sets {== u (4.4) becomes 


(4.7) r?/ (02 4-12) % = a, 
which solved for v’ gives 
(4. 8) v = + (r/a) (r? — a7), 


Now the equation of a geodesic must be a solution of (4.4) and therefore 
of equations (4.5) — (4.8) (cf. B. § 26); but all curves that are solutions 
of these equations are not geodesics—e. g., any parallel will be a solution of 
(4.6), while in order that it be a solution of the general equation (4.2) it 
is necessary that 7” be zero. Incidentally it is seen that the only parallels 
that are geodesics are the inside and outside equators, that is, the curves 
v = l and v=o. 


5. The symmetry of the geodesics. Taking note of the fact that r(v) 
is an even function of v, it is seen from the form of the equation (4.2) that 
(5.1) the system of geodesics is symmetrical with respect to the equatorial 

plane of the surface; 


(5.2) it is symmetrical with respect to any meridian plane; 


(5.3) if the surface be rotated about an axis of revolution through any angle, 
each geodesic on the surface in its original position will coincide al 
the end of the rotation with a geodesic on the surface in its final 
position. 


6. The classification of the geodesics. Consider the geodesics issuing 
from a given point (Uo, vo) at an angle x restricted to the values 


(6.1) —a/2<xyS+2/2. 
3 
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Clearly a reflection of these geodesics in the meridian plane through (uo, vo) 
will give all the other geodesics through (uo, vo). Let the maximum and 
minimum values of r on the generatrix be respectively rz and rı The geo- 
desics issuing from (uo, vo) with the angles x given by (6.1) will determine 
values of «in (4.6) such that OS a & 7,. These geodesics will be classified 
as follows: 


Class I “a= 0, 

Class II O<actn, F 
Class ITI G= fi, 

Class IV Ti <a<n, 

Class V == Tp, 


7. The nature of the geodesics. The following theorems may be verified 
by using (4.6), (4.8) and the well-known fact that there is a unique geodesic 
through a given point in a given direction on the surface. In the case of 
Theorem 5 formula (4.3) will also be needed. Since the results are not 
essentially new the proofs of these theorems are omitted. 


THEoREM 2. The meridians (u == const.) are the only geodesics which 
belong to Class I. 


THEOREM 3. On a geodesic of Class II, v must increase or decrease 
without limit as u increases without limit, and the geodesic will cross both 
inside and outside equators an infinite number of times. 


THEOREM 4. Geodesics of Class III consist of (A) the inside equator, 
and (B) two geodesics through every point of the surface which approach the 
inside equator asymptotically in either sense but never cross it. The cosine 
of the angle xı at which a geodesic of Class III(B) crosses the outside equator 
as given by the formula cos x: == 11/72. 


THEOREM 5.t Each geodesic of Class IV lies in the region on the sur- 
face for which r= a and becomes successively tangent to the two parallels 
T == Q as U increases. 


THEOREM 6. The only geodesic in Class V is the outside equator. 


* Forsythe, Differential Geometry (1912), § 93, p. 132. 
For a further description of geodesics of Class IV see Theorem 14. 
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Part II]. THE CONJUGATE POINTS. 


8. The formulae needed for the discussion of the conjugate points. 
There will be occasion to speak of the rth conjugate point tò a peint P on a 
given geodesic Æ. Let the coordinates of this point be (to, vo). Consider a 
solution @(w) of the Jacobi differential equation (B. §29) set up for the 
geodesic FE such that 

W (to) = 0, © (u) = 1. 


From the theory of the second order differential equation * it is known that 
the zeros of w(u) are discrete. The first conjugate point to P on E is the 
zero of w(w) corresponding to the smallest value of u greater than uw, the 
second conjugate point to P on E is the second zero of #(u) for u greater 
than uo, and in general the rth conjugate point to P is the rth zero of w(u) 
on E for u greater than uo» The words “conjugate point” will be used in 
this article to designate the first conjugate point as defined above. Conjugate 
points denoted by Pi, Pas © * +, Pr, will refer to the first, second,::-, rth 
conjugate points according as the subscripts are 1,2,:°°,7 

It will be convenient to make use of the following facts derivable from 
the general theory of the Calculus of Variations. If there be given any geo- 
desic segment G without double points on the surface, it is possible (B. § 40) 
to choose a set of surface coordinates (s, n) as follows. The curves s = const. 
may be taken as geodesics perpendicular to G, and n can be taken as the 
distance measured along these geodesics from G in one of the two possible 
senses chosen arbitrarily, while s is the distance measured along @ from a 
given point in a given sense. The domain in which it is possible to take such 
a set of coordinates and still retain the one-to-one correspondence between the 
pairs (s,n) and the points on the surface will in general have to be limited 
to a sufficiently small region Æ neighboring @, but including @ entirely within 
the interior. For the coordinates (s, n) the first fundamental quadratic form 
of the surface will be 
(8.1) do? = dn? + O?(s,n)ds? 


(B. § 28) where C(s, n) is a real positive analytic function of sand n in R and 
(8. 2) C(s,0) = 1, Ca(s,0) =0, Cs(s,0) =0. 


Under such a choice of a coordinate system consider an analytic family 
of geodesics 
(8.3) n=®&(s,0), 0— @(s,0), 


* Böcher, Leçons sur les Méthodes de Sturm, § 12, p. 43. 
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where ® is analytic in s and @ in the neighborhood of a segment @ of the 
geodesic œ = 0. Let K(s,n) denote the total curvature of the surface as a 
function of sand n. The Jacobi differential equation, otherwise known as 
the equation of first variation,” for this geodesic @ will then take the form 


(8. 4) w’(s) + K(s,0)w(s) =0. ° 
It can be shown that the equation of the second variation (B. § 8b) will be 
(8. 5) 8a (5,0) + K(s, 0) Baa (s, 0) = — Kn(s, 0) Ba? (8,0), - 


and both of these equations will hold at all points of the segment G. 


9. Conjugate points on geodesics of Class I. The only geodesics of 
this class are the meridian ovals. No point on a meridian has a conjugate 
point. 

Along any. meridian one can regard v as the independent variable. The 
complete set of meridian ovals is a family of geodesics given by the equation 


u=® (v, ß) 
where ®(v, 8) has the simple form 
® (v, ß) = £, 


and $ is an arbitrary constant. The Jacobi equation in the nonparametric 
form with v the independent variable and w the dependent variable can be set 
up for any particular meridian and according to the general theory it will 
have for one particular solution 


w = g(v, 8) =1. 


Thus this particular solution never vanishes. Therefore by Sturm’s separa- 
tion theorem (B. § 11) the solution of the Jacobi equation which determines 
the conjugate point P, to a given point P on the meridian considered cannot 
vanish twice. Hence no such conjugate point to P exists on a meridian. 
It may be noted that the above proof would apply to any analytic, regular 
surface of revolution for which the generatrix is a closed curve. 


10. Conjugate points on geodesics of Class II. There are no conjugate 
points on geodesics of this class. 


Any geodesic of this class can be represented in the form v= v(u), 
where v(u) is an analytic function of u for all real values of u. Symmetry 
considerations show that the geodesics obtained by rotating the given geo- 


* Darboux, Théorie des Surfaces, Vol. 3, § 627, p. 97. 
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desie through any angle about the axis of revolution of the surface will also 
be geodesics of Class II. The family of geodesics so obtained can be repre- 
sented as follows: 


v = &(u, 8) =v(u+ 8), 


where 8 is an arbitrary constant. The Jacobi equation of the nonparametric 
cuse set up for any one of these geodesics will have as a particular solution 


g =v (u + 8). 
According to formula (4.8) this derivative is never zero for a geodesic of 


Class II. Again applying Sturm’s separation theorem one obtains the result 
to be proved. 


11. Conjugate points on geodesics of Class III. 


(A) There are no conjugate points corresponding to points on the 
‘inside equator. Reference to formula (3.7) shows that the surface curvature 
is a negative constant on the inside equator. Accordingly a solution of the 
Jacobi equation (8.4) which vanishes once and is not identically zero never 
vanishes again. Thus there are no conjugate points corresponding to points 
on the inside equator. 


(B) Geodesics of Class III (B) are geodesics asymptotic to the inside 
equator. These geodesics have no conjugate points. This can be proved by 
a method similar to that used in the proof of the non-existence of conjugate 
points on geodesics of Class II. Thus the theorem: 


THEOREM 7% No point on a geodesic of Class I, II, or III has a con- 
jugate point. 


12. Conjugate points on geodesics of Class IV. On a geodesic of Class 
IV the rth extremum of v following a given extremum of v is the rth con- 
jugate point to that extremum. To prove this statement one proceeds as in 
the discussion of geodesics of Classes II and III(B). If the given geodesic 
is represented in the form v= v(w), then 


v =v(u + B) 


will represent a family of geodesics of this class, while v’ (u) will be a solution 
of the Jacobi equation corresponding to the given geodesic. This solution 
v’ (u) vanishes at the extrema of v(u) and only at these extrema, and the 
statement is proved. 

The following lemma of the Calculus of Variations will be needed: 
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LEMMA 1. If Qu Qr and Qr are respectively the first, rth and r + Ith 
conjugate points (cf. § 8) to the point Q on a given geodesic E corresponding 
to a regular problem in the Calculus of Variations, then as a point P varies 
on E from Q to Q, moving always in the same sense, its rth conjugate point 
P, will move continuously from Q. to Qrı, moving always in the same sense. 


In order to prove this lemma, take s as the are length measured along 
the given geodesic in the sense that leads from Q to Qu. Let w,(s) and w2(s) 
be any two independent solutions of the Jacobi equation. Let s and,s, denote 
the values of s at P and P, and denote by a and a, the values of s at Q 
and Qr respectively. Then 

Wy (s) W2(s) 
12.1 —(, 
wı (Sr) We (Sr) 
and if one shows that equation (12.1) can be solved for s, as a continuous, 
monotonically increasing function of s, for s in the interval > 


(12.2) as 


corresponding to the extremal from Q to Qı, the lemma will be demonstrated. 
Regard the determinant (12.1) as a function ¢(s, sr). Consider a particular 
pair of the conjugate points (s°, s-°) which is thus a solution of $(s,s-) = 0, 
where s° is a value of s in the interval (12.2). In order to show that 





(12.2) en | EO 
observe that 
| wı(s°) W2(s°) 
w3(s) W2(s) 


may be regarded as a function u(s) which with s° constant is a solution of 
the Jacobi equation that vanishes for s= s,°. Moreover u(s) is not identi- 
cally zero, for if it were, w:(s) and we(s) would be linearly dependent. 
Furthermore w’(s,°) cannot then be zero since u(s,°) —=0. But w’(s,-°) is 
the determinant in (12.3). It is thus proved not zero. Accordingly (12.1) 
can be solved for s, as a continuous function of s in the interval a Ss a. 
By Sturm’s separation theorem it follows that P, moves always in the same 
sense from Q, to Qr as P moves from Q to Q, in one sense. The lemma 
is thus proved. From Lemma 1 and the statement proved at the beginning 
of this section we have the following theorem: 
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THFOREW > Ona geodesic of Cluss IV the rth extremum of e ts" 
gem estremum of v is the eth conjugate point to that extremem. a: 
“dat P moves along the geodesic from one extremum to the nest jo os y 
us rth coajuqate point P, moves continuously and in the same sense “r 
erh ectremum following P to the r+ 1th. 
o 


13. Conjugate points on geodesics of Class V. 


THEOREM. The angular measure, d, from a point on the outs ds « 
ru ils fits’ conjugate point is given by the formula 


13.1) d=#/(r.k)”, 
where k is the curvature of the generalriz [cf. (3.3)]. 


This theorem can be easily proved by setting up the Jacori ecua 
(5.4) for the outside equator and noting that K(s) = efra 

If the generatrix of the surface were an ellipse with axes 20 2nd 
respectively parallel to the x and z coordinate axes one finds that 


d=zb/(r.0)*, 


end by taking e large enough relative to b, d can be mede as stnall as os 
Inder the initial hypothesis [cf (3.9)] b < (2/3 >)o. Since r +? 
follows that 7 < ba,/2"4u < (2/3). Thus d is never as greal as y? 
for the surface when the generalrix is an ellipse. 


Part IV, THE ENVELOPES OF THE (rEODESICS. 


1k. The integral of the equation of second vuriation. Let there tu +: 
a geodesic of Class IV or V. Let the points neighboring this geoi s 
referred to normal geodesic coordinates (s,n) (cf. $8) so that the 
geodesic is the curve n == 0. Let sẹ be the s coordinate of a point F on 
geodesic, Furthermore, let there be given an analytic family of 1.0: 
neighboring x == 0 through P for which 


(14.1) n= (s, a), a == (So a). 
Then 
(11.2 (saa) =20, (8,0) ==9, 


and the given geodesic n = 0 is given by «==0. Let @(s) denote tnc zo. 
vi the Jacobi equation [cf. (8.4)] which satisfies the conditions 


G(s) =0, Fe). 
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Denote by 2(s) the function @ge(s,0). Then 2(s) satisfies the differential 
equation 


(14. 3) 2” + K (s, 0)z = — @*(9/0n)K(s, 0) 


[ef. (8.5)], where the initial conditions z(s,) =z (so) = 0 obtain. These 
initial conditions follow from the identities in (14.1) and (14.2). Ih 
order to discuss the envelope of geodesics of Classes IV-V a formula for 2(s) 
at the rth conjugate point (s,,0) to P on the geodesic n = 0 will be needed. 


Lemma 1. At sr, the rth conjugate point to S, on a == 0, 
(14. 4) 2(Sr) = Baa (Sr, 0)—=(—1)7A [ww x (t,0)dt 
where A is a positive constant. = 

In order to prove this lemma one notes that 
(14.5) D + K(s,0) w=0. 


Multiply (14.3) by — w and (14.5) by + z and add the two equations. 
The result is the equation 


20” — iz” = i (9/ön)K (s, 0). 


Integrating from s, to s, one obtains 


8r er 
vis’ — ar | =f w(t) E (4 oyat. 
to i on 


At s, and its rth conjugate point sm, w is zero. Moreover z(s,) is zero. 
Accordingly 


else) = f "C 2E (4, 0)dt. 


Now w#’(s-) is positive or negative according as r is even or odd. Hence 
formula (14.4) follows. 


15. The existence theorem for the rth envelope. In order to establish 
an existence theorem for the rth envelope a lemma will be needed, concerning 
the zeros of a solution of the second order differential equation 


(15.1) wu’ (x) + plr, Aju (x) + qlz, Ajue) = 0 
where p and g are analytic functions of x and A in the domain 
(15. 2) —d,SdrS4, d> 0 


(15.3) Zo SE 2 E to + de d > 0. 
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It is known from the general theory of the second order differential 
equation that for any value of the parameter A the zeros of a solution of this 
equation which is not identically zero are discrete. Consider those solutions 
u(z,) such that for z = z, and any value of À in (15. 2) 


15. 4) f(a, A) = 0, Üa (Zo, A) =]. 


It will be assumed that for every value of A in the interval (15.2) there are 
r values of x that make @(2z,A) zero in the interval (15.3). Order these 
r valueseof v for a given A according to increasing magnitude and denote by 
(A) the rth value of z thus obtained. 


Lemma 1. The function X(A) which gives the rth zero of the solution 
ü(z, à) is a single valued analytic function of A in the interval (15.2). 


This lemma can be proved from the well-known implicit function theorems. 
The proof is not given here. Take a point P with coordinates (to, vo). Lei 
there be given a system of geodesics on the surface expressible in the form 


(15. 5) v = f(u, p) 

(15.6) B = fu(to, B) 

through P, where f is an analytic function of u and ß for all values of u, 
and for 8 satisfying 

(15.7) —d<=ps+d d>0. 


Let the rth conjugate points to P exist on all these geodesics for ß in (15.7). 
Take 


(15. 8) ur = U, (B), r= V, (B) 
as the u and v coordinates of the rth conjugate point to (Uo, o) on the 
geodesie 8 of (15.5). 


THEOREM 10. The functions U,(ß) and Vr(B) will be analytic for 8 
in the interval (15.7) and will give an envelope to the system of geodesics 
(15.5) [or a point through which all the geodesics (15.5) pass]. Hach o; 
these geodesics will be tangent to the envelope at the rth conjugate point tc 
P on that geodesic. 

Let the Jacobi equation be set up for each geodesic of the system (15. E), 
corresponding to the Calculus of Variations problem of minimizing ifs 
integral 

[r (v) + (dv/du)?]%. 


This equation is a second order differential equation expressible with coe! 
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cients which are analytic functions of independent variable w and parameter 
B. Identify u and 8 of this Jacobi equation respectively with x and A of 
(15.1). Lemma 1 then shows that U;(8) is an analytic function of 8 in 
the interval (15.7). Now substitute U,(ß) for u in (15.5) and one finds 
that V,(ß) is also analytic in the interval (15.7). That the curve thus 
determined by equations (15.8) satisfies the usual properties of the envelope 
as stated in the latter part of the theorem, or else gives a point through which 
pass all the geodesics of (15.5), follows as proved in Bolza for the “Im 
Kleinem ” theorem (B. § 47(a), p. 358). . 


16. The form of the envelope in the neighborhood of a conjugate point. 
Let C be a given geodesic. For the sake of clearness in the geometric inter- 
pretation of the results take orthogonal geodesic coordinates (cf. §8) such 
that n==0 gives the geodesic O. The geodesic C will be called the central 
geodesic. The relative orientation of positive sense of measurement of s and 
n will be taken so that from the point of view of the external normal to the 
surface it will be the same as that of u and v, respectively, for a point on the 
outside equator. Take a point P on C with coordinates (s,0) and take a 
family of geodesics through P given by the equation 


(16. 1) n = (s, a) 
where the parameter is chosen so that 
(16.2) a = Ps (So 2). 


Then for the geodesic C, a = 0 (cf. $14). Let P, with coordinates (sr, 0) 
be the rth conjugate point to P on C (cf. §8). Let P,’ with coordinates 
(s,’,n’) be the rth conjugate point to P on any geodesic a’ of system (16.1). 
The function ® of (16.1) will be supposed analytic in the domain 
(16. 3) ja|sd d>0 
(16. 4) S—e@SsSs-te e>o 
where d is taken small enough so that s= ss,’ satisfies (16.4) when a = u 
satisfies (16.3). 

In the last section it was found that the locus of the points P,’ could be 
written in the form 
(16. 5) s—fila), n= f(a) 


where f, and fz are analytic functions of a in the interval (16.3). In this 
section the possible forms that this envelope may take in the neighborhood of 
P, will be discussed. Lindeberg“ has investigated this problem for the 


* Mathematische Annalen, Vol, 59 (1904), p. 321. 
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evelope in the neighborhood of the first conjugate point, and his resul 
‘sily extended to apply to the rth envelope. Let 


16,6) M = (0" /da”) ®(s,, 0) 


>the lowest order derivative of ® with respect to e which docs sor. 
d 
>, Jt is found convenient to consider the possible forms x hi h o 
lope takes under five cases: 


J. m is even and M negative. 
II. m is even and M positive. 
TIT. m is odd and JZ positive. 
IV. m is odd and M negative. 
V. MU does not exist. 


Cuse I. m is eren and M negative. One denotes as the pesitü 
oE C near P. the points neighboring C for which n > 0. 


Tn the notation of this article equation (5) p. 324 of Lindeberg» rl 
hen applied to the rth envelope becomes * 


(6.7) w- a(s, t) — a(s 0) = (M/m — MN" -4 R, (0") 


shay as detined above, x,” is the s coordinate of a point on the sth rve 
which a curven =u of family (16.1) touches it, and Ri (a°) denot sa ro 
series in a’ all of whose terms are of higher power than the mth. Th « 
2,(v’) is kuown to converge for values of a’ in the interval (16.0). 
‘glows from (16.7) that in Case I the envelope lies entirely on (he paw 
side of C in the neighborhood of P.. 

For the rth envelope the relation which Lindeherg writes at the op 
nage 824 becomes under the notation of this article 


(16. 8) af — == (—1)-10, Mert + R,(a’) 


where (f is a positive constant and /?,(a’) is a power series in @ all or wl 
terms are of higher power than the m — ith. Re(a’) is known to ceuveı 
in the interval (16.3). One replaces Lindeberg’s 1/L?7 by (—1)""C > 
it is clear from his definition of L? that its sign is positive or negative rer 
iv as ris odd or even (cf. bottom of p. 322, Lindeberg, loe. cif.). Frem | 
formula it follows that a neighboring geodesic to C of the family (iti 
through P determined by a’ touches the envelope at u point Py’ fm iw 


“There is an error in (3) p- 323 of Lindeberg’s article. It should ese 
instead of N. This accounts for the replacing of —N in Lindeberg’ formule 
by ~~ 222, 
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Sr’ — Sr is less than or greater than zero according as a’ has the same sign as 
(—1)*+ or the opposite sign. 

The formula of page 327 of Lindeberg’s article becomes in the notation 
of this article 
(16. 9) 5— sr = (— 1)"10,Ma’”-1/m + B3(a’) 


where C, is a constant greater than zero, R,;(a’) is of the same nature as 
R.(a’) in (16.8), and where 5 gives the s coordinate of the intersection of 
the geodesic a’ with the curve C in the neighborhood of P,. This formula 
shows that the neighboring geodesics to C through P for which a’ has the 
same sign as (— 1)""! intersect C in the neighborhood of P, at points between 
P and P, while neighboring geodesics for which a’ has the opposite sign 
intersect C on the far side of P, from P. 


Case II. mis even and M positive. Here the envelope near Pr is found 
to le entirely on the negative side of C. From (16.8) it is seen that s’ — sr 
has the same sign as a’ (—1)*1 for neighboring geodesics to C through P. 
Finally from (16.9) it is found that neighboring geodesics to C through P 
for which a’ (—1)*1 > 0 intersect O in the neighborhood of P, on the far 
side of P, from P, and those for which a’ (— 1)! < 0 intersect C between 
P and P, near Pr. 


Case III. m is odd and M positive. Here it follows from formulae 
(16.7) and (16.8) that the envelope has a cusp at P, for which s— sr has 
the same sign as (—1)*-}, and that a neighboring geodesic to O determined 
by a’ in (16.1) touches the envelope at a point P,’ such that n’ has the oppo- 
site sign to a’ (—1)"-1. From (16.9) it follows that neighboring geodesics 
to O intersect C near P, at points on the farther or the nearer side of Pr 
from. P according as (— 1)""! is positive or negative. 


Case IV. m is odd and M negative. Substitute (— 1)" for (— 1)" 
an the italicized statements under Case III and the results for Case IV are 
obtained. 


Case V. m does not exist. Here the equations (16.5) of the envelope 
gwe one point only, and there is a system of geodesics through P and P,. 


17. The rth envelope of geodesics of Classes IV-V through a point on 
the outside equator. It has been seen that at a point on the outside equator 
the asymptotic geodesics cross this equator at an angle + xı (cf. § 7), whose 
cosine is given by the formula cos yı = 71/72. Geodesics of Class IV cross the 
outside equator at an angle x, such that cosx=«/r,, where « lies in the 
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interval 7, <a< 12. Recall that Class V consists of just one geodesic; 
namely, the outside equator, and on this geodesic y= 0. If there be given 
a point P on the outside equator, and any value of x in the interval 


(17. 1) —x<x< +x, 


the geodesic G through P whose positive tangent makes such an angle x with 
the positive tangent to the outside equator, will be a geodesic of Class IV 
or V. Furthermore all geodesics of Classes IV-V through P will be deter- 
mined by these values of x. Let the coordinates (u,v) of P be (uo 0). All 
the geodesics through (uo, 0) except u = u, can be represented in the form 


(17. 2) v= yu, b), b = Yu (to, b), 


where y(u, b) is analytic in w and b for all values of u and b. In Differential 
Geometry “ there is the relation 


tan y = (G/E) *dv/du= (1/r) dv/du. 

Thus in particular at (uo, 0), at which point r= re, 
(17.3) b = Yu (to, b) = r2 tan x. 
Corresponding to the varying of x on the interval (17.1), b by virtue of 
the preceding relation will vary on an interval 
(17. 4) —b, <b < +b 
where by == fa tan x1. 

Now for the investigation of the rth envelope of the system of geodesics 


given by (17.2) for b in the interval (17.4). It is known from Theorem 10 
(ef. §15) that this rth envelope is given by equations of the form 


(17. 5) r= U-r(b), v = V, (b) 


where U, and V, are analytic functions of 5 for b in (17.4). In order to 
investigate this envelope consider any geodesic O of family (17.2)-(17. 4) 
and take normal geodesic coordinates with C as the “central geodesic.” In 
the neighborhood of this geodesic C, the geodesics can be given in the form 


(17.6) n== (s, a) 
(17. 7) a == By (So, 2) 


where n = 0, or a = 0 gives the geodesic C and (so, 0) is the point P. 
In the last section it was found that in investigating the envelope of 


* Hisenhart, loc. cit., p. 26 (24.) 
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the geodesics given by (17. 6) that the lowest order derivative (6"/da") ®(s, 0) 
which does not vanish on that envelope plays a very important rôle. Pre- 
paratory to proving a theorem which applies the theory to the envelopes of 
geodesics of Class IV two lemmas will be proved. Take the “central geo- 
desic” C of system (17.6)-(17.7) as a geodesic for which 6340 when 
represented in the form (17.2). Let Pı denote the first intersection of C 
with the outside equator following P on C in the sense of increasing u. Let 
s be so measured on C that s=0 on C at P, and so that the sense of in- 
creasing s is the sense of increasing u. Recall from the general theory 
(B. § 40) that for the analytic, positive, definite problem of the Calculus of 
Variations the relation between the surface coordinates (u,v) and the surface 
coordinates (s, n) is 


(17.8) u=uls n), v=v(s,n), D(u,v)/D(s,n) 0, 
where u and v are analytic functions of s and n for points in the neighborhood 
of a finite segment of C. 

Lemma 1. On C, (0/0n)K(s,n) is less than or greater than zero ac- 
cording as the v coordinate of the point (s,0) is greater or less than zero. 


Let E(u, v) be the surface curvature in terms of u and v. We can then 
write at the point given by (s,n) and (u,v) 


ak O RO o wo, Rw. 
ôn Ov Mm ĝu ôn 


Denote by x(s) the angle which the geodesic C makes with a parallel at a 
point s=s on C [ef. (4.6)]. Then since OK /du is zero at (s, n) = (s, 0), 


(17.9) < = = cos x(s). 

But it is known that 0u/ds is never zero on a geodesic of Class IV (cf. 4.5), 
so cosx(s) will always be positive. For v > 0, 0K/év is negative and for 
v < 0, 0K /dv is positive. Thus the lemma follows. 


Let the coordinates (s, n) of the rth conjugate point 
Pe, (r= 1, 2, 8, ° S Fa m) 


to P on C be (sr, 0). Let M and JM, be two successive points on C at which 
extrema of v occur and which include the point P, between them. Then from 
Theorem 8 it is seen that P, will lie between M and its conjugate M, on C. 
The second lemma concerns a solution #(s) of the Jacobi equation, 

(17.10) w’(s) + K(s,0)w(s) = 0, 


which is zero at s = sọ and which has first derivative equal to 1 there. 
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Limma 2. If on the geodesic O emanating from Ponv=0sbenen 
a ol trom Pa. the first intersection of C with v=0 following P, aad 
d no'e the s coordinate of the first conjugate point P, to P, then w(s). N 
s ution of the Jacobi differential equation set up for O, vanishing ai Y, cë 
ov crative caual fo unity at P, satisfies the relation 


7,11) r(--s) > @(s) 
i sin the interval 
110) 0<s£& lsi. 


In order to prove this lemma a function wı(s) is defined as follows 


(1.13) w(s)=W(— 8). 
E is then noted that 
(221) u” (s) = E” (— 8) 


oad on account of the symmetry of the geodesic O and the surface with res oe 
w the equatorial plane that 


( + 15) K (s, 0) == K (— 8$, 0). 


\ onlingly w,(s) will be a solution of the Jacobi equation (17.10), teà 
oce sets s+=—s in (17.10) and employs (17.18), (17.14) and (17. 03 
o « obtains 

w” (s) + K(s,0)w,(s) = 0. 
Iı one sets 
( v.16) W(s) = F(s) —wi(s) = (s) — @(— s) 


a: d proves ihat W(s) < 0 on the interval (17.12), Lemma ? will he ds ini 
st ated. Now W(s) is a solution of (17.10) and, by virtue of (17.13) 
1; (0) ==0. From (17.16) and (17. 13) 


( 1.17) (ss) =— @(— 81) 
( Ye 18) W(— 1) = (— $). 


Using (17.17) if s > 0 and using (17. 18) if sı < 0 one obtains 
(1.19) (sl) <0. 


Sacc W(s) vanishes at s=0 and Jf and M, are conjugate points (t 
T worem 8), W(s) can vanish at no other point between M and Mi B: 
Ti (s) is negative at s==|s,|. W(s) must accordingly be negative on ih 
waole interval (17.12), and Lemma 2 is proved. 

Consider the following theorem. 
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. THEOREM 11. On a geodesic of Class IV through a point P on the 
outside equator and for which b > 0, ®aa(sr,0) is greater or less than zero 
at the rth conjugate point S= sr according as r is odd or even.. If b <0, 
the sign of Baa(sr,0) is reversed in the above statement. 


From formula (14. 4) 
(17. 20) Boa (Sr, 0)==(—1)tA ("wo (dK /dn) (t, 0) dé. 


Now A is a positive constant. Take the central geodesic ( as a géodesic of 
Class IV for which b > 0. Then the first part of Theorem 11 will be demon- 
strated if one shows that the integral 


(17. 21) f ” 58 (t) (0K/ôn(t, 0) de 


is negative. Divide the proof into three principal headings; I when r= 1, 
II when r= 2, III when r > 2. 
I. r=1. 

Consider the two cases: Case A, when P, lies on the outside equator or 
on the side of the equatorial plane for which v > 0; Case B, when P, lies 
on the side of the equatorial plane for which v < 0. 


Case A: The first conjugate point P, is at P, or between M und Pı. 

It appears from Lemma 1 that in this case (@K/dn)(s,0) is negative 
between P and Pı. But @(¢) is positive in this interval. Thus when r==1 
for Case A the integral (17. 21) is negative. 

Case B: The first conjugate point P, is between P, and M, (s is measured 
from Pı). 

On account of symmetry 

K(—s,—n) = K(s,n). 
Hence 
(17. 22) (0K /én) (— s, 0) = —(0K/dn) (s, 0) 


for all values of s. Write the integral (17.21) for r= 1 as 
f "De (1) (0K /on) (t, 0) dë 
8o 
0 6 
£ f 5° (t) (8K /an) (t, 0) dé + f "De (t) (0K /On) (t 0) dt, 
-81 o 


where s, is the value of s at P, and sọ its value at P. The first of these 
integrals as in Case A is negative. In the third integral, from Lemma 2, 
w(t) < w(— t) for t in the interval 0 < t& s, From formula (17.22) 
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‘vd Lemma 2 it is found that the third integral is positive and .s l~ 

» solate value than the second integral, which is negative. Thus th sa» ¢ 
t'o three integrals is negative and accordingly integral (17.21) is negi tiv 
t ethe case under consideration. 


Lit Pa denote the second intersection of the geodesic O with ih oi 0! 
© dator following P in the sense of increasing u, and let Ma denote ihe 
uit on O following M, at which v has an extremum. Write ihe im 


` 


i. 21) ior r == 2 in the form 


1.7.28) f rw (t, oat f” T(t) = (1, 0) ci, 
2o lal n 
s, `O from the discussion in I Case B it is known that the first in tise. 

negative. If, however, s, < 0 one can apply Lemma 2 and the fact ih | 
: (1) is negative on the interval 0 < ¢ < | s, | to show that the first. int: zr. | 
ucgutive Just us was done in I Case B. In considering the second int: gre! 
rove the origin of measurement of s to P, and as before let so be ine > 
«ordinate of P and s, the rth conjugate point (r= 1,2,7, m). Con id 
. 0 uasCs: 
Case A, s, 0. Case B, s: > 0. 


In terms of the are length measured from P, let sı denote the value of s ii 


‘ie point whose s coordinate was | sı | when s was measured from P, Thi 
cae can write the second integral of (17. 23) as 


17.24) iu T(t) ~ (t, 0) dt. 
ay 


(asus: So = 0. 
Ilere w(t) is negative for this integral except at so and perhaps 9. A! ¢ 


‘W/dn(t,0) is positive for the integral except possibly at s and 4. Th 
“ic miegral is negative. 


ASt! B: Sa > 0. 
Write the integral (17.24) as 


6K 


ae 0 
| ma) = + D(t) 


AK 
. ö 
St 
4 


oa OW 
33 Re 
zs (t, 0) di +f w (t) FR (1,0) 
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One treats these integrals as the three integrals of I Case B were treated. In 
the first integral w(t) < 0 and @K/dn > 0 except possibly at the end values, 
and the integral is thus negative. A review of the proof of Lemma 2 will 
show that in II Case B w(—s) <w(s) for the interval O<s=|s |. 
Accordingly the second integral above will be in absolute value larger than 
the third integral which is positive. The sum of all three will thus be 
negative. 


II. r>R. 


Take s = 0 at the rth intersection P, of C with the outside equator and 
consider the integral 
ar 
(17. 25) J. (t) (dK/m) (£ 0) di 
Sr 
where $,_, is the s coordinate in terms of are length measured from P,, of 
the point whose s coordinate in terms of are length measured from Pr- was 
| sr-1 |. If r is odd this integral can be proved negative by treating as in I; 
and if 7 is even it can be treated as the second integral of (17. 23) was treated 
in II. If s, is negative the integral 


(17. 26) f P (i) (0E /an) (t, 0) dt 


also has to be considered, but this integral offers no new diffculty and can be 
shown to be negative by using Lemma 2 as in I if r is odd, and as in II 
with a reversal of sign, if r is even. Thus combining (17.25) and (17. 26) 
it follows from I and II by mathematical induction that the integral (17. 21) 
for r>2 is negative when b> 0. If b< 0, from the symmetry of the 
situation as evidenced in formula (17.22), it is seen that the integral will 
be positive. Theorem 11 is thus demonstrated. 


One can now prove the interesting theorem: 


THEOREM 12. The rth envelope to geodesics of Classes IV-V through 
a point P on the outside equator is given by equations (17.5) where U, 
and V, are analytic for b in the interval (17.3). It is not a point and is 
symmetric with respect to the equatorial plane of the surface. If r is odd; 
when b > 0 the envelope is tangent to the geodesics as in Case II, § 16, and 
when b < 0 it is tangent to the geodesics as in Case I. If r is even; when 
b > 0 Case I applies, and when b < 0 Case IT applies. 
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That such an envelope exists follows from Theorem 10. That it is no 
. voint follows at once from Theorem 11 and $16. Because of the sym i: 
o; ihe surface and the geodesics issuing from P, the envelope will be «wu 
m trical in the equatorial plane. The facts presented in the last iwc sinic 
mats of the theorem are easily deduced from Theorem 11 and the “ In 
K vinem” envelope theory of $ 16. 


2 


“N 


"3. Further theorems concerning the rth envelope of geodesics thon 
‘ noint an the outside equator. The following theorems can be prover 

w thods similar to those used in the foregoing sections. They are stato | 
‘lL + order in which their proofs would naturally be given. 


TrEorem 13. The rth envelope to geodesics of Classes IV-V throws: 
at int P on the outside equator has a cusp on the outside equator at the p in 
(:,0) for which uZ urn The envelope has no other singularities. The 
ve ven of the cusp divides the envelope into two branches on either of wi ich 
vrs an analytic function of u. On the branch of the envelope for whieh 
v > 0, 2” > 0; and on the branch for which v < 0, v < 0. 


T:L\EOREM 14. 


(a) On a geodesic of Class IV the maximum at r—=a of v incre se. 
co ifinuausly as b increases from O to bı, where b, is the positive value o’ t 
en responding to one of the asymptotic geodesics through P. 


(b) The coordinate u of the first point of intersection with the cut-ide 
ey iator of a geodesic of Class IV through a fixed point P on the outs de 
ey itor increases continuously und without limit as b increases in the ostu 
in erval from 0 to b}. 


Tne£orem 15. The two branches of the rth envelope of geodesics of C «ss 
IV through a point u = Up on the outside equator for which v > 0 and v <U 
be-ome asymptotic to the inside equator on the side for which v >0 nna 
v< 0 respectively. 


THEOREM 16. For v= 7 let ü, and ür. be the corresponding u coordi 
n: ‘es of points on the rth and r + 1th envelopes respectively. The difference 
i, ı— Ü, increases continuously and without limit as v increases from 0 te 
th» value of v on the inside equator. 


COROLLARY 1. The rth conjugate point P, to the point P on the outsidi 
eq ‘ator for a geodesic of Class IV recedes from the outside equator as r is 
taven lerger and larger. 
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COROLLARY 2. No two of the rth envelopes have a point in common. 


COROLLARY 3. Let bm denote the geodesic of Class IV which has its 
extreme values of v on the parallels v = +, and let d(bm) denote the dif- 
ference of the u coordinates of successive extrema on bm. As r becomes in- 
finite, for v constant, Ur —Ür (see Th. 16) decreases monotonically but 
always remains greater than d(bm). 


Somewhat similar theorems can be demonstrated concerning the envelopes 
of a system of geodesics of Class IV through a point not on the outside 
equator. 


CORNELL UNIVERSITY. 


Involutorial Transformations Belonging to a 
Linear Complex. 
° By HANNIBAL ALBERT Davis. 


Tatroduction. Involutorial space transformations belonging to > 
-guiolex have been studied in considerable detail, especially by Me: - 
_ed Pieri. The methods employed by them are entirely synthetic. | 

voent paper the equations of the transformation belonging to a nons m 

xeir complex are derived in the general case and in some of tne rit 
‚ses. A number of new transformations are discussed. It has « m 
.visable to include some of the results already known. The resus 

ctions 1, 4-6, 5, 10-12, 16-20 are due wholly or in part to Mont wne. a 
hose in Section 21 to Pieri. 


|, Transformations I Belonging to a Non-Specwl Linear Complcx. 


1. Generul Case. Let the pairs of conjugate points Pa, Pa in ania 
orial space transformation I lie on the rays of a non-special linear comp x 
. single pair on an arbitrary ray. The self-conjugate surface F in e ur 
ongruenc? Q, of T, locus of the pairs of conjugate points situatic « 
ines of the congruence, contains simply the directrices, p, q of Qu ard tas 
-hrough the pair of conjugate points on each line of Q,, hence is of or or 
\ plane through p (or q) cuts F, in a residual cubie A; of genus i.to ~ 
:onjugate curve in the T-peneil lying in the plane. Two cubies A, asio ‘io’ 
“ith two T-pencils having a line in common meet in the pair of con as 
point; on the common line, hence the self-conjugate curve of a T-rerı. w 
32 A, of genus 3 lying on the quadrie containing R and having the li 
of R as bisevanis. 

Since the hase of a pencil of linear congruences is a regulus R, the po. 

F.! of associated self-conjugate surfaces has for base, in addition .o ‘ 
‘agndemental curve of the transformation, a A, of genus 3; hence the en 
mental curve is a Cio of genus 11. Any plane m through an arbitraıv | 


© “Su le trasformazioni involutorie dello spazio chi determinano un co ipl. 
lincare di rette,” Roma Accademia dei Lincei Rendiconti, Ser. 4, Vol. 4 (1883), 
207-215, 277-285. 

t“ Sulle trasformazioni birazionali dello spazio inerenti a un comple‘:o iin 
speciale,” Oircolo Matematico di Palermo, Vol. 6 (1892), pp. 240-244. 
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p not meeting Cio contains a A, associated with the T-pencil in w. The curves 
p and A; form the complete section of a surface P, by +, hence the fundamental 
curve Cy) meets any plane in 10 points situated on a cubic curve Ag. 

Since the image in J of a point P on Cy is aA, with a double point at 
P, the Cz) is triple on the surfaces conjugate to the planes of space and thg 
transformation is of order 11. The surfaces conjugate to the planes of space 
are D,,: C%,) 20a:, where the a; are parasite lines, quadrisecants of Cio. 

The surface of invariant points is Kg: Cy? 200. 

The jacobian of the transformation is the image surface Jao: Cio'20a;* 
of the fundamental Cio. 

Since the conjugate in I, of a point P on Cy is a Ag: P?, this A, meets 
Cio in 11 points. In general, the conjugate J of a fundamental curve O 
contains C to multiplicity equal to the number of points of intersection of C 
with the image curve of a point on it. 


2. The Equations of the Transformation. There are œt | F4 |, one for 
each linear congruence in FP. Each F; of the web through a point P, passes 
also through a second point P, conjugate to P, in the Jı. But a single pencil 
| F,| of these surfaces is sufficient to determine the transformation. 

The directrices of a pencil | Q, | of linear T-congruences form a regulus 
R’, lying on the quadric H, with the regulus R, base of the pencil | Q, |. 
Through an arbitrary point P, of space passes one surface F, of the pencil 
| F,| associated in J,, with the pencil | Qı]. The unique line from P, 
meeting the directrices of the congruence Q, associated with F, meets the 
F, in one other point Pz, conjugate to Pa. 

Denote by 


(1) BaZa — 220, == 0, (2) (21/22) == (01/03) k, (3) (21/24) (42/23) = m, 


the quadrie Hp, the lines of R, and the lines of R’ respectively. An F, which 
intersects (1) in a pair of lines (3) and a residual A, is of the form 


m’fı(k) + mf2(k) + fa(k) = 0, 


where f;(k) = akt + bik? + cik? + dik + ei (1= 1, 2, 3). 
Two such surfaces are; 


F == a2.* + batt + at E? + datita? + egt 

QoL Ta + b21 Eola + CoL La + A281 Lola + Cala E3 

+ 430,72 + baliat? + Catala? + dal Eala + lat £g? = 0, 
FY se h8 t + biti Eata + 610,225 + hattot? + aE Ta? 

+ aata? + botta + CaTa La + detırz? -H lalt? 

+ 0 + balata + Cata ta + data lg 4 Estat = 0. 


belonging to a Linear Complex. 


hich F4 of the pencil 
( ) F — pl’ =0 


ci ntains two variable lines of J?’ and the As Through a point Pı(y) of soa 
p. sses one Fu of (4), 
PR F— pE =0, 


vo p? == Fly); E (y). Substituting F and F’ in (5), we obtein 


(ar Gatt, + tgr) (12 — parE) + (bir? -- borit - brt 
(7,2: = PTa) + (¢,2,° + Coby Ws + C304" -+ dae. -+ Ust, 
FH dait a i eaat + etz + Cata?) (42? —- Pr?) = 0. 


Tais surface contains the two lines of R, 
Gil Sky —— prs = 0, fe — prs = 05 gern + Pl. = 0, Za + peg = 0. 


To line r through P,(y) meeting gi, ge meets them in A(a) and BB) 
x neetively, where 


2 =Plyı + Pya), = P(Y2 + Pys), % = Yo F PYs, Za == Ya F Pa 
B=— p(y: — PY), Ba = — P(Y2— PYs), Bs = Yo— PYs, B= VM-i) 


A iy point on r has coordinates; 


ot = Ad, + wBi = T (Ys + p’nya), 

Oil’, = At + ppo = 1 (Y2 + p?nys), 
(7) ol; = Ad; + ußs = 7(Y3 + nY2), 

ol, = he + ppa = 7 (Ya + AY) 


wore p= (A+ p)/p(A—pz). Substituting (7) in (6) and recalling An’ 
P A, and B lie on (6), we get 


(t) [aP Ry + ny) + aly? + prnyıyı + py”) 
+ aayr (yr + 2ys)] LE? — Ey] + [dip ys (Ry + pny.) 
+ ba (n? + pinyıya + pye) + bays (ays + 2ys)] E Vye — Fycys! 
-H [apy {Ry + Pny) + el? + Prnyıya + py’) 
+ Cay (mys + 2ys) + ap ys (Rye + PYY + Ca (yo* +p 'nysys -\- Per) 
+ esya(ny2 + 2y3) + dip? (Y1Y3 + Yoye + pny sys) 
+ de(Yyıya + PY sys + pnyoys) + ds(Yyıya + Y2¥s 
+ nyıy2)] [Fy —Fys*] = 9. 


«cere F and F mean F(y) and F’(y). One notes that 
E y? — Fy? = [ysys— yoy] [byy + (0 + d+ e) (Yy: + yey) I, 


F’yıya — Fy sys = [Yıys — Y244] [— ayıya + (c + d-+-c¢)y.4s|, 
Fy. — Fy? = [Pys — yoys] [a (4Y + YY) — by2ys], 
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where a—ayı? + aYyıy + Gaya", b= biy? + bayiye + bayi, 
C= CY? + CYyıya + Cay”, d = dıyıya + AYY + AsYsYay 
C= eY? + CoYoYa F eY. 
Equation (8) is now of the form 
(9) Pn + QF =0. 
if we set 
A= byiys + (0+ d+ e) (Yyıya + Yo¥s), 
B= — ayıya + (0 + d + e) Ys 
C = — a (YY + Yoys) — bYyeYys, 
the coefficients in (9) become 
P = [aP’y? + OFF Yiya + aE Ye] A + [bFy2 + bFP’yys + bF y] B 
+ [ay + PE YY + F Y? + aF ysy, + dF E Yaya + da? Yy 
-t eE’ yY? + Col E YY + 67% 2” | C, 
Q = [2 (aF + ask") yrys + a2 (Ey + Fyt) JA + [2 (bF + bok’) yy 
“tbe (Fy? + Py?)] B + [2(exF + cE )yiya + c(i? + Fy) 
HAF + dsl’) (yıya + Yoys) + de(F’yıya + Fysys) 
F(E + esF’) yoys + e2(F’yo? + Fys?)]C. 
Since n = — F’Q/P, the transformation is obtained from (7). 
(10) tı = Py, — FQYa, £a = Pye — FQYs, ta = Pys — I’ Qy2, 
t= Py,— FRY 


This is apparently of order 15, but there is a common factor (Y1Ya — YaYa)?. 
The factor (yıy3 — Y244) is contained once in both P and Q, and once more 
after the resulting expressions are combined in (10). 


3. Representations of Ix, on a Double Space. If the Plücker line coör- 
dinates are used, the complex to which J;; belongs may be written 


T=p2— Psa = 0. 


The lines of T may then be represented by the points of a quadric variety in 
4-space by means of the transformation 


(11) piz = Pas = pEi, Pis == PL2, Pis = PTs, Paz = pa, Pas == ps; 


(12) g? + Lola + Let; == 0. 
The projection of the points of this quadric from (0, 0, 1, 0, 0) into an ordi- 


belonging to a Linear Complex. 
“i y space Bia’ gives the Lie-Noether representation of the lines of P ou 


ats of Bis’, 


(72 . 
13) Piz = Pas = OLYE, Pis = OTZ T3, Pris = —- 0 (2,7 + Bela’), 
Pin = OF Ga", Pes = OF”, 
NETEN T ı__ , , ; 
-) 7 Tpı2 "= TPas, Te == TPis, Tz == TP23, Le = TPary 


ay? + rts F Ezt = 0. 


This (1, 1) representation of the lines of T upon the point. o’ Y. 
» nes a (1, 2) point transformation between the space I, of and <2 = 
X 5 Pe pair os conjugate points P,, Pa situated on a line of T co m m 
‘hy image point P’ in %, of the line, 
‘Ube intersection with T of the complex 
1 ) Pie + Pis + apis + As Dan + As fos = 0 
> ` Lincar congruence, whose image in Xx’ is 


(ay-” -- Aata + Ast + ats’) E — O(a? + wa) = 0. 


now, cot i Fa | ~ ot | Hz | > ye where yo’ == a’ = 0, m -+ gsr’ -=0, 


wor 


Associated with (0, 0, 1, 0, 0,) in Sy is a line u of T which cuasi s 
'r of conjugate points Uy, Ug. 


+? 


uU == Pi == 1, Du: om), (ik a 14). 


Fom (13), z% =0, m” -+ z7r 40. Therefore u (or Uy, U) ~ an 
ent of the plan» a’-—a,’==0 not on the conie yz. 

Since the condition that the complex (14) contains u is a, ='}, t 11 
vis that œ? | Fal: Uy, Ua ~ 00° | Hy | = œ? | m | + 9, where ine a’ an 
J > planes of Èy’ 

It is casy to see that; °| As] ~ %8] Cz |, where [C.’, y2"| =: 
v’ | As|: Un Ue~ ot ]|7 |, where the 7 are the lines of I,’ noi rnatir > 
y’ The remainder of the composite ©,’ is a line in a’ me.tine v 
o` | As | ~ œ? e |, where the 5° are lines meeting yz’. 

There are in a linear T-congruence Q,, with distinct directrices p, g tw) 
x cies of T-pencils, one series for each directrix. The two series of A,’s balon: 
~ gio the pencils correspond in >’, to the two sets of generators of the quenr ` 
r,s, mage of the F, associated with Qı. If p coincides with q arc F x 
t Jongs to T, the congruence Q, contains a single series of T-pencits. TF. 








* See e. g. Sturm, Liniengeometric, Vol. 1, pp. 257-269. 


58 Davis: Involutorial Transformations 


image in $’ of the J’, is in this case a quadric cone through y’ whose vertix 
is the image of the pair of points P,, P2 on p, conjugate in the In. 

Let P, in $s describe a line p, which together with its polar line q in T 
determines a linear T-congruence, hence an Fy. The image in Ds’ of p must 
be a curve C,’ on the H,” which is the image of the F4. A plane through p 
cuts F4 in a residual Az, self-conjugate curve in the J,, of the T-peneil in the 
plane. The A, meets p in three points and g in one point. Similarly, the A, 
in a plane through q meets p in one point and q in three points. Hence, the 
image in $x’ of p (together with its conjugate cı in Iı) is a Cy’ of type 
[3, 1], while the image of q, polar of p in T, is a C,’ of type [1, 3] on the same 
quadric. 

The image in 3’ of a line p of T is a cubic C,’ on the cone K’, image 
of the linear T-congruence with p for directrix. The O,” passes through the 
vertex of Kz’ and cuts each of its generators in one other point. 

A T-congruence Qn of degree n corresponds in D’ to a surface I : ya”. 
Qn contains n lines of each T-pencil and 2n lines of each T-regulus. The image 
of a T-pencil is a line & meeting yz’, and the image of a T-regulus containing 
u is a line L’ which does not meet yz. Hence, Qn ~ F’an : yz”, provided Qn 
does not contain u. 

In particular, as P, describes a plane ~, the T-lines P,P, form a con- 
gruence Qn. An arbitrary plane « contains a T-pencil, hence a As, which cuts 
= in three points. The three lines of the T-peneil in œ through these three 
points belong to Qn, hence n == 3. Therefore a plane (together with its con- 
jugate ®,, in Jn) corresponds in Ds’ to a surface Fe : yz”, provided the plane 
contains neither U, nor U2. 

The surface of invariant points in Iı, was seen to be Ks : Co”. 


[Ks, As] m 48, [£s, As | = 24, [Cio As] = 20, [ C10, As] = 10. 


Since A, ~a line meeting yo’, and Ag : Ui, Uz ~a line not meeting Yo’, it 
follows that the image Is’ of Ka is Lg’: y2"*. 

The image in 3,’ of the fundamental curve Cio is a ruled surface 
R2: y2"*. 

A few details of the Lie-Noether representation will now be considered. 
The corresponding details of the (2, 1) point transformation are easily sup- 
plied. 

The linear T-congruence (T, w) composed of the lines of I which meet y 
is the intersection of T with the special linear complex pz, = 0. From (13) 
it follows that (T, u)-~ a”. 

A point U on u has coördinates (k, 0, 0,1). A point in the polar plane 
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77 with respect to Tis (a, &, —- kaa, %). Hence, any line of the P- `> 


nr vertex 7° has codidinates: pi: = ha, Pis Xs- -A pa Z 
m —- ha, pes = 0, pos = kao Equations (13) give as the image in Ny 





n pomt (k— 4°, 0, 1) on yy Hence, each line of a T-pencil mectin e vo; 
- ords to the same point on yz. 
The variable image of a linear T-congruence containing u was secu e w 
ane m’. Such a congruence with distinct directrices p, y conte ++ 
- ‘ox of pencils, which correspond to the two pencils of lines [myx]. 1. 
ws represent the two pencils with vertices on u. Bul if po: Goa 
ne Contains a single series of pencils and a single pencil with veria o 
' image plane #’ is tangent to ya’ at a point 0’, image of each line o iv 
un“. 


An arbitrary T-pencil (A, &) contains a single line p meeting u in a 
oat O. As A describes p, the image line 5 of (d, x) generate. the per sol 
1". 7’). where a’, image of the linear T-congruence with directrix p, is tai © at 
ton’ at O’, image of p. As p describes the T-pencil on Q, the pencil (9°, +’) 
cs rihes the bundle 0%, As the point O describes u, the point O° dese i os 
y”. and we have the pencils of T represented by the lines meeting y’ as het: ve 


FY d 
Sissi, 


4. If the fundamental Cio becomes composite in such a way as to hae 
e railed surface Sp of parasitic lines, quadrisecants of the composite Ca ne 
su ace Ny is a part of each of the surfaces $, conjugates of planes in thi 7. 
He we the transformation is of order 11— p. If the components of Cio are 
Coa Cy, Cr, Cs of orders p, q, r, s, p+ q + r-+s=10, and of multiplicit «s 
t.  , 2, 3, respectively, on Sp, the images of planes are Pu: CPOE C75 

@.. The parasitic lines a are quadrisecants of the composite Ci, wh ch 
eve not generators of Sy. 

The surface of invariant points is Hep: Cp? Ca ai +++ a. The si a 
» 1 uler invariant curve of the transformation. 

The lines of T which meet Cp form a congruence Qp of degree p. Tho 
sl’ conjugate surface Fap: Cp?** Ca? CP Ce? in Qp is composed of the ima:se 
serae of J of Cp and the Sy counted A, times, where A; is the number or 
j ais in which a generator of Sy, meets Cp. Hence the conjugate of C, is 


J ap Ngee OF ae Op Or OP, 
Siv ilarly the conjugates of Cg, Cr and Cs are, respectively, 


Saar: Cpt Ogttt Ore OT, 
Jarwo: Or" Og ™ Oprta OR, 
J Aa-Ayk! Cy? GM C872 M4 Card, 
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Since p -+ g +r + s= 10 and M +A. -H As + Ay = 4, the sum of the orders 
of the surfaces J is 40 — 4p; hence they form the complete jacobian of the 
transformation. The Cs being a singular invariant curve, 4s —dy,==0. The 
multiplicity of each line a on J is equal to the number of points in which a 
meets that part of the fundamental curve associated with J. : 

The image in Is’ of Sp is in general a curve Cy’ which meets yx’ in p 
points. If the line u is a generator of Sp, the image of Sp is a Cus’ which 
meets yo’ in p— 2 points. In the former case Op ~ Ray’ : y2?, Com Rag’: 
y2%, Or — Rar : yo’, Cs ~ R's : yo. The multiplicity of C,’ on any R is 
the number of points in which a generator of S, meets that part of the funda- 
mental curve associated with the R’. 


5. Suppose the surface Sp is a pencil (A, a) of T. The self-conjugate 
surfaces in the net of linear T-congruences which contain the pencil (A, «) 
are, aside from the plane a, a net of cubic surfaces | F, |. The self-conjugate 
curve of the T-peneil in a plane @ through A is, aside from the parasitic line 
(a, B), a conic A, which, together with that part of the fundamental Cio not 
in a, forms the base of a pencil of the net | F |. Hence the Cio is composed 
of a O; of genus 5 through A and a ys of genus 1 in æ which meets the O; in 
the 6 points [«, C7] other than A. The curve ys is not the A, of a. The self- 
conjugate conic in any plane 8 through A meets C, in the 6 points [8, Cr], 
other than A. 

Through an arbitrary point P, of space passes a pencil of the net | Fs |, 
hence a Ag, self-conjugate in the T-pencil in a plane 8 through A. The line of 
T in 8 through P, meets A, in a second point P}, conjugate to P, in the Lio. 

The image in I’ of the net | Fs | : Cr is the net | Ay’ | : y2’8’, where 8’ 
is the image of the pencil (A, «) in the Lie-Noether representation. The 
images of O; and yz are, respectively, Rig’: yo’? Y and Be’: ya? 8°. [Ris Re] 
== yo’?! 5° 68,’ O33’, where the 68,’ are the images of the 6 A, associated in the 
I. with the 6 points [C;, ys], and the Css’ is the image of the self-conjugate 
curve on the ruled surface Ras of lines meeting both C; and ys. The Ess does 
not include the pencil (A, «) nor the T-peneils through the 6 points [C:, ys]. 


6. Suppose the surface Sp is a regulus R. The self-conjugate surfaces 
in the pencil of linear T-congruences whose base is R break up into the quadrie 
Sz of R and a pencil of quadric surfaces | H |. The fundamental CO, is com- 
posed of the C, of genus 1, base of the pencil | H |, and a hyperelliptie ye of 
genus 3 on S which meets C, in 8 points and which has for quadrisecants 
the lines of R. 

Let the lines of the regulus R’ of Se, different from R, be 2:/r,—= 
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12/%; = m. The complex T is cut by a pencil A + tB ==0 of linear complexes 
in a pencil of linear congruences whose self-conjugate surfaces are composed 
of Sz and a pencil H, + tH: = 0 of quadric surfaces. With each quadrie of 
the pencil associate a pair of lines of R’ by means of the relation m? = t. 
Through a point P, of space passes one quadric H of the pencil. The line 
from P, cutting the pair of lines of R’ associated with H meets H in a second 
point P, conjugate to P, in the J, thus defined. The equations of the J, are 
easily obtained and are free from extraneous factors. 

The image in 3,’ of the pencil | H |: C4 is the pencil of quadries | M.’ |: 
ya’ C2’, where Cz’ is the image of the regulus R in the Lie-Noether repre- 
sentation. The images of C, and ye are, respectively, Rs’: yr* and Riz: 
y° 0% [RRi] = ya 88,7 Ca’, where the 88; are the images of the 
8 A, associated in the /, with the 8 points [C., ye]; and the C49’ is the image 
of the self-conjugate curve on the ruled surface Az of lines of T meeting 
both C4 and ys other than the 8 pencils through their points of intersection. 


7. Suppose there are two pencils (A, «) and (B, ß) of parasitic lines 
which do not have a line in common. The fundamental curves are the line 
[c, A] = k, two conics C, in « and ya in f, and a Cs of genus 2. 
[C2, Ye] = 0, [Cs, k] = 0, (Cs, C2] = 4, [Cs, y2] = 4, 

The conjugates of planes in the /, are ®ə : C;° C2? y2 k 8a; 2b;. The 
a; are bisecants of C, meeting C2 and yz and the b; are the trisecants of Cs 
meeting k. These lines b; are the only trisecants of Cs which belong to I. 

The surface of invariant points is Ke: Cs? C2 yz 8a; Rbi. 

The conjugates in I, of the fundamental curves k, C2, y. and Cs are, 
respectively, Jz: Cs 2bi, Je: Os? Co ya? Bar, Je: Cs? Co? ye 8a; and Jie: 
k° C C2" yo* 8a;? 2b:®. These surfaces form the jacobian of the transforma- 
tion. 

The pencils (A, «) and (B, 8) are represented in 3’ by the lines ô,’ 
and d,’, respectively; and the images of the fundamental curves k, C2, y2 and 
O, are, respectively, Ro’: yo’ 8Y 82’, Ra’: yo’? 8/7, Ba’: ya’? 82/7, and Bio’: yz”. 

The surface J2: Cs, together with the planes « and £, forms the F4 asso- 
ciated in the J with the linear T-congruence which contains the pencils (A. «) 
and (B, 8). Je is represented in Is’ by Ro’ = y7 8,’ 82’, image of k. 

Since a composite regulus is made up of two pencils with a common line, 
the transformation discussed here is quite distinct from that of Section 6. 


8. Suppose the surface of parasitic lines is an Ss: hk’, where & is neces- 
sarily fundamental. A composite case is a regulus R and a pencil (A, @), the 
line % being part of the fundamental curve on each. The residual funda- 
mental curves on R and « are, respectively, a ys of genus 2 and a yz, each 
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meeting k in 2 points. Then ys and yz meet in 2 points. Therefore the 
fundamental curves are, besides the line k, a curve y; of genus 3 on S and a 
Ca not on Ss [yn Co] = 6. [yn k] = 4. [0 k] = 0. 

The images in $’ of the fundamental curves k, C2, yr are, respectively, 
Br: yo’ Cs’, Balt y2”, Ria’: y2” C”, the CO,’ being the image of Ss. Sinee 
the conjugate in J, of k is the singular plane 8 of C2, the image of ß is also 
Ez’, which corresponds to the K,==S; + 8 of the general case. 

[R.’, Rë] —=y:’ Ci’, where the C,’ is the image of the ruled surface R, 
of T-lines meeting k and Oa. 

[Rr’, Ris] == yo" 03” 48, V where the 48,’ correspond to the image 
lines in I, of the 4 points [%, yz], and ?’ corresponds to the curve As, image in 
Is of the single point [C;, 7], the } being the simple directrix of S and the 
polar in T of k. 

[Ba’, Rid | = y2” 6847 Coo’, where the 68,’ correspond to the image conics 
in Is of the 6 points [C2, yz], and Cez” corresponds to the self-conjugate curve 
on the R2: of T-lines meeting C2 and yz. 


9. Suppose there are a pencil (A, «) and a regulus R on H, of parasitic 
lines. If the intersection of « and He is a proper conic yz, the resulting trans- 
formation is essentially different from that discussed in Section 8. The funda- 
mental curves are the conic yz, a line & in a, a y, of genus 0 on Ho, and a 
space Os. The lines of È are trisecants of ya [ya Cs] = 6, [k, ye] = 2, 
[k, ye] = 0, [k, Cal =2, [ys ye] ==4, [yz Cs] —0. The Cz passes 
through A. 

The conjugates of planes in the Is are Bg: Oa? y4? yok? 4a; 3b;. The a; are 
bisecants of Cs; which meet y: and ys, and the b; are bisecants of y, which meet 
Cs and k. 

The surface of invariant points is Ks: 03? ys k 4a; 30;. 

The jacobian is composed of the conjugates in I; of the fundamental 
curves k, ya, Ca, and ys which are, respectively, Ja: ys Cs k 3bi, Ja: ys O3? Sas, 
Jr: ya? Ost ya? k? 40,4? 8b;, and Jao: ys? Cat ya kt 40% 364°. 

The images in I,’ of (A, «) and R are, respectively, a line 8,’ meeting 
ye’ and a conic Cy meeting y2’ in 2 points. The fundamental curves k, Yz 
C; and ys (together with their conjugates in the Is) correspond, respectively, 
to Re’: yo’ 81’, Ba’: ya? 8? Co’, Bo’: yo"? 81’, and Be’: yg C2”. 

10. If the surface Sy is an S,: KFP, the double directrices are both neces- 
sarily fundamental. A composite form of such a surface is two quadrics 
Hy: k l Cs, He: k lys where the O, and ys are of genus 1, and each meets 
both % and 7 in 2 points. Since [C., ys] = 4, the fundamental curve on 8 
is, in addition to k and l, a ys of genus 5 which meets % and 7 each in 4 points. 
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The image in 3,’ of S4 is a curve Cy’ of type [2, 2| on the quadre J’ 
a. h corresponds in the Lie-Noether representation to the linear T-con.' wa 
with directrices %, I. To the fundamental lines X, 1 (of which each point ot 
o-« corresponds in the J; to the whole of the other) correspond, respi tive ® 
it, vo reguli Ry’, Ry of Hy. To ys corresponds Ry’: ya Cr. 

LH, Ras] - yo’® CL 88)’, where the 8 8, are the images ir too L 
às her cepresentation of the T-pencils with vertices at the 8 point. o. irt 
> Gon of y? with è and 1. 


« 


11. Ii the surface Sy is an Sy: (37, a pair of quadries Ih: Caye u 
‘3, may be taken as a composite case. [Ca ys] = 4, Ln 83] -. 1 
ö,| --2 


-=2. It follows that the fundamental curve on S. is, in addition u 
(Ca of genus 1 which meets C's in 8 points. The residual tunduma el 
cn vot on S,is a quadrisecant X of Ce. 

The image in My’ of S, is a CY of genus 0. The images of k, Ca and 4%, 
COR Syl Belt ys? OY, and Ris: ye Cv, respectively. 


~ n 
` 


12. Suppose in Section 7 the fundamental line X is on the quadr e fa 
Bon e meets C; in 2 points, P and Q. Since P and Q are in @ and £, ihe 
coves C. and y: must pass through them. The lines of the T-resulu- on ./; 
ave now parasitic, being trisecants of Ca meeting k. The surfaces z. 3. ʻo 
sn a composite Si: 4? Cy, where the Co = O; + Ca + ya has triple pons |: 
Pi od & and is of genus 4. A transformation J; results, in which X is: sins .- 
lər nvartant line, the A, associated with the T-pencil on any point of n b> 1. 
con posed of the 3 generators of S, through the point. 

The image in $ of S, is a Cg of type [3, 1] on the Ma’: y.’ which ¢ 
is onds in the Lie-Noether representation to the linear T-congruer iv ¢ 
i: ‘ue SN, The images of k and Cy are the regulus R’ of trisecanis ic f .’ 
cu dy and Rigs yo” C4 2877. 


19. Suppose we have a pencil (4, «) and a ruled surface 8, of paras 
] ~. and suppose x and S, intersect in a proper conic C, and a genera rn. 
eo o" S|. which necessarily passes through A. The fundamental curvt~ iv. 
ts cowie Ca a line 7 in a, the double edge k of Ss, a curve C; of venus 1 on 
> onda line m on neither S, nor @ [C5, Co] = 3, [Cs k] = 3, [C3./] 1 
 .»] +8. [Ca E] = 1, [Ca 0 = 2, [Cn m] 50, [k, =, [bw] N 
|’ mf- 1. The point [05,7] is on gi and Cs passes through A. 

The conjugates of planes in the resulting J; are &: C2? Cy k Pow aoe 
> The line a meets Cak, 7 and m: the b; are bisecants of C; mer 
cur 5 and the ¢; are trisecants of O; meeting l. 

The surface of invariant points is K.: C; Im? a 3b; ?eı. 
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The jacobian is composed of the conjugates in I, of the fundamental 
curves Cs, Cz, k, L and m which are, respectively, Jıs: Ost C2? k l më a 3642 
2645, Ja: Cs m? 3bi, J1: 1 m a, Js: Os klm a?e and Ja: Cs Oa k lme a 3b 


14. Suppose there exist two reguli R, on H, and R, on Hz of parasitic 
lines. We shall assume that no part of the [H,, H:] = 0; is a line of T. 
The fundamental curves are the C4, lines kı, ka on H, and ks, k, on Ha, and 
the two transversals l, la of ku, ke, ks, ka None of the k; belong to either 
Rı or Ro. [Os ki] = 2, [ki k;] m 0, KOPT l] = 0, [kr l] =], 

The conjugates of planes in the I; are 7: O4 (ka © * ka)? (Ll2)? (a, * © a,). 
The a; are bisecants of C, meeting I, and tz 

The surface of invariant points is Ka: ky: © ka L? 12° Qu. 

The jacobian is composed ‘of the conjugates in Iy of the fundamental 
curves Oa, kı, ke, ks, ka, h and la which are, respectively Js: Os(kı“ © ks)? 
(Lla) (tt a), Ja: kı ka ka Ly lo, Ja: ko ks ka h be, Ja: kı ke ks h lz 
Ja: ky ko ka h lz, Ja: Oa kat + ka h? lo a+ + ta, and Ja: Oa ka t + ka L l 
a'la 


15. Given a Cs of genus 1 and its surface of trisecants Rs: Cs”. The 
È; belongs to a unique linear complex I”. There are co* cubic surfaces con- 
taining Cs. One surface Fs of this system contains an arbitrary line I, of | 
space. Ps: Cs hei + ts, where l, is the polar of l, in I” and 4: - ts are 
the trisecants of C; meeting l and %.. If Z is in T” it is self-polar and 
Fs: lti’ > ts P?, where P is a point of 1.” Conversely, for any point P of 
space there is a unique surface Ps: Cs Eti’ + ts P2, where Z is the only line 
of IY on F; through P. The other five lines of F, through P are bisecants 
of Cs. Associating the line 7 with the point P a (1, 1) correspondence is 
established between the lines of IY and the points of space, in which each line 
of I” is associated with a point on it. This correspondence will be denoted 
by M. 

In M, a linear T-congruence with directrices h, la ~ Fs: Cs li I. A 
T’-regulus ~ C4, the residual base of a pencil of surfaces Fẹ: Cs. The C, is 
of genus 0 and meets Cs in 10 points. A line of Rs ~ each of its points. 
Each line of the I’-pencil with vertex A on C;~ A. An arbitrary I’-pencil 
(A, «) ~ a conic C, in a through A and through the five points [¢, Cs]. 

In Mt, a surface Fp: Cst ~a T’-congruence of order (?k—5h). A 
curve C; having h points on Os ~ a ruled surface Rar-n: Cr. In particular, a 








# See Colpitts, “On Twisted Quintie Curves,” American Journal of Mathemativs, 
Vol. 29 (1907), pp. 337-342; also Montesano, “Su la curva gobba di 5° ordine e di 
genere I,” Napoli Rendiconti, Ser. 2, Vol. 2 (1888), pp. 181-188. 
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line /; not meeting C; ~ Rz: 1, 1,2, where 1; is the polar of I, in I’. If 2 belongs 
to I’, its image Fa: 1? is a Cayley scroll. 

A surface F of the system c+ | Fg | : Cs determines a pair of lines 1, lo, 
polar in I”. A pencil of F, within the system determines a regulus of lines 
I, I, the associated regulus of which belongs to IY. A net of surfaces F; of 
tHe system determines a linear congruence of lines l, 12, whose directrices are 
the T’-lines pı, pa associated in M with the basis points P,, P2 of the net. 
Finally, a web of Fs within the system determines a linear complex F of lines 
lı, 22. The complexes IY and T are in involution. If the web has a basis point, 
T is special, its directrix being the image in M~ of the basis point. 

Choose a web of Fs: Cs which does not have a basis point. A non-special 
linear complex T is then defined. A net of this web has two basis points 
P,, Pa, either of which uniquely determines the other. For any point P, of 
space there exists such a net, hence a point Pa. Thus an J is established in 
space. 

In M-! a point P, of space corresponds to a line p, of IY. By the polarity 
in T, this line p, goes into a line pa which corresponds in M to P2, conjugate 
to P, in the I. Since pı, pe are polar in T, P,P;, is a line of T and J belongs 
toT. 

A point P on Ọs corresponds in M-! to the I’-pencil (P, m) which is 
transformed by the polarity in T into a I’-pencil (P’, 7’), where =’ is the 
polar of P in T. Pencil (P’, x’) corresponds in M to a conic C2 in =’ through 
P. Hence C; is double on the surfaces ®, conjugates of planes in J. 

Each F, of the web is self-conjugate in J. Each curve C4 base of a 
pencil in the web, is also self-conjugate in J. Since such a C, meets Cs in 
10 points, the transformation is of order 6. 

The conjugate in J, of a generator t of Rs is a point not in general on Fs. 
The locus of such points is a curve ys of genus 1, simple on the surfaces ®,. 
[Cs, ys] = 10. 

The. conjugates of planes in Is are Be: C's” ys €,° ' ase The a, ' ds are 
trisecants of Cs meeting ys They are the only generators of Rs which belong 
to T. 

Let t be a line of R;. It, together with its conjugate T in Te, belongs 
to a net of the weh of F. defining T. A plane through ¢, meets O; in two 
noints Z and V. wor on Gg. The tine PU- u has ihre faced poinis oa cach 
Br, rn! tha not, honena thapa i4 vaithin ino nel 9 penel O1 Pa vwnieh (OWAINS 7, 
etl Pils Clu t tt where F and F, arve the trisecants of (; which meet 1, 
other than é, and the iwo through C. The base of this pencil is a composite 


a) ` vi my ’ ’ RUE ren ` Ya 
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Hence, the trisecants of ys all mect Cs and are parasitic in Ie They form a 
surface Ss: Cs ys’. 

The point-wise invariant surface is Ks: Os a‘ * as, which belongs to 
the original system oo* | Fs | : Cs, but not to the web defining T. 

The images in Je of the fundamental curves C; and ys ‘are, respectively, 
Jis: Cs? ys? (1° ° as)? and Rs: Cs? a: * as These surfaces form the 
jacobian of the transformation. 


16. If the surface Sp is Ss: Cs, the fundamental curve on S; is, in 
addition to Cs, a space Cs. The remainder of the composite Cy» is a line k, 
not on Ss. The self-conjugate surfaces in the co? quadratic T-congruences 
which contain Ss are œ? | Ra | : k? Cs. 

Conversely, suppose we are given a net of surfaces | Ka | : k? Oa, where k 
is a bisecant of Cs, and a non-special linear complex T. Through a point Pı 
of space passes a pencil of R, within the net. The base of this pencil, aside 
from the base of the net, is a pair of generators pı, pe with p, through Pı 
The plane polar to P, in T cuts p, in a point P. The J thus defined belongs 
to T. The surfaces of the net | R | : ke ©, are self-conjugate in I, and each 
line of a pair pı, pe is the conjugate of the other. 

The simple directrices w” of the net | R,|: k? Cs form a congruence 
Q:, s of order 2 and class 3. Each line of T contains a single pair of points 
conjugate in Z, except the lines of Qs, s which belong to T, each of which con- 
tains co? pairs of conjugate points. There exists a ruled surface S;: V? O; 
of such lines, where FY, on k, is the vertex of the single cubic cone belonging 
to the net | Rs | : Æ? Cs. The surface S; is of genius 0, hence contains a double 
curve Ce: V*. The transformation I is of order 6, and in it the conjugates of 
planes are Bg: k° C3” Os dy ae da the di, de, Qa being the bisecants of Cs which 
meet k and C3. 

If we take for k the line zı == 0, x. = 0, and for Cs the curve z, = A'm, 
ZA, ZA, ga== p, the surfaces Ra: k? COs are (mi? — a2) 
(tti + dozz) + (2? — t184) (atı + O4t2)== 0. Select a net of these by 


4 
imposing the relation $, pi ai==0. Through a point Pı(y) of space passes 
1 


a pencil of this net. Two arbitrary surfaces of the pencil have in common, 
besides the k and C3, two lines pı, po, of which p, passes through Pı. The 
polar plane of P, in == py2— ps, 0 cuts pz in a point Pe, whose coordi- 
nates give the equations of the transformation. These are readily obtained, 
and are of order 6, as they should be. 

17. A ruled surface Sg: O,? is contained in a net of quadratic con- 
gruences, each pencil of which has for residual base a regulus Æ which has 
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four lines in common with the Se There is a net of such reguli. An arbi- 
trary ray of F lies on a single regulus of the net; but each generator of 8% 
belongs to oo! such reguli. 

Each linear T-congruence of the pencil determined by a regulus R of the 
net has in common with Se, besides the four lines [R, Se], a pair of generators. 
An involution J is thus set up on Se, which is independent of the R. If h, k 
are a pair of conjugate lines in J, cach linear congruence Qı: A, k contains a 
regulus R of the net, the generators of which establish a projectivity between 
the directrices of the congruence Q,. These pairs of projective point ranges, 
which form a linear congruence with directrices h, k determine an I; belonging 
to T. The generators of Se are parasitic. The conjugates of planes in /, are 
Ps: R? k? Cg artt as. The a**: a are bisecants of Cs which meet h and k. 


18. Ifa ruled surface S,: Cy? belongs to a non-special linear complex I, 
there are two points, A and B, triple on Se and on Os. The T-pencils (A, «) 
and (B, £), together with the surface So, form the base of a pencil of quad- 
ratic congruences of T. In any congruence Qə of this pencil is a pair of pencils 
whose planes mı, 72, intersect in the line & joining A and B. These planes 
1, 72 are met by the lines of Qe in pairs of points. Thus a quadratic corre- 
spondence is established between the planes in which the triads of points in 
which the planes meet Ca, other than in A and B, are fundamental. As Q: 
describes the pencil of quadratic congruences, the planes mı, me describe the 
pencil of planes on k. The resulting ©! quadratic correspondences determine 
in space an I which belongs to Tr. The generators of Se are parasitic lines, 
hence the transformation is of order 5. The conjugates of planes are %;: 
k® Co Qı Ge, where the a,, a, are trisecants of Cy which meet %. 


19. Suppose that in the pencil of quadratic congruences of Section 18 
there exists one, Qs, formed by the lines of T which meet a conic Cs. The 
pair of planes mı, wa which arises from Qe is composed of the plane œ of C2 
counted twice, the T-pencil (O, w) being double in Qe. Since the lines of 
(0, œ) are now parasitic, the transformation reduces to an Ja. The curve Os 
breaks up into the C2: A B and a C7: 4? B? O. The conjugates of planes are 
®,: $? C:a, the line a being a trisecant of C; which meets K. 

20. Jf there exists a ruled surface S, of parasitic lines, the transforma- 
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enren trinle on Sa must he a (4. The venceators of S.: are bisccanis of Ca 
which is therefore of genus 1. 
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of an arbitrary point Pı with respect to the quadrics of the pencil meet in a 
line 7. The polar plane of P, in T meets Z in a point Pe. The pairs of points 
Pı, Pa define an I which belongs to r. The C, is point-wise invariant in I. 
The congruence Q2, of bisecants of C, contains a ruled surface Ss: C43 of 
T-lines, each generator of which is parasitic. Hence the J is of order 3. The 
fundamental curve is, in addition to Cy, a Ce of genus 3, double on Ss and 
simple on the 3, conjugates of planes in Is- The jacobian of I, is Js: C6, 
conjugate to Ce. 
No J of order < 3 can belong to a non-special linear complex. 


Il. Transformations I Belonging to a Special Linear Complex. 

21. Suppose the pairs of conjugate points Pi, Pa in an J lie on the rays 
of a special linear complex T, a single pair on an arbitrary ray. Let p denote 
the directrix of I. 

The surface Fna, self-conjugate in a linear T-congruence with directrices 
p, q, contains simply the line g and meets an arbitrary line of the congruence 
in the pair of conjugate points lying on it. Hence if the surface is of order n, 
it contains the directrix p of T to multiplicity (n — 3). The n may be any 
integer greater than 3. 

The self-conjugate surface in a bundle A of T is an Pas: put A". 
As the point A describes the line p, the surface F„_ı describes a pencil | Fn-1 |, 
which determines the transformation. Through a point P, of space passes 
one surface F„-ı: p+ A” of the pencil. The line from P, through A meets 
Fa- in one other point Pa. The pairs of points Pi, Pa define the I þe- 
longing to T. 

The self-conjugate curve in a T-pencil (A, «) with vertex A on p and 
plane « which does not contain p is a An-1: A” of genus (n— 3). The self- 
conjugate curve in a T-penecil (B, 8) with B: p is a As: B, of genus 1. The 
self-conjugate curve on a T-regulus is a Cnsz of genus (n— 1) which meets 
pin n points. Since a regulus is the base of a pencil of linear congruences, 
the fundamental curve, in addition to p, is a Csa- which meets p in 
(5%—18) points. The curves p""? and Csn-1: form the base of a 4-fold sys- 
tem of surfaces Fa, hence the genus of C5n-11 is (12n — 38). 

Each plane 8 through p is self-conjugate in T, the involution in it being 
a Geiser transformation having for fundamental points the 7 points 
[B, Csn-11] not on p. The I may be defined in this way. 

A plane « through a line g skew to p and Csn-1: contains the An-ı asso- 
ciated with the T-pencil in « The curves q and An-ı form the complete sec- 
tion of a surface Fa by a, hence any plane not through p meets Osn- in 
(5n — 11) points on a curve A„.ı which has an (n —3)-fold point on p. 
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The surface Py.: p”* A” associated with the T-bundle with vertex A 
on p meets the first polar of A with respect to Fa-ı, besides in p, in a curve 
Csn-11, locus of the double points in 7 which are on Fu... The locus of coin- 
cidences in a Geiser involution is a sextic curve passing twice through each 
of the seven fundamental points. It follows that the point-wise invariant 
surface of the I is a Kena: p3%210 C2 5n_13. 

The conjugate in I of a plane « which does not contain p is a surface ® 
which is cut by « in a point-wise invariant Cgn-4 and a self-conjugate An-1. 
Hence the transformation is of order (4n — 5). The conjugates of planes in 
the Lgn-5 are Pans: pt? Osn? (15% —40)a;. The parasitic lines a; are 
trisecants of Cen-11 which meet p. 

The conjugates in Ign-s of the fundamental curves p and Con-11 are, 
respectively, Jan-e: pt Osn- (15n — 40)a;, and Jım-ıs: pt?"-89 Ogn-ı1? 
(15n — 40)a,*. These surfaces form the jacobian of the transformation. 


22. As in the case of transformations J belonging to a non-special linear 
complex, the fundamental curve Csn-11 may become composite in such a way 
as to admit of ©! trisecants meeting p which form a ruled surface Spy. The 
I is then of order (4n — 5 — jp), the surface Sy being a part of each of the 
surfaces ®, conjugates of planes in the Z. The surface of invariant points is 
also reduced in order to (3n — 4 — a). 

A simple directrix curve of Sy may or may not be fundamental. A double 
directrix curve of Sy is necessarily fundamental. No directrix curve other 
than p of multiplicity > 3 can exist on Sup. 

A few of the possibilities will be discussed. 


23. Suppose the surface Sp of parasitic lines is a T-pencil (A, «) with 
vertex A on p and plane « not containing p. The surfaces Fa associated in 
the transformation with the oo? linear T-congruences which contain the pencil 
(A, «) break up into the plane « and a net of surfaces | Fa-ı |, of which the 
base is the line p”? and that part of the fundamental Cs5n-1, not in the plane g. 
A pencil of the net associated with the linear T-congruences whose directrices 
form a pencil (M, «) has for residual base a conic As, which, together with 
the parasitic line MA, forms the seli-conjugate A; in the plane (JM, p). Hence 
the base of the act | Fu} is, in addition to p, a Casio of genus (67 — 20). 
ine ımndameniat CHIE in ZD ciel Years at Uk Bells (art 9-4), we 
meets Cin aa in (4a — 10) voints. The Cay... meets p in (4a — 14) points. 

The Ira is completely determined by the net of surfaces ©“ | #41: 


un at 4 rs 
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The conjugates of planes in the I are Bing: pt Canto? Yna 
(12n — 33)as. The a; are bisecants of Can-1o which meet yn-ı and p. 

The surface of invariant points is Kgn-s5: p3r10 Can-10? Yn-ı (12n — 33) ai. 

The jacobian of the transformation is composed of the conjugates in I 
of the fundamental curves p, Cans, and yn-1, which are, respectively, . 


Jan: part Canio? Yn-ı? (12n — 33) ai, 
J en-14? pers Cano” Yn" (122 — 33) as”, and 
J ana? ae Canio Yn-ı (12n — 33) ai. 


24. The surface of parasitic lines may also be a pencil (B, «) with 
vertex B not on p and plane @ through p. The base of the net of surfaces 
"| Fa-1 | associated with the oo? linear T-congruences which contain the pencil 
(B, B) is the line p™* and that part of the fundamental Csn-11 not in ß. 
The residual base of a pencil of the net is a An-2. The fundamental curves are 
pP, & space Osn-ız of genus (12n — 43) which meets p in (5n— 20) points, 
and a conic ye in B which meets Csn-13 in six points. The seventh point 
[Csn-1s, 8] not on p is the vertex £ of the pencil of parasitic lines. 

The Ine is determined by the net of surfaces 7„., and the complex F. 

The conjugates of planes in I are Pang: pt Osn-ıs? ya? (15n — 45) ai. 
The a; are trisecants of Csn-13 which meet p. 

The surface of invariant points is Kgn-s: p°” Oyn-ıs? ya (15n — 45) ai. 

The jacobian of the transformation is composed of the conjugates of the 
fundamental curves p and Csn-ıs, which are, respectively, 


Janz? gn Csn-13° Ya’ (15n — 45) a, and 
J yon-21: prone Csn-18° y2° (15n — 45) 04°. 


The fundamental conic yz is parasitie in the I, each point of it corre- 
sponding to the whole conic. 


25. Suppose the composite Osn-ıı admits of a regulus # of trisecants 
which meet p. Such a regulus, if composite, is made up of two pencils (A, «) 
and (B, 8) with a common line /, one being one type, the other of the other, 
of those just discussed. Since the fundamental yn-ı and yz of the two pencils 
meet in the pair of conjugate points on 1, the fundamental curve on the quadric 
S2 containing R is, in addition to the line p, a yarı of genus (2n — 6) which 
meets pin (n — 2) points. The residual fundamental curve, not on Sa, is a 
Can-12 of genus (6n — 23) which meets p in (4n — 16) points and yn in 
(4n — 8) points. 

The Ian; is determined by the pencil of surfaces | Fa-2 | : p%* Osn- 
which is associated with the pencil of linear T-congruences containing R. 

The conjugates of planes in I are ®in-7: pt"! Can-128 yna? (12m — 36) ai. 
The a; are bisecants of C4n-ı2 which meet yni1 and p. 


belonging to a Linear Complex. re 


The surface of invariant poinis is Kane: pP Can-ı2? yar (12m — 36) ag. 
The Jacobian is composed of the conjugates of the fundamental curves p, 
Can-ı2 ANA yas, Which are respectively, 


J an-s: p Can-12° Yan” (12n — 36) ai, 
R Jsn-ı6: peras Cari? Yau (12n = 36) a4, 
© Jans: p Can-12° Yn+1 (12n — 36) ii. 


26. Suppose the surface of parasitic lines is Su: p** q, p Z 1, where q 
is skew to p. It is easy to show by mathematical induction that the funda- 
mental curves, aside from p are ynsop-s of genus (3n + ~—8) on Sy which 
meets p in (n + 2p — 6) points, and Can-op-s of genus (n — 3p — 17), not 
on Sy, which meets p in (4n — 2u — 12) points and ynsop-s in (4n + 2p— 12) 
points. 

A plane w through p meets Cun_op-s in four points and Yr+2u-s in three 
points, aside from intersections on p. These seven points are fundamental 
points for a Geiser involution in x. As m describes the pencil p, an Ian-u-s is 
generated in which the conjugates of planes are sn_ps: p76 Oun-ep-s° 
Ynsop-a” (12n — 3u—80)a,. The a; are bisecants of Can-su-s which meet 
Ynsop-s and p. 

The surface of invariant points is Kon-ua: pre? Can-op-o? Yniop-s 
(12n — 3p — 30) as. 

The jacobian of the transformation is composed of the conjugates of the 
fundamental curves p, Can-on-s aNd ynsop-3 which are, respectively : 


Fan-p-o? PETS Can op-s® Ynga” (122 — 3p — 80) ai, 
J 8n-2B-12 + DR Um-2n-s° Yn+2p-3° (12n — du — 30) 0, 
Jan-us: Pr? Can ons® Ynsop-3 (120 — Bp — 80) ar. 


27. If two T-peneils (B, 8) and (B’, B’) with vertices not on p are 
parasitic, the œ? conics which contain B and B’ and meet p are the directrices 
of oo® T-congruences @1, 2 containing (B, 8) and (B^, 8’). The associated web 
of self-conjugate surfaces is, aside from 8 and g’, a web | Pail: p** 
Csn-1s- If, in particular, the fundamental conics yz in 8 and yz’ in 8’ intersect 
in a pair of points O, and Oz, the Con-15 meets p in (5n — 20) points, is of 
geuus (12 — 46), passes through B and B’, and meets ya and ye’ each in 
lowe points, Thy points nd O, ave (v 3 yold basis points in dhe wen 

RAS AO CORRE A whe y ae, Se Kalt. 


‘Sco Sharpe aud tuiyder, “Laitan Typ: or Iuvolutoiial Space Wıainsioruu.iiun.s, ” 
Traccretignes of the Amerieno Mathewatenl Sorlein, Vol, 21 (1920). p. 58. Alo 


On the Inverse Problem in the Calculus of 
Variations. 
Tomas H. RAWLES. 


In a previous paper we have applied the theory connected with the in- 
variant integral to the inverse problem in the calculus of variations.” The 
plan of attack was to determine in the first place the general form of integrand 
function which results from a prescribed relation between the slope of the 
extremal and the normal to the transversal curves or surfaces. This deter- 
mination involves an arbitrary function of the coördinates which in turn may 
be determined by assigning a family of curves as the extremals of the problem. 
Conditions were given under which an arbitrary family of curves may be 
taken as the extremals of a problem involving a given transversality. 

The object of the present paper is to determine directly the most general 
form of the integrand function which may have as extremals a given two 
parameter family of curves, a problem which originates with Darboux.f By 
approaching this problem from the standpoint of the invariant integral we can 
obtain the solution by somewhat simpler processes than those involved in the 
method of Darboux. 

We have first to show that if y(z, a, b) is a general solution of the Euler 
equation arising from a problem in two dimensions, a and b being any two 
constants whatever, we can construct a function having as arguments z, y, 
and one of these constants, W (x, y, a) say, such that (0/0a)W (x, y, a)= 0’ 
is a general solution of the Euler equation. 

Such a function may be obtained from the definite integral 


(1) T(x, a,b) = f ? f [m y(a, a, b), Ye (T, a, b) ] da, 


where f(x,y, y’) is the integrand of the integral minimized by the curves 
y = y(z,a,b). The lower limit, X, is itself a function of a and b such that 
the equations z = X (a, b), y = Y [X (a, b), a, b] represent a transversal curve 
associated with y = y(x, a, b), a being assigned a fixed value, and b being 
taken as the parameter. 

Now if ya(z,a, b) 5340 for a certain set of values of the arguments we 


* Rawles, Transactions of the American Mathematical Society, Vol, 30, pp. 765-784. 
+ Darboux, Théorie des Surfaces, Vol. III, paragraphs 604, 605, 606. 
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may solve the equation y = y(z, a, b) for b and obtain b = B(z,y,a). When 
this result is substituted in the left member of (1) the result is 


(2) J[z, a, B(z,y,a)] =W (2, 4,0). 


oe We calculate the derivatives of the function W by differentiating (1) and 
obtain the familiar expressions 


(3) OW /dz = f(x,y, p) — pfr (2, Ys p), OW/dy = fy (2, Y, p). 


where p(x, y, a) = ya[v, a, B(x, y, a) ]. 
In the same manner the derivatives of Wa are given by 


(4) OW o/0x = — pfy' y' (2, Y, P) Pa, OWa/dy = fy'y' (2, Y, P) Pa. 
We now consider the curve defined by 
(5) Wa = b. 


Along this curve we must have fy'y' pa(dy— de p) =0. If fyy ==0 the 
integrand function contains the derivative y’ only as a linear term. This 
would indicate a degenerate form of the problem which we do not consider. 
Also po £0; for if it were y(z,a,b) would not be a general solution of a 
second order differential equation." 

Limiting ourselves, then, to those values of v, y, and y for which fy y £ 0, 
Pa Æ 0, it follows that along the curve defined by (5) dy/de = p(x, y, a). 

By the differentiation of (2) we can actually calculate Wae. We find 


Wa = — fy Ya — [f — Y(X, a, b)fy' |Xa, 


where the arguments of f and fy are X, Y, and ya(X, a,b) and b is replaced 
by B(z, y, a). When the function We reduces simply to B(z, y, a) the eon- 
stants a and b are said to be canonical. In general, however, we obtain 
W = ¢ [a,B(z, y,a)]; and it can be shown further that, under the assump- 
tions made, 06/0b =~ 0. 

The theory which we have outlined leads us to a method of obtaining the 
integrand functions which are minimized by a given two parameter family of 
curves. Let us take as our extremals the family represented hv y == y(2, a, b) 


and solve for b finding b == B(r,y,a). We now form an arbitrary function, 
6 | Bor, yat which may he regarded as the derivativo of the transversal! 
LE 

emtbaulk, bi cos pe a? 
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where @ is an arbitrary function. Also we may differentiate B(z,y,a) = b 
with respect to x considering y as a function of z, and then solve for a, finding 
a = A (T, Y, p}. 

On the other hand we see by (3) that 


(7) f(z, y, p) = OW/da + p OW/dy, 


where a is replaced by A(z, y, p) after the differentiation. This gives us 
finally, 


f(z, y, p) = (0/82) f pla, B(z, y,a)]da+ p(0/0y) f pla B(x, y, a) ]da 


(8) +0.(2,4) + 29%, (2%), 
a—A(2,9,P). 


Conversely, to show that (8) has as its extremals the given family of 
curves we have only to reverse the argument. If we form the Hamiltonian 
equation associated with (8) we have in (6) a solution already at hand.* It 
then follows that the equations of the extremals are given by 


(d/0a) W (2, Y a) = ġ [a, B(z, Y> a) | cas v.t 


Finally, to restore the original constants we put b’ == (a, b) and the equations 
of the extremals assume the form 


(9) B(a, y,a) =b. 


To illustrate the method we shall take the problem of determining the 
integrand function which has as its extremals straight lines. If the family 
of extremals is y = az ~+- b, B(x, y,a) = y— az, and a= p. For the inte- 
grand function we find 


(8a) f(z,y, p) = (0/02) f o(a,y—ax)da+ p(d/dy) f o(a,y—ar)da 
+ 0s (T, y) + poy (x, y)» 


a== p. 


If we differentiate with respect to z and y under the integral signs (8a) 
becomes 


f(x,y, p) = f (p—a)g (a, y— ar) da + balx, y) + pby(z,y), 
a == p, 


where ¢’ indicates the derivative of & with respect to the second argument. 
This is the form of solution given by Darboux.{ 

* Bolza, loc. cit., p. 132. 

t Bolza, loc, eit., p. 138. 

$ Darboux, loc. eit., paragraph 606; also, Bolza, loc. cit, p. 39. 


An Application of the Laguerre Method for the 
Representation of Imaginary Points. 
Br B. M. TURNER. 


1. Introduction. In an earlier paper ® the writer directed attention to 
the fact that while three collinear real points of inflexion impose but five 
conditions on a real non-singular plane cubic curve, and hence leave the 
curve with four degrees of freedom; still not one of the six imaginary points 
of inflexion may be chosen arbitrarily. The statement of the fact was followed 
by a discussion of the positions of the imaginary points of inflexion and critic 
centers for the four-fold infinite system of cubics. This paper shows that 
the variable imaginary inflexions and critic centers, represented by real point- 
pairs in accordance with the Laguerre method for the representation of 
imaginary points, describe unique systems of curves; and brings out more 
clearly the relations of the sets of points. 


2. The Laguerre Method.{ In the Laguerre representation of points in 
a plane the line at infinity, z == 0, and the circular points 


(1, 74,0), (1, —1, 0), i = (—1)%, 


are fixed. Two lines, extending into the finite part of the plane and passing 
through the circular points in the order given, are called the first and second 
minimal lines of their intersection. Each real point is represented by itself; 
and each finite imaginary point by the pair of real points which lie on its 
‘minimal lines, the first and second point of the pair lying respectively on the 
first and second minimal line. The same pair of points in the reverse order 
represents the conjugate imaginary point. 

For a pair of imaginary points the intersections of the first minimal line 
of each one by the second minimal line of the other form the representative 
real point-pair. For the imaginary point (a -+ bi, c+ di, 1) the minimal 
lines are 


mbt on to a d 0: 
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* Annale of Mathematics, Vol. 33, No. 4 (June, 1922). 
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and the real points on these lines (a — d, c + b, 1), (a+d,c—b, 1) form 
the representative point-pair. The pair in the opposite order 
(a + d, c—b, 1), (a— d, e +b, 1) 


represent the conjugate point (a — bi, c — di, 1). : 
By definition a chain * is a system of collinear points which satisfy the 
following conditions: 


(1) The cross-ratios of any four are real. 


(2) With three arbitrarily chosen points of the system there exists a 
fourth which makes any real cross-ratio other than zero, one and 
infinity. 


In the Laguerre representation a chain appears as two real lines or circles. . 


3. Chains of Inflexions. By the earlier paper the system of real cubics 
with Z, (0,1,—1), Ia (—1,0,1), Zs (1, 1,0) as points of inflexion and 
= (1,1,1) as fixed critic center common to the three real harmonic polars, 
has an equation 


(£ +y +z) Hy +2 + y H w+ zy) 
+ A(ae + y+ 2) (s+ ay + 2) (+y + a2) = 0. 


The real harmonic polars are 
h=y—2=0, h=z— r= 0, h= gz— y=); 


and the imaginary inflexions are 


(w? — o, 1 — au?, aw — 1), (v — uw, 1 — ww, aw? — 1); 
(a — 1, w?—wo, 1— ao’), («a° — 1, w—w’*, 1— g&o); 
(1 — aw2, aw — Í, w —w), (1— ao, Gw* — 1, wo — w°’); 


where 1, w, w? are the cube roots of unity. 
The cross-ratios of the four points 


(w7—o, 1— a0, ajw—1), (j—1,2,3,4), 
are those of the group containing 
(&ı — %2) (Rs — &)/(&ı — Qa) (s — 2), 
all real. With three points 
(w?—o, 1— uw, ajo—1), (j= 1,2,3), 


* Von Staudt, Beiträge zur Geometrie der Lage, Part II, Nüremburg (1858), pp. 
137 ff. Coolidge, loc. cit., p. 36. 
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there exists a fourth which makes a real cross-ratio r; namely, 
(w — o, 1—w?, Qw — 1), 
with Aa = [ra (0%; — Ge) + 0% (x2 — 21) ]/ [r (as — a2) + (a2 — %)]. 


Then as « varies, the points (w? — w, 1 — &w?, go — 1) form a chain on the 
line x + wy + w*z = 0, and similarly five other chains are described. The 
totality is three pairs of chains, the mates of each pair lying one on each of 
the lines 


e+ wy + wz = 0, and z + wy + oz = 0, 


which are equiharmonic to the three real harmonic polars. Hence the imagi- 
nary points of inflexion for the doubly infinite system of real cubics, deter- 
mined by three real points of inflexion and the critic center common to the 
three real harmonic polars, form three pairs of chains, the mates of each pair 
lying one on each of the Hessian lines of the real harmonic polars. 


With the fixed line at infinity, z = 0, I, and I, are finite points and Is 
the point at infinity on the line 


LI,=e+y+2=0. 


By the Laguerre method for the representation of imaginary points in a 
plane, each pair of the imaginary points of inflexion is represented by a pair 
of real points. The pair 


(o? — o, 1 — a’, gw — 1), (w—w’?, 1— go, aw? —1) 
is represented by 
{+:8%o? + [3 + 2(3%)]a, — a? + (24+ 8%)a+2 + 2(8%), 
—2(#-+a+1)}, 


the upper signs throughout giving one of the real points and the lower signs 
the other.“ As « varies, these real points describe the two circles 


x? + y? — rz + 8%yz2 — (1 + 8%) 2? = 0. 
Similarly the pair of imaginary inflexions 
(4m — 1.07 — o. 1-- 90"). (zo — 1. o — o. 1 —- a) 
is represented by the real points 


“Thig gon atien ts oleerved wherever double siena are used in the renresentation 
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{— a? -+ (2+ 3%)¢-4+2 4 2(8%), + 83% + [3 + 2(3%)]e, 
—2(@-+a-+1)}, 
which for varying « describe the circles 
a? + y? & 3 rz — yz — (1 + 8%) 2? = 0. 
The third pair of imaginary inflexions 
(1 — aw’, go — 1,0 — u), (1— aw, a? —1, w — u?) 
is represented by the point-pair 
[(1 +3%)a +2, (La 3%)a +2, +2(3%)], 
whose locus as æ varies is the line s — y == 0. 


Thus it is found that the Laguerre representation of the imaginary points 
of inflexion for the doubly infinite system of cubic curves with fixed real points 
of inflexion, two finite and one al infinity, and a fixed critic center, the one 
common to the three real harmonic polars, consists of two pairs of circles and 
a straight line counted twice. 


The straight line in the representation indicates a specialization due to 
having one fixed real inflexion at infinity. To obtain a more general result, 
the case when all three real inflexions are finite must be considered. It is here 
shown that the representatives of the three pairs of chains are not independent. 
They are related to each other and also to the fixed critic center, real harmonic 
polars and other associates of the cubic. These relations may be anticipated 
in the generalization. 


4. Chains of Critic Centers. Before studying the more general form, 
the representatives of the critic centers for the system of cubics with one real 
inflexion at infinity may well be considered. 

The fixed elements uniquely determine two imaginary critic centers, the 
Hessian points of I4, Is, Is, 


(o, 1,0), (w, 1, o). 
These are represented by two real points 
HY (1+ 3%, 143% —2), H® (1—34, 1— 3%, —2) 


on the line s — y = 0 where the four circles intersect in pairs. 
The other three real critic centers are 


Vi(@-+1, —1, —1), V.(—]1, #-+1,—1), ¥3(—1, —1, a + 1), 


which as @ varies describe the real harmonic polars hi, ha, hs- 
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The remaining three pairs of imaginary critic centers are 


(a — 2w* +1, aw? — 1, ew?—1), (a— 2w + 1, a—1, w—1); 
(am? — 1, a — Ro? +1, u —1), (w—1, g — 2w + 1, ua — 1); 
(ao —1, u? — 1, a— u +1),  (ao— 1, go — 1, a —?w + 1). 
These are represented by the real point-pairs 
[— a? — Ya — 4, a? (2 = 3%) + a(2 = 8%) +2 + 2(8%), 2( +a + 1)], 
[a (2 = 3%) -+ a(2 + 3%) +2 + 2(3%), —a?— Ya — 4, 2(a?+¢-+1)], 
[a®(1 + 3%) + a(? = 3%) + 4 = 2(3%), 
a®(1 = 8%) + a(Y = 8%) + 4+ 2(3%), —2(a? + 4a +N)], 
which, independent of «, form the following three pairs of circles: 
+ y? -+ rz — (2 + 38%) yz — (1 = 8%)2? = 0, 
a? +. y? — (2 z 8%) az + yz — (1 + 8%) 2? — 0, 
Q(x? + y?) — (1% 8%) az2-— (1 = 3%) yz — 227 = 0. 
These circles all pass through the point 3(1,1,1), with the second inter- 
sections of the mates of the pairs where the real harmonic polars meet the 
line through the real inflexions, that is at the Jacobian points of the three 
real inflexions. Further relations of these circles to each other and to the 


representations of the imaginary inflexions appear and hence may be antici- 
pated in the generalization. 


5. Chains of Hessian Points. For the further study let the three real 
points of inflexion be 


I,:(0,1,—1), Z2:(—1,0,1), Ta: (a,—1,1—a), 


where a may have any real value except zero and infinity, and I, is finite 
except when a == 1, which gives the special case that has been considered. 
The Hessian points for /ı, I2, Ia are 


(oa, 1, — 1 — oa), (wa,1,—1—wa), 
represented by the real points 
H® [2 —a(1 = 3%), —a(1 = 3%) + 2, —?2 (€ —a +1), (41,2). 
Tee: Bee a, we ER Sieg Fo hea 2 RZ RE, 
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These circles both pass through the points J, and I, and each passes through 
the center of the other. 


Hence the locus in a plane of the Laguerre representatives of the Hessian 
points with respect to two fixed real points and a collinear variable third real 
point is uniquely defined as two circles through the two fixed points such that 
each circle passes through the center of the other. 


As a takes all positive values from zero to infinity, the variable J; runs 
along the line segments exterior to /, and Fa; and the representatives of the 
corresponding Hessian points describe the outer arcs of the circles. As a 
takes all negative values from zero to infinity, J, runs along the interior seg- 
ment from J, to I, and the representatives of the Hessians describe the inner 
arcs of the circles. 

For Is: (a, — 1, 1—a) the corresponding Hessian representatives are 
cut out on the circles by the line 


z—y-+ (a —1)/( —a-+1)=0. 


The maximum and minimum values of (a — 1)/ (a? — a -+ 1) are + 2/8%; 
that is, v— y + 2/3%==0 are tangent lines to the circles, and each of the 
lines between the tangents cuts out two of the real point-pairs. 

When (a —1)/(a@ —a-+1) = + 2/3% the points I, are 


MV: (143%, 1— 3%, —2), Ma: (1— 3%, 143% —2). 


As I, runs along the line segments exterior to these points, the representatives 
of the corresponding Hessian points describe the outer semicircles between the 
points of contact of the tangents. As J, runs along the line segment between 
these points the representatives of the Hessians describe the inner semicircles 
between the points of contact. 

The Marie * representation of the imaginary points is obtained from the 
Laguerre by rotating each point-pair around the midpoint of the included line 
segment through an angle of ninety degrees. Thus imaginary points on a line 
are represented by pairs of real points on that line; and the Laguerre and 
Marie representatives of an imaginary point form the vertices of a square. 

The points 


MM: (1+ 3%, 1— 3%, —2), MM: (1— 3%, 1+ 3%, —2) 


* Marie, Realisation et usage des formes imaginaires en géométrie, Paris (1891); 
Mouchot, Les branches de la géométrie supérieure, Paris (1892); Study, Ausgewählte 
Gegenstinde der Geometrie, Leipzig (1911); Coolidge, Geometry of the Complex 
Domain, Oxford (1924). 
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which determine the Hessian points whose Laguerre representatives are the 
points of contact of the tangent lines are the Marie representatives of the 
Hessian points when a = 1, that is, when I; is the point at infinity. 


It follows directly that the locus in three-space of the Laguerre repre- 
sentatwes of the Hessian points with respect to two fixed real points and a 
collinear variable third real point is a uniquely defined torus generated by 
revolving a circle about an axis which cuts it in two real points. As the 
variable third point runs along the segments of the axis exterior to the two 
fixed points, the representatives of the corresponding Hessian points describe 
the outer sheet of the surface. As the third point runs along the segment 
between the two fixed points, the Hessian representatives describe the inner 
sheet of the surface. When the third point has the positions of the Marie 
representatives of the Hessian points for the two fixed points and the point 
at infinity on the axis, the Laguerre representatives of the corresponding 
Hessian points describe the locus of parabolic points on the surface; and when 
the third point runs along the segments of the avis exterior to these Marie 
representatives, the Laguerre representatives of the corresponding Hessian 
points describe the synclastic part of the outer sheet of the surface. 


The Jacobian points with respect to 
I: (0,1,— 1), J2:(—1,0,1), Js: (a, —1,1—a) 
are 
Jı: (2a, — 1, 1 — 2a), Jo: (a/2,—1,1—a/2), Js: (—a — 1,1 +a). 


It follows, because of the known mutual relations of these two triads of points, 
that the Hessian representatives for both the / and J points form the same 
two circles in the plane and the same torus in three-space. 


6. Circles as Representatives of Chains of Inflexions. With 
I: (0,1,— 1), I::(— 1,0,1), Js: (a,—1,1—a) 


as the real points of inflexion and 3(1,1,1) as the critic center common to 
the three real harmonic polars, the equations of the real harmonic polars are 


h, == 3J, = 3(0 + Ray) ~~ (1 +20) (2 +y +2) — 0, 
hy o>. SJ y2- 8 (Rue pH ay) — (2 -4 a)(e 7 y +z) —0, 
2 ray 


SF lee a | ft a\é- N 
The Hessian lines of these harmonie polars are 


38(r—olvy)-— (1 —oa)(r-7y-22)=0, (¢=1,2). 
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3x — (a +2 + 38) (2 +y + 2) =0, 
3ay— (1 + 2a + 38) (£ +y +2) =0, 
x+ ay + elet ytz) =0. 


The three pairs of imaginary inflexions are 


(3ß0°0 + oa? + 2wa, 388—oa+1,  —3poa — 38 — aa —a— T), 
(3Boa 4 wa? + 2wa, 3B —o*a +1, — 3Boa — 3B — oa? — a — 1) ; 
(3Bo?a + w20? — wa, 86-+2a-+1,  —3bu?a — 8B — wa — wa — 1) 
(38Boe + wa? — oa, 38 + Ra +1, — 3Boa — 38 — wa? — oa — 1 ) ; 
(3Bw*a + wa’ — a, 8B — wa + 1, — 3ßo?a — 38 — wa? + Road — 1) 
(3ßwa + wa? — a, 8B —wa + 1, — 3ßua — 38 — wa? + 2wa — 1) 


The real representatives for the pairs of imaginary inflexions are 


x = — 98a (2a — 1 + 3%) — 3a[4a? + 2a — 3 + Ra(3%)] 
— a[?a? + 30? — 32. — 2 + (a? — 1)3%], 
y = 98 [a — 2? + a(3%)] — 3ß[?a + 4 + a(2a-+ 3)3%] 
— a? — 3a — 2 = a (a + 3a +2)3%, 
z = 188?(a?-—a-+1) + 68(2a' —2a?-+a4-+ 2) 4+ 2(a*#— a + 2a -+ 1); 
x = — 98a (2a — 1 + 3%) — 3ßa[4a? + 2a + (8a + 2)3%] 
—oa[2a? + 3a? +1= (2a? + 3a -+ 1)3%], 
y = 98 [a — 2 — a (3%) ] + 3B[8a? — 2a — 4 — 2a (3) ] 
-+ 2a8 + 3a? — 8a — 2 = a (a? — 1) 3%, 
z = 188?(a? —a +1) + 68 Ra + a? — 2a + 2) + 2(a*-+ 2a —a + 1); 


x = — 98a (2a — 1 + 8%) — 8Ba[4a? + 2a — 3 + (a + 4)3%] 
—a[2a + 3a? — 8a— 2 + 38 (a + 1)3%], 
y = 9B [a — 2 = a(3%)] + 38[3a — 2a — 4 = a (4a + 1)3%] 
+ 2a? + 3a? — 3a — 2 = Ba (a + 1)3%, 
z — 188? (a? —a + 1) — 68 (2a + a? +a + 2) 
+ 2(a* + Ra? + 3a + Ra +1). 


As £ takes all values the representative point-pairs describe the following 
pairs of circles 


Zaz (z — 2y + 2) + [F 84(a? + y?) 
— (2 + 3%) az + yz + (1 + 3%)2?7] = 0, 
ta(— 2s +y +2) + alra (2? + y) + a 
— (2 æ 3%)ya+ (1 + 3%)2?] = 0, 
+ 3% (0° + y?) — (2 = 3%) az + yz -+ (1 = 3%) 
— [+ 88 (0 + y?) + 02 — (2 34) ye + (1g 3*)2] = 0. 
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These circles all pass through X, the first of each pair through H? and the 
second of each pair through H®. 

The addition of the equations of the mates of the pairs of circles gives 
the equations of the real harmonic polars; and shows that the second real 
intersections of the mates are respectively on lti, ha, hs. 

Symbolically the equations of the three pairs of circles may be written as 


azla + Kı = 0, 2az3l2 + K = 0; 
222], -+ aK = 0, 223I, + aKa = 0; 
K —aK, = 0, K, — aK, = 0. 
The lines 32, SZ, cut the Hessian circles H, He”, respectively, in pairs 
of points 
AM[— 3 — (2)3%, 1— 34,5], A@[—3+2(8%), 1-+4+3%, 5]; 
BOT1 — 3%, — 3 — 2(3%), 5], B71 -4 34%, — 3 + 2(3%), 5]; 
and the circles Ki, Kz, Ks, Ka pass respectively through A, A®, B®, B®. 
The circles Ka, K4 intersect in 3 and 


cam i — 3%, 1 — 3%, + 2(34)]; 
the circles K,, Ks intersect in 3 and 

CM[1 + 3%, 14.3%, —2(3%4)]; 
where C™ and C® are the centers of the circles He, Ho”. 


Hence the Laguerre representation of the imaginary points of inflexion 
for the doubly infinite system of plane cubic curves with three real points of 
inflexion I, Is, Ia and a fixed critic center X, the one common to the three 
real harmonic polars hi, he, hs, consists of three uniquely defined pairs of 
circles 


SHY AM, SH® AM; SHO BO, 3H BO, SHY OM, 3H OC; 
and the mates of these pairs have their second real intersections on hy, ha, hss 
respectively. 
7. Pencils of Representative Circles. The forms 
Beni n Sn. i h.L- 0 
ene : ae 0. Dan f i oh, - ne 


OH. = 0, | ene eae 0; 
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Hence the Laguerre representatives of the imaginary inflexions as Is 
runs along the line Iı I, are pairs of pencils of circles on the points 


3, AVY ands,A™; 3, B® and3, B®; 3,0 ands, Cc. 


8. Pencils of Representative Critic Centers. Methods similar to thoge 
used for the inflexions give that the imaginary critic centers for the cubies 
considered, in addition to the Hessian points, are represented by the pairs of 
pencils of circles 


= 8% (a? + y?) — (2 + 8%) az + ye + (1 + B%)2? 

+ 2a[+ 3%(x + y*) + az — (2 + 8%) ya + (1 = 8%) a] =, 
=p 8% (a? Hy) — (2 + 8%) a2 + ya — (1 & 8%) 2? 

+ (a/2) [+ 3%(2? + y?) + az— (2 = 8%) yz + (1 + 8%) 22] =, 

Er byl) = (2 oe 84) cab yen (1 EN)? 

— al 8% (a? 4y?) + 22— (2 = 8%) ye+ (1 + 3%)#] = 0; 
that is, 

Kı — 2aK, = 0, K, — Ra; = 0; 

Kı—(af2)Kı=0, R2—(a/2)Kz—0; 

K,—akK,=- 0, K — aK, = 0. 


These circles are all through 3; the first circle of each pair is through M™ and 
the second of each pair through M®, where M and Af“ are the Marie repre- 
sentatives of the Hessian points when J; is at infinity; and the mates of the 
pairs intersect respectively in Ji, Ja, Js. 


Hence the Laguerre representatives of the imaginary critic centers, as Ig 
runs along the line I, In, are the two Hessian circles H,™, HH, and pencils 


of circles on 
2, MO and 3, M”, 


with the second real intersections of the mates of the pairs at the Jacobian 
points of Iı, Iz, Is. 
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A Character Symbol for Primes Relative to a 
Cubic Field. 


By CHESTER G. JAEGER. 


1. Introduction. Any cubic field defined by a binomial equation may 
have the defining equation written in the form 


g? — ab? = 0 


where a and b are relatively prime, and neither has a perfect square of a 
rational prime as a factor. In his study of the pure cubic field Dedekind * 
separates the types of fields into two kinds, I and II, according to whether 
a? — b? is not or is congruent to zero, mod 9. For I let k= ab, and for II 
let k = 3ab. 

It has been shown that the class number, h, of a field is determined by 
the equation 


en (s—1)fx(s) 


where g is a constant dependent on the field, and &x(s) is Dedekind’s zeta 
function for a field. 


In order to determine the class number in the pure cubic field, Dedekind 
studied the factorization of rational primes in the quadratic field K(V — 3); 


and from this he defined a function ¥(p) which is the character of the prime 
ideals, as follows: 


If p is a factor of k, &(p) = 0. 
If p is a factor of 3, but not of k, ¥(p) =1. 
For all other prime ideals, ¥(p) = (ab?/p)s, 


where (ab?/p)s=p!, (i= 1, 2, 3), and where p is a primitive cube root of 
unity. This symbol is the cubic residue character of ab? with respect to the 
modulus p. He then shows that we may write 


éx(s) = II F(p), 
p 
y pavo pie nrofiver our nds oer att che aattonul primes, and 
FB) -DIZO pO AEU = (B/N (8) J, 


the product extending over the prime ideal factors of p. 
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It is the object of this paper to define a function similar to &(p) for a 
general cubic field. This will be accomplished in the following steps: 


(1) It will be determined what values & must have when the various 
types of primes, p, are factored in a certain quadratie field. 

(2) The general cubic equation, F(z) = 0, will be transformed info 
a binomial cubic, y* — 8 = 0. 

(3) Letting A, be the discriminant of F,(x) = 0, and A; the discrimi- 
nant of P,(z) =0, a quadratic equation related to P,(z) ==0, the cubic 
character of 8 will be determined in the fields, K(A,%) and K (w,A5%). Here 
w is a primitive cube root of unity. 

(4) B is a cubic residue, mod p, if y3— 8 has a solution in K (p, Ac”). 
This property is indicated by {8/7} = ot, t= 0, 1, 2, depending on the type 
of prime. ~is a factor of pin K(A;*). 

(5) If G(r) = {8/r}, then, it will be shown that 


éx(s) = u [1/(1— 1/p*)] -TL1/[1 — & (p)/N (4) 1, 


the first product extending over all rational primes, and the second product 
over all the prime ideals of K(As*%). 


2. Types of Primes. Every rational prime p defines a principal ideal. 
The various ways in which this ideal may be resolved into its prime ideal 
factors in a cubic number field plays an important part in this article A 
prime may be any one of five types—pi, 92, Ps, Pa, OF Ps—according to the 
kinds of factors it has. Following is a table showing this, together with the 
norms of the factors. 


Type Factors Norms 
Pı 919293 N (p1) = N (p2) = N (pa) = pı 
'P2 PıPa N (p1) = Pz N (p2) = pe” 
Ps pı N (pi) = ps® 
Pa Pp? N (pi) = N (p2) = pa 
Ps p? N ($1) = pe- 


The factors of the primes of the types pı, ps, and ps are of the first degree. 
For the type ps, Pı is of the first degree, and p2 is of degree 2. For the type 
Ps, Pı is of degree 3. The notation, p;, just introduced shall be adhered to 
throughout this article so that the subscript shall indicate the type of rational 
prime. 


3. The Function U(r). In a quadratic field there are only three types 
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of factorization of a rational prime, p. That is, p is the product of iwo dis- 
tinct primes, p = m''n”; or p is the square of a prime, p= 7"; or p remains 
prime, p =~. We shall associate with the general cubic field a certain quad- 
ratic field, Q, and then define a function, ¥(7), of all the prime ideals in Q 
such that 


(1) lim (s — 1) ée(s) = IE 1/141 — * (7) /N (a) ], 


x ranging over all the prime ideals of Q. 
For any field, &x(s) is made up of the product of all the fractions of 
the type 


1/[1—1/N (#)*] 


where } ranges over all the prime ideals of the field. By grouping those 
ideals which arise from each of the types of the rational primes, p;, and 
using the tabulated values of the norms in each case together with the fact 
that (s— 1) times the Riemann zeta function approaches unity as s ap- 
proaches 1, we may write, for the cubic field, 


(2) lim (s—1)Ex(s) 
=H [1/(1— 1/p;) |’: i [1/(1-—1/p27) ] 
x Ht [1/(1 + 1/ps + 1/ps*) 1° I [/(1— 1/p4)]. 
Thus, we see, by referring to (1) that Q must be so chosen, and Y(r) 


so defined that the following must hold. (Here the norms are in Q). 
For a prime of the type pı, 


N(x) = N(x") = pi, in which case pı =x ' r” in Q and Y(r’) 
= T(r”) =L 
For a prime of the type po, 


N(x) = p:?, in which case p = in Q, and (mr) =1; or, 
N(x) =N (r”) == Ds, in which case Pe =m +’ in Q, and P(r) 


=— 4a )— +1. 


We nou CON Inter Sn that hin cergngd Gua oyati omn ei won! 
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For a prime of the type p4, 
N (x) = pa in which case p, = =? in Q, and (1) = 1. 


For a prime of the type Ps, 
N (x) = ps, or N(x’) = N(x”) = ps. 


In either case Y(r) = 0, or V(x’) == U(r”) = 0. 


4. The General Cubic Equation whose Roots Determine the Cubic Field. 
There is no loss in generality in considering the general cubic equation to be 
of the form 

et Cx+D=0 


since by linear transformation every cubic can be so expressed. Let us call 
this cubic F(s). Now if C contains a power of p greater than or equal to 2, 
and if D contains a power of p greater than or equal to 3, then the roots of 
F(s) = 0 could be divided by a power of p, thus making a further reduction 
of the equation. We shall therefore assume that either p occurs to a power 
less than 2 in C or to a power less than 3 in D. 

Closely associated with F(x) is the quadratic 


Falz) == 302? + 9Dr— C? = 0. 


If we let A, and A, be, respectively, the discriminants of F,(z)=0 and 
F(x) = 0, then it is easily verified that 


As —— 343. 


Call the roots of F,(z) = 0, pı and we. Then, if we apply the transformation 


(3) a = (my + Burpee) / (Y + Bm) 
to F(z) == 0, it becomes the binomial cubic 
y? = Ich == (), 


And, finally, for convenience of notation, if we let B= 9Cy1, we have 
(4) y — B=, 
which has its coefficients in K(A,). 


5. The Quadratic Character of As, mod p. In the field K(p:), Fs(z) 
has three linear factors. 


F,(2) == (£ — m) (a — az) (£ — as) (p) 
Obviously, 


As = (Qı — t2)? (a1 — as)? (Q2 — a3)? (pı) 
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is a perfect square. From this it follows that (A3/p:)—1. Hence, in 
K(&:*%), ı == r”. 

In the field K (p2), F(x) is factorable into a linear and a quadratic 
factor, 
. Ps(&) = (z —a) (2° — bx + c) (p2). 
In this case 


As D(2—a)D(a*—ba + ¢)R[(a@—a), («*—ba + 0)’ 
= D(z — be + c) R| (z —a), (€ —br + c)]”. 


Hence, we see that the discriminant of F(x) differs from the discriminant 
of x*—— bx + c only by a square factor. But this means that the quadratic 
field K(A;*) must be identical with the quadratic field determined by the 
roots of the equation 


g? — br +c—0. (pe) 
This last equation is irreducible in K (pz) and hence its discriminant could 
not be a quadratic residue module p2.* Therefore (A;/pe) = — 1, or, in 


K(A;%), pp= m. (Note that this excludes one of the possibilities of factoring 
p: mentioned in § 3). 

In K (ps), Fs(z) is irreducible. And for ps > 3, ps is relatively prime 
to As.t Let « be a number satisfying the congruence 


F(z) = 0, mod pz. 


Then, since ps is relatively prime to As, F(x) is a prime function, mod 
ps. Therefore, 


Fa (£) = (2 — «) (z — a) (z — a"), mod ps; or 
As = 87, mod ps, where 8 == (a — as) (a — as") (Ps — ops"), 


ö is rational, mod pz, since it is unchanged by the substitution, (a, a). Hence 
A; is a quadratic residue, mod ps So, (A3/p3) =1; and in K(A;%), 
P = ag 


We shall now apply the theorem of Dedekind to 


Ds = No". 
Ninco we are considering only p. > 3, the discriminant of K(x) t ia divisible 


a “ 1 k x 
tiy phi luei thaw Kurgstriinsib Le AG 37 Ge tal aAA ch 2K ehiou Kir ktit a htkaklerdtiL a 


ee 
Sena, Acris 2 Jean! cf Ofer setese Yol, 44. HM p r contained in Ae 
it is to an even power, and hence (A../p..)==(A,/ SPa)» where A, = 2,0A.’. 
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an equation differs from the field discriminant by a square factor. Therefore 
A, is divisible by ps, an odd number of times, since this square factor, if it 
contains 9, at all must contain it an even number of times. Now in X (p4); 
F(x) has a quadratic and a linear factor, 


F(2)=(e—a)(a*—be-+c) m). 
As in the case of pz, we could show that 
A = 4°’D (z? — br + c). 


Now since A, contains p, an odd number of times, D(z? — bs + c) must 
contain it an odd number of times, and therefore at least once. Thus the 
discriminant of K(A;*) is divisible by p4 So, in K(As”), pa =’. 


6. The Cubic Character of B in K(A2*) with respect to mı and ma If 


Pla) = (z — rı) (z — r2) (£1 — rs), (p) 
then by applying the transformation (3) we have 
(5) y? — B= (y— pı) (Y — p2) (Y — ps) (p) 
where pı, pz and ps are numbers in the Ring R (p, A2%). 


And, if 
F(s) = (z —r) (£? + mz + n) (p) 


then the transformation gives 


(6) y° —B= (y — ep) (8? Hey +r) (p) 
where p, u and v are numbers in the Ring R (p, A2*). 

Equations (5) and (6) are possible when and only when ß is a cubic 
residue mod p in the field XK(A,*%). And by Euler’s Criterion this is true 


when and only when 
BIN m -11/6 =], mod Tis 


where ô is the greatest common division of N (r,)— 1 and 3, and where r, is 
any prime factor of pin K(A,%). Now 8 may contain ,, 


{8} = kB 
B being prime to 7. 
If k=0 mod 3 and 7, is a principal ideal, then dividing the roots of 
(4) by mı“8 would give 
y? — B= 0. 
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I£k==0 mod 3 and v, is not a principal ideal, then the principal ideal {8} 
is also divisible by m”. Now there exists an ideal I, such that I and {8} 
are relatively prime, and such that Z: mı, is a principal ideal, {y}. Since J 
and {8} are relatively prime there is an integer in J which is prime to £. 
Gall this integer A. Now, if we multiply the roots of (4) by A”/8 and divide 
them by y/8 we get 


y°-- B= 0. 


If k= 0 mod 3, then it can be shown that equation (4) is irreducible, and 
that further m, is the cube of a prime ideal.“ 


Let 8’ be the conjugate of 8. A short calculation shows that 
| BR = — 270°. 


Thus, if 8 is a cubic residue mod rı, ß’ is also a cubic residue mod mı; and 
B’ is a cubic residue with respect to the conjugate ideal ma} Hence, from the 
relation existing between 8 and g’, we can conclude that if 8’ is a cubic 
residue mod 7, it is also a cubic residue mod m (Of course, if p remains 
prime in K(A,%), then this last consideration is superfluous). 


7. The Cubic Character of B in the Field K(w, A242) with Respect to 
w and =”. Since a=—-34A,, we see immediately that the composite field 
K(A,, A,*) is the same as the field K(w, A5%). We shall show that £ is 
a cubic residue mod =’ and =” if it is a cubic residue mod m, and m. This 
will depend on the ways in which p is factorable in the two fields K (A,*) 
and K (AŻ). Consider the four possibilities (A), (B), (C), and (D): 


(A) In K(A2*), p == m1 T2 
In K(A%), p= r +2”, 


We saw that in this case ($5) A, is a quadratic residue in the rational 
field mod p, and hence certainly mod 7; and mod rz in the field K (4:*). 
Thus, in the field X (o, A.”), m, and =, are each factorable into two distinct 
factors. m = mi m”, ma = ng 72" and from unique factorization m = my ry 
and r” =m” m,” in the field K(o, Az%). Thus, if B is a cubic residue 
mod a, and m in Wo, As), then it is cortainly a cubic residue mod m’, m’. 

{ar a a 4 155 
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{By} == 4 Bia} = 
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(B) In K(A;%), p= 


In this case, we saw (§ 5) that A, is not a quadratie residue mod m = p. 
And since A, == — 3A, is a quadratic residue, — 3 must be a quadratic an 
residue mod p. Hence 

p + 1= 0, mod 3. 


In this case, then, ô= 1. By hypothesis 
Be} == 1, mod Mi and Tas 


Then surely 
B?1=1, mod r. 


(p-+1)/3 is an integer. Raising both sides to the power (p + 1)/3 we have 
BPP = 1, mod a’. 
Now, since N (#’) "= p°, this becomes 
BIN@r)-1/3 = Í, mod a or 
{B/n’} = 1 
(© In K(A*%), p= rm 
) In K(A;%), pr r”. 
We see at once that N(mı) == p°. And since 


BINGD-11/3 = gR-D/S = 1, mod 7, 
it follows that 
BD = 1, mod a’ and =”. 


This says that in K (w, A2*), ß is cubic residue mod =’ and =”. Or, 
{B/a’} = {8/2} = 1. 
In K(A2*), p= m, 
(D) In K(A;%), p =r. 


Here (A;/p)== —1, and (A:/p)=—1. Thus (A:A;/p)= -+1 ==(—3A3"/p) 
= (—3/p). So in K(w,A,%), p may have two factors r™, 7. Then 
since B®) /3 == 1, mod m, it follows that in the field KE (w, A,%), BY-D/3 ==], 
mod 7‘? and 7, and hence, certainly 

BP- = 1, mod a’. 
Or, we may write 


* Tt is understood in all cases, norm is taken in the field K( Ag”). 
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gINm-11/3 = 1, mod ot’. 
Thus, for this case also we have 


{8/7} == 1, 
8. The Function V(r). If in K(A.*) p= m'm and B is a cubic 
residue mod m, and mod mə it follows that it is a cubic residue mod pP, pro- 
vided p does not happen to be a factor of As, 


A, == pA 


with s odd. For p larger than 3, p would be contained in A; to the same 
power as in Ap. From the theorem of Dedekind we see that primes of the 
types pı and 9. are not contained in the field discriminant of K (e), and 
hence if in A,, it must be to an even power. 

We also saw that in K(A;%), pi =m ta”. So this fits the case (A) just 
considered. That is, for primes of the type p:, 


{8/x} = {8/7} = 1. 
Let us put (r) = {8/r}. Then, since N(x’) = N(x”) = pı, we have 


1/(1—1/ps)?—= I 1/[L— (2) /W(w)]. 


And in K(A3*), pe ==’. This is the case, (B) or (D), where {8/r }=1. 
Here, N (=) = p. So 


1/(1— 1/p2?) = 1[1— U(r’) /N (@)]. 

In §6, equations (5) and (6) are the cases which arose from 
P;(z) being factorable in the ring R(p). Let us next take up the 
case where F,(x) is irreducible in the ring R(p). This is the case where 
p is of the type ps In this case F,(x) can not be resolved into factors 
involving only quadratic irrationalities. Thus y? — ß must also be irreducible 
in the ring R(p, A5%), and 8 could not be a cubic residue. For, if y°— 8 
were factorable in R(p, Ae), Y? — B = 0 would have at least one root in 
this ring. Then F(s) would have a root in R(p, A:#). But, since F(x) 
is irreducible in R(p), it cannot have factors involving only quadratic ir- 
rationalities. 

Thus for primes of the type pa, B is uot a cubie residue. Tn order to 


Sad the furetion Wir) wo have two cscs to considers (a) when P, m tm 

. rr; EE Bu 2 ES a ’ yee Jen BE ER IR Me 

ul tA (As ~) aid (Hd) when pry — ay al da A: Je Iu cidra Ldal, We dr oudits 
1 , roe erpa tS 

page --—, that pram a” in WON), 


(2) Thi: corresponds to (A) above. In this ease we saw that mi = m'm” 
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Bet — 1 = 0, mod m, and r 
since r, and rz are primes of the first degree in K (A). Moreover, . ` 
BODA == 1, mod rı Or m 


since 8 is not a cubic residue mod m, or m. Thus, if we write 


Bert — | = [8217/3 ae 1] [8121/3 —w | [82173 Auen w] = 0, mod Wy and 4 
it is obvious that 
[B@rP/3 — w] [B@rP/3 — w] = 0, mod m and re 


Therefore, B%-1)/8 —w is divisible by a factor of mı or B&r1)/8 —@? is 
divisible by mı» But, since B%1)/8 is congruent to a rational integer, b, 
mod m, if B@rD/3 — w? is divisible by rı, oe? — b is divisible by 71. However, 
w? is the root of an irreducible equation of degree 2 relative to K(A,“), and 
mı is a prime ideal in this field which is not a divisor of the index of o7. 
Hence, w cannot satisfy a congruence of degree less than 2 mod m, and thus 


BODA — w? =0, mod r 
is impossible. 

In the same way, B%1/8—w is not divisible by ~» But, 
[BPrD/38 — w] [89/8 — w?] is divisible by mı and by wz and hence by 
the four factors my, wo’, m” and m”. Two of these must be divisors of 
BOPA -w and two of 8900/3 — 0%, Let us assume that the notation is 
such that a’ is a divisor of 8271/3 — u. Then the other divisor is mg or m”. 
First, assume it is m”. Then 6/8 — w? is divisible by a2’, and £ is con- 
gruent to a rational integer, c, mod zz’; it follows that 

c — ao? == 0, mod rz. 
Considering K (w, A,*) as a relative field to K(As%), it follows from a change 
of — A:* into A,# that (— 3) % = A,%/A,” is transformed into —(— 3)*%. 
Consequently, from b—o=0, mod mi’, follows b—o?==0, mod m’. 
Therefore 
b==c, mod ps. 
Let 8’ be the conjugate of 8. Then, from 


b=pPV/8, mod r 


we have 

(N. b = g'or 1/3, mod rz; 
also 

(8) BODA == g== b, mod m. 


Thus, from (7) and (8) it follows that 
(9) (BB) P03 = b?, mod ro 
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But Bf’ = N (ß) = — 270%, and hence 
(BB’) Pr P/8 == (— 30) == 1, mod mo. 
Then, from (8) and (9) 
A@r)/3z=1, mod ma or B1)/3==1, mod re, 


whic contradicts the aan that B@s-0/8 ==1, mod r: Therefore, 
BEYA — o = 0, mod r3” is impossible. We must thus conclude that 


BPD = 0, mod rz. 
And finally, therefore, _ 


(10) BODA — »==0, mod mm’ (=). 
If ps is a divisor of the index of 8-0/3 then 


BoPs-1)/8 == Perh/s, mod Ps. 
But then 
BEDA == (BR ) 91/8 = 1, mod pa or f%?/8==1, mod ps, 


contrary to our assumption. Hence pa cannot be a divisor of the index of 
8078, 


So, for ps = mi ' ma in K (A), 
Llr =o, and W(r’) ==. 
And, since N) = N(x”) = ps 


(11) [1/(1—e/ps)] [1/1 —©/ps)] =I G/A — U(r) /N (a) J}. 
4=1 


(b) If in K(A,*) ps remains prime, then by Fermat’s theorem 
pee- — 1] = 0, mod Nis 
since then v, is a prime of degree 2 in K (A74). 
In a manner precisely similar to the case just treated, it is easily seen 


that 
BO? YB ==», mod x and Bie? DA == w°, mod z”. 


Thus &(7’) =o, U(r”) =? and, in either case (a) or (b), for a prime of 
the type ps, the equation (11) holds. Since for p, 
ee = (r— a) (x? —br+c), (p4) 
— B = (4 — p OP =- ny = vò (n) 
u Hàg Sah yp ana heute p Is A CADIE ie cu 


4 =F 2.23 “ 


W (a )=={ la" >= ae (2 p= ps ifti-- 1/p.)= 1/j1 — (ar) fi (ar) }. 
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9. V(r) for 3 and 2. Nothing in this discussion has excluded the 
primes 3 and 2 except when they are of the types ps and p, Wahlin has 
shown * that when 3 is of the type ps, then either s = 0, and A, == 1, mod 3 
or s = 6 and A,’ = 1, mod 3. In either case, A, is a quadratic residue mod 3, 
and hence in K (4%), 8 =m r”. E 
So we shall define 

{8/r} =w, {Bf} = 0% 
The only case where 2 remains prime in a cubic field is when A, is odd and 
C == 0 mod 2. Now A; = — 27D? — 40°. The following congruence is then 
obvious : 
A; = — 27D? — 40° = 1, mod 8; 


and hence, 2 = r'r”; again we shall define 


{8/r} =o, {8/"} = o. 
When 3 is of the type pa from this same article by Wahlin, it can be 
shown that in all cases s is odd, and therefore 3 = r?°. So, we shall, since 
4? — B is reducible in R(2, A»*), define 


{B/r} = 1. 
When 2 is of the type pa, s is either odd, in which case 2 =; or else 


IH 


s is even in which case 2 = r'r”. In either case, we shall set 
E(x) =] or V(r’) = V(r’) el. 

In 86, we saw that if in ß=mß &=E0, mod 3, then r, is the cube 
of a prime ideal in K(ß*, A2*). Now ps becomes p,? in K(a). Then by 
Dedekind’s theorem, we see that ps is contained an even number of times in 
As, and (for Ps > 3) in As. Thus in K(A*), Ps = nn, OT Ps = m "Tr So, 
in K(£*%, A,*), ps =#° or „17°. That is, when k0, mod 3, we have 
the case ps. This is the only way in which ps occurs; and no other prime 
occurs in this way. So for all other primes, k==0, mod 3, and £ has the 
same cubic character as 8. Therefore, 

If k= 0, mod 3, {ß/r} = {b/r} = ot, (i= 0, 1, 2). 

If kÆ 0, mod 3, {B/r} = 0. 


Finally, then, we have 


tx (8) = TL 4/(1—1/p*) IL 1/[1— Y (a) /N m); 


the first product extending over all rational primes, p, and the second product 
over all the prime ideals in K (43%). 


* American Journal of Mathematies, Vol. 44, pp. 202 ff. 


Differential Equations of Infinite Order with 
Constant Coefficients.” 
By Haroup T. Davis. 


1. Introduction. In a fundamental paper F. Schürer ¢ has discussed 
the solution of the differential equation of infinite order 


(1) au(z) + au (£) + aw” (x) + = f (2), 


in which the coefficients are assumed to be constants and f(z) is an in- 
finitely differentiable function subject to the condition 


(2) lim | f(z) |’ SL, (L finite). 
N=00 
It is clear that equation (1) is of rather general application since its 


theory is closely associated with the theory of functional equations of the 
following types: 


(a) u(z) +f 2 e-tu (tydt= f(e), S>0, 


b 
(b) u(e) +f, K(t)u(a + ct)dt = f(2), 


(e) u(e-+b) + Aula) = f(z). 


This relationship is formally exhibited by expanding v(T) in a Taylors 
series about z, 


u(P) = u(2) + (Tau (£) + (T—2)*w"(2) 21s. 


If we replace T by ¢ and substitute in (a) we get a differential equation 
in which the coefficients are, 


n n 
a=1-+ 3S 1/8m, ai == D, 1/smttt, 1>0. 
m=1 teal 
Similarly, if we set T =g + ct, equation (b) is seen to reduce to a 
difierential equation of type (1) with the coefficients 
Ce si (ne 


i ` : y 


Coloro 
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Letting T == g +- b, equation (c) reduces to a differential equation with 
coefficients 
ao == 1-+d, a, = bti l, ı>d. 


One object of the present paper is to discuss the operational solution 
of equation (1) when the condition (2) imposed by Schürer fails to hokd. 
A second object is to extend theorems of the Heaviside operational calculus 
to infinite operators by methods which have some claim to novelty since they 
exhibit a fundamental relationship connecting the Heaviside expansion theorem 
with the expansion of the operators in Laurent series.” 


2. Expansion of the Resolvant Generatria in a Laurent Series. By the 
generatrix of equation (1) we shall mean the function 


F(z) =a + az + ao2z*+-°°., 


It is well known that the solution of (1) is given symbolically by the 
resolvant generatrix, G(z) =1/F(z), in the form 


u) = G(z) > f(z), 


where we employ the symbol G(z) — f(x) to signify the function obtained 
by operating upon f(z) by @(z).} 
We first prove the theorem: 


Tuerorem 1. If G,(2) designates a Laurent expansion of G(z) in an 
annulus formed by two concentric circles about the origin and if G(z) is 
any other expansion about the origin, then the function 


* Since the completion of this paper three studies relating to the same subject 
have appeared. In a memoir in the Annales de VEcole Normale Supérieure, Ser. 3, 
Vol. 46 (1929), pp. 25-53, G. Valiron has investigated the nature of the solution of 
the homogeneous equation by means of methods originally due to J. F. Ritt. The 
case of linear systems of differential equations of infinite order with constant co- 
efficients has been the subject, of two memoirs by I. M. Sheffer. See the Annals of 
Mathematics, Ser. 2, Vol. 30 (1929), pp. 250-264; Transactions of the American 
Mathematical Society, Vol. 31 (1929), pp. 281-289. In these latter the degree (Stufe), 
(see section 3), is limited to the finite case and the approach, differing from that 
of the present paper, is made through consideration of an equivalent system of linear 
algebraic equations. 

$ This follows rigorously from Bourlet’s generatrix equation, 

OF 3G l1 FF FG 
[G:F] =F. 0 +45 Fe + Qt Jæ F tie]; 
Since F(z) is independent of a, F.@=1. See C. Bourlet, “Sur les opérations en 
général et les équations différentielles linéaires d’ordre infini,” Annales de Vécole 
normale supéricure, Ser. 3, Vol. 14 (1897), pp. 133-190. 
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U (£) = {Gi(z) —@(z)} >f@), 
where f(x) is arbitrary to within the limits of the existence of the right hand 
member, is a solution of the homogeneous equation 
° F(z) > u(r) = 0. 
In order to prove this theorem let us assume first that F(z) is of the 
form. 
F(z) = (z—a)/$ (2), 


where #(z) has no singularity within or upon the circle of radius r= a. 
The inverse operator, G(z) == (z)/(z—a), then has the two expansions, 


G (2) =— {1 + (2/a)+ (2/4)? ++ +} 6(2)/a, 
Gy (2) = {1/2 + 0/2 + 0/2 +++ Jele), 


the first expansion being valid within the circle of radius a and the second 
in the region exterior to it. 


We make the usual interpretation that 1/2 > f(z) = f : f(t)dt. Re- 
0 
placing f(t) by its Taylor’s expansion we obtain 
1/2 > f (2) = (1— e) /z> f(z), 


which expresses the integral as a differential operator. 
Similarly it may be proved that 


1/2 —> f(x) = {1 — (1+ 22) e*}/2 > f(z), 
and, in general, 
1/2% > f{a)= {1 — [1 + zz + 2227/2! 
++ atge (n — 1) 'e**}/2" > f(x), 


= {a"/n — a"12/(n + 1) 
+ 2222/2 (m +2) —- + }/(n— 1)! — f(z). 


Letting ¢(z) = 1, and replacing 1/2” in the expansion of G (2) — f(x) 
by the expression given above we get: 


Gy (2) f (2) = {(1 — 9") /2 + of] —(1 - wee =] + ol —(1 4 ave 
I Tae IIyama Hm), 


It will be clear from the explicit form of 1/2 —> f(z) that G,(0) 


ag co 
aS arealo. (m md Ñ eera WE (ak Na 
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in general, G,™ (0)==(— 1) "{e% [a"a"— naar n(n — 1) a™ 2am? — °° 
+ nl] — nl} for, 
If we replace these values in the expansion 


Gs (2) = G(0) + (0). + G (0)2/21 4>, ; 
and then collect the coefficient of e*”, we see that the operator reduces to the 
expression, 

Gi, (2) = et e (1/a + 2/a? + 2?/a? +‘) 
— (1/a + 2/a? + 2/0 +++), 
Taking account of the fact that e=— f(x) = f™ (0), we get: * 
Gs (2)—> f(x) =e {f (0) /a + F (0)/@ + F (0)/ +: +} 


— {f (2)/a + f (2) /e + P (2) /e> +}, 
= er {f(0) /a + (0) /a* + F” (0) /a* +: +} + G(z)> f(z). 


Similarly for &(z) = z, we obtain 


G, (2)—> f(x) = 6{f(0) +P(0)/a + P’(O)/ +} 
— {f (£) /a + f” (2) / + P”(a)/a + °} 
— 2{f(0) +P (0) a +f (0)/2 +} + ele) f(z); 


and, more generally, for ọ (2) = 2”, 


G, (2) > f(s) = arte {f (0) +F (0)/a + P (0)/2 +} 
+ G(z) > f (2). 


Assuming that $(z) can be expressed in the form ġe + piz + pe? ttt, 
we then derive by addition the result 


G1(2) > f(x) = [p (a) 7a] {F (0) + F (0)/a + F (0)/P +} 
+ G(2) > f (2). 


Since U(x) == Ce* is obviously a solution of the equation F(z) —>u(s) 
== 0, the truth of the theorem is demonstrated for the special case assumed 
above. 


Let us next assume that F(z) is of the form 
F(z)= (z — am) (2 — a2) + + + (2— an) /$ (2), 
where di, dz," * *,@n are points within an annulus formed by two concentric 
* The equivalence of the two expressions e-uz.. [zn yf (w) } and gne-rz sf (æ) 
is seen at once from Bourlet’s formula (loc. cit.) if we let GŒ = ewz and F = gn, 


Example: 2g2me-ar _, singe = {22m ~~ gg2mt+1 +. m2e2mi2/2! +.» ‘} —> sin g = 
(— 1)m {sin @ 603 g -— sin © cos s} = 0. 
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circles r and R, (the latter having the larger radius), about the origin and 
&(z) has no singularity within or upon R. 

Then the generatrix may be written 
8) G(z) = (2) {1/P' (a1) (z — a) + 1/P (a2) (2 — a) + 
‘ + 1/P' (an) (2 — aa) }; 
where we employ the abbreviation, 

P(z)—=(2— a) (2 — 0a) ++ + (2 — ün). 
Let us designate the expansion of the resolvant within the circle r by 


G (z) and the expansion in the region exterior to R by Gi(z). We then have 
from the result of the case of one pole, the expansion 


(4) Gl) fla) = & Isa) aP (a) Jenetf(0) +7 (0) /a 
+F (0)/a3 ++ +>} + G(z) > f(e). 
Hence the difference 
U(x) = {G1 (2) — G (2) } => f (2), 


is a solution of the homogeneous equation. 
Since we have 


d/de{P(z)/&(2) }e-s, = F’(ai), equation (4) can be written neatly as 
the contour integral 

Gi (2) > f(a) = (%/2ri) || {0/(t—2)F (i) jät + G(2) > f(@), 
where C is a path around the zeros of F(¢). 


The case of multiple poles is treated by a simple device. If the re- 
solvant is 


G(z) = o(2)/(2—a)’, 
we may write it in the form 
G(z) = (0° /0a"™*) 6 (2) /(2— a) (r — 1) l. 
Hence we have 


(ta) silo) _ (art end ivire~ ty 
x fala) fa] oer T FN) ar P(O) la. = P (0) /a? Ass 1} 
a i EN 4 N 
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The difference between the left hand member and the second term of 
the right hand side is again seen to be a solution of the homogeneous equation. 

It will be pointed out later that the development given above contains 
essentially a rationale of the Heaviside operational calculus which has played 
such an important rôle in the theory of electrical circuits.* 

It remains for us to discuss the values of the solution and its derivatives 
at the point s== 0. We obtain the following theorem: 


THEOREM 2. If Gi(z) denotes the Laurent expansion of the function 
G(2) = $ (2)/ (z — m) (2 — ae) «+ (am), 


in the region exterior to the poles ay, As,‘ * `, Am, and if (2) is a polynomial 
of degree m< n, then ur(£) =z" Gi (z) > f(x) vanishes at s=0 for 
r= 0, 1, 2, ° ,n— m — i. 


Proof: Writing G(z) in the form (3) we have from the results of the 
last theorem, 


un (2) = 62) >f (0) = È Isla)arene/P‘(a)] 
TOVE SLOVE 
— 3 6) /P (u) > {fP (Ja +f (ar +. 
Recalling the algebraic identity 
X P 4 IN l, p=n—], 
Ip) = È ap/P (a) = { ey 


i=1 
we see that 


u (0) = Š {go + dias + + mam}arr{f(0)/a 
+P (0)/a* H: Pa) $ S ssf (0) /m 
+ fe (Our +: + /P (as), 
={ È blr Hi DO) + Ë gI HOP) +9 
EINE) + Š 12) gifor (0) +) 
=} sl +39) + M E a a 
+ Š il (Hf? (0). 


* See J. R. Carson, Bulletin of the American Mathematical Society, Vol. 31 (1926), 
pp. 43-68; also Electric Circuit Theory and Operational Calculus, McGraw-Hill, (1926), 
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Er +5j—1=n—2, then u'?(0) 0. Since j does not exceed m 
we have r= n— m — 1, which is the statement of the theorem. 

COROLLARY. If f(x) is a function which vanishes together with its first 
q derivatives at x = 0, then u (0) = 0 for r—=n-+q—m. 

3. Application of Borel Summability. We next seek conditions under 
which the function 

u(t) =1/F (2) > f(z) = G (2) > f (2) 
may exist and represent a solution of (1), where G(z) is the Taylor ex- 
pansion of the resolvant in a circle about the origin. 

If a function f(e) is unlimitedly differentiable we shall mean by its 
degree (stufe) the value L defined by the limit, 

lim Ln == lim | e(z) | r= L. 
n=0O n=O 

If Z is bounded the following theorems can be readily deduced: 

A. If f(z) is of degree L, then f™ (x) is of degree L. 

B. If fı(z) and fe(x) are of degrees Lı and Lz respectively, where 
La > Li, then afı(z) + defe(x) will be at most of degree Lp. 

©. If f(a) is of degree L, then f(ar) is of degree |a| L. 

D. If fi(z) is of degree Lı and fe(x) is of degree La, then f(x) 
== f,(x)f2(z) is at most of degree Li + La” 

A thorough treatment of the case where f(x) is a function whose degree 
is finite may be found in the work of Schiirer. It will be clear, however, that 
this restriction excludes from consideration a large class of equations of 
which the equation which defines the y function may be cited as typical: 


ufe +1) —u(e) = 1/2, 
or in terms of a differential operator 
(e — 1) — u = 1/z. 


The following theorem will be found to extend the class of functions to. 
which these operational methods may be applied: 


THEOREM 3. If in equation (1) f(x) is of the form 
f(z) 9G) 1 RC), 
wierd y(u) is w funtilow of find dey te Lard ukers Ale) is ef the forn 


h(a) = by fe + hala? oj Bafa pe 3 


PRE . š 
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then a solution of (1) exists of the form 


u) = f eQ) Pidi +1/F(2) > 9(2), 
where 


(5) Q(t) = hi + hot + hal? /21 + hyt8/3!-+- 


provided, (a) L < 1, Lp < 1, where p is the radius of convergence of 1/F (2); 
(b) positive values k, A, and M exist such that | Q(t)/F(—t) | < Aert, 
for Oo <kStS o; and (c), Q(t)/F(—t#t) is of limited variation in the 
interval 0 tk. 


is «] 
It will be clear that the series $, b;L* forms a majorante for the series 
i=l 


U (2) = 1/F (z) —> g (z) = {bo + biz + be +} > g(a), 


since by hypothesis L is the degree of g(s) and is smaller than the radius 
of convergence of the series expansion of 1/F (z). Since U (s) is thus uni- 
formly convergent we may form the derivative, 


(6) Ur (2) =1/F (2) > 2" —> g (2). 
From (A) above 2” —> g(x) is of degree L and the series L” > b,L 


forms a majorante for U™® (x). It thus appears that U(x) is at ee of 
degree L. 

To show that F(z) > U(x) converges uniformly to g(x) let us write 
I,(2) == aU (£) + aU (x) +: -++anU™ (2) and form the difference 
A(z) = | g(x) — Sn(x) |. Since 1/F (z) = by + bız + Daz? +", we 


have u, —=]1, > aibri==0, r>0. Hence we have the inequalities, 
1 > abi | < Kp? and g™ (x) < K’L*, where K and K’ are suitably chosen 
EN and thus obtain 
A(z) S| > Abn | |g? (2) | + (x aba | | g(x) IH, 
S KK'I™p/(1— Ip). 


By hypothesis (a) we have Lp < 1 and L < 1, and hence it follows that 
A(x) converges uniformly to zero as n > =. 
We now consider the equation 


V (z) =1/F (2) >hf(e). 
Applying the explicit expansion of the resolvant to h(x) we get 


With Constant Coefficients. 105 


V (x£) = hy {bo/z — b1/2 + 2! b2/a® — 3! b/t ++ + +} 
+ hafbo/a? — 2! bi /a? + 3! be/a*—~ 41 bg/a5 +: + +} 
+ hafbo Ya? — 3 1b, /21 at + 4102/2! c%—51b3/2!a% ++ + +} 


In general this series will be divergent, but it is usually summable by 


2 


[sa 
the method of Borel. This makes use of the identity f estds = n! from 
o 
which we obtain V (s) in the form 


Va) f [eUa + ta(8/2) + Ia s/2)?/21 + }/P(— 8/2) Jäs. 


Making the substitution s = tz, this becomes 


V (2) = f, e™Q()/P(— tdt, 
where Q(t) is defined by (5). 
The convergence of this result is easily established under hypotheses (b) 
and (c) stated in the theorem for we shall then have 


|V(z)|<M/e+A Serra = M/z +4A/(e—m) for s >m. 
The case where Q(t)/F(—t) has a pole of unit order in the interval 
(0, ©) is easily disposed of as follows: 
Consider the function 
G(t) = Q(t)/F(— t) —B/(a—t), 
where R is the residue of Q(t)/F(—t) at the point t=-a. It is clear that 
G(¢) is regular at t= a so we may consider the function 


x oo 
(7) Ye) = JS, eteG(t)dt + f eteR/(a—t) di. 
The second integral is divergent, but is seen to correspond formally for 
the case m == 1 to the solution of the equation, 
(a — d/dz)™ —> W (x) = R/z, 


which has for its particular integral the function 


W (2) = (—1)"R f {0-9 (7 — t) 1/4 (om — 1) ! Jat. 


r en ae - ~ 
NE ages ve Ser Bak Me AAT ya She oe Ta ee aah et 
wv 4 we 4 o 


unit order of the function Q(t)/F(—t), then the solution of the original 
cguatica will be 


106 Davis: Differential Equations of Infinite Order 


where the R; are the residues of Q(t)/F(— t) at the points a; and 
E) = AIR) — È Ri/ (mu — t), 

The case of poles of multiplicity m is treated in similar fashion by 
writing G(t) in the form, G(t)=Q(t)/F(—t)— Ë 4n/(a—t)™ where 
the Am are the Laurent coefficients in the expansion of Q(t) /F(—t). One 
then adds to the integral f * eta (t) dt m functions obtained from W (2) 


by letting m assume the values 1, 2, 3+ + -m and replacing R by Am. 
Returning to the original problem, we see that the solution of the equa- 
tion under the restriclions of the theorem is the sum, u(z) = U(x) + V (x). 
4. Examples of the Theory. Three examples will serve to illustrate 
the force of the theorems of the paper: 


Ezample 1. Let us consider the equation 


u(¢ +1) —u(le) = 1/2, 
which may be written as (e*—1) > u(x) =1/c. 
The resolvant may obviously be written as follows, 
(9) uls) = 1/(e® —1) > 1/z, 
== {1/2 — 1/2 + Byz/2! — Boz? /4! + By2®/6!—- + -} — 1/2, 
where Bı == 1/6, Ba = 1/30, B = 1/42,- - - are the Bernoulli numbers. 
From the well known relation Bp:/Bp > A(2p-+1)(2p-+ 2) where A 
is a constant,” it is clear that series (9) is divergent for all values of x. 
But from (8) we see that the solution can be written in the form 


(10) U(e) = e+ logs + f, erteya sAd 
which, when c=0, is a well known form for the function Y(z) 
= T(2)/T(z).t 

The expression given in (9) is readily seen to be the asymptotic ex- 
pansion of (10). Making the transformation t== s/v and integrating by 
parts we at once obtain 


U(x) = c + log x + (1/2) {— 1/2 
Kl x 
+ > (— 1)?B,/2pr??-t + (1/222) f etb2mD (1/x) 
p=1 0 
* E. Borel, Leçons sur les series divergentes, Paris (1901), p. 24. 


+ See N. Nielsen, “Handbuch der Theorie der Gammafunktionen,” Leipzig (1906), 
p. 183. 


On Generalized Tchebycheff Inequalities in 
Mathematical Statistics. 


a By CLARENCE DEWITT SMITH.” 


1. Introduction. If P is the probability that a variable will deviate 
from its expected value by an amount as great as ¢ times the standard devia- 
tion of the variable, the Tchebycheff inequality states that P is not greater 
than 1/1? for every t.t This inequality may be regarded as a criterion 
which places an upper bound on the probability of a deviation of an item 
from its expected value without regard to the nature of the distribution from 
which the item is drawn. Bienaymé contributed to the development of such 
a criterion in a paper f published in 1853. Several contributions have been 
made in recent years to the generalization of the inequality with a view to 
obtaining closer inequalities both in the general case where no restrictions are 
placed on ‘the set of positive values and in cases where certain restrictions 
are place œn the distribution of the given values. The first important step 
in gener zing the inequality appeared in a paper § by Karl Pearson in 1919. 
He obtains the inequality 


Pio > 1— Man /t?™M 2” 


where Ma, is the 2n‘* moment about the mean and Pio is the probability that 
a deviation from the mean of the distribution is less than ¢ times the 
standard deviation if ¢ is a positive number. 

The inequality is further generalized in a paper { by B. H. Camp in 1922. 
By placing a mild restriction on the nature of the frequency function he 
succeeded in reducing the larger member of the Pearson inequality by about 
fifty per cent. The main restriction placed on f(z) is that it be a monotonic 


* Acknowledgments are due to Professor H. L. Rietz for his helpful suggestions in 
regard to certain important points discussed in the paper. 

+ Tchebycheff, “ Des Valeurs Moyennes,” Journal de Mathématiques (2), Vol. 12 
(1867), pp. 177-84. 

tM. Bienaymé, “ Considerations à l’appue de la découverte de Laplace sur la loi 
de probabilité dans la méthode des moindres carrés,” Comptes Rendus, Vol. 37 (1853), 
pp. 309-24. 

§ Karl Pearson, “On Generalized Tchebycheff Theorems in the Mathematical 
Theory of Statistics,” Biometrika, Vol. 12 (1918-19), pp. 284-96. 

TB. H. Camp, “A New Generalization of Tchebycheff’s Statistical Inequality,” 
Bulletin of the American Mathematical Society, Vol. 28 (1922), pp. 427-32. 
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decreasing function of |x| when | «| 2 co, c20. With the origin chosen 
so that zero is at the mean of the distribution he obtains the generalized 
inequality 


2 i 
< Bm _ FE CHEN 
Pe S mF ne ite Th 


In this inequality Pic is the probability that | æ | is as great as to when ż is a 
positive number, 


en E a PE ace a 
== er an-2 = Dan and ob = (an +1) Gei 


When Pa is the probability that a deviation from the most probable value is 
as great as d==tM,1/" the above inequality for c = 0 is 


Pa S 1/t"(1 + in) 


6 








This is the inequality due to M. B. Meidell.* Results analogous to those of 
Pearson and Meidell were published in 1923 in a paper f by Narumi. He 
represents by f(z) any law of frequency of infinite range and assumes a set 
of positive deviations from an arbitrary origin by setting 


f_i@ae= f Fe) +f(—a) der. \ 


He also arrives at certain closer inequalities for an increasing function. 

It is the main purpose of the present paper to give a further development 
of the theory and properties of what may be appropriately called generalized 
Tchebycheff inequalities. We shall give in Section 2 a simple development 
of the generalized inequality with no restrictions on the nature of.the distri- 
bution of a set of positive values. The inequality regarded as a proposition 
of geometry will be discussed in Section 3. In Section 4 we shall derive some 
closer inequalities, give a discussion of their properties, and a discussion of 
the effects on the inequality of certain restrictions on the nature of the dis- 
tribution function. Special functions for which the inequality may be made 
as close as you please will be discussed in Section 5. The fact that the close- 
ness of the inequality may be improved in certain cases by moving the origin 


*M. B. Meidell, “Sur un problème du calcul des probabilités et les statistiques 
mathématiques,” Comptes Rendus, Vol. 175 (1922), p. 806; also, “Sur la probabilité 
des erreurs,” Comptes Rendus, Vol. 176 (1923), p. 280; see also Skandinavisk 
Aktuarietidskrift, irging V (1922), p. 210. 

7 Seimatsu Narumi, “On Further Inequalities with Possible Application to Prob- 
lems in the Theory of Probability,” Biometrika, Vol. 15 (1923), p. 245. See also M. 
Alf Guldberg, “ Sur le théorème de M. Tchebycheff,” Comptes Rendus, Vol. 175 (1922), 
p. 418. 
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where $(v) = er/(1— e) 4-1/2. 
Consider the remainder 
Ry = | (1/a22"*1) f ergen (1/2) dt |. 
Since we have l 


oo 
pO (v) = E Arer?/(1— e)" + (—1)"(n—1) 1/0, 
where A, are functions of n alone it is clear that for large values of v, 
% 
d™(v) ~ 2 (—1)"A,r. From this it follows that positive values A and 
Tz 


m exist such that we have | 6°") (v) | < Aer». Hence for s > m, we get 
oo 
R, < (1/221) f etA entlodt = A Jz?” (z—m). 
0 


Consequently it follows that, 
lim z?"R, < lim A/(2— m) = 0, 
[z |=0 [a |=00 
which satisfies Poincaré’s criterion for the asymptotic expansion of U (z).* 
Example 2. The fundamental equation satisfied by the polynomials 
representing the sums of powers of the natural numbers, S,(p) = 1" + 2” 
++ p”, is obviously + 
Sn(p) —Sn(p— 1) = p", 
which may be written symbolically as 
(1—67) > Sa (p) = pt. 
The solution follows immediately : 
Sal p)= 1/1 — e°) > p", 
== {1/2 + 1/2 + Bız/2 ! — Boz®/4! + Baz" /6l— op", 
= p™1/ (n + 1) + p”/2 + nBip 1/2! — n(n — 1) (n— 2) Bop? 8/4! 
-+ n(n — 1) (n — 2) (n — 3) (n — 4) (n — 5) Bap™ 5/6 1—- ++, 
which is immediately recognized as Bernoulli’s famous formula. 


Example 3. The Heaviside expansion theorem so useful in the study of 
electrical circuits is an immediate consequence of equation (4). 

The problem studied by Heaviside was that of determining the current 
in an electrical net work when an electromotive force E(t) is impressed on 
the net work at time {==0. The special feature of this problem is that the 
unknown function (or functions in the case of multiple net works) denoting 


* Acta Mathematica, Vol. 8 (1886), pp. 295-344. 
+See Nielsen, Traité des nombres de Bernoulli, Paris (1923), pp. 296-297. 
£ For details and the extensive literature on this theorem see Carson, loc. cit. 
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the current in the net work must vanish together with its derivatives to as 
high an order as possible at ¢==0. From theorem 2 it is clear that this 
property is possessed by the solution (4) which, consequently, should be 
identifiable with the Heaviside expansion theorem. 

That this is the case is immediately seen if we change variables from 
a to t and let f(t) = E(t) =1. We then get ` 


u(t) = G(2) >E) = 3 ead (m) +1/F(0), 


which is the Heaviside theorem. 
Carson’s extension of the Heaviside theorem to an alternating E. M. F. 
is at once obtained if we let E(t) = e'"*. We thus have 


u(t) = G(z) > E(t) = 2 et (ap — in) F” (ay) + et 1/F (in). 


The form of solution of the general problem found most useful by Carson 
is derived in a simple manner from equation (4). 
Making use of the fact that in the development 


1/F(2) = bo +b + bet H, 


the coefficients may be calculated from the formulas 
by = 1/F(0), b= $ 1/a m” (ay), m>0, 
where the a; are the roots of F(z) = 0, we may write 
u) { È E (0)/a (0) + $; E (0) /ou*P” (ae) 
+ È eh" (0)/a (0) ++ + 3 + BC) /PO) 
— È E (6) aP (0) — & E) a) ++, 
= È 8 (E (0) (a) — BOP (t)/a F (m) 
+ B(t)/F(0) + È E()/aP (a), | 
=f. AÈ aE) /P (m))ds + E)/FO) + È Elt)/aP (m). 
This is easily seen to be equivalent to the expansion 


u(t) a> [LE oe al (ae) + 1/P (0) E (9) as." | 


which is Carson’s formula. 


WATERMAN INSTITUTE, 
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will be discussed in Section 6. In Section 7 we shall discuss certain types 
of distributions for which the difference between the members of the inequality 
attains a minimum. 


2. Development of the Inequality from Markoff’s Lemma. The in- 
equality has been developed by different authors from somewhat different view- 
points. Tchebycheff assumed a set of deviations of variables from their 
expected values. Pearson and Camp assumed a set of deviations from the 
arithmetic mean and considered moments of even order. Meidell assumed a 
set of deviations from the most probable value. Narumi assumed a set of 
positive deviations from an arbitrary origin. Hence it should be of interest 
at this point to develop a generalized inequality which gives rise to several 
important known forms of the generalized Tchebycheff inequality in a very 
simple way. We shall begin by giving a proof of a generalized form of the 
Markoff Lemma * which may be stated in the following modified form. 

If a variable U takes any set of positive values, Ur, Us, * °°, Ux with the 
corresponding probabilities, P1, P2, °° ", Pu respectively, and if M„ is the 
expected value of U”, then the probability Pa that U is greater than d is not 
greater than M„/d" where d is a positive number. 

To prove this generalized form of the lemma let up < dS teu. Then 
the probability that U is greater than d is Pa == Pou + Perz +" + Pr 


M, = U,rp, + U2" De ++ U "Pe + Terr Per +. Ur" Dre 

= "(Post + Pora H: + Pu) = d"Pa. 
Hence 
(1) Pa = M,/d". 
Now let us consider the forms of the inequality which result from certain 
assigned values of n and d. First let n==2 and d==tM. where Ma is the 
second moment of deviations of a variate from its expected value. Then, 
(2) Pa S 1/8, 


which is the Tchebycheff inequality for a single variate. Next let n be an 
even number and d = tM,” where A, is the second moment of deviations of 
a variate from the arithmetic mean. Then 4/5" is the standard deviation ø, 
and 

ety Pe J SAGA 


gives 8 bound analavous to that of Peaison. Finally, if d = Mte. 


(4) Pye Ets 
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This inequality is analogous to that of Narumi. Hence we have shown how 
the generalized inequality (1) gives rise to several of the important known 
inequalities in a rather simple way. 


3. The inequality regarded as a proposition of geometry. The theorem of 
Tchebycheff and its generalizations may be regarded as criteria which hold 
between the area and the moments of area under a curve. If y== f(s) is a 
single valued continuous function of x, then for a certain area in the first 
quadrant the theorem may be stated as an inequality which holds between the 
moments of area under the curve and the area under a given part of the curve. 
When so stated it may be put in the following form. 

If we take a unit of area in the first quadrant bounded by a curve 
y = f(x), the x-axis, and the lines v =a and z = k, (k >a), then the nth 
moment Mn, (n > 0), of this unit area about the y-axis is not less than the 
product of d” and the part of this area to the right of the line 
s= d, (Un < dS k). 

4. On some further relatively close inequalities. It is shown in Section 7 
for any distribution of infinite range that the two members of the Tchebycheff 
inequality will approach arbitrarily near to equality as d is increased indefi- 
nitely. But the inequality is not in general close to an equality when d is a 
finite number of the order of Mpt” except for specially designed functions. It 
would seem to be of interest to obtain a closer inequality connecting d, Pa, 
and the nth power of the values of the variable applicable to a wide class of 
functions, and if possible to obtain an inequality that will in general approach 
an equality at the ends of a bounded distribution. 

Consider again the increasing sequence of positive numbers U, Uz, Us, 

- +, Up which are the values taken by a variable U with the respective proba- 
bilities P1, Pz, Pa © °°», Pr. Following the notation in Section 2, let d be 


k 

chosen so that ue < d SS uen and let Mn = > u;”p: be the expected value of 
4=1 

U”. Then it follows that 


k k 
> wm Z d X oy, (n> 0). 
1 i=c+l 


i=c+ 
k 
But È pı = Pa, the probability that a value of U taken at random is greater 
=c+1 
than d. Hence, 
k 
(5) P= (1/d") 2 w"pi. 
=Cc+ 


If f(x) 2 0 is a probability function that is continuous and integrable from 
d to k, this inequality takes the form 
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5 
(6) Pa (1/d") f anf(x)dz, 
a 
% 
where P= f f(z) de. 
g 


e k k 
Next let 2m = 3 uipi/ © pi be the mean value of Uc, Ucs °° * , Um 
i=c+1 i=c+1 


weighted with their respective probabilities. Since it is well known * that 
for n È 1, 
Ie k k k 
dX U"pi/ > pi = (> wp/D pi)” — Em", 
i=c+1 i=c+1 i=c+l i=c+1 
we have 


k 
(7) Pa S (1/tn") I uspi: 
¢=0t1 


Similarly for the continuous probability function f(s) we have 


(8) Pa Z (1/tm") J ” anf (x) de. 


It seems desirable to emphasize that the inequality (7) is in general a closer 
inequality than (5) because tm > d for the increasing sequence. When f(s) 
is an increasing function throughout the interval d to k, £m is greater than 
(k +d). Therefore for a function f(x) that increases throughout the 
interval d to % it follows that 


k 
(9) Pa [2/(d+h)]* |, a*f(a) de. 


In the inequalities (7), (8), and (9) it should be noted that n = 1. In all 
cases where the function f(z) increases from d to k, (9) holds and is a closer 
inequality than (6). To compare the relative values of the actual proba- 
bility and the values given by (6) and (9) we may take as a simple case the 


k 
function f(z) = 2. Let 2 f zdr = 1, n = 4, and we have 
0 


d P (6) (9) 
1.1 .112 .1223 .1135 
1.5 0 0 0 
aA VU Valeo UL Vi dutou Vallee, Shain LG Gea Kaus Iren tu a 


as given by (6) and (9). In applviag ike ineyaality (9) it is well to nete 
that there is a [mutation on the velue ot w in terms orn and dia in the erse 
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of a non-decreasing frequency function. For if we assume a unit area 
bounded by y = f(x), the z-axis, the y-axis, and the line z== k where f(x) 
is a non-decreasing function in the interval z = 0 to z = k then * 


(10) kS(1-+n)YrM.Ur; ni. 
To establish this inequality let 


g = (1/k) f yds = 1/k 


be the mean ordinate of the curve y = f(z). For the nth moment of the 
rectangle OBCR, where OB == 1/k, we have 


k 
MW’, = (1/k) f ande — k*/(n +1). 
0 
Hence for the constant distribution we have 
k = (1+ ny (Wp) 1, 


Since y = f(x) is a non-decreasing function in the interval 0 Sz S k it is 
geometrically fairly obvious for n 21, that the nth moment of the area 
under the curve y = f(x) is not less than the nth moment of the rectangle. 
That is, Mnt” = (War) = k(1 -n J)re, orkS (1+n)VYrM.Y®. It now 
follows that d for non-decreasing functions is restricted in accord with the 
inequality, Mn" <dSkS (1+ n) VM, 

While the right member of the inequality (5) sets an upper bound for 
the probability Pa that seems ordinarily more difficult to compute than 
Pı = > pi itself, nevertheless (5) serves as a starting point for the develop- 

i=c+ 
ment of certain useful inequalities. By sacrificing something as regards the 
smallness of the upper bound in the inequality (5) we may write the inequality 
in the form 


k 
(11) Pas (1/d") [> Ui pi — Wal, 
where Ya S > Ui" pi (Ue < dS ten). 
4-1 i 


For a simple case, we may take 


since Ur L Ug L` ° | < Ue. 


* Narumi, loc. cit., p. 249. 
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Substitution of this value in (11) gives 


(12) PZ C up — un”) /(d* — ur). 


Similarly, for the case of a continuous function y = f(s) with a range a to 
k (a < k), we write in place of (11), 


(13) PiS (ya) f ef (e)de — ya], 
where Was f ° xf (x) dz. 


d 
By taking ya = ar f f(x) dz = a"(1— Pa) we have 
(14) Pa & (Mr — an) /(d" — ar). 


a 
In other cases we may take = | z”ydz, where y == fı (x) is a function of 


convenient form and such that 


ee (af (a\ de, 
Í. J. 


For example, it may lead to useful results in certain cases to take y = f(x) 
as a suitably selected tangent or chord of the curve y = f(z), the selection to 
be made depending on the nature of the function f(z) in the interval t= a 
toz=k. 

Although such a direct treatment of the problem is possible we have found 
it convenient to proceed with a less direct plan for obtaining a closer inequality 
than Pa (M,„/d") by first changing somewhat the form of the inequality 
(6). For the present we shall limit our considerations to the continuous 


7 
function f(z) ==0 in the interval O<Sr=% such that f “f(e) da = 1. 
0 


While we take æ positive, it is fairly obvious that any frequency curve 
y == g(x) in which z takes negative as well as positive values may be included 


I 
by taking f(z) = g(z) +9 (— x). By using moments Mo — f ‘arf (w) dx 
0 
of even order 27 we obtain from (6), 


(A 
vij En- + {Hop — N Hr PERSO mt it — A, 
a? 


} 


wher r=], ay and Roe ya’ sds. Now we way 
> \ A 


Meet dee es Iren eaeediai ss Tee eV 4te ae AT 2000.) TAGE 
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Let (a) be such that (d/dr)[¢(r)] == f(a) and let Pa= f f(z)de. 
Then $(x) = — Pe, f "zerf(a)de = — d” Pa + 2r J, “zer-ıP,de, and 


(16) R= — Pi + (2r/der) f “PP ada, : 
From (15) and (16), 

(17) er f erip de E Mar. 

Since (d/dz)Ps = — f(x) is negative the second derivative of Pe is positive 


when f(z) is a decreasing function. Let us consider the case where f(z) 
is a decreasing funclion in the interval 0 & 2d. In this case the curve 
y =P, is concave upward. The equation of a tangent to the curve y= Po 
at s = 6d, (0 S051) is 


(18) y—=— af (0d) + Ppa -+ Odf (0d). 


Since y = P, is concave upward it does not cross this tangent and the in- 
equality (17) remains valid if we replace Pa by the right member of (18). 
This gives after integration, 


— [2r/(2r + 1)] drtf(6d) + dr [Poe + 0d] (0d) ] = Mor, 
or 
(19) Pea + df (64) [0 — 2r/(2r + 1)] S Marse. 


The closeness of this inequality depends on the selection of 0. To find a 
value of 0 which would make the non-negative difference between the members 
of (19) a minimum we write 


V = Mor /d2* — Pa — df (9d) [6 — 2r/(2r +1)], 
and seek the value of 6 which makes 
dV /d0 = df (8d) — df (@d) — PF (6d) [0 — 2r/(2r +1)] =0. 


This equation is satisfied by 6 — 2r/(2r-+1). The second derivative of V 
is positive for this value of @ and the condition for a minimum is satisfied. 
If we let @==2r/(2r +1) in (19), 


Poray 2r+1 = Mar/der, 
A simple transformation gives 


Pa S Mo,/d2" (1 + 1/2r) 2. 
If d= t(Mor)**, 
(20) Pa S 1/6 (1 + 1/2r)2. 
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This is the inequality of Meidell and of B. H. Camp for his c=0. We have 
proved that this inequality is closer to an equality than any other derivable 
by using in place of Pz in (17) the function represented by a tangent to the 
curve y = P, at any point of the interval s = 0 to r= d. 

èe Next let us consider the case in which f(z) is an increasing function. 
In this case we know from (10) that the range 0 to & for consideration is 
limited to == (1-+ 2r)*". Now the second derivative of P, is negative and 
the curve y == Pe is concave downward. Consider the function represented 
by a chord which connects the points on y = Ps for which v= 0 and c= d. 
The equation of this chord is 


(21) y= (2/d)(Pa—1) +1. 
When we substitute the right member of (21) for Pz in (17), 


a ca 
(2n/d) (Pa ~1) f ade + 2r f seride < Ma. 
0 0 
After integration this equation reduces to 


Pass (Mor/d") (1 + 1/2r) —1/2r. 
When d == t( Mar)", 


(22) Pa S (1/6) (1 +1/2r) —1/2r. 


On comparing the upper bound in (22) with the upper bound set by the 
inequality of Narumi * for an increasing function, which is 


[1— 6*/(n + 1)]/[*— (nt 1); ¢28, 
it seems that they are equal when ¿=b and that the upper bound in (22) 
is smaller when ¢ >b. 

Let us consider next the case in which y = f(z) is an increasing function 
whenO0<e<h(0<h <k), and a decreasing function when s = h. Then 
the function Y == P, will be represented by a curve which is concave down- 
ward from z == 0 to == h and concave upward beyond z==h. We may sub- 


"d 
stitute for | z**-1P,dz in (17) the moment under the horizontal line AB 
0 


from zero to A plus the moment under the tangent at z= bd from h to d 
where as above 0~ 0 =< 1. We will then have from (17) 


a ; ae wy . 
dor Va uw my ’ i wi y 4 l rye 3 I © tes N vv- f (2e) {-~ 
ù 4 t 


Tan 4 r Ty T91] tf ‘oa 
nee p “pena then 7 


Ya) -i e [Pe + 09706) 
[her y (2r AVE COM 2 P es -L Odf(Od)T} < Mer, 
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or 
(23) Pea + Odf (0d) — [2r/(2r + 1) ] [ (427 — h?r) / {d?r — h?) ]f (0d) 
S (Mor — h?" Pr) / (d — her). 


We may ask for the value of 0 which will make the non-negative difference 
between the two members of (23) a minimum. Let the difference be repre* 
sented by 


V = (Mar — h?" Pr) / (8 — her) — Pog 
— {6d — [2r/(2r +1)] [ld — h?r) / (der — h?r) ] }f (8d). 


Then if we set dV/d6—0, we find that the value of 6 which satisfies the 
condition for a minimum is 


(24) d = bd == [2r/(2r 4- 1) J [ (drt — h2rtt) / (d?r — h?) ]. 
By substituting in (23) the value of dd given by (24), 
Pa = (Mar — h? Pr) /[ (8/0)? — h°]. 

We may let h == c(M.)%, and if y = f(v) is the distribution of absolute 
values from an arithmetic mean, we have M, = o, where o is the standard 
deviation. Then if d’ = te we have 
(25) Pe = (Bar-2 — "P co) /[ (t/0)? — cè], 
where Bor-2 = (Mor/o?"). 

Here 6 is determined from the equation 
t — [2r/ (2r + 1)] [t — (08) 27+2] /o [42 — (08) 2"). 
Now we know that Peo is greater than Pio and if we substitute Pro for Per 


in (25), 
(26) Pro SS Bor-2/(t/6)2". 
If we set c = r = 1 and t= 2 in (26) we get Poo S .138. 

Referring again to the function y=P, with the assumptions which 
lead to (23) we find that the equation of the chord A’B from g==0 to 
z= h is 

y = (1/h)[e(Pa— 1) +A]. 
If we integrate from s= 0 to s == h using this function, the first integral in 
the development which lead to (23) will be 


2r f, (1/h) [e(Px—1) + h]a2rde = h?r (2rPr + 1)/(2r +1). 
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Proceeding as above we obtain in place of (25), 
(27) Pro S {Bars — 7 [ (2rPoo + 1)/ (er + 1)]}/L (4/8) 2" — er]. 
We may again substitute Pic for Peo as in the preceding case and 

* (28) Pro S [Bor-2 — 0" /(2r + 1)]/[(t/0) 2" — &r/(2r + 1)], 


where @ is determined as in (25). If c=r=1 and t=2 in (28) we 


have Poo .092. The inequality of Camp for the same values gives 
Poo S .148. 


5. On close inequalities for special functions. Narumi* states that 
functions exist for which the difference between the two members of Pearson’s 
inequality may become arbitrarily small. In a recent paper + Bortkiewicz 
presents a discussion of the Markoff Lemma in which he gives a method of 
determining a distribution for which the difference between the members of 
the inequality stated in the lemma may be made equal to a previously as- 
signed small number. A similar method may be applied to a generalized 
Tehebycheff inequality. In the present section we shall present a discussion 
of a method applicable to the generalized Tchebycheff inequality 


Pi S M,/a", 


in such a way as to bring out the point that the equality is not realized except 
as a limiting case. 

Assume a distribution of positive varieties composed of the parts a and 
1—a. Let the variates which belong to 1— a be distributed in any con- 
venient manner from the origin to a point at a distance d, from the origin. 
Then place the variates which belong to a, at a distance d œ> d. If M,’ is 
the nth moment of that part of the distribution represented by 1 — a, 


Mn = My’ + ad", or Mn/dr = (M,’/de) + a 


It is now fairly obvious that as d, is decreased we can make Jf,’ approach 
zero and Mẹ„/d” will approach a. But Pae=a for e<d—d, and 
Mn/(d— e)” approaches Ma/d” as e becomes arbitrarily small. Hence the 
ditference, M,/(d—e)"— Pa-., becomes arbitrarily small for sufliciently 
small yalues of c 

Din SER Ulata ULV Ihr ansia wur LU Give kalina Uog seins 
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function which would have a ponit at which the inequality may be expected 
to become fairly close. 


pi -488 .005 .004 .0025 .0005 0 .0005 .0025 .004 .005 .488 
sı 0 1 2 3 4 5 6 7 8 9 10 


Let iM@,% = 10 —e. Then P= .488 and 1/1? S 4965. 


pı 0 .0005 .0006 .0007 .0008 .0009 .9965 
zz, 0 1 2 3 4 5 6 


Let tM,” == 6 —e. Then P = .9965 and 1/1?  .9977. 
In these illustrations ¢ is a positive number small at pleasure. 


6. On certain changes in the Tchebycheff inequality produced by moving 
the origin. It is well known that the Tchebycheff inequality and certain of 
its generalizations are valid for positive deviations from any origin. However 
the degree of approach toward equality of the two members of the inequality 
may depend upon the origin from which deviations are measured. If 


lzı |, | za |t * "| £x |, are non-negative deviations from any origin it is well 
known that 
(29) Pa SM /d", 


where Pg is the probability that an | æ | taken at random from the population 
is as great as d. 

In considering the degree to which the right hand member of (29) can 
be made to approach the left hand member by a suitable selection of an origin 
from which to measure deviations we shall assume that the original origin 
is such that we have a set of non-negative deviations. We propose first to 
consider the question of moving the origin so as to change the value of each 
deviation by an amount h where h may take positive values and negative 
values such that || is not greater than the smallest deviation from the 
original origin. Now if Pa is the probability of a deviation as great as d 
from the original origin, Pa = P'am where P'an is the probability of a devia- 
tion as great as d +- h from the new origin. Then in order to find the origin 
for which the right hand member of the inequality 


PaaS A (ee | +h)”/(8 +h)" 


shall approach as near as possible to the left hand member we seek the value 
of h which will make 
(30) n=2%(a|+h)r/(drh)r 
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a minimum. Such a value of A will satisfy the equation 


(31)  dVı/dh— MEL OTE US ee Ce o 
+h nti 
If n=2 in (31), 


(32) h= (3 | as |? — d3 | z; |)/ (Nd — 3 | z; |). 


If the original set of values were the absolute values of deviations from an 
arithmetic mean we may well write (32) in the form 


(33) h= (o2—dD)/(d—D), : 


where o is the standard deviation and D is the mean deviation from the 
arithmetic mean. An examination of (33) shows that h is ordinarily positive 
for d < o?/D and negative for d > o®/D; for, in general, d— D is positive 
since, in general, d > c > D. 

To illustrate by a simple numerical case, let us take s as the absolute 
values of deviations from an arithmetic mean with the following distribution : 


Frequency 2, 6, d, 2, 
| a; | 0, 1, 1.3, 2. 


Here o? = 1.4, d = 1.8, D = 1, and h = 1/3. Next consider the distribution 


Frequency 0 2 6 d 2, 
|æ | 012233. 


In this case o? = 4.4, d= 2.8, D=}, and h=—2/3, Pa= .83%2, and 
P'un = 812. These results show the amount of improvement in the value of 
the approximation in this very simple case. 

We may perhaps form a useful conception of the general nature of certain 
frequency distributions concerning which the problem of changing the origin 
is likely to arise by considering a special case for illustration. Assume a fre- 
quency curve y = f(x) of considerably less range in the negative direction 
from some convenient origin than in the positive direction. If d is not 
less than the range of y = f(s) in the negative direction the probability 
P, that a datum taken at random from the distribution will deviate from 
V as sane as @ jn absolute value is tue came as Che probally P'on 
that the same datnm youll dewinta na muyek tts zf = in apsoluta valine irom an 
orimn 0° located at a distance h to the leit of 0. Thus the prohlem of 
changing the origin is likely to arise in a different way from that discussed 


* 
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function with the origin at some such point as the arithmetic mean or the 
mode. Then suppose we seek to move the origin a distance h so as to make 
the right-hand member of the Tchebycheff inequality 
P'an S Mn/(d + h)” 
approach as near as possible to the left-hand member. 
This problem differs from the one considered above in that we now seek 
a value of h which will make 


(34) V =3(| z+ h |)”/ (4 +h)”, 


9 
a minimum. If n is an even number the required value of h satisfies the 
equation 


aV/dh = [n(d + h)Z (x + hyt — nd (2 + h)”]/(d + h) = 0. 
When n = 2 in this equation 
(35) h = (I 2° — dd x) / (nd — Sx) = (M: — dM,)/(d — M). 
If the first origin is taken at the arithmetic mean, M, = 0 and (35) becomes 
(36) h = po/d. 


Since A in (36) is positive we know the origin which we seek is to the left 
of the mean, when the distribution is represented as we have assumed. 

To illustrate with a continuous function we take y = (10 — x)’. The 
centroid of area is at Z= 31⁄4. The second moment about the centroid is 
p2 = 3.93. When d=5, h = .786. The second moment about the new origin 
is M= 4.538, and the deviation is d + h==5.786. We then have Pa SS .16, 
and Pan = .13. We may compare .13 with .16 to note the decrease in the 
larger member of the inequality due to changing the origin. It is interesting 
to note that in these illustrations the T’chebycheff inequality gives the best 
estimate of the value of the probability when the origin is quite near the lower 
bound of the distribution. 


y. On minimal values of the differences between the members of the 
inequality. In the inequality P=1/t" it is fairly obvious from very ele- 
mentary considerations that P and 1/i” each approaches zero as io. 
Hence for any distribution of infinite range there exists a deviation from 
the origin for which the difference between the two members of the in- 
equality is arbitrarily small. But tests with actual distributions indicate 
that the differences between the two members of the inequality as a rule are 
not very small except for large values of £ The question may well be raised 
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as to whether there is a finite value of the variable within the range of its 
values for which ihe difference between the two members of the inequality 
is a minimum. It seems that some distributions are of such a nature that the 
difference decreases as the deviation d from the origin increases while others 
shave places within the distribution at which the difference is a minimum, 
In the present section we shall give the results of investigating this question 
for certain special functions. 


To consider this question let us assume a distribution function f(z), 
continuous and integrable from —a to a, such that S fa)da=1 If 


zı = iMn” is a deviation from the mean value of g, we now that 
(37) Pe = iM, /2", 


where Pe, is the probability that a deviation from the mean is as great as 
tM," The inequality (37) may be written 


(38) S Tode f tedes (var) [area 


We would now ask if there are intervals on x for certain functions f(s) which 
contain a point at which the difference between the members of (38) is a 
minimum, and if so what is the nature of the function and where are the 
intervals. 

Let f(z) be positive and symmetrical about the y-axis. Then from (38) 
we may write the difference which is to be a minimum in the form 


(39) V = (ar) f, ei (o)da— f f(a) de. 


To examine V for a minimum, we have 


AV Jän =— (n/a) f af (e)de + f(a) = 0, 


or 
G 
(40) fa) | af (z)de. 
0 
If f(z) is an increasing function, d*V/dx,* is positive for n > 0. Hence a 
mal solution of (10) for ay within the tte ale Tr Te corre ends 


LO a WU TOL HOSEN PG) AS ate su an al eae Pe) 
is a decreasing function dV /dr2 is not necessarily positive and a test, for a 
Minimum must he marde in each case. 
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seek the value of a, that will make V in (39) take a.minimal value, In the 
following cases the ordinary tests for a minimum show that V takes a minimal 
value at the points indicated. 


(a). First assume f(x) = k, a constant. 
a 
From 2 f, kde = 1, we have k = 1/2a. We then find o = a/3%. 
0 


From (40), kz! = nk f, ° zrde and m! = nari / (n -+ 1). 
0 
Let n=}. Then v, = (a/3)(18)% > o. 


A minimal value of V exists at this point and we have a very simple 
function for which the difference between the two members of the inequality 
attains a minimum at a point fairly near the origin. 


(b). Next assume f(x) =k(1— 22), and a = 1. 


a 
From 2k f (1—22)de = 1, k= 3/4. We find o= (.2)%. 
9 


There seems to be no point at which the difference between the two mem- 
bers of P= M„/z," attains a minimum. However, in this case f(s) is a 
monotonic decreasing function of s and the inequality of B. H. Camp applies. 
To test this inequality for a minimum we seek a root of 


mi (1 + 1/n)™(1—a,2) = 2n/(m -+ 1) (n + 3), 
which is between (.2)* and 1. Let n= 2 and 
Të — 7,5 +- 16/135 = 0. 


This equation has a root between .55 and .56 which corresponds to the 
minimal value of F. 

We have thus found a particular function f(x) for which the closer 
approximation of Camp would attain a minimum at a value of x which is 
roughly 11/20 of the value of z at the upper bound of the distribution. It is 
a fact of some interest that we have found simple functions for which the 
minimal value of the difference between the members of the inequality exists 
for values of æ, in the interval Mn!” <a@,<a in case the inequality of 
Camp is used, but that no minimum exists for the difference if the inequality 
P= M„/zı" is used. 


(c). Take f(x) —=ka?? where b is a positive integer =1. From 


2 f kartda — 1, k— (2b + 1)/2a22, We find o= a[(?5+1)/(25+3) 1*. 
0 
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From (40) when n = 2b, 


gdi (7,20) == 2b s zildz, and gz, = a[2b/(4b + 1J], 
Now z > cif 
[25/ (4b + 1)] 4) > [ (20 + 1)/(2b + 8) ]%. 
This inequality holds when b is a positive integer. To prove that the in- 
equality holds for positive integral values of b we write it in the form 
2b/(4b +1) > [1 —2/ (2b + 3) J2. 


Expanding the right hand member in ascending powers of 2/(2b +3) we 
have an alternating decreasing series and the sum of the first five terms is 
greater than [1 —2/ (2b + 3)]2™*. The sum of these five terms is 


S == (12854 -+ 645° + 16485? + 12085 + 1137)/24(2b + 3)*. 
Comparing this expression with 25/(4b +1) we have 


2b g — 256° + 4224b* + 37125? + 38880? — 18685 — 1137 
bpi 24(4b + 1) (2b + 3) è 


which is obviously greater than zero when b = 1. The value 
ay = [2b/ (4b + 1) Jo 


indicates the point at which F takes a minimal value. 

Let us consider next some illustrations with non-symmetric distributions 
with a range from c to d where c and d are both positive and e < d. 

(d). Take f(z)==-k/z. From k f tpz = 1, klog (d/c)=1. We 
find M: == (Œ — c*)/2 log (d/c). Instead of equation (39) of the sym- 
metric case, we obtain 


T= (1a) f° arf(e)do— f Feds, 


é 

and dV /da,==0 gives m," f(z,)=n f af(a)dz. When n==2, r= (d—)%. 
0 

This value is greater than M% and gives a minimum for V whenever d and 

e me so selected that 


’ e a * tae a a ek er 
wir u we er ~ eet x Xe ET ae + ~ 


(cy. Take f(z) = kfr/(1—--i) | shore e--- 0, and d= N. 


č 
mh f Fett Nl7e—1 we Hm P--1'1.10259, We next find 
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d 
amta —a)] =n f [amt /(1— z) | dz, 


and 


«8 
a™2/(1—a,) =n f [z™1/(1— 2) ]dz. 
0 
When n = 2, 
aet/(l knis T1) == 1.509. 


This equation has a root between .76 and .77 which corresponds to the minimal 
value of V. 

In conclusion we may say that we have answered the question raised at 
the beginning of this section for a considerable number of simple functions 
for which the difference between the two members of the Tchebycheff in- 
equality is a minimum at a point x, within the interval from s = 11f,'/" to 
the upper bound of the distribution. Although certain other functions have 
been found for which V takes a minimal value, it seems that the cases con- 
sidered above are sufficient to illustrate the method which may be applied to a 
function f(z) whenever it is desirable to seek such minimal values. 
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A Generalization of Eisenstein’s Canonical Cubic 
and Associated Forms. 


By CLAIBORNE G. LATIMER. 


1. Eisenstein treated a canonical cubic, associated forms and reduced 
associated forms.* The coefficients of the canonical cubic are functions of 
rational integers B, y where (8 + 3yp) (ß + 3yp") = q, p being an imaginary 
cube root of unity and q an arbitrarily chosen prime in the form 3% +1. 
He found a necessary and sufficient condition that there exist a reduced form 
belonging to an integer a and also found the number of such forms. 

In this paper we shall consider forms similar to those mentioned above, 
except that instead of a prime q, we shall use an integer D, which is the 
product of distinct primes each in the form 34-++1. For these forms we 
shall obtain results analogous to those of Eisenstein referred to above, our 
results being equivalent to his when D is a prime. 

The method used here, which is much shorter than Eisenstein’s, involves 
the use of the theory of algebraic numbers. In particular, we shall use the 
factorable, primitive or einheit forms corresponding to the ideals in a cubic 
field of discriminant D? and also certain results obtained by the writer in 
another paper, hereafter referred to as J.t It will be found that there is a 
one-to-one correspondence between the ideals of a certain type in the above 
mentioned field and the reduced associated forms. For the case q=, 
Nowlan showed that Eisenstein’s canonical cubic could be transformed into 
the norm of the general integral number of a cubic field of discriminant 77. 
AU the ideals in this field are principal and hence the corresponding forms 
are equivalent to the above mentioned norm. 


2. Let D= qi: 2" * ‘Gm where the g’s are distinct primes in the form 
8h +1. Then qi= Aids (t= 1, 2, , n), where Ai, Ai’ are conjugate 


n 
imaginary primary primes of F(p), and [[ A: —=ß-+-dyp, where 8, y are 
i-1 
rational integers, 8 == (— 1)” (mod 3). Consider the equation 
mn) gh Ae P3 WOD W 
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28 — 3y is prime to D, since 4D == (28 — 8y)? + 27y?, and therefore (1) 
is irreducible. Let F be the field defined by a root of (1).* By Woronoj’s 
method of determining a basis of the integral numbers of a cubic field,t the 
following numbers constitute a basis of F: 


1, O== (—E+6)/8, 0 (E — 3D + £6, + 6:7) Po 


where ô, c, € are defined as follows. If each of the following conditions is 
satisfied, == 3; otherwise, ô = 1. 


(2) 3D = 3 (mod 9), + (28 — 3y) D =— 3D + 1 (mod 27). 
o is the largest integer such that the congruences 
(3) 2° —3Dze— (28 —3y)D==0 (mod 8”),  3827—38D=0 (mod 8c), 


have a common solution, é The discriminant of (1) is 3°D?y? and hence 
the discriminant of F is 3°D*y*/8%o*. (21) is obviously satisfied and it will 
be found that (22) is also satisfied, the upper or lower sign being read ac- 
cording as n is odd or even. Hence ô= 3. Then o divides Dy. D contains 
no square factor and is prime to 3(28—3y) and therefore by (3), o is 
prime to D. If in (3) we set = 3, o—y the resulting congruences have 
the common solution v= — 8. Hence 8=3, omy &=—ß and the fol- 
lowing numbers constitute a basis of F., 


1, O= (B+)/3, w= (— fb + 6°) /y. 


Let 8 be a root of the cubic equation g(x) —0, the discriminant of which 
is D?y*. Then by Theorem 2, J, we have the 


Lemma. A rational prime p, not a divisor of D, is the product of three 
distinct conjugate prime ideals of F or is a prime of F according as 


(4) g(z)==0 (mod p) 
has a solution or has no solution. 


3. Let p be a prime, not a divisor of 6yD, such that {p} = PPP” 
where the Ws are distinct prime ideals of F. By the Lemma, (4) has a 
solution. Since the discriminant of g is a square, by a result due to Woronoj,f 


*If D is a prime, F is the field defined by one of the three periods of the 
imaginary Dth roots of unity. See Bachmann, Die Lehre von der Kreisteilung, p. 213. 

7“ Über die ganzen algebraischen Zahlen die von einer Wurzel der Gleichung 
dritten Grades abhängen.” See also J, $2. 

+ Dickson, History of the Theory of Numbers, Vol. 2, pp. 253-4. 
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it follows that (4) has three solutions, b, b’, b”, no two of which are con- 
gruent, modulo p. yD is not divisible by p and therefore after adding proper 
multiples of p to b, b’, b” we may assume 


g(b)—=(b — 6) (6 — 6) (b — 0" )= ps, g(b’)= ps’, g(b’)— pms” 


where m is an arbitrarily chosen positive integer and s, s’, s” are prime to p. 
Then % divides one and only one of the above factors of g(b), say b — @. 
For if it divided two of them, it would divide their difference and then p 
would divide yD, contrary to hypothesis. 9” is therefore the g.c.d. of p” 
and b— 0; or P” = {p”, b—6}. Then 


Bo = {p®, b— 6}, pe Ze: {p*, y — 6}, 
Pe {pe b” — 0} (a = 1,2,-+°,m). 


Let X be an ideal of P such that it is not divisible by a principal ideal 
{p}, where p is a rational prime, and such that N(W) = a = py: p: + + py 
where the p’s are distinct primes, none of which divide 6yD. We may then 
assume 


A — (PHB n) (BP) - (PP) 


where PiE Bi’, N(R) = N(P’) = pr & Hm= (6=1,2,°-°,k). 
Let W, be an ideal obtained from W by replacing every product PEP: by 
one of its conjugates. If an ideal Œ is the product of two ideals W and W, 
as above defined, we shall say that & is of type P(a). Let BP" be one 
of the factors of Y displayed above and let PEP”? be the corresponding factor 
of A. Assuming that é = y, consider the product, 


(BEB) (PEP) = (pry PEPE — {p7,}{ p>, b — 0} {p8, b’ — 9}, 


where b, b’ are rational integers, incongruent modulo p, determined as above 
with m = é It may be shown that the rational integers in this product are 
identical with the multiples of pë = p*. If y > & we obtain the same result 
in a similar manner. By repetition of this argument we find that the rational 
integers in HM, are identical with the multiples of a. Therefore WY, has 
a canonical basis 

Wel — [ag sA. h tha! toj 
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Tt is known ® that if Bi. Be, Bs are intezers of F which constitute a basis 
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of an ideal %, then the factorable form 
U =N (Pit + Boy + Bz) /N(B) 


is primitive, i. e. the coefficients are rational integers, the g.c.d. of which 
is unity. We shall consider later the form corresponding to WW, ; namely, e 


G(x, y, 2) = (1/a*) N [as + (g + 80)y + (p + k0 + to)z] 


4. Consider the form 


B (u, v, w)== u? + D(B + 3yp) (v + wp)? 
+ D(B + 3yp*) (v + wp?)— 38Du(v + wp) (v + wp). 
A ternary cubic form f= as? -+> '- where a > 0, will be said to be asso- 


ciated with ® if its coefficients are rational integers, the g.c.d. of which is 
unity, and if ® is transformed into a?f by 


u = ar + by + b’z 

5 v= cy + ez 

w = dy + dz 
where b, - +, d are rational integers such that cd — c'd =a. Such a form 
shall also be said to belong toa. If d=0;0=5b, V <a; 0 Sd<d,; 
f will be said to be a reduced associated form.” To ® apply the transformation 


Ti V = By Me 


The resulting form will be found to be Y (@o, a1, %2) = N (a + @ 6, + 26,7), 
where 6, is a root of (1).{ Setting a + «0, + €28 = z + y0 -+ zw, we 
find that y is transformed into ¢(z, y, z) =N (z + y9 + zw) by 


% = + (1/3) By — (28/97) z 
T; = (1/3)y — (B/9y)z 
Oy = — (1/9y)z. 
Consider the form G, defined in §3. œ is transformed into a?G by the 
transformation 7, with the matrix 


*If D is a prime, our definitions of ® and reduced associated forms are identical 
with Eisenstein’s. Our definition of an associated form is equivalent to his. See 
ibid., pp. 297, 333, 334, 318, 296. 

ły may be obtained from (6), J, by replacing a, b by —3D and (3y—28)D 
respectively. 


Canonical Cubic and Associated Forms. 131 


a g h 
0 s k 
0 0 tf. 


Apply to G the transformation 7’, with the matrix, 


ft é 4 1 0 0 “ £& 4 
fo o 8 ham fo o 3h. fo 1 E) 
lo 8 8 0 3 0 00 1j 


where é, n,£ are arbitrarily chosen rational integers, and let f be the resulting 
form. G is primitive and 7’, is the product of two transformations as in- 
dicated above. The form obtained by the first transformation is primitive 
since a, the leading coefficient of G, is prime to 3. The second transformation 
is unitary and a is odd. It may then be shown that f is primitive.” 

® is transformed into a’f by 717.7,7,. The matrix of this trans- 


formation is 
a at +r 
0 t ti 
0 k s+ kb 


where a,» are certain integers independent of &n. By §3, st=a. Hence 
f is an associated form belonging to a. If we choose é y, & so that OS 
ač J- u < a, 0 & an + y <a, ¿== 0, then f is a reduced associated form. 

It follows that a sufficient condition for the existence of a reduced asso- 
ciated form belonging to a, where a is prime to 6yD, is that there exist an 
ideal of type P (a) ; or that every prime ideal factor of a be of the first degree. 
In the next paragraph we shall show that this condition is also necessary. 


5. Let f be a reduced associated form belonging to an integer a= 
pt: PaM: + + gy” where the p’s are distinct primes, none of which divide 6yD. 
Then ¢ is transformed into a?f by T247,718, where in S, c¢ =0. The matrix 


of this transformation is 
a è b’ — d'B 
0 3d 3d’ 
0 ac 0 ; 


ne Ò -= p oh IR x 2y)e- 8, Tray 
(3) f= Nan + (8 +340 + 3cw)y + (V — PB + 380)2]/a. 


Let 8 he the g. c.d. of the above coetticients; or 


7 Pe 44 2 5 ava r3 hg 
HS 21, , it ee Dye 


132 LATIMER: A Generalization of Eisenstein’s 


B— {a, 8 + 349 + 300, b’ — d'B + 349}. 


The form a’f/N(8) has rational integral coefficients, the g.c.d. of which 
is unity.* The same is true of f and hence N(B) =a?. a= cd’ is prime to 3 
and therefore we may determine integers A, e such that Aad’ + 3e=1. They 


a, e(& + 3d6) + co, «(b’ — dB) + ro 
belong to 8. These numbers constitute a basis of $ since N(B) = acd’; or 
B=[a «(b’—dB)+d6, «(8+ 3d6) + co]. 
Consider the factorable, primitive corresponding to 8; namely 


P (2, y’, 2’ )==(1/a*) N faa’ + [e0 — dB) + Poly + [e(8 + 3d0)-+ colz}. 


Equating the expression in brackets to the corresponding expression in (3) 
we find that fF is transformed into f by 


got KY TZ 

== Shad y +32 
z7 = 3% 
where «x, r are rational integers. The determinant of this transformation 
is —9. We shall now show that ® is of type P(a). 

Suppose % were divisible by a prime ideal of the third degree, {p}. 

Let $ = {p"}Bi, where B, and hence N(B) is prime to p. By the above 
basis of $, c and d’ are divisible by p”. Then a? is divisible by pt”, whereas 
a = N (B)—= p*"N(%1) where N(8,) is prime to p. We may then assume 


R en (PER ER’) (PEP ER) e.. (BF Pe Pr) 
where ®;, Pr, Bi” are distinct prime ideals of norm pi, & -+ yi + Ei = 2M; 
624 2 20 (i=1,2,:--,k). Consider the product PEP EP N. 
Dropping subscripts, we have 


PPEP — (pM, M = PR — {p b — 6} (pl, b — 0} 


where b, b’ are rational integers, determined as in §2 with m == 2A. The 
rational integers in ® are identical with the multiples of a and hence those 
in M are the multiples of p". Since N(M) = p?-87, it follows that M 
has the canonical basis 


M— [p, R+ 56, T+ U0+ Vo] 


* Bachmann, Allgemeine Arithmetik der Zahlenkörper, pp. 425-6. 
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where R,- - -,V are positive integers and SV—p 27, M contains 
(b— 0) (b — 6’) = bb’ + (8B —b— b’)6-+ yo and since a is prime to y it 
follows that V = 1. M contains pf"(b— b) and hence it contains p‘-7. 
Therefore A= ¢, or AZ é+. M also contains p>"(b’ — 6) and therefore 
§ = pP divides p>"; or AS E+y. HenceA—é+y=—€ and 


PERY” = ( PE” ) ( PEP” ) 


Repeating this argument, we find that $ is of type P(a). 
If a1, &, & and £1, B2, Bs are two bases of an ideal B, then a = I cis8; 


3 
(i = 1, 2, 3) where ci; are rational integers and the determinant | ci; | = + 1. 
It follows that the primitive factorable forms corresponding to these bases 
are equivalent. We have therefore 


THEOREM 1. Let F be the cubic field defined by a root of (1) and let 
G be an ideal of F of type P(a), where a is prime to 6yD. If a, &, &s are 
integers of F which constitute a basis of ©, then the primitive, factorable 
form 


(1/a?) N (a£ + ay + asz) 


may be transformed into a reduced associated form belonging to a by a trans- 
formation, T, with rational integral coefficients, of determinant + 9. 

Conversely, if f is such a reduced associated form, where a is prime to 
6yD, there exists an ideal of type P(a) such that every primitwe factorable 
form corresponding to this ideal may be transformed into f by such a trans- 
formation T. 


COROLLARY. If a is a positive integer, prime to 6yD, there exists a re- 
duced associated form belonging to a if and only if every rational prime 
factor of a is the norm of an ideal of F.* 

By the corollary and Theorem 4, J, we have 


THEOREM 2. If a is a positive integer, prime to 6yD, a sufficient condi- 
tion that there exist a reduced associated form belonging to a is that every 
prime factor of a be a cubic residue of D. If D is a prime, this condition 
is also necessary.t 


G. In this paragranh we shall show that there is a one-to-one corre- 
T BA wa dir 3 ` Poy ‘ 7 47, ı Te iv TOPET] fy + a ‘4 2 Tce 
sponuence velween ihe ideais of ype P (u) aud the reduced asvuted tate 


© Theorem 3, J, gives a necessary and sufficient condition that a rational primo 
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belonging to a. We shall then find the number of such ideals and hence 
the number of such forms. 

In the preceding paragraph we saw that to every reduced form there 
corresponded an ideal B of type P(a). Let fı, fz be two reduced forms be- 
longing to a and suppose they correspond to the same ideal 8. Then ® is 
transformed into a*f,, af. by transformations with the following matrices: ° 


a bi By a be bz 
( 0 C1 0 ) (° Ca 0 ) 
0 dı dy’ /, 0 ds de’ / , 
where 0 = bi, bi) Ca; 0S di < di’; cid? =a (i= 1, 2). We have 


B == [a, (by — Bd’) + dr, s (81 + 3418) + co] 
== [a, eo (b — Bde’) + da’, c2 (d2 + 3d28) + cow] 


where the e; are determined by Madi’ + 3e: = 1 and & =); + 2(B— 3y) 
. — d;ß. From the above sets of basal numbers it follows that cı = ca, dy’ = dr’ 
and hence we may assume e, == €» Since the numbers of each set may ex- 
pressed in terms of the other, it is readily shown that the forms fı and fe 
are identical. Hence the number of reduced forms belonging to a is at most 
equal to the number of ideals of type P(a). 

From every ideal of type P(a) we obtain a reduced form belonging to a. 
Suppose we obtain the same form f from two ideals. Let G and G” be the 
corresponding primitive, factorable forms, as defined at the end of §3. Then 
G and G’ are transformed into f by transformations T4 and T,’ respectively, 


with matrices 
1 E 4 1 E 4 
( 0 0 s ) ( 0 0 3 ) 
0 3 0/, 0 3 0/. 


Then G’ is transformed into G by a transformation with the matrix 
1 @&—-)B &—£)/ 
0 1 0 


0 0 1 


The coefficients of G and @ are rational integers and hence the same is true 
of the coefficients of this transformation. It follows that the ideals corre- 
sponding to G and G’ are equal. Hence the number of reduced forms be- 
longing to a is at least equal to the number of ideals of type P(a). There- 
fore the number of such ideals is exactly equal to the number of reduced 
forms. 
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Consider the number of ideals of type P (a), assuming that there is one. 
If a= pò, p a prime, the distinct ideals of type P(a) are 


(BP) (PB), (t= 1,2, A) 


ə where the ®’s are distinct primes of norm p, and the 2d ideals obtained 
from these by replacing P, W, P” by W, P”, Band by P”, P, W respectively. 
Hence there are exactly 3A such ideals. If a= p,- pa: + - py", where the 
p’s are distinct primes, we obtain 3¥A,* Àz © "Ar ideals of the required type. 


THEOREM 3. If a = p,- p: + + py, where the p’s are distinct primes, 
none of which divide 6yD, and if there is one reduced form belonging to a, 
there are exactly 

BEA "Ag e "Ar 
such reduced forms.“ 


y. In $2 we defined 8 + 3yp as a product of primary primes. We may 
obtain 2%1==¢ such products, 8: -+3yip (1—1, 2,--+,¢) such that the 
norm of each is D and no two of them are conjugates. For each of these 
products we obtain as in § 2 a field of discriminant D* and also a corre- 
sponding ®; as defined in $4. The Lemma and Theorems 1, 2, 3 may be 
applied to each of these ®; and the corresponding field F; (= 1,2,---,7). 
We shall now prove. 


THEOREM 4. If a is a positive integer prime to 6yı' ya‘ ' ‘yt’ D, then 
for every form ©, (i=1,2,' - ',t) there exists a reduced associated form 
belonging to a if and only if a is a cubic residue of D. 


In view of Theorem 2, it suffices to prove the necessary condition when 
n >1. Suppose a is an integer, prime to 6y,-ye° * -y:*D, such that for 
every ©; there is a reduced associated form belonging to a, and suppose p is 
a prime factor of a. By the corollary of Theorem 1, p is the product of three 
conjugate ideals in each of the fields Fi (11, 2,' * ',t). Let Bı + 3yıp 


= TE às, Ba + 3y2p = Ar’ TI hi where the à; are primary primes of F(p) and 
i=1 i=2 


Ay’ is the conjugate of à. Let Fı and Fz be the corresponding fields, and 
let p= r'u’ or p= where = is a primary prime of F(p). Since pis a 


3 


comnosife in A and in Fe hy Theorem 3 A. ond (e\ ef Lemma 2.7 vo have 
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where the brackets are Eisenstein’s symbols for the cubic character of m with 
respect to the corresponding primes. Therefore 


= En 
K-. 
Squaring both sides, we have 
Kl 
ie), 


If p= x: by multiplying these equations we obtain 


Gl, 


which is also valid if p—=#. But 


Ha 
A, el, 
Hence each of these symbols is unity; or p is a cubic residue of each of the 


non-associated prime factors of MAs =q: Repetition of this argument 
shows that p is a cubic residue of q192° * "m == D. This proves the theorem. 
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Quadruples of Space Curves. * 
By A. R. JERBERT. 


1. Introduction. Several papers have appeared recently which employ 
the notion of configurations whose elements are in one-to-one-correspondence. 
These papers are: “ Ruled Surfaces with their Generators in one-to-one Cor- 
respondence,” by E. P. Lane; + “Triads of Ruled Surfaces,” by A. F. Oar- 
penter,} and “ Triads of Plane Curves,” by the writer.§ 

The present paper is a logical continuation of the last one cited. It bears, 
however, a certain relation to Professor Lane’s paper. This consists in the 
fact that in both papers the analytic basis is a system of four, linear, homo- 
geneous, differential equations of the first order. In each case the given sys- 
tem of equations defines, to within a projectivity, four space curves. 

From this point on the viewpoints are divergent. In Professor Lane’s 
paper the four points are paired. One pair defines the ruling of one surface, 
while the other pair defines the corresponding ruling for a second surface. 
The curves serve merely as directrix curves for the surfaces and as such they 
are replaced, at an early stage, by more suitable curves, namely, the “ inter- 
sector curves.” T 

In the present paper the curves given by the defining system are regarded 
as the entity under consideration. To this end, only transformations which 
preserve the identity of the curves are permitted. These transformations are, 
the change of parameter and the transformation which multiplies the homo- 
geneous coördinates by an arbitrary factor. 


2. Defining System. Let us suppose that the four homogeneous coördi- 
nates of a point z, are given as functions of a parameter t; that is, 
a, = fi(t), (i=1, 2, 3, 4). As the parameter ¢ varies, the point sı 
describes a curve Cz, In the same fashion we shall assume that three other 
points, v2, Zs and Te have their coördinates given as functions of the same 
parameter f. 

As t varies, the four points describe the space curves Os, Co, Or, and Co, 
which are in point correspondence by virtue of their expression in terms of 


* Read before the American Mathematical Societi „ne 2, 1928. 
$ Transactions of the Americun Matnremacicus Soc.ciy, Vol. 25 (1923), p. 281. 
t Transactions of the American Mathematics! Society, Vol. 29 (1927), p. 254. 
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the common parameter ¢. AU the functions involved will be assumed to be 
continuous and differentiable except at most for isolated values of the para- 
meter. 

We proceed to find for the four curves a defining system of the form, 


4 
(1) 2 = 2 aij ti (i = 1, 2, 3,4), 
where differentiation is with respect to 4. The problem reduces to computing 
the coefficients a:;. To solve for the a: (i = 1, 2, 3, 4) substitute in the first 
of equations (1), in turn, the first, second, third, and fourth coördinates of 
the points 2, £2, £s, zae The resulting system of four equations can be solved 
for the a4, providing that the determinant 


(2) A= (a, P, 2, 2, | 
is not identically zero. 

In the same manner the remaining coefficients can be found provided 
always that the determinant (2) does not vanish identically. This assump- 
tion we shall make. Geometrically it amounts to asserting that the correspond- 
ence between the curves is such that the corresponding points are not coplanar, 
except at most, for isolated values of t. 

If in place of the four points zı, ‘ * x, we employ four new points 
obtained from the latter by the most general projectivity we find that they 
give rise to the same defining system (1). System (1), therefore, defines the 
configuration of four associated space curves only to within a projectivity and 
is accordingly suitable for the investigation of the projective differential prop- 
erties of such a configuration. 


3. Canonical System. As stated in the introduction, the object of this 
paper is to study the mutual relation of the curves defined by (1). With this 
in view the only permissible transformations are the change of parameter and 
the multiplicative transformation on the homogeneous codrdinates. We shall 
employ the latter to obtain a canonical form for system (1). To this end 
let us put 
(3) ti = Ài; (i = 1, 2, 3, 4), 


where the A; (i=1, 2, 3, 4), are arbitrary functions of the parameter t. If 
we substitute these expressions in (1) we obtain after transposition and divi- 
sion, 


4 
(4) umen (aij Ag — 813 Ay’) E/M (i= 1, 2, 3, 4). 
g= 


From (4) it is apparent that we can choose the arbitrary proportionality 
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factors in such a way as to render the coefficients in the principal diagonal 
equal to zero. For this purpose we shall take 


Ai = kie exp f aii8t, (i= 1, 2, 3, 4). 
: We obtain, accordingly, the defining system 

T” = dıa Ta + Gis Ts + G14 X45 
(5) Lo’ = de, Z + -F dos Ža + des Ta, 

Ëa” == Gai Tı + digo Le + Asa La; 

La’ = Gay Tı + Qae Le -+ Gas Ta ? 
where 
(6) ij = lij AZ/Ai- 


One other “ permissible” transformation remains and that is the change 
of parameter. It is readily verified that the effect of such a transformation is 
to multiply the coefficients in the defining system by a factor. Since we can 
not utilize the parameter transformation to any advantage, we shall pay no 
further heed to it. For the purposes of this paper, therefore, defining system 
(5) will serve as a canonical system. 


4. Invariants and Covarianis. From (6) we see that such products of 
the coefficients as ai; aji are invariants under the A-transformation. The coef- 
ficient ai; carries with it a factor A;/A; whereas aj; involves the factor Az/A;. 
The invariancy of ai; a;; is rendered apparent if we think of an inner sub- 
script as cancelling a like outer subscript. With this in mind, such a product 
AS des M34 Gag is obviously invariant. 

As a corollary to the last remark we note that if in the determinant of 
the coefficients a; (equation 5) we replace the diagonal terms by 1’s and 
expand by the ordinary rule all the terms in the expansion are invariants. 

With respect to covariants we note similarly that such an expression. as 
Qe, Za — 31 T4 carries with it, on being transformed, a factor Aı/A3 A, and is 
therefore a relative covariant. The following invariants are listed and named 
for convenience of reference. 


Ara = G12 Gai, Aig = Ass Asi, Ara = Gia Gar, 
Ass = Mag Age, Ags = Aza Aig, Ans = Oza Aaa, 


(7) Mi = Mag Ayı las, Na — Ogg lsg Ana, 
Ala = Aia Qos Tas, No = an O14 Gon, 
aly = Uzi Ura Uy N win Uza Lary 
Ma = this (az i313 N = lor (hg (323 
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The canonical system implies that we have chosen the proportionality factors 
(the A;) in such a fashion that z” is the point where the tangent to Cz, meets 
the opposite face of the tetrahedron. Similar statements hold for each of the 
vertices of the tetrahedron. 

Since the work that follows will be based entirely upon the canonical 
system (5), no ambiguity will occur if we write the coefficients which appear 
in (5) without the bars. 


5. Dual Considerations. It will be recalled that the assumption was 
made at the outset, that the correspondence between the four curves was to 
be such that corresponding points should not, in general, be coplanar. It 
follows that if we join corresponding points by straight lines a non-degenerate 
tetrahedron is formed. Since the parameter ¢ can take a singly infinite num- 
ber of values we see that the study of the four associated curves is equivalent to 
the study of a one parameter family of tetrahedrons. 

Since a tetrahedron is determined by its face planes as well as by its 
vertices it will prove useful to find a defining system for the coördinates of 
these planes. If we denote by u: the plane opposite the vertex 2; it follows 
that the coordinates of u, i. e. wi (hk = 1, 2, 3, 4), are proportional to the 
cofactors of 7,“ (k = 1, 2, 3, 4), in the determinant A (equation 2). We 
shall assume for the coördinates of u; the cofactors themselves. By direct 
computation we find by the aid of equations (5) the defining system 


Uy! = — Ag, Ug — Agi Us — Bay Us, 

(8) Up! = — Aye Uy — &32 Ug —~ Ago Ua, 
U3 == — Qyg Ur — Mag Us —~ Bas Us, 
Ug’ == — lrg Uy — los Uz — lgs Us 


It will be observed that the defining system (8) like i is in canonical 
form. If the computation for (8) had been based upon the uncanonical sys- 
tem (1) we would have obtained in place of (8) a system like it but with the 
diagonal terms restored. 

The geometrical interpretation of equations (8) is dual to that of equa- 
tions (5). Equation (8), states that the plane u,” passes through the inter- 
section of the planes us, us, and us Similar statements hold for equations 
(8), (8) and (8) 4. 

6. Characteristic Lines. As the parameter ¢ varies each face of the 
tetrahedron gives rise to a one parameter family of planes which envelop an 
edge of regression. 

If, in any one of the face planes, we wish to determine the line which is 
tangent to the edge of regression, in other words the characteristic line, we 
find that this is most readily accomplished by the aid of equations (8). 
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For this purpose we have only to recall that the characteristie line repre- 
sents the intersection of the plane with its immediate successor. In the dual 
case we determine the join of the point v, and its immediate successor as the 
line joining z, and z,’. We conclude, therefore, that the characteristic line in 
the plane u: may be found as the intersection of the planes us and us’. 

It proves convenient at this point to introduce a local coördinate system. 
We are, so to speak, already provided with a suitable reference tetrahedron. 
There remains merely the choice of unit point. We shall choose the latter in 
such a manner that an expression of the form yı x; (t == 1, 2, 3, 4) shall repre- 
sent the point whose local coördinates are y; (i = 1, 2, 3, 4). 

With this choice of coördinate system the planes u, and u,” become in 
point codrdinates, the planes 


(9) Yı = 0, flor Ya + sr Ys + Ga Y, = 0. 


Equations (9) taken simultaneously, define the characteristic line of the plane 
% (yı = 0). The characteristic line so defined, intersects the edges of the 
tetrahedron lying in its plane in three points given by the expressions 


(10) Ası T2 — Go, Lg, Qar Ly — Agr Te, Qar Bo — Oot Ls. 


In a similar way each characteristic line determines a set of three points, 
twelve in all, two for each edge of the tetrahedron. The points (10) are mani- 
festly covariant as we should be led to expect from their geometrical character. 
Before proceeding with the properties of the characteristic points we shall find 
it advisable to introduce other considerations. 


%. Tangent Planes. Each edge 2: a; of the tetrahedron generates a 
ruled surface as the parameter ¢ varies and the points a, z; describe their 
respective curves. The plane determined by the points a, zj, and (a; + Az;)’, 
is tangent to the ruled surface (z: æ;) at the point 2; + Azz. For the six 
ruled surfaces we obtain the following tangent planes: 


(21 22), (dig + Alos) Ys — (dia + Ades) Ya = 0, 
(2123), (dre + Adgz) Ys — (Are + Aga) Y2 = 0, 
(11) (21 21), (ais + N13) Yo — (tie + Adie) Ys = 0, 
(2225), (an + Adar) He (as Pe AAs) I = 0, 
(r, AE O Aa. Ya, eo Ar. Ya = (0, 
(es wa}, (usr | Mardis (had Aal = 0. 


(11). reduces to y, = 0, if we take ior A the value —é@n/ay. In othcr 
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lar fashion we find the points on (vg 2,4) and (24%) at which the tangent 
planes reduce to zı ==0. They prove to be the other characteristic points 
given by (10). 

The fact thus disclosed can be stated for a single ruled surface. 


THEOREM 1. If a plane be passed through each ruling of a ruled surface 
there results a one parameter family of planes which possesses the following 
property. Each plane ts tangent to the ruled surface at that point, of the 
ruling through which it is passed, in which the latter is met by the character- 
istic line of the plane in question. 


On the other hand, if we wish to find the equation of the tangent plane 
to £, x at zı we have merely to set A in (11) equal to zero, thus obtaining the 
plane 
(12) ais Ya — Cia Ya = 0. 


The plane (12 meets the opposite edge z;2, in a point whose expression is 
(13) lists F A14a. 


In the same manner we determine the points in which the tangent planes to 
Tı T4 and Lı 7, at zı meet the opposite edges. We obtain in this way three 
points in all. They are 


(14) lig Tg -+ Qia 4, Qiz Ta + As Tz, Aye Ta + Ong Ta. 


From the manner in which the expressions (14) are formed it is clear 
that each of the corresponding points is collinear with the point z,” (equation 
5), and the opposite vertex. We state this result as 


THEOREM 2. Ina one parameter family of tetrahedrons the planes con- 
structed at any vertex, tangent to the ruled surfaces intersecting in the curve 
generated by this vertex, intersect the edges of the opposite face in a set of 
three points. The lines joining these points to the opposite verlices in this 
face are concurrent in the point at which the tangent to the curve described by 
the vertex in question meets the opposite face. 


8. Space Quadrilaterals. Under (14) we note that there are 12 such 
points—two on each edge of the tetrahedron. A number of theorems can be 
stated which are concerned with the relations that may exist between the 
latter set of points and those we have denoted as characteristic points. The 
following relations may be readily verified by reference to equations (5), (9), 
and two others similar to (9) for the z, characteristic. 


2 
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An -+A =O, (174 ),z, 242,’ meets gs zs in x, char, 
(15) li aga + his aa = 0, (PP), * ma “m “, 
Az As =—0,01 £), nian “ Devs “ m“, 
Qaz Q21 + Asi Mag = 0, (£ 1°), 2i Zat “ mm" m“, 


Equation (15), states that the vanishing of the invariant A12 + Ais 
(equations 7) is the necessary and sufficient condition that the tangent plane, 
at a, to the ruled surface generated by the edge x, x, shall meet the corre- 
sponding ruling of the opposite ruled surface in the point in which that ruling 
is met by the characteristic line of the plane u, (yı = 0). We have described 
this line as the x, characteristic because it lies opposite the vertex z,. The 
parenthesis indicates which subscripts appear in the geometrical statement 
and how often each one occurs. 

The point in which £, Z4 x2’ meets zz x; is actually the point (14). so 
that (15), simply states under what condition the last named point coincides 
with the characteristic point (10),. We have preferred to state the relation 
as in (15);. By varying the subscripts similar relations can be written for 
the remaining edges of the tetrahedron. 

If we remove from a tetrahedron a pair of opposite sides, the remaining 
edges constitute a unicursal four-line or space quadrilateral. Since we may 
remove any one of three different pairs of sides it follows that the tetrahedron 
may be thought of as giving rise to three distinct space quadrilaterals. 

If we consider now the parentheses (17 27), (2737), (38 4?), and (4? 1?) 
we see that the edges they refer to form a space quadrilateral. It is to be 
noted also that the parentheses indicate a direction along this quadrilateral, 
namely, the direction pursued in going successively to the vertices x, Ze, Zs, 
and x4. 

The geometrical situations associated with each of the parentheses are 
given in statement (15), and similar statements obtainable from the latter 
by rotating subscripts. It is readily verified that the accompanying invariant 
equalities are such that any three imply a fourth. We have accordingly, 


THEOREM 3. If any one of a one parameter family of space quadrilaterals 
be traced unicursally and if at three successive vertices the plane tangent at 
ihe vertex to the ruled surface generated by the ensuing edge meets the rappie 
etor in the ; aret where the Tatler is metto y tha pfo enets tip Farar nd 
ing to the successor vertex, then for tive fourth vertex the ie stili 
persists. 


Mhama one topari isd Tt aft ian Themen Aha Iharos fa 2 -JT 7 


AE E ET ae I a ea” Te ite ` OE ees ae ote ke wees 


144. JERBERT: Quadruples of Space Curves. 


îi. e. they required no hypothesis except that implied in the configuration. 
Theorem 3, on the other hand, stated that if a certain property recurred three 
times it would necessarily occur a fourth time. We can indicate this feature 
of the theorem by the fraction (3/4). 

Most of the theorems of this paper will be like theorem 3. As to type 
they will be either (1/2), (2/3), (3/4), or (5/6). The possibility of each 
type existing is clear if we keep in mind the fact that there are four vertices, 
six edges, three edges in a plane, three edges on a vertex, while opposite edges 
occur in pairs. 

The following considerations lead to a theorem of the (3/4) type. From 
any vertex an infinite number of tangent lines can be drawn to a ruled sur- 
face. We shail put our attention upon just one of these, namely, that one 
which meets the ruled surface in the ruling which corresponds to the vertex 
in question; 7. e., the ruling shall be given by that value of the parameter t 
which determines the vertex. From a given vertex three such lines can be 
drawn, one to each of the three ruled surfaces generated by the remaining three 
vertices taken in pairs. We shall speak of these as the “instantaneous ” 
tangents from the vertex in question. 

If we inquire under what conditions the “ instantaneous ” tangents from 
any vertex a; are coplaner we find as necessary and sufficient condition 


(16) M: = Ni, (equations 7). 
Of the four equalities (16) only three are independent. We have accordingly, 


THEOREM 4, If from three of the vertices of a variable tetrahedron the 
“instantaneous” tangents drawn to the ruled surfaces generated by the 
remaining edges are coplanar then for the fourth vertex the same property 
holds. 


9. Developables. The condition that the edge az: a; shall generate a 
developable is simply the condition that the points xi, £}, a’, and 2’ shall be 
coplaner. Applying this test to each edge in turn we find the following con- 
ditions for developables, 


(L1 L4) Are Ass == Qis daz, (Tr Ls) Ase Gis = Aas Ara, 
(17) (22 Lz) Q21 Ugg == O31 Bea, (Xe T4) a, Gas = Oe Mas, 
(a1 Le) Qis Qag == Qis Aas, (2; Ta) Qaz Q31 == Age sie 
It is readily verified that only five of the equalities (17) are independent. 
We have, accordingly, 


THEOREM 5. If five of the edges of a variable tetrahedron generate de- 
velopables the siath edge also generates a developable. 
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It is also readily verified that if the edges meeting in a vertex generate 
developables equation (16) holds. We have therefore 


THEOREM 6. If the three edges meeting in a vertex generate developables 
the instantaneous tangents from this vertex to the ruled surfaces generated by 
' the opposite edges are coplanar. 


10. Fixed Point and Plane. If the coördinates of a point P referred to 
a fixed tetrahedron are P, (i == 1, 2, 3, 4), the necessary and sufficient condi- 
tions that the point P shall be fixed are, 


(18) Praga a4, 85.4); 


Let us suppose that the coördinates of a point P referred to our variable 
tetrahedron as reference system, are a, b, c, and d. To find the conditions 
which make P a fixed point we must, in order to avail ourselves of (18), 
express the codrdinates of P in terms of a fixed tetrahedron. For this pur- 
pose the obvious choice is to take as fixed tetrahedron the one in which the 
coördinates of the vertices 21, Zə, Zs, Va, of the variable tetrahedron are 
expressed. With this understanding 


(19) P =a z + b +02 + de. 


If we substitute the expression (19) in (18) and treat the result as an 
identity in 2, 22, £s, and x, we obtain the following conditions upon a, b, c, 
and d: 


æ = pa — Asıd — ügy — ad, 
(20) bp’ = — Qoll + ob — got — Oso, 
c = Qy38 an laz + pe Ze Qasd, 


A = — 414 — a240 — age + dd. 


If we multiply the coördinates a, b, c, and d by the factor exp f pdt, we 
obtain equations (20) with the diagonal terms missing; that is, we obtain, 
except for a change in notation, the adjoint system (8). We can speak of either 
(20) or the equivalent canonical system as the “ geometric adjoint ” * of sys- 
tem (1) or the equivalent canonical system (5). In similar fashion we find 
that the coördinates of a fixed plane, after multiplication hy a properly chosen 
factor, satisfy cyuations (5). We can summarize these results in 
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the face planes of the telrahedron. The codrdinates of a fixed plane, on the 
other hand, satisfy the defining system for the vertices of the tetrahedron. 


The following considerations lead to an equivalent statement of Theorem 6. 
To this end it is necessary to recall the peculiar manner in which the defining 
system (1) was set up. The determinant A (equation 2) involves 16 functions i 
arranged in a four-by-four array. In computing the coefficients in (1) we 
interpreted the elements in the i’th column of A as the coördinates of a point 
zi. To state the same fact in a slightly dfferent form, suppose we are given 
the system of equations (1). A set of simultaneous solutions 21, £e, Za and 2 
is not interpreted as a point. On the contrary, if we have four such sets of 
solutions, the four values of x; define the point z:. 

Looking back at equations (20) we see that in this instance it is pre- 
cisely the simultaneous solutions which we interpret as the coördinates of a 
fixed plane referred to the variable tetrahedron. We have accordingly, 


THEOREM 7,. If in a square array of 16 functions, with determinant dif- 
ferent from zero, we interpret the elements in each column as the coördi- 
nates of a point, we obtain four poinis. As the parameter in which the func- 
tions are expressed, varies, the four points together with their joins generate 
a variable tetrahedron. If the elements in a given row are interpreted as 
the coördinates of a plane referred to the variable tetrahedron, then this plane 
is fixed in space. The four rows, accordingly, define four fixed planes. 


11. Duo-flecnode Points. With the variation of the parameter t, a pair 
of opposite edges of the tetrahedron will generate two ruled surfaces which 
are in one-to-one line correspondence. In connection with such a configura- 
tion, Professor Lane * has introduced the notion of straight line intersectors 
of the four skew lines made up of the corresponding rulings of the two sur- 
faces together with their successors. 

The two points in which a ruling of either surface is met by the inter- 
sectors in limiting position we shall denote as the “ duo-flecnode points.” 
The term flecnode is suggested by the similar situation in ordinary ruled sur- 
face theory. The prefix was added to distinguish from another case to be 
mentioned shortly. 

Since any point on the edge 2; 2; is given by the expression s: -+ Aaj, 
the determination of the fleenode points consists in determining appropriate 
values for à. The following quadratics determine the values of A for the 
edges indicated 


* Loe. cit., p. 291. 
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(Ea %)— (lis Gar + os Asn) A? -H (P + Q)A + (ar Gar + ase da) 0, 

(21 22)— (Q24 Gar + Gar As) A? + (P — Q)A + (Gis Gaz + Gia Ai2)—= 0, 
(21) (£1 %4)—(Ga1 Ase + ar das) Xr” +(R + P)A + (ao tie + ais Asa) 0, 

(22 23) — (Giz sı + Asa dag) A? + (BR — P)A + (Gig dar + Gee Qaa) == 0, 

(21 &s)— (aar Ase + Age Gai) A? + (R— Q)A + (Ges ie + Ais das) 0, 

(22 %)— (ti Bhar + fiz aas JÀ? -+ (È + OA + (Ar Qsı -F a23 üz) == 0, 
where 

P == As — Ais; Q = Au— Ags, R= Ags — Ais. 


By observing the form of the coefficient of A in equations (21) we see 
that the following theorems are true: 


THEOREM 8. If on two of the edges of a variable tetrahedron, the duo- 
flecnode points are harmonic with respect to adjacent vertices it follows that 
the property holds for the third edge coplanar with the first two. 


THEOREM 9. If on one, and only one, line of each of two pairs of oppo- 
site edges, the flecnode points are harmonic with respect to adjacent vertices 
it follows that on one, and only one, line of the remaining pair of edges are 
the flecnode points harmonic with respect to adjacent vertices. 


12. Tri-flecnode Points. If we have two ruled surfaces with generators 
in one-to-one correspondence we can obtain another set of points similar to 
the ones we have designated as duo-flecnode points.* This time we make a 
selection of four skew lines by choosing on the first surface a ruling together 
with two successor rulings. The corresponding ruling on the second surface 
constitutes a fourth line. The two straight line intersectors of the four lines — 
take a limiting position as the successor rulings on the first surface approach 
coincidence with the ruling itself. 

The points where the ruling of the first surface is met by the intersectors 
in limiting position we shall designate as the tri-fleenode points on that 
ruling. On the other hand, the points where the ruling of the second surface 
is met by these same intersectors will be designated as the uno-fleenode points 
on that ruling. In the equations below, the quadratic in A determines the tri- 
flecnode points on (sızı), while the similar quadratic in » determines the 
cor.cepondine uno fla rede point- on (e..,). 
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The expressions Ax, Ba, Ci, D: are defined by the equation, 
vy’ = Å; Tı + B; Le -}- C; Ly + D; Ga. 


By permuting subscripts similar quadratics can be written for the remaining 
edges. i 


13. Tri-flecnode Points Indeterminate. For the tri-fleenode points on 
(zı %4) to be indeterminate it is necessary and sufficient that the coefficients 
of A”, At, and A’ in (22), shall be zero. We must have, 


(23) Asa Ca == dag Ba di2 Ci = h3 Bı, 
aaz Cy + Are Oa — aaa By + dis Ba. 


The third of equations (23) when taken in conjunction with the other 
two leads to two distinct possibilities. The first term in the left member may 
be equated to either the first or second term in the right member. We have, 
therefore, as a consequence of (23), either the following set of conditions 


(24) das Oa = las Bı, die Cy = lis By, Usa Ci = tig Ba, ire Cy = las Bı, 
or 
(25) laz Oa = Gag Ba, dye Cy = dis B, Oye Os = Ay Bı, dag Cy = Qas By. 


From equations (24) we readily find that the coefficients of u’, a, p? in 
(22). are zero. In other words, if equations (24) hold, the edge zz az lies on 
the osculating quadric to the ruled surface generated by the opposite edge 
Ly Ly. 

On the other hand, equations (25) are the necessary and sufficient con- 
ditions that the edge v, x. should generate a plane. In fact, if we insist that 
the osculating plane to the curve traced by x, shall be identical with the cor- 
responding one for the curve traced by a4, we obtain the last two of equations 
(25) together with a third equation which can be obtained from the first two 
of equations (25). 

If, then, equations (25) hold the edge z, x, generates a plane. The 
plane thus determined will intersect the opposite edge in a point. All the 
lines lying in the plane will meet the edge zı x, and its two successor rulings 
as well as the edge x. 23. The indeterminateness of the tri-fleenode points is 
obvious in this case. 

If equations (24) hold, the points determined by (22). are also inde- 
terminate so that the ruling gı £4, together with its two successor rulings and 
the opposite ruling x2 x; are all in quadric position. We can summarize this 
section as, 


THEOREM 9. If two ruled surfaces are in one-to-one line correspond- 
ence, indeterminateness of the tri-flecnode curves on one of the two surfaces 
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implies one of two things, the surface on which the curves are indeterminate 
is a plane, or else the second surface belongs to the flecnode congruence of the 
first.” 


From equations (25) we can readily derive equation (17):, which is the 
condition that (z, 2.) should generate a developable. By rotating letters and 
subscripts we obtain from (25) the conditions that each edge in turn shall 
generate a plane. In each case only three of the four equations are independ- 
ent. We shall choose as independent conditions the first two in each set 
together with the condition for developability. We already know that the 
latter conditions are so related that any five imply the sixth. It also turns 
out that the first two in each set are so related that if they hold for five edges 
they necessarily hold for the sixth edge. We have then, 


THEOREM 10. If five of the edges of a variable tetrahedron generate 
planes, the sixth edge also generates a plane. 


CONCLUSION. 


We have considered in this paper a one parameter family of tetrahedrons. 
The various parts of the configuration have been seen to be interdependent 
in such a fashion that properties of a certain portion of the configuration 
implied like properties for the rest of the configuration. 

Only a few of the simplest properties have been considered. 

If we wish to apply the results of this paper to the variable reference 
tetrahedron as it occurs in various branches of Projective Differential Geome- 
try we need merely to have for the vertices of the tetrahedron such a defining 
system as (1) or (5). 

If we turn to the theory of space curves, we find that equations (5), p. 
239 of Wilezynski’s Proj. Diff. Geom., are just such a system as we require. 
In fact, if, as is usually the case, pı is set equal to zero, equations (5) are in 
what we have designated as the canonical form. 

In general surface theory the points y. Ye, yr, and Yu» frequently constitute 
the reference tetrahedron. If the parameter u alone varies a one parameter 
family of tetrahedrons is obteined, Thero ta no diffenlty in writing devn o 
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A succeeding paper will extend these results to four-space. 
Tiüivereity of Washington, Seattle, Wash. 
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On the Moduli of Algebraic Functions Possessing 
a Given Monodromie Group. 


By Oscar ŽZARISKI. 


1. It is known that, given a transitive group G of degree n generated 
by a set of substitutions S1, Se,--+,S., such that 8,82: 8o = 1, there exist 
infinite algebraic functions y of x of order n possessing G as monodromie group 
and having » branch points a, &,° - -,%, which can be assigned arbitrarily, 
and such that for a given system of loops in the x plane the substitution on 
the branches of y at «; is exactly S;. By letting the position of the branch 
points «; vary arbitrarily, we obtain a complete continuous system, which we 
will call 3, of algebraic functions, which depend on w— 3 essential para- 
meters—the cross-ratios of the set (a). All functions of = are of the same 
order n and have the same monodromie group G and the same genus p. 
The value of p depends only on the assigned substitutions S8;, viz., if 8; is 
composed of p; cycles of orders vii, v2i,* © *, vmi respectively, then 


o Bi 
(1) an + 2p — 2 = = (rm). 
i=1 j= 


We now ask: Under what conditions will the functions of Z be of general 
moduli? By saying that an n-valued algebraic function y is of general moduli, 
we mean that the algebraic curve &, defined in the invariantive sense of 
Algebraic Geometry, and on which y corresponds to a definite linear involution 
gn’, is of general moduli. Evidently a necessary condition, that the functions 
y of 2 be of general moduli, is that the above number w — 3 of essential 
parameters should not be Jess than the number 3p — 3 of the birational moduli 
of the general curve of genus p. Hence, necessarily 


(2) w = 8p. 


If (2) holds, will it be possible to affirm that the generic function y of & is 
of general moduli? There is at least one case in which this is not necessarily 
true, namely when G is an imprimitive group. In fact, in this case, any 
function y of 3 defines on the corresponding curve ¢ a gn* composed of an 
involution. If this involution is irrational and p > 1, then it is well known 
that ¢, or y, is of special moduli. The following example may serve as an 
illustration: Let œ = 6, and let 


(3) S, == S,—~ — (13) (24); Se = = (12). 
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The functions y of 3 are of genus 2 and the number of essential parameters 
on which they depend is 3, the same as that of the birational moduli in the 
case p==2. However, we prove, that the functions y are of special moduli. 
In fact, the group G of degree 4 and of order 8 generated by the substitutions 
(3), is imprimitive, the sets of imprimitivity being [1, 2]; [8, 4]. Hence 
the g.* is composed of an involution ya!. If y is an algebraic curve in one- 
to-one correspondence with the sets of the ya! on œ, then to the g,' on ¢ there 
corresponds on y a g2', and hence a two-valued algebraic function z, whose 
branch points are evidently among the branch points of y. Now, the sub- 
stitutions Sı, S2, Sz, B4 permute the sets of imprimitivity, while Ss and Se 
leave invariant each set. Hence z, a 2-valued algebraic function with 4 branch 
points %1, &, %, %, is of genus 1. It follows, that the ya! on ¢ is an elliptic 
involution, and that therefore the functions y of X are of special moduli. 
Excluding the obvious case of imprimitive groups, the above formulated 
question constitutes one of the most general problems, which arise in con- 
nection with the theory of Galois as applied to Algebraic Geometry. The 
affirmative answer, i. e. the theorem that if G is a primitive group and if (2) 
holds, then the functions of X are of general moduli, is probably correct, al- 
though at present we are not able to prove it rigorously. The theorem which 
we establish in this paper (section 3), and which generalizes a theorem stated 
by Severi for the case in which the assigned substitutions S; are transposi- 
tions,” may be considered as the first step toward the solution of the problem. 
It gives an important geometric criterion, which reduces this group problem 
to a problem of the theory of virtually complete series on an algebraic curve. 


2. Our problem may be considered from a slightly different point of 
view, which we are going to explain. On a given curve & of genus p and of 
general moduli there exist, for a sufficiently large given value of n, an in- 
finite class of linear involutions g,’. The monodromie group of a generic gn? 
of the class, i. e. the monodromie group of the corresponding n-valued alge- 
braic function, is the total group. But for special ga”s of the class the group 
may well reduce to a subgroup of the total group. This will generally happen 
when and only when each multiple point of the g,* is of order > 2, so that 
the Jacobian set of the gat does not contain simple points. We call a transi- 
tive proup G of degree n nua-spectal of avaus p, it Gis the monodromie eroun 
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thus divided, with respect to a given value p, into two classes, special and 
non-special groups of genus p. It follows from the definition that, if a group 
G of degree n is special of genus p, then no matter how we specialize the gn? 
on a curve of genus p of general moduli, by letting its Jacobian set acquire 
multiple points, we never obtain a gn! possessing G as monodromie group. 
Our problem amounts to finding a criterion which should enable us to decide 
whether a given transitive primitive group @ is special or non-special of 
genus p. 

Let, as in section 1, a set of substitutions $,, S2,- - +, Ss be introduced, 
which generate @ and such that 8,8.:--S.—=1. We say then, that we have 
a representation of genus p and of rank œw of the group G, where p is defined 
by (1). A group G is certainly special of genus p, if in any representation 
of genus p of G, the rank w is less than 3p. The most important example 
of such groups is given by the primitive solvable groups. The author showed 
elsewhere * that if p > 6, then in any representation of genus p of a primi- 
tive solvable group the rank w is less than 3p, and thus deduced the conclu- 
sion that an algebraic equation of genus p > 6 and of general moduli cannot 
be solved parametrically in radicals. 

On the other hand, if a transitive primitive group G does admit a repre- 
sentation of genus p and of rank w = 3p, it does not yet follow, although it 
seems probable (see section 1), that G is non-special of genus p. If this 
were true, we would have the following remarkable fact: that the special 
groups of a given genus can be completely characterized by an arithmetical 
condition. 


3. If the assigned substitutions S; are transpositions, so that G is the 
total group of degree n, it is well known that @ is special of genus p, if and 
only if n < p/2-+1. A theorem due to Severi (see quoted paper) says that 
the most general curve of genus p containing a ga‘ depends on 3p — 3 —i 
moduli, where è is the index of speciality of the complete two-fold series 
| 2gn |. The purpose of this paper is to show that the method employed by 
Severi can still be successfully employed in the case in which the assigned 
substitutions are (not transpositions, but) arbitrary. We thus obtain a theorem 
similar to that of Severi, in which, however, the ordinary complete series 
| 2gn | is replaced by a conveniently defined virtually complete series || 2gn ||. 
In order to be able to state our result, we anticipate some of the definitions 
and statements of the later sections. 


* Sull’impossibilita di risolvere parametricamente per radicali un’equazione al- 
gebrica f(a, y) =0 di genere p> 6 a moduli generali, Rendiconti della R. Accademia 
dei Lincei (6), Vol. 3 (1926). 
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Let y be a generic function of 3, and let gx? be the linear involution 
on the corresponding algebraic curve œ. Let I4, Ta,‘ * *,Tu be the sets of 
the gx! which contain multiple points of the involution. Then (see section 1) 
T; contains one multiple point Pı; of order vı, one multiple point P2: of 


order vei,***, one multiple point Pu, of order vpi and n — vi — va — "Vi 
simple points. Consider the œ sets 
(4) (Patel, Po, ++, Puppet). 


Given a linear series gm” on &, the above sets are said to be neutral sets of the 
series, if each set imposes one condition only on the sets of the gm” constrained 
to contain it, i. e. if the sets of the gm” which contain one point of one of the 


sets (4), say Pan consequently contain each point P;; of this set to the multi- 
plicity Vit 1. 


If the gm” is not contained in a larger series of the same order, possessing 
the same w neutral sets, then the series is said to be virtually complete. 


A set A of m points of which none coincides with any of the points Py, 
is contained in a unique virtually complete series || A || = || gm |. 

For reasons which will be explained later, the index of speciality i of a 
virtually complete series gm” is defined as follows: 


i—r—[m—p— X mm] 1— [v—3p +2 + m— Mm]. 


A virtually complete series is special or non-special according as t is 
> 0 or =0. 

In particular, a virtually complete series of order 2n is a series gon” 372+, 
where 7 is the index of speciality of the series. 

We can now announce our result as follows: 


Let T and I’ be two arbitrary sets of the gn’, which corresponds to a generic 
function y of 2, and let || gon | =] T + Y || be the virtually complete series 
defined by the set T + T. The functions of 3 depend on 3p — 3 — i moduli, 
where i is the index of speciality of the series || gen ||. 


In particular, we have: 
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gm on ġ, we transform ¢ into a plane algebraic curve C of order m + n with 
two fixed multiple points A and B of orders m and n respectively. The curve 
C possesses other variable multiple points equivalent to (m—1)(n—1)— p 
ordinary double points. The linear series gn’ and gm! are cut out on C by 
the lines of the pencils A and B respectively. By letting the w branch points 
a of the function y and the 9. on @ vary, we obtain a continuous system 
of curves C, which we will denote by K. We say that if m is taken sufficiently 
large, the system K is irreducible, and that the generic curve C of K possesses 
ordinary double points only, and that moreover none of the w tangents to C 
through A passes through a double point of C. 

To see this, let us take m = 2p-+ 2, and let us consider a generic com- 
plete series Init? on ¢. We imagine the sets of the series represented by the 
points of a projective space Sm-p in which the lines are the images of gm”s 
contained in the gm”. As an immediate consequence of the theorem of 
Riemann-Roch it follows, that the gn”? has no fixed points, and that its 


residual series with respect to any 3 (distinct or coincident) points, is a 
a 

We consider in Sn-» the following loci: 

1. The locus V, of points, images of the sets of the series gm”? which 
contain a variable triple of points of ¢, belonging to a set of the gn’. 

2. The locus V2 of points, images of the sets of the gm™?, which contain 
a pair of (distinct or coincident) points belonging to one of the sets of 
the gn, which contain multiple points of this last series. 

The loci V, and Vz consist of a finite number of varieties, and by the 
foregoing remark each of these varieties is of dimensions = m —p— 2. 
Hence, it is sufficient to consider a generic line in Sm» which does not meet 
the loci V, and Ve, in order to have a gm on œ which together with the gn} 
gives rise to a curve C of K, satisfying the required conditions. 

That the system K is irreducible, follows immediately from the fact that 
both the system % and the variety of all gm”s on a curve of genus p are 
irreducible. 

To evaluate the dimension of K, we observe that, when the w tangents 
to C through A are assigned, the projective correspondence between the sets 
of the g„! and the lines of the pencil A is uniquely determined,” while there 
are still co? ways of setting up a projective correspondence between the sets 
of the gm? and the lines of the pencil B. Since the dimension of the variety 
of the linear involutions 9m! on a curve of genus p is 2m — p — 2, it follows 
that K is of dimension 


* We suppose that w > 3, since, if w= 2, the curves C are rational. 
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(5) r—=Rm—p—2+3-0—2m—pto+l. 


The peculiarity of the system A consists in the fact that each of the 
w tangents through A to a generic curve C of K is, in general, a multiple 
tangent, having with C one or more contacts of order =1. From the fore- 
going considerations it follows that the points of contact of any of the w tan- 
gents are distinct simple points of C. Thus, if we denote the tangent corre- 
sponding to the branch point a; by the same letter «;, we have that œ; has 
with C one contact of order vı; at a simple point Pı:, one contact of order 
voi at a simple point P2i,- - -, one contact of order vp,; at a simple point Pui. 


5. Following the method of Severi, we consider the o == 3m + 2p — 2 
tangents through B to a generic curve C. Let us denote them by A. If of 
the o tangents A, o—i (t =0) only can be assigned arbitrarily, then the 
curves of K depend on 3p — 3 —i moduli. Let Co be a generic but fixed 
curve of K and let us consider the variety of curves of K which touch the 
tangents A. Let H be that irreducible part of this variety which contains Cs. 
Since, by hypothesis, the sets A depend on o—zi arbitrary parameters, and 
since the dimension of K is 2m -—— p -+ o + 1, it follows that the dimension 
of H is 


(6) = (2m—p+o+1)—(2m + 2p —2—1) = ow — 3p +3 +i 
and that the characteristic series of H on Cy is of dimension 

(7). t —1l=o—3p+2 +i. 

In order to characterize the above series, we prove the following: 


LEMMA. If in an irreducible continuous system {D} of plane algebraic 
curves, the generic curve D has p contacts of orders vı, vz,* * *, vy at simple 
points P,, Po, © >, Pa with a variable line a passing through a fixed point A, 
then the characteristic series of the system on D possesses [P "t, Ps, ++, 
Put] as a neutral set of points. 


Let Do be a generic fixed curve of {D}. To simplify the proof, we may 
suppose that the point A is at infinity on the y-axis, and that the multiple 
foment or fo Dy comeides vith the pawa. We conider o senerie pha broic 
sysiem -+ of curves J, contauuug Po. Tne eyuation of a generic curve J 
of the system 1s of the form 


er rN / ts fe i i r "x 
: toe » FEZ] : 


va CR ye eo en ne a u Zn 
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where é and b; are functions of ¢. We suppose that Do corresponds to £= 0, 
so that the equation of D, reduces to 


f(z, Y, 0)= able, y) + (y + b2)” (y + ber) + + (y + bp?) enbo(y), 
where 
$o (2, y) = $ (z, y, 0), mim ba Yoly)=y(y 0), 
and 
(0, — b:?) 0, do (— hi’) 0 (¢=-1,2,°°°,@). 


The characteristic group on Dy is cut out by the curve 


(8) [ef (&, yt) /87] [Bl Y) + #(0b0/8)] (dé/di)o _ 
“+2 (09/Bt)o + (y + D10) (y F Dye)" «+» (y H Dp) hp (y) —0, 
where 
(9) y(y)=(y + b?) (y + b2°) + (y + bu) 
X {y (y, 0) [v1/ (y + b)+ vo/ (y + 02°) + + vp/ (y + Bp?) J 
+ (dp/0E) 0}; 


and where (86/88)— [3e (x + &, y, t)/0t] is evaluated by keeping é constant. 


Suppose now that the characteristic group contains the point æ = 0, y = — b,°. 
Then, since & (0, — 0:°)=& 0, it follows from (8) and (9) that (dé/dt)o =O, 
and hence that the curve (8) passes through each point z == 0, y = — b;° and 


has at that point a (v: — 1)-fold contact with the y-axis, q. e. d. 
By this lemma it follows that the characteristic series of Z on Cy possesses 
w neutral sets: 


(4’) [Pit Papat, mt 3 Put], (4 mee 1, ay" * =) w) ° 


Moreover, the curves of H, infinitely near to Co, pass through the double 
points of Cy and through the « points of contact of the tangents A with Co. 
Hence, as in the case considered by Severi, the above characteristic series is 
of order 2n and is totally contained in the two-fold of the series gn*, cut out 
by the lines of the pencil A. 

The characteristic series of H on Co can be thought of as a virtually 
complete series of index of speciality 1. To show this, we must give a general 
definition of a virtually complete series, and we must also explain what is 
meant by a special virtually complete series and by the index of speciality 
of such a series.“ This is done in the next section. 








* The general theory of virtual series was first developed by Nöther in “Über 
die Schnittpunktsysteme einer algebraischen Curve mit nicht-adjungirten Curven,” 
Mathematische Annalen, Vol. 15 (1879), p. 507-528. In this paper Nöther uses as 
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6. A linear series gm” on a curve ¢, with w neutral sets 
(10) [Pium Pa, iey Putt], (i == 1, 2, EE w) 


is virtually complete, if it is not contained in a series of the same order and 
greater dimension, possessing the same w sets (10) as neutral sets. A virtually 
complete series will be denoted by || gm ||. 


A set Gm of m points of ¢, none of which coincides with a point Pj: 
of the above sets, belongs to a unique virtually complete series. Due to this 
theorem, this series-can be denoted by || Gm |. 

To prove this, let gm” (r = m— p) be the complete series to which the 
set Gm belongs. In the representative space $,, the points of which corre- 
spond to the co” sets of the gm”, let the point O correspond to the set Gm, 
and let 8,, be the linear space in S; the points of which correspond to the 
sets of the gm’, which contain the points Pui, Pau," + `, Ppa to the multi- 
plieities kıs kzi*' ', kp respectively. By hypothesis, the spaces Sr, 
(i= 1, 2,°-+-+,) do not contain the point O. Any linear series gm, con- 
taining Gm, and having the above » neutral sets of points, is represented in 
Sr by a linear space, which evidently belongs to each of the spaces S, de- 
termined by O and Sr, Hence any such series is contained in a unique 
series of the greatest dimension, which is represented in S, by the space Sp — 
intersection of the w spaces Sre This series gmP, for which the above w sets 
(10) are neutral sets of points, is the virtually complete series, uniquely 
determined by the set Gm. 


The virtually complete series gm?, or || Gm |, is said to be non-special, if the 
following conditions are satisfied: 


a starting point for his theory the definition of non-adjoint, or virtually adjoint 
curves, and derives two distinct types of virtually complete series on a given curve 
f. Series of the first type are cut out on f by complete linear systems of curves, 
subject only to the condition of being virtually adjoint curves of f. Series of the 
second type are cut out on f by complete linear systems of virtually adjoint curves, 
which are “ gleichsingulär,” this being the term which Nöther uses in order to express 
the fact that the curves of the system in addition satisfy certain contact conditions at 
each multiple point of f. It clearly appears, although it is not pointed out explicitly by 
Nother. thot these virtual sertes of the second type possess ucutral seis of pointa. 
Ve, AANUMEE a pe eg aah Gt as ecg N rae am {e peered y TH 


á 4 Evar +. ye wes tay Pela Br 22, rT santanl 
; vor . 


prel G woul. te ue te : ie 


thenremg of the theory, av salve the comptic ated analysis relative to the behavioar of 
“ gleichsinguldr ?” virtually-adjoint cuives ot the singular points of the curve j. 
For a brestment of virtnel series with onnantol pees. see FL Severi, Var lorunyen 
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1.° The ordinary complete series gm’, or | Gm |, is non-special, and hence 
r= Mm — p. 

2.° The points Pj of the i-th neutral set, taken lo the corresponding 
multiplicities kj, impose kii + kai ++ + ++ kus independent con- 
ditions on the sets of the series gm", constrained to contain them; 
hence, 


(11) r= m — p — k — ka ny ZO. 


3.° The w spaces Sri. are linearly independent and so intersect in a 
space of dimension 


(12) p = (ri t+ 1)+ (re $1) + + (te +1) — (e—1)r. 


and taking into account (11), AG becomes 
(13) p=m—p—k+o. 
Conversely, if the dimension p of a virtually complete series || Gn || is given 
by (13), the conditions 1°, 2° and 3° all hold, and hence the series is non- 
special. 

If one, at least, of the above conditions is not satisfied, the virtually 
complete series || Gm || is special. The dimension of a special virtually complete 
series gm? is given by the formula 


(14) p=m—p—k+toti, 


where i is >0. The number i is called the index of speciality of the series.“ 


* The above definitions suggest that it is possible, as in the case of neutral pairs, 
to consider a virtually complete series as the limit of an ordinary complete series 
on a variable curve of genus P=p-+k-—-w. It will be noticed however, that if 
k > 2w, i. e. if not all the neutral sets are neutral pairs, the upper limit 2p ——2 +- k 
[See (15)] of the order of a special series || g„ || is less than 2P— 2, and that hence 
a special virtually complete series of the highest order is not the limit of the can- 
nonical series Ipp OD a variable curve of genus P. For instance, if we consider 
series having one neutral triple (k= 3), the special series of the highest order are 


series Iapa? and these are limits of series contained in the canonical series PH: 
on the variable curve of genus p+2. If a curve of genus p is represented by a 
plane curve f, of order m with d ordinary double points and one ordinary triple 
point O, any of the above series Jon, 18 cut out by a system of (virtually adjoint) 
curves of order m — 3, defined by the condition of passing simply through the double 
points of f and through the point O and of having at O a fixed tangent. If f is a 
variable curve of genus p + 2 with d+-1 double points, which tends to fy» the curves 
of the above system are limits of the adjoint curves of f, passing through a fixed 


point O’, which, as f tends to fy» approaches O on a definite direction. 


Possessing a Given Monodromie Group. 159 


It is easily shown that the order m of a special virtually complete series 
Ju? cannot surpass 2P— 2 + k. In fact, the residual series of the gm? with 
respect to the neutral sets is of order m — k and of dimension p— o = 
m —k—p»- 1. Hence the residual series is special in the ordinary sense, 
‚and therefore 


(15) m E 2p — 2 + k. 


Without going into the details of the proof, we observe that there exist special 
virtually complete series of the highest order 2p — 2 + k. But, while in the 
case of neutral pairs of (distinct or coincident) points, there exists only one 
such series, viz., the virtual canonical series, in any other case this is not true 
any more. If k > 2w, there exist infinite special virtual series of the highest 
order, each of which may be considered as a virtual canonical series. However, 
the following property still holds: a special virtual series is always contained 
in one of the virtual canonical series. 


7. The characteristic series of the system K on Cy is a OE E (see 


sec. 4), possessing the w neutral sets (4) of sec. 3. We have in this case 


w Hi 
k= $ & (v — 1) = 2n + 2p —2, 
ja 


i=1 


and hence the highest order of a special virtual series is 
k+2p — 2 —=2n-+ 4p —4. 


Since, by hypothesis, m > 2p + 2, the above characteristic series is non-special. 
Using the formula (13), which gives the dimension of a virtually complete 
non-special series, we find 


p= (2m + 2n + 29 — 2)— p — k — w = 2m — p+ a. 
It follows, that the characteristic series of K on Cy is virtually complete. 


With regard to this result, we want to make the following remark. The 
noted theorem, announced by F. Enriques in 1904,* that the characteristic 
series of a complete continuous system of algebraic curves is complete, is 
absolutely true if the curves of the system have ordinary double points only. 
However, it was pointed out by F. Severi + that if the curves of the system 
posses higher singularities, the characteristic series may not he complete. 


* This is a particular case of a more gencral theorem, due to Enriques, “Sulla 
pruprictd earotteristicn delle superficie irregolari? R. lecetemin delle Scionze de 
Bologna, Vol. 1 (1904), p. 5. 
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For instance, in the case recently considered by B. Serge“ of a continuous 
system of curves possessing a variable tacnode, the characteristic series is not 
complete. However, the above result regarding the characteristic series of 
the system K suggests the possibility of restoring, at least formally, the validity 
of Enriques’ theorem, by considering the characteristic series as a virtual series. 
For instance, in the above example considered by Segre, the characteristic 
series on a generic curve of the system is easily seen to possess the two points 
on the branches of the tacnode as a neutral pair, and as such the characteristic 
series is virtually complete. In the quoted paper Segre also considers a system 
of curves having a variable ordinary r-fold point P. Here, if we denote by 
Pa, Post © +, Pa the n points of the curve on the branches passing through P, 
it is easily seen that the residual series of the characteristic series with respect 
to any of the points P; possesses the remaining n — 1 points as a neutral set, 
and as such this residual series is virtually complete. We do not intend here 
to pursue the investigation of this interesting question. We are satisfied with 
having called attention to an interpretation of Enriques’ theorem, which may 
be useful for the study of continuous systems of curves. 


8. We now come back to the characteristic series of the system H on Co 
We know already (see section 5) that the order and the dimension of this 
series are 2n and »— 3p + t + 2, and that the sets (4) of sec. 3 are neutral 
sets of the series. If 7 is the index of speciality of the characteristic series, 
then the dimension of the virtually complete series || gən || is [see (14), sec. 6] 


In — p —k + o +Y =o — 3p +247. 


Hence ? Zi, where the sign == holds, if the above characteristic sertes is 
‘virtually complete. Now, it can be proved that in fact i” is equal to i, by 
repeating almost literally the reasoning of Severi (see quoted paper in sec. 3). 
It is only necessary to observe that the theorem that the residual series of 
a complete series with respect to a fixed set of points is complete, holds alsc 
in the case of virtually complete series. It follows, as in the case considerec 
by Severi, that the o points of contact of the tangents A to Cy through B 
impose «—-i conditions only to the curves of K infinitely near to Co 
Therefore ete. 

To complete the proof of the theorem announced in sec! 3, we have only 
to show that the characteristic series of the system H in Co contains eact 
set I, -+ T, made up of two sets of the gnt cut out on Cy by the lines of the 
pencil A.. To show this, let A and B be taken at infinity on the v and y axes 


*“ Sui sistemi continui di curve piane con taenodo, Rendiconti della R. Accademic 
dei Lincei (6), Vol. 9 (1929). 
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respectively, and let f(z, y) =0 be the equation of Co. Among the curves 
of K infinitely near to Co we find evidently the transforms of Co 


fEl + a(t), y+ b(t)] =0, 


by an infinitesimal translation. The corresponding characteristic sets are cut 
out by the polar curves of Cy, 


a, (Of/0x) + bı (af /dy) = 0, 


with respect to the points on the line at infinity. In particular, the char- 
acteristic set cut out on Cy by the polar curve @f/dy = 0 is made up of the 
o= 2m + 2p—2 points of contact of the tangents A and of the n points 
An, Az,’ + *,An, each counted twice, which lie on the n linear branches of Cp 
through A. The points A,, As,‘ * *, Án form evidently a set of the gz’. 
Hence, the characteristic series | gen || contains the set [A,?, A2,- * +, An?]. 
Since the oo” sets of 2n points made up of 2 arbitrary sets of the gn’ form 
a linear series gon” possessing the same w neutral sets as the virtually complete 
series || gen |, and since both series contain a common set [A1?, A," * +, An], 
we deduce that the above g2n? is contained in the series || gen ||. 

9. In order to apply the theorem of sec. 3 to the group problem an- 
nounced in sec. 1, it would now be necessary to investigate the virtually 
complete series || gen ||, with special reference to the question of its index of 
speciality: In the case o = 3p (assuming always that @ is a primitive group), 
the aim of this investigation would be to prove, if possible, that the above 
series is non-special in general, i. e. when the w branch points are arbitrary. 
In the case w < 3p, the above series is certainly special, since it contains the 
Jon” obtained by combining the sets of the gnt two at a time. Hence, if sis 
the index of speciality of the complete series || gon ||, then 


o—3p+2+i2?, 
or 
i Z 38p—o. 


If the sign = holds, then the functions y of 3 depend on 3p — 3 — (3p — w) 
==- -3 moduli. Otherwise the number of moduli is less than » -- 3. 
The treatment of the above outlined questions involves the study of 


cnatan gantiottons ati im of carve. pese soir a oevharities other Dar or 
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interesting paper," in which he applies Severi’s results to the problem of the 
moduli of the polygonal curves of genus p. 


10. In section 5 of his paper Severi states the following theorem: On a 
curve of genus p (p > 1) of general moduli the two-fold of any linear series, | 
cot at least, of order v (v arbitrary) is a non-special series. In stating this 
theorem Severi remarks that it is an immediate consequence of his general 
theorem on the index of speciality of the two-fold of a series g.* on a curve 
of genus p (see this paper, sec. 3). However, it seems to us that, rigorously 
speaking, this general theorem allows us only to affirm that the two-fold of 
a generic linear series on a curve of genus p of general moduli is non-special. 
In fact, if the curves of the system H, considered by Severi, are of general 
moduli, then it is perfectly correct that the two-fold of the gv! on a generic 
curve C of H is a non-special series. But for particular curves of H this 
series may well become special, and it is not evident at all that the curves 
of H, for which this happens, are necessarily of special moduli. Nothing 
prevents us from thinking that these particular curves of the system 
correspond to particular gv’s on curves of genus p of general moduli. The 
theorem that the two-fold of any series, at least «7, on a curve of genus p 
of general moduli is non-special, if true (and most probably it is true), must 
yet be proved. 


11. In his quoted paper B. Serge proves that the v-gonal curves of 
genus p (v < p/2 +1), i. e. the curves of genus p possessing a gv', depend 
on w — 3 = 2v + 2p — 5 moduli. In view of Severi’s theorem, it all amounts 
to proving the theorem that the index of speciality 7 of the two-fold of a 
generic gv! on a general v-gonal curve of genus p is 


i=p— ir +2. 


Segre’s proof of this theorem is somewhat lengthy. We give here a simple 
proof of this theorem, using the system H considered by Severi. The curves 
C of H are of order n+-v, of genus p, and possess one fixed v-fold point P, 
another fixed n-fold point Q, and d= (v — 1) (n — 1) — p variable ordinary 
double points. 

The adjoint curves of order n + v— 3 of C degenerate into the fixed line 
PQ and into curves C, of order n+v—4 with a (v—2)-fold point at P 
and a (n—-2)-fold point at Q and passing simply through the double points 
of C. Let t, and iz be two generic lines through Q. We show that there 


* B. Segre, “ Sui moduli delle curve poligonali, e sopra un complemento al teorema 
di esistenza di Riemann,” Mathematische Annalen, Vol. 100 (1928). 
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exist exactly wo? +1 curves O, passing through the 2v intersections (outside 
of Q) of the lines t, te with O, and that hence the index of speciality i of 
the two-fold of the gv, cut out by the lines of the pencil Q on the generic 
curve C of H, is p— 2v + 2. 

Let us denote by K the system of the curves C., and let 8 be the dimen- 
sion of K. The curves C, evidently degenerate into the two lines t, and tz 
and into residual curves Cz of order n + v— 6, which must possess a (v— 2)- 
fold point at P, an (n—4)-fold point at Q and must pass simply through 
the d double points of C. The system H contains degenerate curves made 
up of y arbitrary lines i, d2,- * *, ay, passing through P, and n arbitrary lines 
bi, bs, ` +, bn passing through Q. Let D, be one of these degenerate curves. 
As the curve C approaches Do, the d double points of C tend to d assigned 
double points of Do (while the remaining n + v + p— 1 double points of Do 
have to be considered as virtually non-existent), and the curves C, will tend 
to curves T, of order n + v— 6, behaving in the same way at P and Q as 
the curves C2, and passing simply through the d assigned double points of Do. 
The number of arbitrary parameters, on which the limit curves T, depend, 
evidently cannot be less than the number 6 of arbitrary parameters, on which 
the curves Ce depend. Hence if we call 3, the system of the curves Ty, and 
if we denote by 6, the dimension of 31, we have 


(16) AEA 


We proceed to evaluate 6, We first agree to choose the n -+ v+p— 1 
virtually non-existent double points of D, as follows: Let us consider the 
n points in which the line a, is met by the lines bı, b2,: ° ', On, and the 
3 (v—1) points in which the lines b,, be, bs are met by the lines as, as," *, av. 
We have thus considered in all n+ 3(v— 1) double points of Do. The 
remaining 
mv —n — 3 (r — 1)=(n — 3) (v—1) 
double points of Dy are the double points of the curve Do’ = az + as + +++ + 
av + ba tbs ++ bn. Since by hypothesis v < p/2 + 1, we have 
n+tv+p--1>n+3(—]), 
and hence we may assume the n -+3(r 1) double pomts of Dy considered 
ahara to he virtually non-cai-teut, and Cie. Cue ronaining 
(a+ ye p--1)--(n-+ 8v—3) = p—2v+2>0 
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of Do, the d assigned double points of D, are double points of Do’. For the 
dimension 8, of the system 3, we evidently have 


= nt+v—4\ _fr—1 _ "A a ee 
a= ( 9 ) ( 9 ) ( 9 d—1=—p—2v+1, 


where the sign = holds, if the d assigned double points of D, impose d in- 
dependent conditions on the curves T of order n + v—6 having a (v—2)- 
fold point at P and an (7—4)-fold point at Q. To prove that these con- 
ditions are indeed independent, we have only to observe that the (v—1) (n—3) 
double points of Do’ impose as many independent conditions on the curves T, 
or, what is the same thing, that the dimension of the system of those curves T, 
which pass through all the double points of D,’, is 


(YT) Ce) ee 


i, e. that such curves T do not exist. In fact, a curve T, which passes through 
all the double points of Do’ meets each of the lines as, dg,* + +, dv, Day" © +5 On 
in (v—2)+(n— 3)—=(»— 1) + (n— 4) = n-+v—5 points, and hence 
necessarily contains each of these lines. But this is impossible, since the ordeı 
n+v—B6 of T is less than the order of the curve &® +- a3: +--+ ay -+ dy 
spe tae Ons 

Hence, the (v„—1)(n—-3) double points of D? impose independent 
conditions on the curves T, and since the d assigned double points of Do are 
among the double points of D,’, it follows that they also impose independent 
conditions on the curves T. Hence , == p — 2y + 1. 

From (16) we deduce that 


§Sp—av+)1, 
and, since obviously § cannot be less than p — 2v + 1, it follows that 
S= p—2v +1, q. e. d. 


12. Having thus established the theorem, that the index of speciality oJ 
the two-fold of a series gyt (v < p/2 + 1) on a curve of genus p is in genera 
i = p — 2v -+ 2, one may ask on how many moduli do the particular v-gona. 
curves, for which the above index of speciality is greater than p— 2r +2 
depend. In his quoted paper (p. 545) Segre states that the v-gonal curves 
for which 

i= p — dar +2 +e, (e 21) 
depend on 2p -+ 23r — 5 — o moduli. We cannot agree with this statement 
since we have found that, already in the case e = 1, the number of modul: 
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is less than that given by Segre. It may seem that the above statement is an 
immediate consequence of Severi’s theorem (number of moduli = 3p — 3 —i). 
But it must be emphasized that this theorem says only that, if i is the index 
of speciality of the two-fold of a gv! on the general v-gonal curve of genus p, 
then the v-gonal curves depend on 3p — 3 — i moduli. Thus, having found 
that in general i == p —2v-+ 2, we have deduced that the v-gonal curves of 
genus p depend on 2v + 2p — 5 moduli. But Severi’s theorem does not say 
that the particular v-gonal curves, for which the above index of speciality 
has a given value i > 2v— 2p + 2, depend on 3p — 3 — i moduli.* To give 
an illustration, let us evaluate the number of the moduli in the case o =1. 


Lemma. If (v—1)* Èp, there exists an irreducible continuous system 
co 47-1 of plane irreducible curves C of order 2v and genus p, which possess 
two fixed infinitely near v-fold points O, O, and (v—1)*—>p variable ordi- 
nary double points. 


We consider the plane curves D of order 2v possessing a v-fold point at 
a fixed point O, and we suppose that O is the origin of v linear branches 
having a common fixed tangent ¢. Under this hypothesis the curves D possess 
a v-fold point O,, infinitely near to O in the direction of the fixed tangent t. 
The differential condition that a curve of order 2v should possess a v-fold 
point at a fixed point O and a v-fold point at a point O, infinitely near to O 
on a fixed line through O is expressed by v(v-+ 1) linear relations among 
the coefficients of the equation of the curve, and it is easily seen that these 
relations are independent.t Hence the curves D form a linear system 3 of 
dimension . 


v(2v +3) —v(v-+1) =v 2). 


The curves of X are irreducible, since 3 contains curves D which degenerate 
into v arbitrary conics passing through O and touching the line ¢ at O, which 
shows that the curves of 3 cannot be composed of the curves of a pencil. 

Let Do be one of the above reducible curves of D, which degenerates into 
v conics Cı, Cz: °**,¢y We say that the v(v—1) double points of Do 
(distinct from O) impose as many independent conditions on the curves D. 
In fact let p be the dimension of the system 3’ of the curves D passing through 
the double points of Do. Then 


* Here the question arises whether the family of the said particular »-gonal 
curves is irreducible. See Remaik 1, p. 171. 
7 Seo, F. Enriques and O. Chisini, “Teoria geometrica delle equazioni c delle 
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(17) p Zr + 2)—r(v—1) = 3r, 


where the sign == holds, if the above conditions are independent. 
The curves of 3’ meet the conic c, in 


Ry + 2(v—1)—4y— 2 


fixed points, and hence the dimension of the system $” of those curves 3, 
which degenerate into the conic c, and into a residual curve of order 2(v— 1), 
is =p—3. The curves of X” have a (v—1)-fold point at O and a (v—1)- 
fold point at Oi, and pass through the double points of the reducible curve 
Ca + ĉa +" cv. Accordingly they meet the conic cs in 


2(v—1)+4 2(y—2)4 (pv — 1) 2 


fixed points, and consequently the dimension of the system 3°” of those curves 
of 3”, which degenerate into the conic c> and into a curve of order 2(v— 2), 
is Zp—6. This procedure leads after v steps to the conclusion that the 
curves of 3’ which degenerate into the conics cı, Ca,‘ * ",c» form a system 
of dimension = p — 3v. But this last system is of dimension 0, since it con- 
tains only one curve, viz., the curve c, -+ ce +" "+. Hence, 


(18) p == 3r. 
From (17) and (18) we deduce that 
p = 3r. 


Hence the v(v— 1) double points of the degenerate curve Do impose v (y — 1) 
linearly independent conditions on the curves of the system X. 

We now consider as virtually non-existent v+ p— 1 of the v(v—1) 
double points of Do, so that Do becomes a connected curve with two infinitely 
near assigned v-fold point at O, O, and other v(v-—1) — (v+ p— 1) = 
(v— 1)? — p = d assigned double points. The virtual genus of D, will be 


then . 
2y — 1 v 
Cs ) —2(3)—a=p. 


In order that D, should become a connected curve, we may consider, for 
instance, as virtually non-existent one of the two intersections (distinct from 
O) of c, with each of the conics ca, Cs,- °,¢v and other p points chosen 
arbitrarily from the remaining (v— 1)? double points of Do.* In the linear 





* For the concepts which we use here, and also for the method of “analytical 
regions” (“falde analitiche,” “analytische Mantel”) see Severi, quoted treatise, 
Anhang F. See also quoted treatise by Bnriques-Chisim, Vol. 3, Chap. 3, § 33. 
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space Svoz) of dimension v(v + 2), the points of which represent the curves 
of the system X, the curves of 3 possessing one double point in the neighbor- 
hood of one of the assigned double points of Dy are represented by a linear 
analytical region ©; (4==1,2,---d) having its origin at D,. Since the 
assigned d double points of D, impose linearly independent conditions on the 
curves of 3, the d tangent spaces of the regions ®; at Do are linearly in- 
dependent. We deduce that the @; have in common an analytical region ® 
of dimension 
v(v 4- 2)— d = 4v + p — 1. 


The curves of ® possess d == (y — 1)? — p double points in the respective 
neighborhoods of the assigned double points of Do, and hence D, belongs to 
a complete continuous system H of curves C of order 2v, possessing the two 
infinitely near v-fold points O, O, and (v—1)*—p ordinary double points. 

That the generic curve C of H possesses only ordinary double points 
(distinct from O and O,), follows from the fact that this holds for the 
particular curve D, of H. Moreover the generic curve C of H does not have 
more than (vy — 1)*—p double points, because, if it had d-+ 1 double points, 
then, as C approaches Dy, the double points of C would tend to d -+ 1 double 
points of Do. Since these d-+ 1 double points of Do would also impose in- 
dependent conditions on the curves of 2%, it would follow that the dimension 
of H is 4v + p— 2 and not 4y + p—1 as above. Hence, the generic curve 
of H has exactly (v—1)?— p double points (distinct from O and O,) and 
therefore is of genus p. 

It remains to prove that the curves of H are irreducible. This follows 
from the fact that on the degenerate curve D, any two points can be joined 
by a path which does not meet any of the (v—-1)*—p assigned double 
points, and that therefore also on the generic curve C of H it is possible to 
connect any two points by a continuous path without meeting any of its 
double points. The Lemma is thus proved. 

On a generic curve C of the system H the lines of the pencil O cut out 
a linear involution gv', and hence C is a v-gonal curve of genus p. The œ 
conics C passing through O and touching the fixed tangent ¢ at O (and, in 
particular, the oo? lines of the plane) cut out on C sets of 2v points belonging 
to the two-fuld of the series qv’. We prove thal. if v- p? +1, the series 
gee eut aut hy the ahare enmes as ram plete ar thet the inden af spectalife i 
of the two-fold of the q. ie p— tr -1-3, 

To find 7, we have to find the number of linearly independent adjoint 


» t 4 4 
- a van es 
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of order 2v— 3 of C possess two infinitely near (v— 1)-fold points at O, Oz, 
and hence degenerate into the fixed line ¢ and into residual curves of order 
2, — 4 possessing two infinitely near (v— 2)-fold points at O, O,, and passing 
simply through the remaining (r —1)?— p double points of O. The adjoint 
curves of order 2v—3 of C, which pass through the above 2v intersections 
of the conic c with the curve C, degenerate into the fixed line t, into the 
conic c and into residual curves C, of order 2v — 6 possessing two infinitely 
near (v—3)-fold points at O, O, and passing simply through the remaining 
(v—1)?— p double points of C. Since the dimension of the system of the 
curves C is, by hypothesis, 1— 1, we have 


rar = v— 4 [y — \ 
(19) iz? s )—2( 5 )— 1) +p=p— w+ 3. 


Now, let the curve C tend to the degenerate curve Do = C + ta He e e 0. 
The curves C, will become in the limit, curves T of order 2y — 6, behaving 
in the same way as the curves O, at the points O, O, and passing simply 
through the (v— 1)?— p assigned double points of Dy. Hence, denoting 
by r the dimension of the complete linear system defined by the base points 
of the curves T, we will have 


(20) rzi—l. 


In order to evaluate r, we first agree to choose the (v— 1)? — p assigned 
double points of Do as follows: We consider the following 3(v— 1) double 
points of Do: (a) The 2(v—1) points at which the conic c, is met by the 
conics Ca, Ca," * *, Cv; (b) the two intersections of the conics c», cs; (c) one 
of the two points at which cə is met by each conic ¢,:  ',Cv. If the above 
3(v-—1) double points of Do are considered as virtually non-existent, Do 
becomes a connected curve. Since, by hypothesis, y= p/2 + 1, and hence 
v- p—1= 3(v—1), we may assume the considered 3(v— 1) double points 
of Do to be virtually non-existent, and choose arbitrarily the remaining 


v+ p—1—3(v—1)=p— 2% +220 
virtually non-existent double points of Do from the remaining 
v(v—1)— 3(v—1)=(v— 1) (v— 3) 


double points of Do. Let us call A this last set of (v—1)(v—3) double 
points of Do. : 

The (v—1)(v—3) points A impose as many independent conditions 
on the curves E of order Zy — 6 possessing two (v— 3)-fold points at O, O,. 
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In fact, let 7 be the dimension of the system K of those curves Æ which 
pass through the points A. Then 


27) ("5 *)— pe —8) -1=0, 


where 7’ = 0, if and only if the points A impose (v—1)(v— 3) independent 
conditions on the curves E. Now let us observe that each of the conics 
Cas Cay’ ° *, Cv Contains 2y— 5 points A and that consequently each curve 
E of K must contain ‘each of the above conics, since each curve E of K has 
already, outside of the points A, 2v — 6 coincident intersections with E at O. 
It follows that the system K contains only one curve, viz. the degenerate 
curve C,- cs -H' "+ cy, and hence 7 0, 

Since the (v—1)* — p assigned double points of D, are all chosen from 
the points A, they also impose independent conditions on the curves E. It 
follows that 


r= ws 8 "641er ay + 2, 


and hence, from (20), 
(21) tS p—2%w+ 3. 


Comparing (21) with (19) we deduce that 
i= p — 2v + 38, q.e. d. 


Let Co be a generic curve of H, and let us consider the o = 2v + 2p — 2 
tangents A to Co through O. We consider the system of curves C of H, 
which touch the tangents A, and we denote by H, that irreducible part of 
this system which contains Cy. It is easily seen that the sets of characteristic 
series of H in Qs are sets of the two-fold of the series gv!. On the other hand, 
by a theorem, due to Severi, on continuous systems of curves constrained to 
touch a fixed set of lines of a pencil, which we have used at an earlier stage 
of this paper (see sec. 8), and which applies without any modification 
to the system Ho, we deduce that the characteristic series of Ho on Co is 
the complete series gaë. 

It follows that the o tangents A depend only on 4v + p —- 1—4 = 
er a. 23 arhitvaey Porampias. n “laihat Tenens Ihn enirvesa Co of FT re 
at most on áv- p— 8 moduli. it wi ne noted that if v < p/ż -r 4, the 
derived upper limit 4v-+9 - 8 of moduli is certainly less than the number 
2y A- Iy — 6 evaluated according to Scaro’s formula. We have thus cstab- 


r 
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genus p, for which the two-fold of the series gy is a special series of index 
of speciality p— 2v + 3, and which depend at most on 4v ~+- p—8 moduli. 
We observe that, in order to prove that the curves of H depend exactly on 
4v + p—8 moduli, it is necessary to prove that the generic curve of H does 
not possess infinite linear involutions gy. 


Remark 1. If a v-gonal curve of genus p contains a gv! such that the 
two-fold of the gv’ is a gov? (at least), the curve can be transformed into a 
plane curve of order 2v possessing two fixed infinitely near v-fold points and 
other singularities equivalent to (v— 1)?— p double points, provided the 
gav? is not composed of un involution. In order to prove that the v-gonal 
curves for which the above gə? is not composed of an involution form an 
irreducible system, it would be necessary to prove that the plane curves of 
order 2v and of genus p= (v—-1)?, possessing two fixed infinitely near 
»-fold points, form a unique irreducible system, which then coincides with 
the system H considered above. 

Under the hypothesis that the gov? is composed of an involution, it can 
be easily verified that the corresponding v-gonal curves may form a complete 
irreducible system of dimension > 4v-+ p —8 and hence distinct from HM. 


Remark 2. We suggest here a formula for the number of moduli of 
the v-gonal curves of genus p possessing a gv', such that the two-fold series 
of the gt is of index of speciality i==p—2v+2-+o (always under the 
hypothesis that the corresponding complete series gz,°*? is not composed of 
an involution). This formula is as follows: 


number of moduli = dv + 2p — 5 — o(p—2v+2+.0) 
== 2y + 2p — 5 — oi. 


The above formula gives, for o==1, the derived number 4v + p— 8 above, 
and for any o > 0 is suggested by the following hyperspacial considerations, 
relative to the canonical curve of genus p in a space Sp... Assuming that 
the canonical curve C is a v-gonal curve, each of the oo! sets Ty of the grt 
belongs to a space Sy... The index of speciality of the two-fold of the series 
gv being p— 2v + 2 -+ o, any two of the spaces Sv-2 meet in a space So-ı- 
We know that if C is a generic v-gonal curve, then o == 0, i.e. the spaces Syv_2 
do not meet one another. It is also easily seen that the number of conditions, 
which express the fact that two spaces Sy-2, given in a Sp1, meet in a So-ı, 
is o(p — 2v -H-2 +0) coi. The above formula is derived under the hy- 
pothesis that to the above number of incidence conditions corresponds an equal 
number of independent conditions on the moduli of the curve C. 
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On Self-Adjoint Ordinary Differential Equations 
of the Fourth Order.“ 


By Wititam M. WEYBUurn + 


The work of Sturm, Böcher, and others on real second order differential 
equations forms an important chapter in mathematical analysis. Birkhoff f 
obtained many important results for third order differential systems and intro- 
duced a new and valuable method of proving comparison theorems for such 
systems. C. N. Reynolds § used Birkhoff’s methods to study equations of the 
nt? order. Hille || studied the second order equation in the complex domain 
and discovered many important facts concerning the distribution of the zeros 
of the solution in the complex plane. Davidoglou | gave a detailed treatment 
of a special fourth order self-adjoint equation that arose in connection with a 
study of the lateral vibrations of a rod. If certain factors, such as the rota- 
tional inertias, are taken into account in the problem of the vibrating rod, 
the equation that must be studied is the general self-adjoint fourth order 
equation rather than the special equation treated by Davidoglou.** H. T. 
Davis t+ has recently considered this equation. 

It is the intention of the present paper to study the general self-adjoint 
equation of the fourth order 


(1) E Re) Zl Z Le) 214 eewo 


and the second order equation 


@) Ë bile) timelo] S + inlet ige), 


where K, L, G, Pu Ps, Qı, q2 are real functions of the real variable x and 7 is 


* Presented to the American Mathematical Society, February 25, 1928. 

+ National Research Fellow in Mathematies. 
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3 Trunsvutivus of Amieritum Huinemurttul Suvety, Vol. 22 (1921), pp. 220-220. 
| Transactions of Amcricen Methemetical Soricty, Vol. 23 (1922), pp. 350 385. 
{ Annales de VEcolc Normale Superieure (3), Vol. 22, pp. 539 ff. 

r= Cf Lord Royleieh: Theoarn of Konad, London. 1894, Vol T. Chonter VTIT, 
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the imaginary symbol. This study is accomplished with the aid of a pair of 
equations of the second order.” The paper treats system (3) for the cases 
qr < 0 on the given interval and gr > 0 on that interval. Extensive use is 
made of the associated second order equation (6) and in many cases the 
properties of solutions of system (3) are derived from, or related to, similar 
properties of solutions of (6). Use is made of a combination V(z) of y and z 
and by means of the properties of this function and transformations involv- 
ing solutions of equation (6) separation theorems are established for the 
zeros of y(x) and z(z) in the case gr <0. In the presence of additional 
restrictions on p, q, and r, it is shown that for every solution of (3) y(x) 
and z(z) oscillate infinitely often on the real axis and the integral curve in 
the yz-plane is shown to be essentially spiriliform. Related and equivalent 
integral equations are used in Part III to develop comparison theorems on 
“ regular ” intervals for system (3) in the case gr > 0. The paper leaves 
the cases that arise when gr changes sign on the interval wholly untouched. 
The case gr < 0 is emphasized because it is the one which arises in a simul- 
taneous treatment of equations (1) and (2). This point is brought out more 
clearly near the end of Part I. 


I. TRANSFORMATION OF THE EQUATIONS. 
We follow the well established custom of stating that f(z) is of class 
CP on X: ax b provided f(x) together with its first j derivatives is 
continuous on X. 


THEOREM I. If, in equation (1), K, L”, G are continuous and K #0 
on X, equation (1) can be written in the form 
(3) (a) y” + pla)y— q(e)2 

(b) 2” -+ pla)z—r(e)y, 

where p, q, and r are continuous on X and furthermore, g(z)>£0 and p/q is 
of class O” on X. Conversely, if p, q, and r are continuous on x and q 50, 
p/q is of class O” on X, then system (3) is equivalent to equation (1) where 
K0 and K, L”, and G are continuous on X. 


Proof. Let g=1/K, p=L/RK, r= L”/2 + 1’/4K—G. Solving 
these equations for K, L, and @ yields 


K=1/q, L=2p/q, G =(p/q)” + P/a—r 


* The author is indebted to Prof. G. D. Birkhoff for many valuable suggestions 
that have furthered the writing of this paper. 
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and it becomes evident that p, q, and r have the desired properties of con- 
tinuity, ete. 
Substitution into equation (1) yields 


[u”/g]” + 2[pu’/q]’ + u(p/q)” + up?/q— Tu = 0 
[w’/q + pu/g]” + plu’/q + pu/q] = ru. 


Let u=y and g= u”/q + pu/q. Simplification after this substitution 
yields system (3). 

To prove the converse, we divide equation (3) (a) by q and compute 2” 
from the resulting equation. Upon substituting this value into equation 
(3) (b) and simplifying, one obtains equation (1). 

In equation (2) let p, and pz be of class C’ on X while q, and 9 are 


continuous on that interval. Let u= W exp [— 1 f (pı + ips) dt], 
a 


Q=p+ig where p= qı —pi’/& + p?/4— pr'/2 and q= qe — pip2/2% 
— p2’/2. Equation (2) becomes 


(4) W” + Q(«)W =, 


where Q is continuous on X. 

The ordinary existence theorem“ insures the existence of a unique 
solution + of (4) that is of class C” on X and such that if z= c is any 
point of X and a, 8, y, 6, are arbitrarily assigned real constants, this solution 
takes on the initial values W(e) =«+Pßi, W’(c)=y-+8. A similar 
theorem applied to the system 


(5) y” + p(t) = q(a)z, 2 + p(e)z=— q(x)y 


shows the existence of a unique pair of functions of class C” on X that 
satisfies (5) on X and takes on the initial values y(c) —«, Y(c)=y, 
z(c) = 8, z (c) ==8. Let W=y-iz. Direct substitution shows that W 
is a solution of (4) that assumes the given initial values. It follows from 
the uniqueness of such solutions that (4) with its initial conditions is equiva- 
lent to (5) with the corresponding initial conditions. It also follows that 
any solution of (4) that is of class C” on X can be written in the form y + iz, 
where y and z are real functions of the real variable v. 

Thu uam lead tay censtlernsinr o” the mir of real eeugtera EAN 
Since the transformation oi ‘Theorem | carries tne non-singular equation (1) 

* Of. Böcher, Lerons sur les Méthodes de Sturm. Paris (1917), page 1. 
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into a system (3) where g(x) does not vanish on -Y while equation (2) yields 
a system (3) with r(x) =—-q(z), we are led to a study of (3) where 
g(z)r(z) < 0 in order to obtain results that carry over to both equation (1) 
and equation (2). 

Let z be regarded as a parameter, then the pair of functions y(x), (x) 
given by system (3) describes a curve in the yz-plane as x ranges over the 
set of values X. This curve is called the integral curve of (3) in the 
yz-plane and its shape is evidently dependent upon the initial values as well 
as the coefficients of the system. We propose to study this curve. We use 
the notation (R,) for the polar co-ordinates of a point on this curve and 
hence R(x)? = y(x)? + 2(a@)?, 0(z) = tan! (z/y). 

The following dynamical interpretation may be given for system (3) 
following a similar one given by Hille* for system (5). If = is regarded as 
the time, then the integral curve of (3) in the yz-plane is the path of motion 
of a particle that is acted upon by a force of magnitude | pR | along the 
radius vector, a force of magnitude | qR | perpendicular to the radius vector, 
and a force of magnitude | (r — g)y | parallel to the z-axis. Other distribu- 
tions of the forces may be used. In the light of this interpretation, the 
hypotheses and conclusions of later theorems in the paper have a definite 
physical significance. 


II. System (3) WITH g(z)r(z) <0. 


Throughout this part we suppose that p, q, and r are continuous on the 
interval under consideration and in addition that gr < 0 on this interval.+ 
Let 


V(x) = V[y(2), z(£)] = y (x) 2(2) — 2’ (z)y (z). 


If equation (3) (b) is multiplied by y(x) and this result subtracted from 
the result of multiplying (3) (a) by z(z), one obtains 7’(z) = q(x)z(x)? 
—r(x)y(x).2 Upon integrating from t= c, 


V (2) = V(e) + f TO — (ty (4) "Vat 


Since both y and 2 cannot vanish over an everywhere dense set of points in 
any subinterval of X without vanishing identically on X, we have that V(z) 


* Loc. cit., page 359. 
TA number of the results of the section are valid if r(@=) is allowed to vanish 
{without changing signs) over a nul set of points. 


Differential Equations of the Fourth Order. 175 


is an increasing or decreasing function of x on X according as g(x) > 0 
on X or q(x) < 0 on that interval.” 


THEOREM II. The zeros of y(x) and z(z) separate each other on X 
with the possible exception of a neighborhood of one point at which V (x)= 0. 


Proof. Calculate 0’ (z). (a) =— V(x)/R(x)*, unless R(x) =0. 
Since V(x) can vanish at most once on X and since V vanishes with R, 
it follows that with the possible exception of one point, # is given by the 
above formula and hence can vanish or fail to exist for at most one value of 
z on X. Call this exceptional value o if it exists. On a& g <c, H(x) is 
different from zero and of one sign so that 6 changes continuously in one sense 
and the integral curve must cross the y and z axes alternately. Similarly, 
on ¢< 2b, 6 must change continuously in one sense and the zeros of y 
and z separate each other on this interval. 

The above proof shows that under the hypotheses of this section 6 can 
change its sense of variation at most once and the integral curve of (3) 
cannot pass through the origin of the yz co-ordinate system more than once. 

Since RG is the rate at which area is swept out by the radius vector 
and the integral curve and since this quantity is equal to — V (z), we have 
that the rate of sweeping out area increases or decreases with increase of x 
according as g(a) is negative or positive. 


THEOREM III. If the closed interval X is of finite length, neither y 
nor z can vanish more than a finite number of times on X. 


Proof. Assume that y vanishes infinitely often on X and let z == be 
a limit point of its zeros on X. It follows from Theorem II that r==¢ is 
also a limit pomt of the zeros of z. An application of Rolle’s theorem shows 
that z = c must be a limit point of the zeros of both y(x) and 2’(z). Since 
y(x) and 2(x) are of class C” on X, we have y(c)=2(c)=y'(c)= z (c)= 0. 
It follows from the fundamental existence theorem that y(z)=z(z)=0 on X. 
This, however, contradicts the fact that we are working with non-identically 
vanishing solutions of (3). 


1°. Case where the solutions of (6) oscillute on X. Consider the second 
order equation 
(6) WY +4. pa) 0, 
where p(r) is the tunction that appears in system (3). It is well known +4 
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that the zeros of any two linearly independent solutions of (6) separate each 
other on X. 


THEoREM IV. If there exists a solution of (6) that vanishes twice on 
X, then the product y(z)z(z) must vanish at least once on X for every solu- 
tion y(x), z(z) of system (3). 

Proof. Suppose that y, z is a solution of (3) such that yz does not 
vanish on X. Let w(x) and v(x) be the unique functions determined by the 
second order systems 


(7) [PWY + qyeu=0, u(a)—=Wa)/y(a), Wa) [WI] 
(8) [ev + ryzv=0, v(a)—=Wa)/e(a), v(a) =W], 


where W (s) is the solution of (6) that vanishes twice on XY. The functions 
ulz)y(z) and v(z)z(z) are each solutions of (6) since 


uy” [yu T/y + uy” = [— 92 + Y’Ju = — pyu, 


and similarly for vz. Furthermore, u(a)y (a) = W (a), [uy 2- = W’ (a), 
v(a)z(a)—= W (a), [vz] z- = W’(a). It follows from the uniqueness of 
W(x) that 


(9) W(z)=u(2)y(2)=v(r)2(e). 


By virtue of the hypotheses on g and r we have that either qyz < 0 or 
ryz < 0 on X. It follows from well-known theorems * for second order equa- 
tions of type (7) and (8) that either w(x) or v(z) cannot vanish twice 
on X according as qyz <0 or ryz <0 on that interval. Since neither y 
nor z vanishes on X and W vanishes twice, it follows from (9) that both 
u and v must vanish twice on X. This contradiction yields our theorem. 


COROLLARY I. Jf (6) has a solution that vanishes four times on X, 
then y and z each have at least one zero on X and the product yz vanishes 
at least three times on that interval.} 


2°. The case p(x)==0. Let p(x) be identically zero and consider the 
resulting pair of equations. In the dynamical interpretation of Part I this 
means that the force along the radius vector is absent. 


* Cf. Bécher, loc. cit., page 51. 
T Theorem II shows that the number of zeros of y and g on X can differ by at 


most two, The corollary follows from this fact and the observation that ye must 
vanish at least three times. 
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THEOREM V. Let the coefficients of system (3) be continuous on the 
interval X: aS x < œ and let p(z)=0 on this interval, then every solu- 
tion of (3) such that V(a)q(a)= 0 will oscillate infinitely oflen on X pro- 


“b v 
vided the Riemann integrals f tq(t) dt, f tr(t)dt become infinite with b. 
Q Q 
That is to say, the integral curve in the yz-plane will circulate the origin 
infinitely often as x ranges over X. 


Proof. From the separation of the zeros of y and z, it follows that if 
one of these vanishes only a finite number of times the other will also. 
Assume that there exists a solution y(z), 2(z) of (3) such that V(a)q(a)= 0 
and such that y and z vanish only a finite number of times on X. Let s =d 
be chosen on X so that d > a and neither y nor z vanishes on D: dS z< œ. 
For the sake of definiteness, we suppose g > 0 on X since the other case can 
be obtained from this by merely interchanging the roles of y and z in the 
arguments. Since V(z) is an increasing function on X, it follows that 
V(x) >0onD and hence either: (A) y’(d)z(d)>0,or (B) y(d)2’(d) < 0. 

Consider (A). From the differential equations, 


y (a) =y'(a) HS, 0ed, 


rl + f Oed 


Since y’(d)z(d) > 0, it follows from the above formulas that y’(z) is a 
positive increasing function or a negative decreasing function on D according 
as 2(z) is positive or negative on D. Since the same arguments treat both 
cases, we suppose that z(z) > 0 on D. We may choose a point z==h on D 


h 
so that f y' (t) dt > | y(d) | and we then have for every z >h, y(z) > 
d 
frou >y'(h)la—h). Now z(e) =z (h) + S Ora >z (h) 
h h 
+y (d) for) (¢—h)dt. The right hand side of this inequality diverges 
h 


gz 
to —o as æ increases indefinitely and hence z(g)—=z(h) +f z#(t)dt be- 


comes negatively infinite as r hecomes infinite on D. But Gr) is continuons 
. UN dà [i ee ee ON, “ RE x DI. 1 ie VY eke ae ur: 
wind wht.) wr Nae AR iis wA) disul L YArtt. da VL Ar saln EN, UVALAMA vast, wu. 
hypothesis that z(x2) 0 on D. 
The arguments tor (GB) follow the same lines as for (A). The roles 
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Tueorem VI. If the hypotheses of Theorem V are met with the ez- 


oO 20 
ception that the integrals f q(t) dt, f r(t)dt are required to diverge in- 


stead of the two integrals there given, then EVERY solution of (3) either 
oscillates infinitely often on X or there exists a point z= h on X such that ” 
the quantity K? = 4? + 2? approaches zero steadily on H: hEzr< o. 


Proof. If for any z, s = c, on X, we have (c)q(c) 20, then Theorem 
V applies to yield the present theorem. It remains to treat the case 
V(x) g(x) < 0 for every g on X and neither y nor z vanishes infinitely often 
on X. Let d be chosen so that d >a and neither y nor z vanishes on D: 
d&g < co. It follows from the differential cquations that y” and z” cannot 
vanish on this interval and hence by Rolles theorem that y’ and 2’ can each 
vanish at most once on D. Let h be chosen so that none of the quantities 
y, z, y, 2 vanish on HM: h&g < o. Since V(r)q(x) is negative on H, 
it follows from the hypotheses on the integrals of g and r over X and the 


formula F(z) = F(A) + f è (qz? — ry?)di that neither y? nor 2° can be 
Sh 


bounded from zero on MH. Hence yy’ < 0, z’<0 on H and (REY = 
2 (yy + 22’) <0. Furthermore, both y? and z? approach zero and hence R? 
approaches zero steadily as x becomes infinite on H. 


3°. The case p(x) <0, p (<) S0 on X. In this section we suppose 
that g'(x) exists on X: a& zg < æ and is continuous along with g and r 
on this interval. Furthermore, we require that p(s) < 0 and p(z) =0o0n X. 
In the dynamical system of Part I this requirement means that the force 
along the radius vector is directed away from the origin and that its magni- 
tude can decrease only if R decreases. 


THeorem VII If there emisis a positive constant J such that 
lg | /(—p)*2/7, |r| /(— p) ZJ on Z, then every solution of (3) such 
that V(a)g(a) = 0 oscillates infinitely often on X. 


For the sake of definiteness, we suppose that q(x) is positive on X 
since the other case is obtained from this by simply interchanging the roles 
of y and z in the proofs. 


Lemma I. If w(x) is the solution of (6) such that w(c)=1, w’(c)—9, 
where s = c is any fired point of X, then g(x) w(x) /w’ (x) >g(2)/[—p(z)]* 
— r(z)w(e)/wW(z) > —r(z)/[— p(2)]* on D:d Sax < %, where d is any 
number that is greater than c. 
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Proof of Lemma I. Since p(s) < 0 on X, ww’ can vanish at most once 
on this interval. It follows from w(z) = — f “p(t) w(t) dt that w and w’ 
are positive on D. Multiplying (6) by w(z)/ (— p) and integrating from 
t =c to t = g, we get w(z)*=1-++ 2 AOLO dt/[— p(t)]. Integrat- 
ing this by parts 


w(2)?= 1+ w (2)®/[—p(2)] + f, O/P w (4) 


Since p’ 0 and w >0 on D, we have w(x)? > w’(x)*/[— p(x)] or 
w/w > 1/(— p)* and multiplication of this inequality by q and — r, re- 
spectively, yields the desired inequalities. 


Lemma Il. If x=b is any point of D and K and H are constants, 
K being positive, then 


lim ("RL S AOU) d + H]ds/w(s)* = + x; 


where f(t) is identical with either q(t) or — r(t) and D, c, w have the same 
significance as in Lemma I. 


Proof of Lemma II. Since lim w(z)’=-- œ, let g be so chosen that 


02-309 
for every s on G: g Sg < w,w(b)’/w(z)’<e where 0 <e<landg>b. 
On C:c¢cS2< œ, we have w” == -— pw =— p(a) > k > 0, hence w (x) = 
k(a—c) and w(x) È k(x —c)?/2. On D, | H| /w? << 4| H ]|/(s— c)* 


and hence f i [H/w(s)?]ds converges as x becomes infinite. The proof of 
b 
Lemma II will be completed if we show that 


=f" LS WOSE dt/ws)*]ds 


diverges as x becomes infinite. Let z be any point of G and apply Cauchey’s 
theorem * to the integrand of T. 


w 
f w (EEC dE wu (ry = f(s ye (s1 — w (bhy we (r PRE Nb LeeL r, 
a h 
>Pti—enqisim(s) zais Degen) | 
* Cf. Pierpont, Theory of Functions of a Real Variable, Boston (1905), Vol. I, page 


330. This theorem states that if #07) and eft) ore continua an hed tar yells 


: i 
bare a + ek ae 
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o 
by Lemma I. Hence J >f (1— e) Jdt/2 = (1 —e) (J/2) (£ — g) and be- 
. 9 
comes infinite with g. This fact combined with the above proof that 
f, Hds/w (s)? converges as x becomes infinite on X yields Lemma II. 


Proof of Theorem VII. Make the change of variable y = wY, z = wZ 
on C: c&g< œ. Since w(x) does not vanish on this interval and since 
0 = tan“! (z/y) = tant (Z/F) is an invariant under this transformation, we 
will have proved our theorem if we show that Y (z) and Z (æ) oscillate in- 
finitely often on C. Furthermore, 


U (a) Y (2)Z' (2)—Z (2) ¥’ (2) = (ya! — zy) /w? = V (2) /w? 


and hence U (s) is of the same sign as V(x). The differential equations 
(3) become 


(7) y” + 2 (w/w) Y = qZ, g” + 2(w’/w)Z’ = rY, 


which when solved by the method of variation of parameters yields 


(a) Ye) = Lf w(t)*q(4)Z(é) + w(b)*¥’(b) ]/w(e)? 
(8) i 
O) Zæ) = [S wE (Edt + w) Z (0) L/w (2) 


where z= b is any point of C. 

Now assume that Y and Z vanish only a finite number of times on C 
and let D: d=2< o be chosen as a subinterval of C on which neither Y 
nor Z vanishes. Since V(d) > 0, it follows that U(d) is positive. From 
U(d) > 0 follows that either: (A) Y’(d)Z(d) > 0, or (B) Z(d)Y(d) <0. 

Consider (A). For the sake of definiteness, we assume Y’(d) > 0, 
Z(d) >0 although a treatment of the case Y’(d) <0, Z(d) <0 merely 
involves the replacement of Y, Z, Y’, and Z’ by their negatives in the fol- 
lowing proof. It is convenient to treat (A) in three sub-cases: Case Aj, 
Y(d) > 0; Case As, Y(d) <0, Z’(d) Z0; Case As, Y(d) < 0, Z’(d) <0. 


Case A, Since Z(z) and Y’(d) are positive and Z (æ) does not vanish 
on D, we have from (8) (a) that Y’(z) is positive on D. Hence Y (v) is 
a positive increasing function on D and Y(z) = Y(d) on that interval. 
From (8) (b), we have 


— 27) [— f r(t)w(t)*¥ (t) dé + Hua): 


= Y(d)[— in rw?dt + H] /w?, 
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negative. Let us show that 2’(z) is negative on C. Suppose that for a point 
z=e of C we have 2’(e)==0. Let W(z) be the solution of the system 
W” + pe) W = 0, W(e) = 1, W (e) = 0, and let y = Wy", z = Wz. Since 
z2 (e) = 0, we have 


yla) = Cf” aW (dt + 9” (6) VW) 
(9) 
(a) =O 7 (#) W (é)2y*(t) dt] /W (2)?. 


Since y* <0 on EreSx< æ (y* has the same sign as y) and since 
2* (e) = 2/W > 0, we have that z” (x) is a positive increasing function on E. 
Hence 2*(z) = 2*(e) > KE > 0 and 


ve) Bye) +f" TR |" a(yw tat + y(e)]as/T(s)* 


Applying Lemma II, we get lim y” == + œ. But since y*(e) =y(e)/W(e) 
B->0O 


<0 it follows that y* and y must vanish on Æ, thereby contradicting our 
hypothesis that y does not vanish on D. Hence for every x on C, we have 
z(z) <0. Furthermore, y’(z) does not vanish on C. For, if y/(h) =0, 
then from V(h) =—y(h)2(h) 20 follows that z(h) is positive or zero 
which contradicts z’(c) <0 on C. A similar argument shows that Y’(z) 
cannot vanish on O. Since Y’(c) =y (c) and Y’(d) > 0, it follows that 
‘y’ (c) is positive or zero on ©. Since y(x) is a negative increasing function 
and z(z) is a positive decreasing function on C, it follows that R(x)? 
= y(r)*-+ 2(z)? is a decreasing function on C and is consequently less than 
a positive constant K. Now 


9) =— V(2)/R(2)* = — V(d)/R(2)*—[ f° (9—1) at] /B(2)? 
<—V(d)/K <—H <0, 


where H is a constant. Hence — = -—0 ( d)— Í, 20) di>—0(d)+ H(z—d). 


Hence im 6 = — œ and y = R cos 6, z == R sin @ vanish infinitely often on D. 


TO 
This, however, contradicts the hypothesis that y(x) and 2(z) each vanish 
only a finite number of times on D. 
We omit the arguments for (B) since they parallel, step by step, the 
arguments for (A). In fact, if one wishes to do so he can bring this case 
under (A) by the use of the transformation y == — 2" (x), z == y". 
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THeoreM VIH., If there exists a positive constant J such that 
lal/(—p)* 2d, |r| /(—p)* =J on X and if (q +r)? —4p? 0 on X, 
then every solution y(x), z(x) of (3) either oscillates infinitely often on X 
or else the quantity E == Y? + 2° decreases steadily approaching zero on some 
interval G: gSu<i mw. 


Proof. Here again we confine our attention to the case g > 0 since the 
same arguments treat the case q < 0. If for any value of x, z = d, we have 
V(d) = 0, then V(x) > 0 ond <2 < æ and Theorem VII applies to prove 
that the solution oscillates infinitely often on X. 

If there is a solution y(z), z(z) of (3) such that V(x) <0 on X, 
we let d be chosen so that neither y nor z vanishes on D: dS=a< œ. 
If no such d exists, then y and z each vanish infinitely often on X and the 
theorem is valid. We have 


(RY = 2 (yy + 22’), (Bart + of? + 2). 


If we multiply the equations of (3) by y and 2, respectively, and add the 
resulting equations, we get 


Va (BR?) =y + 2! +Q, 


where 9=— py? + (q +r)yz—pz? is a positive semi-definite quadratic 
form. Since V(z) does not vanish on X, y and z’ cannot vanish simul- 
taneously and ( R°)” does not vanish on X. Hence (R?)’ can vanish at most 
once on X. Choose a point z =g on D so that (R?) does not vanish on 
G:gS2< mw. Hither yz > 0 on G or yz < 0 on that interval and in either 
case y and z do not vanish on G. An examination of (3) along with the 
inequalities p < 0, q > 0, r < 0 reveals that either y” or 2” does not vanish 
on G. For the sake of definiteness, suppose that y” does not vanish on G, 
then y’ can vanish at most once on that interval. Let h be chosen greater 
than g so that y’ does not vanish on H: hS z < œ. We show that neither 
4? nor z? can be hounded from zero on J. It follows from our hypotheses 


on | q |/(— p)* and | r P that qat and — f rat become 


infinite with z and henee if either y° or 2° wero bounded from zero, the 
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on JI and hence y? approaches zero steadily on J. Since 2? cannot be hounded 
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is negative on this interval and since every neighborhood of infinity contains 
points where R? is arbitrarily small, is follows that R? approaches zero steadily 
on G. 


COROLLARY. If we omit the hypothesis (q + r)?—4p S0 from 
Theorem VIII, then we conclude that every solulion of (3) either oscillates 
infinitely often on X or else R? takes on values arbitrarily close to zero im 
every neighborhood of infinity, i. e., lim R? = 0, where the underline indicates 

g- 
the lower limit.” 

4°, Case where the independent variable ranges over the entire real 
azis. Consider the differential system (3) defined on the entire real axis 
X: — o <<g< -+ 0. Let gr be negative on X and q(x), r(x), and p (x) 
be continuous on this interval. 


THEOREM IX. If p(<)=0 on OC: cÈ v> --- œ, and the integrals 

f ue at, f “tr(t) at become infinite as x becomes infinite on C, then every 
c 0 

solution of (3) such that V(ce)q(c) S0 will oscillate infinitely often on C. 


Proof. Carry the interval C into T: —c S t< + œ by the change of 
independent variable z==— t. System (3) becomes 


(10) @Y/d#®#+P(t)¥—Q(i)Z, PZA + PU)Z=SHY, 


where P(t) =p(— t), Q(t) =q(—t), S(t) =r(— t), Y@) =y(—t), 
Zi)=z(—t). Let U(t)—=¥'(t)Z(t)—Z’(t)¥ (t), then V(z)—=— U(t) 


'ż $ 
and U(t)== U(—c) +f [Q2° — SY? ]ds = — F (c) +f LQZ? — SY? |ds. 
-0 -6 
Since — V(e)g(c) = 0, it follows that U (¢) is a positive increasing function 
on —c<t< œ or a negative decreasing function on this interval according 
as q(x) is positive or negative on C. Also, from the hypotheses on the in- 


'ż .t 
tegrals of tg(t) and ir(t), we have that J sQ (s) ds, f sö(s)ds become 


infinite with t. We may now apply Theorem V to show that the solutions 
of (10) under investigation oscillate infinitely often on T and from this we 
immediately conclude that the corresponding solutions of (3) oscillate in- 
finitely often on C. 


* The corollary follows when we note that the only use made of the hypothesis 
(q-+1r)*—4p?<0 in proving Theorem VIII was to show that (R°)? could not 
vanish on @. 
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The same transformation that was used in proving Theorem IX may 
be used along with Theorem VII to prove 


THEOREM X. If on C: cZ2>—@, we have p(x) <0, p(z) 20 
and the quantities q(x) /[— p(x) ]%, r(a)/[— p(x) ]* are bounded from zero, 


then every solution of (3) such that q(c)V(c) S0 oscillates infinitely often 
on C. 


If to the hypotheses of Theorems IX and X we add that f ° q(t) dt, 
a È 


f r t) dt become infinite as z becomes negatively infinite and (r + q)? — 4p? 
© 


= 0 on C, respectively, then Theorems VI and VIII are valid on C. 
The results of this part of the paper are summarized in the following 
theorems: 


THEOREM XI. If in system (3) we have p, q, and r continuous on 
X:— ao <z<+tw,gr<OonX,andeiher: (A), p(z) =0 for |s] >c, 


where c is any fixed real number, and f “tq (t) dt, f “tq (t) dt, f ” t(t) dt, 
c e e C 


f “tr (4) dé become infinite with z; or (B), p(x) < 0 for |a| >o p(z)S0 
e 


for «Ze, p (<) 20 for s S—c, p’(x) continuous for |x| >c, and the 
quantities q (t)/[— p(t) ]%, r(t)/[— p(t) ]* bounded from zero for |x| >, 
then every solution of (3) oscillates infinitely often on X. Furthermore, 
if z =a is any point of X and V(a)q(a) 20, the solution oscillates in- 
finitely often on the positive real axis, while if V(a)q(a) = 0, it oscillates 
infinitely often on the negative real asis. In particular, if for any solution 
y(z), z(z) of (3) we have V(x) =0 at a point of X, then the solution 
oscillates infinitely often on both the positive and negative real axes. 


THEOREM XII. If in addition to the hypotheses of Theorem XI we have 


in case (A) f "q(t) dt, f a(t) dt, f POr f “r(t)dt become infinite with 


z and in case (B) (q +r)7— 4p? S0, then every solution of (3) such. that 
V(a)g(a) = 0 oscillates infinitely often in a neighborhood af + œ and either 
oscillates infinitely atten in e nerabnarhnadnt- œ nr thrive eriste anriethn. 
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The geometrical characterization of the integral curve of (3) in the 
yz-plane is one of the following: 





Ficure I. Fıcurs II. 


Ill. System (3) wirH g(e)r(z2) >0. 

Consider system (3) where p(z), q(x) and r(x) are of class C’ on 
X:aS sS pb and g(x)r(z) > 0 on this interval. 

Let w,(z) and we(x) be linearly independent solutions of (6) and let 
Wiw, ws] = wı(z)w’.(z) — we(z)w's,(x) be the wronskian of these solu- 
tions. One easily shows that W[w,, we] is constant on X and is different 
from zero. If @(z, t) is defined by 

G(x, t) = [w,(t)we(z) — wi(z) we(t) ]/W [w w2], 


then the general solution of (3) is given by 


y (x) = wi (s) + C2w2(z) +f G(z,t)g(t)z(t)dt 
(11) 
2(2) == cswı(z) + caw: (X) +f, G (a, t)r(é) y(t) dt, 


where Cı, C2, Cs, C4 are constants. 


THEOREM XIII. If the interval X is such that there exists a non- 
vanishing solution of (6) on it, then w, and ws can be so chosen that 
Wiw, w2] =1, G(x, t) >0 ona St <a, and Glz, t) <0 one to. 


Proof. If wọ(x) is the non-vanishing solution of (6) and we let 
w (az) =|wo(z) |/ | wo(a) | while w(x) is the solution of (6) such that 
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w;(a) = 0, w’2(a) = 1, then G(z,t) and W[w,, we] are readily seen to have 
the properties that are desired for Theorem XIII. 

Let (Yı, 21), (Yz, 22), (Ys, 23), (Ya, 24) be linearly independent solutions 
of (3). It follows by well-known considerations that these four solutions 
form a fundamental system of solutions of (3) and that 


, , 4 , 
Yr Y2 Ys 4 
W = Y J =a constant = 0. 
24 22 23 24 
2 Z Zg 24" 


Let ui and vi, (i= 1, 2, 3, 4), be the cofactors in W of yọ’ and zi’, 
Tespectively. Calculation of wi’, vi, u”, vis’ shows that (wi, vi), 
(i= 1, 2, 3, 4), is a solution of 


(12) u” + pu = r, v” + pv = qu. 


If W* denotes the determinant obtained from W by changing yi, Yi, zi, 27’; 
respectively, to ui, u’, Vi vi’, (i= 1, 2, 3, 4), then * W*= W3. W* is 
therefore different from zero and (ui, vi), (i= 1, 2, 3, 4), form a funda- 
mental system of solutions of (12). If in W* we let Y; be the. cofactor of 


u; and Z; the cofactor of vi’, one easily verifies + that y; = — WY;/W* 
= Yı/W*®, 44 — WZ;/W* 73 Z:i/W?. 
Let 


4 4 
Ku(a,i)= = yi (x) us (4) /W, K32(z,t) = 2 yi(z)vi(t)/W, 
4 4 
Ka (z, t) = 2 Ži (x) Us (t)/W, Kas (x, t) = 2 2; (z)v;(t)/W. 
The K’s are readily seen to have the following properties: 


Kı(2,2)=0, Ry2(2,2)=0, Ka (x, x)=0, Koo (2,2) =0 
(9/02) Kıı(z,2)=1, (0/02) Kız(2,2)=0, (0/02) Koi (z, £)=0, (0/02) Ka(z,2)—1 
(9/9) Ky, (x, %)—=—1, (0/0t) Ky2(2,2)=0, (0/0t)Koi(z,2)=0, (0/0t) K2o(2, t) =— 


* Cf. Böcher, Introduction to Higher Algebra, New York (1919), p. 33. 
$ This is done by solving the following ecte of algehrsie equations: 
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4 = 4 4 
> Uyi = 0, > Ui Ys = W, ` vifi = 0, ` vi Ya = 0, 
4 1 <q 1 
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For each fixed z on X, (Kir, Kı2) and (Koi, Ka.) are solutions of (12). 
For each fixed ton X, (Kir, Koi) and (Kis, Kee) are solutions of (3). 


THEOREM XIV. The functions Ky, Kio, Kzı, Koo are uniquely deter- 
mined for system (3), îi. e., they are independent of the particular funda- 
mental systen of solutions used in their construction. 


Proof. Let K“;;(z,1), (i, 7=1, 2), be formed for a different funda- 
mental system of solutions of (3) and suppose that K*(c, d) Æ K (ce, d) for 
some values of i and 7 and for some c and d such that a Sc, db. 
Kı;(z, d), Kz; (x, d) and K”; (x, d), K”2;(z, d) are solutions of system (3) 
and both have the same initial values at z = d. Hence hy the uniqueness 
part of the fundamental existence theorem, Kij(z, d) = K*ı; (z, d) on 
a=x= b, thereby contradicting Kı; (c, d) ~ K*i;(¢, d). 


THEOREM XV. The functions Ki; have the following properties: 


Kı(z,t)=—Kz(t,2), Kalz t) =— Ka (t,£), 
K(x, t) =— K(i z), K(x, t) =— Ki (t,£). 
Proof. Following Theorem XIV we can and will form the K’s from 
a fundamental system of solutions that has the property of making W =1. 
Yı = Vi, 2%; = U; is a solution of (3), since wi, v; is a solution of (12) and 
W = W* = 1. Hence the cofactors of v; and wi’ in W are respectively — 2 
and — yi. Substituting we obtain 


Ka. i= Sy: (s)u(t)— _ > onen, 


Kız(z, i= È n (2)v (t) = vi(z)y:(t)=— Kı2(t, £), 


-3 
Ka (z, t)= RER eS aia), 
-2 


ERENTO E 


Theorem XV is important in that it gives the values of the K’s at every 
point of x < tÆ b in terms of the values of these functions on a4 S t < z. 
The general solution of 


(13) y” + py—qz=hi(a)z, 2” + pz— ry = he (z)y, 


where hı and hz are continuous real functions of class C’ on X and! 
(q + hi) (r+ he) 0 on X, is given by the pair of integral equations 
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y(2)= Soyıla)+ fT Ua (2 Dh (£)2(8) + Kaa t) ha #)y (E) Jdt 
(14) 1 @ 


2(2)= > szla) f {Kor (a, t) hi (£)2(4) + Koo (a, t) ho(t) y(t) jdt, 


where cı, C2, Ca, Ca are constants. The equivalence of systems (13) and (14) 
may be verified by substitution. 


Definition. The interval X is said to be regular“ of the first kind for 
(3) of Kiz(@, t) > 0, (i, j= 1, 2), for each x on X": a <s Shb and every 
tonast<z. 


Definition. The interval X is regular of the second kind for (3) if 
Ky, > 0, Kaz > 0, Kio < 0, Koi < 0, for each x on X* and for every t on 
ast<a. 


THEOREM XVI. If r>0,q > 0,0n X and there exists a solution of (6) 
that does not vanish on X, then X is regular of the first kind for (3). 


Proof. Let G(a,t) be defined as indicated under Theorem XIII and 
assume that for some value of z, z == c, on X* and for some #, t==d, on 
a=t<c, at least one Kiz is less than or equal to zero. Since Ki:(e, t), 
Kı2(c, t) is a solution of (12), we have 


(a) Kaule, =w f G(t,s)r(s) Ki2(¢, s)ds 
(15) | i 
(b) Kulo t)= f G(t,8)q(s) Rule, s)ds. 


Since wa (4t) < 0 for t < cand (8/3) K (c e)= — 1, Kı (c, c)= 0, it follows 
that for a sufficiently small positive e Kulc,t)>0 on c—e=t<e. An 
examination of equation (15) (b) shows that the integrand is negative on 
the interval e-—e=t< c for s >t and since the upper limit of integration 
is smaller than the lower, it follows that Kı2(c, I) is positive on this interval. 
If either Kı, (c, t) or Kız(e,t) vanishes at t — d, we let {=e be the greatest 
zero of the product of these two functions on d& t < c. If Ku(c,e) =0, 
then equation (15) (a) yields 


0 
(16) D-=- we) + f UAC, SITAS) Kante, S) As. 
at & 
Both terms on the risht hand side of cauation (16) are positive and hence 


this equation is impossible. Similar reasoning when applied to equation 


t ` AN Foren | 
s . 
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Since Ka (c, t), Kas(c, t) is a solution of (12), we have 


t 
Ko: (c, t) -=f G(t,s)r(s) Kor(e, s)ds 
(17) : ; 
Koo(c, t) == — we(t) +f G(t, 8) q(s) Wor (c, 8) ds 


and an application of reasoning that is entirely analogous to that used in 
treating Ki; and Ky, shows that neither K.2:(¢,d) nor Kas(c,d) can be zero. 
Hence none of the K’s can vanish at (c,d) and it follows from this contra- 
diction that Theorem XVI must hold. 

Obvious modifications of the proof of Theorem XVI establish: 


THrorem XVII. If r<0,q¢ <0 on X and if there exists a solution 
of (6) that does not vanish on X, then X is regular of the second kind for (3). 


We note as an obvious consequence of the foregoing work that any regular 
interval for (3) is also regular and of the same kind for (12) and conversely, 
any regular interval for (12) is also regular and of the same kind for (3). 

In the presence of the requirement rq > 0 it is true that every finite 
interval X can be broken into a finite number of regular intervals for (3) 
all of which are of the first kind or else they all are of the second kind. 
One merely notes that a solution of (6) has only a finite number of zeros 
on any interval of finite length. In particular, if p(x) < 0 equation (6) 
has solutions that do not vanish on any sub-interval of the real axis and in 
this case the entire real axis is regular of one kind for (8) and (12). 


TuroreM XVIII. If X is a regular interval of the first (second) kind 
for system (3) and (Y,Z) and (y,2), respectively, are non-identically van- 
ishing solutions of (8) and (13) such that y(c) = Y (e), y (e) =Y (c), 
z(c) =Z (c), z (c) =Z (c), aSc & pb, and if hi(z) =0 on X, then the 
first zero ® of y(x) on e<z=b follows (precedes) or precedes (follows) 


* The proof that the zeros of y, z, Y, and Z on X cannot have a finite limit point 
is as follows: 

Assume that v = c¢ is a limit point of the zeros of one of these quantities, for 
example y(x). Rolle’s theorem and continuity considerations show that # =c is also 
a limit point of zeros of y/(a), y” (æ), and y” (æ) and furthermore, y(e)= y (e) = 
y” (e)= yt(c)=0. Now z(e)= [y7 (0) + p(e)ylte)l/g{e)= 0, 27(c) = [y7 (e)+ 
pr (o)yle)+ Pple)yrte)—g’(e)z(e)]/gte)=0. Hence y(e) =y (0) =2(0) =% (c)= 0 
and by the fundamental existence theorem, y(#)=z2(#)=0 on X. This contradicts 
y(w) and z(æ) not identically zero on X. Similar arguments when applied to the 
proper equations of (3) or (13) treat the cases z (æ), Y(w), Z (æ). 
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the first zero of Y(x) on this interval according as he(z) Z0 on ce<z=b 
or h2(t) Z0 on this interval, in any case the equality sign holding on at 
most a null set of points. 


4 
Proof. Let a in formula (14) be replaced by c and note that > ciy: (£), 
1 


4 
> c;2;(2) is a solution of (3) that has the same initial conditions at z= c 
1 


as Y(z), Z(e). Using the uniqueness part of the fundamental existence 
theorem for (3), system (14) becomes 


(a) y(2) = ¥(2) + J Kua(a, t)ha(t)y(t) dt 
(18) y 


(b) a(x) = Z(#) + f Kol, t)ha(t)y (t) dt. 


It follows readily by differentiation that the lowest derivatives of y and Y 
that do not vanish at z = c are equal at this point. Hence if s= dis a point 
such that d >c and neither y nor Y vanish on c< vd, then on this 
interval Y(z)y(z) is positive. 

If h.(z) > 0 almost everywhere on A and X is regular of the first 


kind, we have that f "Kaa (x) he (t)y (t) dt is different from zero and has the 
e 


same sign as Y(z) for every v on c < s= b that is less than or equal to 
the smallest value of x on this interval for which yY vanishes. Hence the 
product yY must vanish for a smaller value of z on e<xz=b than the 
smallest value on this interval for which y(x) vanishes and our theorem 
follows for this case. 

If X is regular of the second kind, we transpose the integral term of 
(18) (a) to the other side and repeat the above argument with respect to 
Y(x) to get the desired conclusion. If kh.(z) =0 on X, a repetition of the 
foregoing argument with obvious modifications treats all of the cases that 
arise here. 

If h.(z) ==0 on X and (y,z), (Y,Z) are defined as in Theorem XVIII, 
equations (14) hecome 


y(n) == Vr) + (Re Aed 
(ið) H 


alar yes f En (ar, tYhy (t) a(t) dt 
of O 
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THEOREM XIX. If X is a regular interval of the first (second) kind 
for (3) and h.(x) =0 on Z, then the first zero of z(z) on c < s Sb follows 
(precedes) or precedes (follows) the first zero of Z(x) on that interval 
according as as hı(z) > 0 almost everywhere on c< 2b or hi(z) <0 
almost everywhere on that interval. 


Using the properties of K;;(z,t), (i, 7 = 1, 2), that were established in 
Theorems XIV and XV, we establish the following theorems on aS z < c: 


THEOREM XX. Under the hypotheses of Theorem XIX, if X is a regu- 
lar interval of the first (second) kind for (3), the last zero of y(x) on 
a& g< c precedes (follows) or follows (precedes) the last zero of Y (x) 
on this interval according as h2(x) > 0 almost everywhere on aSxz<cor 
ho(z) < 0 almost everywhere on this interval. 


THEOREM XXI. Under the hypotheses of Theorem XIX, if X is a 
regular interval of the first (second) kind for (3), the last zero of z(x) on 
aa <c precedes (follows) or follows (precedes) the last zero of Z(x) on 
that interval according as hı(z) >0 almost everywhere on aZSr<c or 
hi(z) < 0 almost everywhere on that interval. 


THEOREM XXII. Let (y, 2) and (Y, Z) be defined as in Theorem XVIII 
and q(c)[q(c) +hi(c)] > 0, r(c)[r(e) + f2(c)] >0. If X is regular of 
the first (second) kind for (3) and the first non-vanishing derivative of y(z) 
at t==c has the same (opposite) sign as the first derivative of 2(x) that 
does not vanish at æ= c, then the first zero of yz on c< ab follows 
(precedes) or precedes (follows) the first zero of YZ on this interval according 
as h(s) > 0, halz) > 0 almost everywhere on e<z Sb or hılz) <0, 
h2(z) < 0 almost everywhere on that interval. 


Proof. Following the reasoning used under Theorem XVIII we may 
write the lower limits of integrations in system (14) as c and replace 


4 4 
> ciyi(x) by V(x) and Dciz;(z) by Z(x) in this system. Calculation of 
1 1 


the derivatives of Y, Z, y, and z together with the hypotheses on g(e)[g(c) 
—+Ahıle)] and r(e)[r(c) + ha(c)] shows that if e—d is any point such 
that yzYZ40 on e< 22d, then y(d)FY(d) >0, z(d)Z(d) >0. An 
examination of the right hand side of: (14) shows that if X is regular of 
the first kind, and the lowest non-vanishing derivatives of y(z) and z(x) 
at == c are of the same sign, the integrals will have the same signs (opposite 
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signs) as Y (x) and Z(z) if hi > 0, ho > 0 (hı < 0, he < 0) almost every- 
where on X. Application of an argument of the type of that was used in 
proving Theorems XVIII and XIX shows that the first zero of yz on 
c <rt b must precede the first zero of YZ on this interval. 

An entirely similar argument demonstrates the theorem for the cases 
where X is regular of the second kind. 

An argument that follows exactly the same lines as that used in proving 
Theorem XXII establishes the following theorem: 


THEOREM XIII. Let q(c)[q(c) + hıle)] and r(c)[r(c) + he(c)] be 
positive and let y, z, Y, Z, be defined as in Theorem XVIII. Let re 
be the first zero of yz on c<z=b and let x—f be the first zero of YZ 
on this interval. Let X be regular of the first (second) kind for (8) and 
let the lowest non-vanishing derivatives of y and z at z= c have opposite 

: zle) =0 Rea iis a 
{the same)signs. Then if oe ug Self or 
{ is j ve > according as hı> 0, he<0 almost everywhere on 


¢<2b or hy <0, he > 0 on that interval. 


, we have 


It is evident that Theorems XIV and XV may be used to establish 


theorems on a= v < c that are the exact analogues of Theorems XXII and 
XXIII. 


an } interval of oscillation * of (3) at s =c¢ 


casd 
eZıSc 


Definition. By the { 


we mean the subinterval { of X, if such exists, such that 


ad) . smallest . 
{ o? is the { largest number having the property that every solution 


of (3) whose y or z vanishes at v= c also has a zero of y(x)2(x) on 
Ir <ıS a) 
esaces’ 


THEOREM XXIV. If gle)r(z) > 0 on X, the backward and forward 
intervals of oscillation for (3), if they erist, are greater in length than the 
corresponding intervals t tar (BY. 


m en 
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+ These intervals for (6) are determined by the zeros that immediately precede 
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Proof. Let w(x) and W(x) be the solutions of (6) having the values 
w(c) = 0, w’(c) = 1, W (e) =1, W’(c) = 0, where z =c is any point of X. 


and form G (a, t) from these solutions. y(z)— f “G (2, Dq (t) dt + w(e); 


v 
af. G(x, t)r(t)y(t)dt represents the solution of (3) such that y(c) 
e 


= z(e) =z (e) = 0, y (c) =1. If c—d is the first zero of w(x) such 
that d > c, then G (d, t) is positive on e < x < d and vanishes at g ==¢ and 
z==d, An examination of the above equations for y(z) and z(z) shows 
that neither y nor z can vanish on c< sS d. Similar considerations treat 
the backward intervals of oscillation. 


CoROLLARY. If qr >0 and (6) has a non-oscillatory solution on any 
interval X, there exist solutions of (3) such that either y or z does not 
vanish on X. 


IV. APrPLICATION TO Equations (1) AND (2). 


We indicate briefly how the foregoing treatment applies to the general 
fourth order self-adjoint equation (1) and to the second order equation (2). 

For equation (1) we have p(2)—=L(z)/RK(z), q(x) =1/K(x), 
r(z) = L”(z2)/2 + L(x)?/4K(2) —G(z). The conditions that we have 
imposed on p, g, and r in the various theorems are conditions on the above 
combinations of the coefficients of (1). The conclusions of these theorems. 
apply to u(x), the solution of (1), and the combination Ku” + Lu/2. In the 


special but important case L(z) —0, we have p(x) = 0, r(x) =— G(x) 
and the conditions of the theorems become very simple. 
Equation (2) is equivalent to system (3) where g(z) = —r(s). This 


property simplifies several of the hypotheses of the theorems of the paper. 
In particular, the condition (q + r)?— 4p? S 0 is automatically satisfied. 
Let w(x) == u, (z) + iu:(x) in equation (2), then 


u exp [% | pdt] = y cos f "padt/2 + 2 sin f ” ped /2 
(20) . Q a oa 


a a 
Us EXP [6 f pdt] = — y sin f p2dt/2 + 2 cos f podt/2 
g G @ 
and the determinaut of coefficients of y and z is identically unity. 


The following theorem concerning equations of type (20) forms a con- 
necting link between the properties of y and z and those of u, and us. 
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THEOREM XXV. If y(z), z(£), a(x), and b(x) are of class C’ on X 
and (ab — ab’) (y’2 — yz) 20, V(x) = yz — 2’y 40, a Æ 0, b 40, on X, 
then 
1). The zeros of y(x) and z(z) separate each other on X. 
2). If u=ay—bz, v = by + az, there is at least one zero each of u 
and v between each pair of zeros of either y or z on X. 

3). The zeros of u and v separate each other on X. 

4). Phere is only one zero each of u and v between each pair of consecu- 
tive zeros of y and between each pair of consecutive zeros of 2. 


Proof. 1). Let C and D denote two zeros of y on X and assume that 
z does not vanish between C and D. z(x) cannot vanish at either C or D 
since this would cause V to vanish at such a point. Consider the continuous 
function y/z on the closed interval bounded by C and D. The derivative 
[y/z]’ = V(x)/2* does not vanish on this interval and hence by Rolle’s 
theorem y/z cannot vanish at both C and D. This contradiction shows that 
z vanishes at least once between each pair of zeros of y. Similar considera- 
tions of z/y shows that y must vanish at least once between each pair of 
zeros of z. 


2). y(x) and z(z) cannot have a finite limit point for their zeros on X, 
for continuity considerations together with conclusion 1) above would cause 
both y(z) and z(x) to vanish at such a point and hence V(x) would neces- 
sarily vanish there. Let s =c and z= d be consecutive zeros of yon X 
and assume that v(z) does not vanish on c <æ <d. An examination of 
the equations connecting y, 2, u, and v, together with the restriction on V (z), 
shows that no two of these quantities can vanish simultaneously on X. 
Since z(z) vanishes exactly once on e<z<d, we have from a(z) ~0, 
u(c) =a(c)z(c), o(d) = a(d)2(d), that v(c)v(d) < 0 and hence v(z) must 
vanish at least once on c< g< d. Similar arguments treat all of the 
other cases. 


3). Since u and v do not vanish simultaneously, we establish 3) by 
considerations similar to those used in proving 1). We note that (u/r)’ 
Klee AH) HP EB) (y's gy ec, when rr) 720, and 


yg gait te aly p ie le ga V 


4). In the presence of conclusion B}, we mav use the same argument 


that was used under 2) and show thet wand v cannot have tinite limit points 
aa . or oat a SE A RETTEN : CPP se we Oe es are 
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and 2(z), we obtain y(z)=(au + bv) /(a? + b?), 2(2)=(av— bu) /(a?+ b’). 
The argument that was used under 2) to show that v vanishes at least once 
between each pair of consecutive zeros of y(x) can now be applied to show 
that y(x) and z(z) each vanish at least once between each pair of consecutive 
zeros of u(z) and between each pair of consecutive zeros of v(z). This 
together with 2) establishes part 4). 

In conclusion, it is worthwhile to point out that the foregoing treatment 
does not touch the cases where g(z)r(z) changes signs on the interval under 
consideration. The methods of the present paper do not seem to lend them- 
selves readily to a treatment of these cases except in so far as it is possible 
to break up the given interval into sub-intervals upon each of which either 
q(x)r(x) S0 or q(x)r(x) 20. Other important cases omitted from the 
present paper are those that arise when p(x) neither vanishes identically nor 
remains negative on interval considered. All of these cases are important 
and it would be of interest to develop the properties of the solutions of such 
systems. 
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Region on a Sphere.* eure 


By Joun J. GERGEN.} 


Part I. MAPPING OF THE INTERIOR. 


1. Introduction. We shall be concerned in this paper with a three 
dimensional region D having the following properties: 


1. It is bounded; 

2. It is normal,f that is, a solution of the classical Dirichlet prob- 
lem exists for D for any assigned continuous boundary values. 
In particular, if P, be any point of D, then the Green’s function 
g(D | Po, P) with pole at Po, exists for D; 

3. There is a point O in D such that V g(D 
point P in D. 





0O, P) vanishes at no 


We shall prove that this region D can be mapped upon the interior D’ 
of a sphere in such a way that: 


1. The images in D’ of points on a level surface g(D | O, P)== const. 
lie on a sphere concentric with D’; 


* Preliminary report presented to the American Mathematical Society, February, 
1928, under the title of “On Accessible Points on the Boundary of a Three Dimen- 
sional Region.” This problem was suggested by Professor G. C. Evans, and the 
author is particularly indebted to Professor Evans for suggesting—on the basis of 
physical intuition of the flow of electricity—a type of simply connected region for 
which | Y g | vanishes at an interior point, and for the proof of Lemma 7, second 
paper, which takes the place of two lemmas given by Professor Osgood for the two 
dimensional situation. 

f National Research Fellow. 

For a discussion of the methods of attack on the problem of Dirichlet, sufficient 
conditions for normality, and a complete set of references, see Kellogg, “ Recent 
Progress with the Dirichlet Problem,” Bulletin of the American Mathematical Societi, 
Vol. 32 (1926), pp. 601-025. See also Rellowe, Foundations of Potential Theory, Borlin, 
PPC og) i Are tho: eg E 4, Toi pe es . ne By b T? ty ua . sii zy NN 4 
SE ge Phs As Ç] o a Re Eo eh L pL a OV 
Journal de Mathematiques Pures et Apphaudes. t T {1825}. uo, 83-111 Tn this memor 
Bouligand discusses ihe promou of Divichlet and the principle of Picard. employing an 
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2. The images of points on any trajectory orthogonal to these level 
surfaces lie on a radius of D’; 

3. The points in D correspond in a 1:1 manner to those in D, 

4. The mapping functions (of the coördinates) which carry D into 
D’ are analytic in D—O and continuous at O. 


The importance of this type of mapping lies, of course, in its analogy 
to conformal mapping of plane regions upon a circle. This analogy rests on 
the fact that when a plane region S is mapped in a 1:1 and conformal 
manner upon the interior S of a circle, the level curves of the Green’s func- 
tion of S, with pole at the point corresponding to the center of 8°, are carried 
into circles concentric with 8° and the trajectories orthogonal to these sur- 
faces are carried into radii of S’. 

In a second paper, to be published in a forthcoming issue of this Journal, 
we shall be interested in the correspondence brought about between the bound- 
ary points of D and those of D’ when a correspondence of the above type 
is set up between the interior points. Our methods here are based essen- 
tially upon those employed by Osgood and Taylor in their proof of the funda- 
mental theorem * that when a simply connected plane region S is mapped 
in a 1:1 and conformal manner upon the interior of the circle S’, then an 
accessible point A, on the boundary of S, corresponds to a single point on the 
boundary of 8°, in the sense that the image of the curve along which A is 
accessible is a curve with a single limit point in the boundary of S’. 


1.1 In regard to the quantity | V g(D | O, P) | the situation is some- 
what different in three dimensions than it is in two. In fact, if S is a 
simply connected plane region and g(S|O,P) its Green’s function, then 
|Vg(S|0,P) | > 0 at every point P of S, independently of where in 8 
the pole O is chosen. On the other hand, if T is a simply connected, three 
dimensional, normal domain, it is possible that | V 9(7|O,P) | vanishes at 
some point P for some position of the pole O. This is shown to be the case 
in the following example. 

Let T be the open set of points bounded by the torus t, obtained by 
revolving the circle 

(y—4)?+2=—1, s= Q, 


about the z-axis. Let V» be the open set of points determined by the 
inequalities 


* Osgood and Taylor, “Conformal Transformations on the Boundaries of Their 
Regions of Definition,” Transactions of the American Mathematical Society, Vol. 14 
(1913), pp. 277-298. 
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ety <l |zI<hsı, 


where h > 0, and let = T+ Ur. 

The regions S» and T are normal by several known conditions for nor- 
mality, and Sz is simply connected. On the other hand, we can prove that 
| V g(Si| A, P) | vanishes at some point Pa for small values of h, A being 
the point (0, — 4, 0). 

This phenomenon is not surprising when the function g(S,|A,P) is 
interpreted as the potential at P due to a charge of electricity at A, the 
boundary of 8, being kept at zero potential. For by decreasing h we increase 
the resistance of the plate $5.—T to the flow of electricity through it, while 
we do not change directly the flow through T. Thus for sufficiently small 
values of A one might expect that in the region T the potential function 
g(Sx|A,P) behaves sensibly like g(T|A,P). The latter of course, has 
an equilibrium point on the positive y-axis, and hence it is conceivable that 
so also has g(S,|A,P). That something like this actually is true we prove 
below. 

We observe that the function 


G (Sr | P)= g (8. | A, P)—g (P| A, P) 


is harmonic in T, if properly defined at A, and is continuous in T +t. 
Accordingly, because of the regularity of ¢,* 


G(r | P)—=(1/4r) f f ES] Q)[29(L | P, Q)/0n] doo, 


where n is the interior normal to £, and Q is a point on the element of inte- 
gration dog. This integral, of course, reduces to 


(1) G(Ss|P)—=(1/4n) ff g(Ss 14, Q) [99(L | P, Q)/0 doa, 


ath) 
where a(h) is the set of points on ¢ determined by the inequalities 
a? + y? = 16, |z| Sh. 
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where e is a sufficiently small positive quantity. At the point P, we have 
9(8&|A,P:)>g(T|A,P.), 
since G (Sa | P) is harmonic in T and non-negative on t, and at the point Pı 


we have 
9(8,|14A,Pı)— g(T|A,Pı)ZJareac(h), 


where J is a constant independent of h, since 69(T | Pı, Q)/én and 
g(8, | A, Q) are continuous on ¢ and the latter exceeds g(S: | A, Q) on «(h). 
Accordingly, 

9(5 | A, Ps) SJ area a(h) — e -+ g (T | A, Po). 
Thus when A is small enough 
(2) g (Sn | A, P1) < g (Sr | A, Pe). 

From (2) and the fact that 0g(S,|A4,P)/éy < 0 when P is on AP,, 
in the neighborhood of A, it follows that for some point Pa on APs, 
09 (Sn | A, Pr) /0y =0, when h is small enough. We can conclude from this 
the truth of the statement, for when P is on the y-axis we have, because 
of the position of the pole and the symmetry of S:, 


| Vg (Sa | A, P) |= | ôg (Sh | A, P)/0y |. 
2.1. „The Orthogonal Trajectories. We proceed now to a discussion of 
the level surfaces, g = const., and their orthogonal trajectories. 


We choose the point O, the pole of g(D | O, P) as the origin of a system 
of rectangular axes, x,y,z. The function g then takes the form 


g(D | 0, P) = g(P)=g (4,9, 2)=1/r + v(a, y, 2), 
where 
r=( ty + ty 
and the function v is harmonic in D and continuous in the closed set D -+- d, 
d being the boundary of D. 
Since g is harmonic and therefore analytic * in D—O, and since we 


* The word “analytic ” is used in the ordinary sense. A function f(@,, #,,---,@,) 
in n variables is analytic in an open continuum § in the space of n dimensions if 


corresponding to each point (2, Z,+++,,) in S there is a number 6>0 such that 
throughout the domain | #,—a,|, |#,—a#,[,---+5 | By By | < d, fi, 0 DEN sD) 
is representable by a convergent power series in ©, — 2i; RB, — 2, -yE 2... f is 


analytic in a closed continuum © if it is analytic in an open continuum 8 containing O. 

Here and elsewhere in this paper by “convergence” we understand “ absolute 
convergence.” A detailed discussion of the properties of analytic functions of several 
real variables may be found in Riquier’s Les Systémes d’Equations aus Dérivées 
Partielles, Paris, 1910, Ch. 2, 3. 
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are supposing that Y g does not vanish there, each level surface is a regular 
analytic surface, having a normal at each of its points. 

Our interest in the trajectories orthogonal to these surfaces leads us to 
a consideration of the system of differential equations 


da/dt—= F: (a, y,2)= ga/(V 9)*, 
(3) dy/dt= F(x, y,2)= gu/(V 9)’, 
dz/di = Fa (z, y, z)== gz/(V 9)’; 


where ¢ is a parameter. 

Now since g is analytic m D—O and Vg does not vanish there the 
functions F; are likewise analytic there. We thus have at our disposal the 
classical existence theorem on the solutions of (3). This may be stated 
as follows: l 


THEOREM A. Let Po(2o, Yo, Zo) denote any fixed point in D — O, ty an 
arbitrary real number, and Fip, the element of Fi corresponding to the 
point Po There exists a positive number dp, and a set of real functions 
pi rolt, é 1, E), 1—1, 2,3, of t and three independent real variables é n, & 
such that 


(G) i,p,(t, 9,0) is representable in a power series in t— to E— To, 
7— Yo E— Zo which converges for all | t— to |, |&—2|, °°; 
| E — % | < 8p, 


(ii) $1,P (to, &, N = = &2,Po (bos é, Ns f)== 25 ®3,Po (to, & ny {)= &; 
(iii) Opi, Po /Ot fot Firo (pi, Pos P2 Po pa, Po) (i —1,2, 3) 


for all |t—t)|, | EÉ— zo | y © +, [E —2z0 | < Spy. 
Moreover, the functions ¢$1,r,(t, Zos Yos Zo) of t form the only system of in- 
tegrals of (3) which reduce to £o, Yo, Zo respectively when t== to. 


This theorem is fundamental in our analysis. 

A set of values of the variables £, 7, & we may regard both as the coördi- 
nates of a point (é. n, £) in the (z, y, z)-space and likewise as defining 
together with 7 a point p(/, & q, €) an Euclidean 4-space. The first inter- 


FE 7 i H a} 7 ne 
tire talphOrt os Or vaie becuse ERU relations 
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language and the results of the theory of analytic functions of several real 
variables. We shall have occasion to make use of both interpretations. 

Our first theorem is concerned with the latter of these. More particularly 
it is concerned with the regions of existence in 4-space, and the properties 
therein, of the analytic functions which the various elements ¢;,p, determine. 
These regions depend, of course, upon the initial point (zo, Yo, Zo) and the 
initial value of the parameter to. Theorem I is concerned with those solu- 
tions for which to==1. It may be seen, however, by an inspection of the 
theorem that analogous results hold for solutions corresponding to an arbi- 
trary value of to. 


THEOREM J. Let R represent the region in 4-space consisting of those 
points p(t, & m E) such that (£, y, &) is contained in D— O, and t exceeds 
1—g(é, 7,6). There exists one and only one set of functions fi(t, £ q, £), 
t==1, 2, 3, having the following properties in R: 


(a) fi is analytic in R; 

(b) ı(l, £ n, f)= £, fe (1; £ n, E)= 1, fe (1, & m, E)= 5 for each point 
p(1, én, £) mR; 

(c) the point P(x, y, z), whose coördinates are s= f(t, & y, £), 
y = f:(t, 5,78), z= f:(t, & a, E), is in D— O and 


(4) g (T, Y, z)}=t—1 + g(é n, £), 
af. /it = Pi (s, y, 2) (i=1, 2,8), 


for every p in R. 


To prove this theorem we first make three preliminary observations 
relative to the functions &;,r, referred to in Theorem A. Throughout this 
proof we shall suppose that the ¢i,p, correspond to the initial value of the 
parameter u = 1. 

We observe firstly that if p, be chosen less than * g(P,)/4 and so small 
that the expansions of the ¢:,p, converge for all |E—1|, | é— zol, -, 
| €—2z)| < &p,, while 8’p, be chosen so as to satisfy this latter condition 
as well as to insure that (é, », ¢) is in D—O and g(&, n, €) exceeds g(Po)/2 
whenever | £— go |," ,1&—2 | <8”p,, then the point P(z, y, z), whose 
coordinates are 


© == $1,P)(t, & 9, £), y = h2,p)(t, É m, Č)» z = ġs,Po (58); 
isin D— O forall | ¿— 1| < roy | EÉ— To |," ", | E— zo| < 8”Pro 


* Since g is harmonic in D-—O, positively infinite at O, and zero on d, it is 
positive at P, 


Far sunnene tha eontvrory in be ten thot abe h’ o Rn at x 


WE af. € satisfying these conditions aud sach that the cotecspemd poii 
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o! Po. and thus there is a number ri. on the open interval (1, #’),* such thai 
when fis on the open interval (1. rẹ). P is contained in DO, br whoo 
fon, Plieson d 20. Hence, because y vanishes continuously Gao ana 
hecvomes positively infinite at 0, we have 


(5) lim g(x, y, z) =0 or œ, 
tTa 


where the appropriate right-hand or left- hand limit is understood. 

These relations enable us to reach a contradiction. In fact, we can 
choose a number r, on the open interval (1, rı) such that for ¢ on the open 
interval (1, 72), P lies in the ô”p -neighborhood of Po. Now since in this 
neighborhood 

Fir = Ti (i= 1,2,3), 
we must have 
(dB:,P,/8t)= Fi (z, Y, z) (1=1,2, 3), 


for ¢ in the open interval (1, r2). Thus, by definition of the Fi, 





dg 09 puro , 99 Oparo , OG harp __ 
ôt — da A Hay a ta H =h 
or 


g(a, y, z} =t — 1 + g9(é 7, ¢), 


for these f. But g being analytic in D- O, this equation, because it holds 
for a small interval in t, must hold as long as P remains within D- -O, thus 
for ¢ on the open interval (1,7,). Accordingly, 

lim g(7, 4,2) =g(é7.€)+ rı — 1, 

tT: 
where the limit is taken os aboye This quantity is hounded above en? 


NEUI S a(P \ 1, p hich In enter Ihr yore, Thi ar pantar Cadel IS NN 


204 GERGEN: Mapping of a General Type of 


they hold in a small interval in ¢ for each fixed set of values [|é—2|,°° ‘> 
|£—z.|<8p,, and the point (1,2. $2,Po Ps,r,) remains within D — O 
for all |¢—1| < &p,. 

Finally, we note that corresponding to every closed subset U of D— O, 
there is a positive number èg such that the expansions of the functions $i,Po 
in powers of t—1, €—2,°--*, €—% converge for all |t—1],-°°, 
|—z.|<8r, independently of the position of Po in U. In fact, if this 
were not the case there would exist a sequence of points {Pr(&n, Yn, 2n)} 
all contained in U, and having a single limit point P (4, 9, 2) in U, such 
that for each n the expansion of one of the functions of the set {¢:,p,(¢, é 9, &)} 
associated with Pa, would fail to converge for some (tn; ns An; En) such that 


| tn— 1 | = | Én — In | = | Nn —— Yn | == | Zn — Én | = 1/n. 
Accordingly, we could choose a number n’ so large that 
| tw — E], Er +, | zum —2| < 85/2 and 1/n’ < 8”5/4, 


where 8”5 has the same meaning with regard to P as 8”p, has with regard 
to Po. Now for every system of values | €— u |; © 0, |&—2n' | < 8’pn', 
each of the sets of functions {¢:,2}, {¢:,p,'} of t, where the 6,5 are the 
functions associated with P by Theorem A, form a system of integrals of (3) 
and their members reduce to é, n, & respectively when {== 1. Hence, because 
of the uniqueness of such a set, 


(8) PiP == Pi, Pr' (i = 1, 2, 3), 
for all |¢—1|,°°-°,[€—#n| <8%pn'. From (8) and the fact that 
expansions of the ¢:,p in powers of {—1, É—Tn',' > ‘,€—2n', converge 


for all |¢—1]|,---,|&€—2n | < 8’3/2, it follows that the functions ¢i,p,' 
have this latter property. We then reach a contradiction, for by hypothesis 
the expansions of the &;,r,' failed to converge for 


| tnt —1 | = | én — an |=: . t= | Sy — zn |=1/n <8 5/4. 


With the aid of these preliminary remarks we are able to return to the 
main theorem and prove that with each point f(t, & 7, E) in R we can asso- 
ciate a neighborhood C;, defined by inequalities of the type |t—t| <a, 
|é—€|,-°-,[€—€| <b, and a set of functions fiz(t, £ y, E), I= 1, 2, 3, 
such that: 


(d) fi is representable in a power series in t—i,-- +, £—€ which 
converges for all p(t, £ y, €) in 03; 
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(e) fl, & 7 d)= é, fz p(1, É, UE {)= Up fsp(1, É, N j= É, in case p is 
contained in the subset R’ of R for which t==1; 


(£) The point P(x, y, z), whose co-ordinates are 
T = f, p(t, é, VE £), y = fep(t, $, KE E), z= fa p(t Š, M £), 
is in D—O, and 
(9) g (z, Y, 2)=t—1 +g mé) 
Ifi p/ 3t = Fi (a, Y, 2) (11, 2,3) 
for all p in C5; 

(g) On each segment €—const.,- --, &==const., contained in Cj, the 
functions f;,, are the continuations of functions «;(¢) which are analytic in 
the neighborhood of ¢==1, reduce to £é, n, ¢ respectively when ¢=~1 and have 
the property that 

dai/di == Fi (Qı, %, Za) (i= 1, 2, 3) 


for ¢ in this neighborhood. 

If the truth of these assertions is once established the proof of the main 
theorem admits immediate conclusion. For, in the first place, the region R, 
being an open continuum, is one which permits definition of an analytic 
function therein. In the second place, it follows from (g) that if pi, pe be 
any two points of R, Cms Cp, the neighborhoods, and fips fipa the functions 
associated with them, then 


(10) fin (Z É, E)= Fin (b $, m, £) (i==1, 2, 3), 


whenever p is in Cp,‘ Cp, In fact, for every p in Cy,‘ Cp, the functions a; (t), 
corresponding to the three coördinates é, n, £ of p, are uniquely determined 
and so also are their analytic extensions through real values of ¢. In the 
third place, because of (10) and (d), (e), (£) the functions filt, & m é), 
defined at each point 7 in E as 


AEE TO= (ld (i= 1, 2, 3); 


have all the desired properties. Finally, the functions f: are unique in as 
much as any «et of functions having the properties (a), (b), (e) in R would, 
hecanse of the uniqueness part of the theorem on the solutions of a differential 
stm, have to peres with the fo in tha co Bho as) pf eemo polot „o7 7 
dud tide, Intaure of a well Known pioperiy © OL analytic 1unections, would 
have to agree with the f, throughout X. 

To obtain the functions f,5 for a point fi(1, & 7. ©) in R we may soppy 


4 
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our preliminary results directly. In fact, (&, 7, Č) represents a point P, in 
R, and the functions 


Tl» & 9, £)= oir lt) (i= 1, 2, 3) 


have the desired properties (d), (e), (£) in the domain Cj; defined by the 
inequalities 


[t— 1| < Fro |é—é|,- we | E— E| <8"p,. 


To obtain the functions f: z and establish their properties when į > 1 
one can proceed in much the same way as when i< 1. We need consider, 
therefore, only the latter case. 

We observe that when p is in R and ¢ < 1 the inequalities 


9 (E, mi> t—1 +g miS >0 
hold. Thus the set U7 in D determined by the inequalities 


VE 7 O=G = 
is well defined. 

Now plainly Ur is closed and contains only points of D—O. Hence 
there exists a number ôx; > 0 so small that expansions in powers of ¢— 1, 
E—2,° ` *,€— z of the functions ¢i,p,, associated with Po by Theorem A, 
converge for all | —1|,--+,|&—2| < 8%, independently of the location 
of Po(Zo, Yo) Zo) in UL 

Let e denote the smaller of the two numbers e’/4, du; Let po denote 
the point whose coördinates are 1, £, 7, , and let the segment running from 
po to p be divided into n parts by the points of division 


Do(to, & 4) = po(1, & 7, E), ps (tr, & 7 E)’ ' m (tn, & 9 O= p(t, & 9, i), 


in such a way that 0 < tj — tjn <6, j =0, 1, >: ,n— i. 

We shall prove by induction that with each point p; we can associate a 
set of functions (fin; (4, é n, £)} and a positive number e; so small that in 
the neighborhood Bp, determined by the inequalities | t— t; |<e [E— 81, ° 
|—| <s, the functions fip, have the properties (d), (£), (g). When 
once this is done the proof of the theorem will be complete, for we may 
identify Cz with Bp, and fip with fipa 

We observe firstly that the statement is true for j ==0, with e) chosen 
< ĝu; and so small that (é, y, £) isin D—O and g(é 7, E)>9(6 m ©, 
whenever |—€[,°-°+,|€—&|<«. In fact, po is a point R’ and with it, 
as we have seen, there can be associated a neighborhood Cp, and a set of 
functions having properties (d), (e), (£) in this domain. That these func- 
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tions have these properties throughout B,, is readily established from their 
very definition. 
Suppose then that the statement is valid for the point p;. Let 


To = fap (tjn é, 7» £) s Yom fen; (tins & 7 d), 20 fan; (tii é, 7 E) . 
Then, because the fip, have property (£), we have 


g (£, 7 ¢) > g (Lo, Yo Zi) = bjs — 1 + 9 (é, 7 E) =. 


Thus Po(Zo, Yos Zo) is in Uz 

Consider then the functions ¢;,p,(¢, é q, é). From the theory of dominant 
functions it follows that since their expansion in powers of t¿— 1, É— to` °°, 
€— 20 converge for all | ¿— 1|, |é—a]|,°-°-,|£—2|< 8%, and since 
the expansions of the fin; (tia, & m €) in powers of —€ »—7, £—2Z 
converge for all |£—€é|,---,|£—€|< ej and reduce to 2, Yo, Zo respec- 
tively when &— £, 7 — 7, é — {, there is a positive number p Se; such that 
the expansions in powers of ¢ — ty, 6—&,- - -,€—€ of the functions 


fispa (É &, Un {= Pi,Po [? — bjn + 1, fap; (tia, é, 9 é), fe,p;> fs,o] (i= 1,2, 3) 


converge for all | t— tj] <6, |&é—é|,°--, |£—f| <p. 
If then we choose 0 < ej =p and so small that 


(11) | fin; (bir é, N E)— To | » yg | fe,p, (tis, £, 1) £)—2 | < 8” Pos 


when |€—|,---, |£—Z| < ej, it is readily verified that the functions 
fi,pj,, have properties (d), (f), (g) in the neighborhood B,,,. Property (d) 
is, in fact, a direct consequence of the preceding paragraph. Property (f), 
with the exception of (9), follows from (11) and the definitions of 8”, and e. 
As for (9) we have 


9 (fap FEB a ara): — tin t+1—1 + glfın (bis, É, Ns £), MOR ty fs.»;] 
= t— ljn + tj — 1 + g (én, £) 
=t—l + 9 (é, m &)- 


Finally, in regard to property (g) we observe that for any fixed set of numbers 
|é—€|,---+,]£—| < ej. both of the sets of functions {fio}, Far, of 
t are analytic in the neighborhood of == tj, reduce to {fiz (ino & a €)} 
(a pont m D- OG) when # =f: .. and form a svstem of inteerals ef 43), 
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2.2. In this section we shall give to the term ‘orthogonal trajectory’ 
a meaning which is precise and suited to the problem at hand. 

We understand by an orthogonal trajectory one of those curves consisting 
of the points (æ, y, 2) determined by the system of formulas 


(12) t= y(r, Tos Yos Zo)" j ', Z= Js (T, Zo, Yos 20); 


when Po(%o, Yo, Zo) is chosen on the surface g==1 and then held fast, and 

r is permitted to vary over the interval 05S r < 1, the functions y; being 

defined as 

fil (1 —1)/1; %o; Yo, 20] 0<7<1, 
0 


r= (0), 


Wi (T, Zo, Yo Zo) = | 


Conversely, every such curve is an orthogonal trajectory. 

In regard to this definition two remarks should be made. In the first 
place, it should be noted that the functions y; are well defined for OS7 <1 
and Py on g = 1, for the functions fi (¢, Zo, Yo, 20) are defined for œ >t > 0 
when Po is on g==1. Moreover, since 


GL fi (t, Lo, ° i Zo)’ j sle f w] = 6 
when Pù, is on g = 1, and g is finite in d + D — O, it follows that 
lim f(t, Tos” * ,20)=0, 
T=0 


or 
lim fil (1 —r}/r, Toy * 20] == (), 
T=0 


Consequently the functions y; are continuous at r = 0, and the set { (s, y,z)} 
of points (x,y,z) actually constitute a curve in the ordinary sense. 

In the second place, it should be pointed out that this definition neither 
contradicts in any essential way the ordinary notions of an orthogonal tra- 
jectory, nor excludes from the family of trajectories any curve which might 
ordinarily be said to belong there. For on the one hand, every curve repre- 
sented by (12) certainly cuts the level surfaces orthogonally, and on the 
other hand, it is readily verified, with the aid of the arguments in 2. 52, that 
any curve, possessing at each of its points a tangent which coincides with 
the normal to the level surface through that point, coincides throughout its 
extent with one of the curves represented by (12).* The annexation of the 
point O to each trajectory is, of course, a slight extension of the ordinary 


* Compare Morse, “ Relations between the Critical Points of a Real Function of 
n Independent Variables,” Transactions of the American Mathematical Society, Vol. 
27 (1925), pp. 356-357. In this paper use is made of a diferential system analogous 
to (3) for the study of a certain set of orthogonal trajectories. 
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solution of the differential equations 
doi/dp =$, (01, 02, 05) (§-=1, 2.3 
obtained from the system 
(13) drfdpen—! Vy Fy dy'dp=- ‘Vg! Fa de/du——| Yg ' F, 
in changing over formally to the spherical coördinates e1, €s, oa, the eolatitude 
o being measured from the positive z-axis and the longitude o, from the 
positive a-axis. counterclockwise with regard to the positive z-axis. We have 
f= 8, (a, O23. T) = Oy sin Oa COS Oy, 
(14) y = 02 (01, o2, 63) = o1 Sin o2 sin og, 
= 6; (01, T25 o3)= GO, COS Go. 
The functions ®; have the form 
®, (oy. 02, 63) —=(1 — o: to) /K (1, 02, 65), 
Ds (Ti, 02, Os) == _— Wo K, 
®, (o, T2; a5)‘ -— We, csc? Oo 'K, 
where 
(15) (04, 00. 03) == e (Or, Oa, 45); 
K (03.92, o) [(1- wa)? -b oe? are esc? og 


The functions m, AY when a. o. a, ave resarded as the coordinates of a 
point in the EBuchdean (a. a. 0, )-pare, are, of course, not necessarily 
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there exists a set of functions A; (p, &, ß), i= 1, 2, 3, of p and two independent 
variables a, 8 and a number k, so small that in the region Uz, 


Un: |p| < ki e/16 < «< 150/16, 7/16 < B < 31n/16, 
in the (a, «, ß)-space, the functions A; have the following properties: 
(i) A: is analytic in Ux; 
(ii) à (0, a, 8)=0, à (0, a, B)=4, As(0, œ, B)== B, for (0, as B) 
in Ur; 
(iii) (Ax, Àz, As) represents a point in U, and 


OA; /du = ®; (Aas Ag, As} (a = T; 2, 3) 
for (p, &, B) in Ux. 
In employing these facts it is not difficult to prove 
THeoreM II. Let T, T, represent the sets of points q(t, «~, B) in the 
(7, &, B)-space defined by the inequalities 


Tr: O0S7<1, 7/8 <a < 7/8, r/8 <B < 15r/8, 
Ty: O<r <1, 7/8 <a < tr/8, r/8 <B < 15r/8. 


There exists a set of functions di(r, %, B), i=1, 2, 3, having the following 
properties in T, Ty: 


(a) ġ:(r, &, B) is analytic in T,, and continuous in T with p: (0, a 8)=0; 
(b) the point P(x, y, z), whose coördinates are 
z= ġı(r, a, B), y= 2(r, a, 8), Z = ġ;(7, &, 8), 
is in D — O, and 


g(z, y, 2)=1/r—1 
îpi/Ir = — Pilz, Y, 2) /r (i= 1,2,3), 
for q in T; 


(c) the right-hand derivative (0+6:/0r*) „u, ass, psp» Where 
4/8 < a < Tr/8, 7/8 < B < 157/8, 
exists and is equal to 
sin @ cos ß, sin æ sin ß, cos a, 
depending upon whether i= 1, 2 or 3; 
(d) the Jacobian 


(16) â (pi; $2, $s) /0(r, %, ß)= sin a/ (7°V 9)? 


for every q in T. 
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It is to be observed that this theorem shows that if p be any ray issuing 
from O which makes an angle 7/8 < a < 77/8 with the positive z-axis and 
whose projection on the (s, ¥)-plane makes an angle 7/8 < B < 157/8 with 
the positive z-axis, 8 being measured counterclockwise with regard to the 
positive z-axis, then there is a trajectory Ca,g 


(17) z= di(r, a, B), y = ho(7, %, B), z = dslr, a, B) 
which has p as its forward tangent at O. In fact, by (b) Cag in an orthogonal 
trajectory, and by (c) it has p as its forward tangent at O. 

The proof of the theorem we divide into three parts. In (A) the 
functions ¢; are defined and shown to have properties (a), (b). In (B) 
and (C) these functions are shown to have properties (c) and (d). 

(A) We first pass from the functions A; (m, œ, 8) noted above to func- 
tions A; of 7, a, ß in the following way. We observe that w(A1, Àz, As) is 
bounded and that K (ài, As, As) > 0 for (m, a, ß) in Ux, Thus, since 

0A; /Op = [1 — M Wa (Aa; An, As) ]/K (1, An, As); 
there is a number 0 < k < k, so small that for each (a, «, B) in the subset 
Un: OS pShe, „3 S a S Yr/8, 7/8 SBS 1572/8 
of Ur, the function 0A,/én > 0. Thus, for each pair of values 
(18) 1/8 S a S %n/8, 7/8 S B= 157/8, 
the function À, of p increases strictly as „ increases from zero to ka Accord- 
ingly, the function 
H(p, %, B)= 1/M -+ w (àr Az, As) 
is analytic in Uz. Moreover, since 
oH = i OA, Ok; EN K (à; Az, As) 
(2 Op. za à? Ôp t 2 vo Op A? ý 


4=1 





it follows that, for each fixed pair of values «, B satisfying (18), H increases 
strictly as » decreases from kz to zero. 

Let then 1/h — 1 denote the upper bound of H (kə, œ, B) for (x, B) in 
(18). Then, for every 0 <r S h and (a, 8) in (18), there is one and only 
one value 0 < p S ka for which the equation 


Te ga 3y OI d 
is satisfied. This equation thus defines » as a single valued function 


por, a, 8) 
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Ui: 0<r <h, m/8 <a < Yr/8, 1/8 <B < 1592/8, 
in the (r, a, ß)-space, is an immediate consequence of the fact that H is 
analytic and dH/du 40 for (p, «, 8) in Uz, We have, moreover, (A, a, B) 
representing a point in Ux, and 


(20) H (A, «, B)= 1/A (A, a, B) w (Ar Avy As )== 1/7 — 1 
when g(r, « 8) is in Uj, and 
(21) lim A(7, æ, B) == 

T=0 


for each 1/8 < a < 1/8, 1/8 < B < 157/8. 
The functions A; are then by definition 


Na (t, & B)= A (A, æ B) (i =1, 2,3). 
They have the properties: 


(e) A: is analytic in U 3 
(f) lim à =0, lim do = q, an ha = B, for each 7/8 <a < %r/8, 
TO 
m/B<B< 15/8; 
(g) (Ar, As, As) is in Ca and 
À; =Í A OAO === A285 (Ai, Ay, As) 
Or T? Op. EO. de; da) rK Ai As, Xa) 
for each q in Tr. 


Property (e) is a consequence of the analyticity of the Ai, A. Property (£) 
follows from (ii) and (21). Property (g) follows from (iii), (19), (20). 
We now pass from the X; to the 4; of the theorem. We let 


$i (r, a, B)= A, sin Àa COS An, 
(22) $e (t, a, B)== A sin As sin As, 


dbs (7, &, B)== dx cos Xe 
and observe that 


(h) $i is analytic in (3; 
(j) (u 2) ds) is a point in D and 


9 ($n 62, br) = 1/A + v( $15 pas ha) 
= 1/4 + w (Ax, Az, Às) 
= 1/r—1 
when g is in Uj, the first of these equations being a consequence of (22) 
and the fact that A, > 0 when q is in Ui, the second following from (16), 
and the last from (20). 
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We then define 
(23) pi(t, ©, B)= fill, É, 1, é) (i= 1,2, 3), 
where 

t=l/r—2/h + 1, 
£= pı (4/2, a, B), n = $2(h/2, %, B), [= bs (h/2, %, B), 
for q in Ty, and 
pi (0, a, B)==0 (i=1, 2,8) 
for q(0,%, 8) in T. 

It is readily verified that the ¢; have properties (a), (b). In the first 
place, the definition is permissible and the functions ¢; are analytic in T4 
because of (h), Theorem I, and the fact that 

t= 1/r—2/h + 1 > 2—2?2/h=1— g (é n, £). 
vue second place, by Theorem I, (j) and (23), (di, P2; ds) represents a 
point in D — O, and 
9( $1, $o pa) =9 Fo fof). | 
a be LP g (pr, $2, ds) ` 
= 1/r— 2/h + 1 + 2/h—1 
= ]/r— 1. 
In the third place, 
(h? + go? + p) = 1/r— 1o > 1/r—1 
so that 
(dr? + p? + $57) * < 2/(1—7) 


and the functions are continuous in T. Finally, in the fifth place, by Theorem 
I and (23) 
Obs of at 


1 . 
Hm nz Tilto ba $s) (i == 1, 2, 8). 


(B) The ¢; thus have properties (a), (b). In order to show that they 
likewise have property (c) we prove that the ¢; have this property and that 
(24) ils, a, B)=¢i(r, a, B) (i=1, 2,3) 
when q is in 77. 


Ls t 


a, CLR mp eth ny 
PAN DDE £ 


Then in virtue or (j) and (22 


i T “= SIN As cos, = [ele 6.6 Brill: 
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when g is in Ui, it follows by (j) that 


lim [$: (r, «, ß)/r] = sin @ cos £. 
T=0 
That is, 


(d*61/Or*) tzo, a-a, pap = Sin a cos B. 
Similarly, 


(O*ho/Or*) tp = sin asin B, (8%b3/0r*) tao = COS 0. 
We have then only to verify (24). For this we observe that 
061/07 = (01/87) sin Àz COS Ag 
++ Az COS Ag COS Àa (GA2/Or)— Az sin Az Sin Ag (OAs /8r), 
which by (g) becomes 
= M? ( sin Àa COS Ag®y TA COS Àz COS AgBo — Ay sin Àa sin Ag®s) /(7?K?). 
Thus, in making use of the formula 


Wo, (Ar, Az, A) Vo (61, $2, $s) sin Àz cos As 
+ Vyda cos Ne cos Às — Ved sin do 


and the other two of similar nature, we find 
(25) 041/81 =— Fa ($i $2 $0)/7°. 
In the same manner, 
Ob s/Or== — Fi (br, 62, Pa) /7? (t= 2, 3). 
Now for r = h/2, we have 
pi (h/2, a, B)== bi (h/2, % B) (i= 1, 2,3). 


This, together with (a), (b), (h), (j) and the uniqueness theorem on the 
integrals of a different system, is sufficient to establish (24). 
(C) To prove that 


(1, peo; $3) /0(r, a, B)= sin a/7?(V9)*; 


we first compute 0//ér where, 


yO Mm 
K ĝa ôB 

0 (d1 de, 
Iname EEATT] e e 
Jz ve 8 


We find upon making use of (b) and the fact that g is harmonic in 


D— 0, that 
8J [Ir = 0. 


Accordingly, J is a function of a, 8 alone. 
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Now 
g/t — hı — thy — Var? (66,/0«) /r (961/88) /r 
J= . ; i , 
Pa/T — pa — Vhs — VT? . (863/08) /r 
where r=(d1? + de? + 63?) %, and we know that for each fixed set of values 
(26) 1/8 < a < Im/8, 1/38 < B < 157/8, 
we have 


lim[¢1/r]== sin g cos B, lim[¢2/r]— sin « sin B, lim[¢3/7]= cos g, 
T=0 T=0 7=0 

lim ; = lim[v¢;]— lim[r? (Vv) ?]= 0. 

T=0 r=0 T=0 


Consequently, if we can show that for each fixed pair («, 8) in (26) 


cos & cos ß —sinasinß ti], 
(27) lim[ (983/00) /rJ= 4 cos asin B, lim[(0¢:/38)/r]=4 sinacoß i—2, 
T=0 — sind T=0 0 i= 3, 


the theorem will be proved, for if these numbers are substituted in their 
proper places in the above determinant the resulting value is sin g. 
All of the limits (27) can be verified by a process similar to that we use 
for the first. 
We have by (22), for an arbitrary pair of values «, 8 in (26), 
H(A, a, = 1/1 (A, &, B) T w (Às do, às) = 1/r —1. 


Consequently, for all 0 < r < h, 
3 > = Hi 
(28) 6r/da[ (9: /dpe)-— Ax? 2 Wo, (Ar, Az, As) (Aiu) | 
= 3 
= —(6A,/8a)+ Ai? Di wo, (Ai /0a). 
4=1 


Now @A;/8, 0A;/0a are bounded for all 0 <r < h, and 
(29) lim à; = 0, lim (A,/de)—=0, lim (0\:/d»)—1, 
T=0 T-0 T=0 


the latter two of these limits resulting from (i), (ii) and the definition of 
the ®;. Thus it follows from (28) that 
(30) hri (OA (dz) N. 

7-1) 


The relation (28) may. on the other hand, he written as 


1 (0. or BONN ao Son, (Pi A”, AY 
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IA ÎN 
JA rn Jä] ee 

This relation enables us to establish the first of the limits in (27). 
In fact, by (22) 


1 9 1 dg _ 1 (ôM we + ge ) sin a cos Ae 


(31) lim (= 


T=0 





r da Tr Oa M \ dn ôa 
(32) + (= Aa -j= n ) cos de cos As 
a ô =o GE 
(= on + as ) sin Àz SIN Ag. 


But by (ii) 
lim (0A2/0a)—=1, lim (0A3;/0a)— 0. 
T=0 T=0 


Thus by (31), (32) 


T=0 F 


l 1 ô 
lim ( = et ) — cos a cos G, 


and the theorem is proved. 


2.4, The theorem of the preceding section gives us, as we have seen, 
a representation of a certain group of trajectories, the group being restricted 
by the bounds upon the variables a, 8 and thus upon the directions issuing 
from O. This group may be enlarged and all the directions issuing from O 
accounted for by a theorem of the same nature as Theorem IJ. This new 
theorem will show that if p be any ray issuing from O which makes an angle 
2/8 <a < Yr/8, with the positive y-axis and whose projection on the 
(z,x)-plane makes an angle 8’ with the negative z-axis, 8’ being measured 
counterclockwise with regard to the positive y-axis, then there is a trajectory 

T= p (7, %, R), y= 2 (7, a, B’), z = $; (7, 2’, B’) 

having p as its forward tangent at O. 

The proof of this theorem is based upon the properties of the solutions 
of the system of differential equations 

do; /dp = ©; (01, 02,03) (i = 1, 2,3) 

obtained from the system (13) in changing over to the spherical coördinates 
01, 52,03, the colatitude o being measured in this case from the positive 
y-axis, and the longitude os from the negative z-axis, counterclockwise with 
regard to the positive y-axis. Since, however, the details differ in no essential 
way from those of Theorem II we shall omit the proof. 


THEOREM II’. Let I”, Ty’ represent the sets of points g’(r, a’, B’) in the 
(r, a’, 8’) space defined by the inequalities 


, r 
| ( ‘ l ae Fee E m nm Na 00 Arann? N 
? > + a , © 
DE TH Se Rig E aye 
’ ’ ` 
. ins + e~ 
` - 


at $ x = aed 
re EN GF I . 7, a 
a 


tad e(n, x B) is analytic m Do and continuous in Y with 
o in eB U: 
(b) me poiat Por ye cl orhase coenidinates nre 
dooms pi Ar; z’, BJ: A D: (T. X, g)- z= Q; (T, x, B) 
isin D O, and 
Any) clr- eh 
oh yor = — Fila, y, z) T (i==1, 2,3) 
for g in Ty; 
(e) the right-hand derivalive (0th, 0T} 1-0, aza, pr pry where 
(33) mR LR Sint m SLB L lir, 8 
ezisis and is equal to 
— sin 2 cos 8’, cos 2’, sin a sing’, 
depending upon whether i = 1, 2, or 3; 
(d) the Jacobian 
[8 (1's Br’, bs") /0(7, %, ß) ] = sin r’, [Vg] 
for every g in Ti’. 
It is evident from (b) and (c) that the various curves (ag 
LT x (r, a’, PN; ee p: (7, a! p) = ps’ (T, a”, £) 


are orthogonal trajectories and have the correct forward tangents at O. 
Whether the two tamilies of enmes {fugl arge) include all the 


rajeetorie va gannot as yet say, Kor tin ` Ta dys ssaa’ ates f 
` high are the Farepeg tered tg œf une Pte gt tin C4 Pg BE ye Er £ 
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To prove the first part of this statement we observe that the points P™ 
on Tp, corresponding to the values r—=1—-1/n, where n is an integer ex- 
ceeding 2, have a limit point Pin D-+d. P cannot, however, lie in D for g 
is positive and continuous in D — O, and becomes infinite continuously at O, 
while - : 

lim g (P„)= lim[1/(n — 1) ]=0. 
R200 n=O 


The truth of the second part follows from the facts that Tp, is an 
analytic arc and contains O, that g is continuous in D — O, and finally that 


g (Yi Ye, bs) = (1 we t)/t 
2.52. Through every point of D—O there passes one and only one 
orthogonal trajectory. 


To prove this let us denote by Ip the curve determined by the formulas 


s= y) y= flt ah = fhn 2) 
when P’(2’, y, 2) is fixed in D—O, and ¢ is permitted to vary over the 
interval œ >t >1—g(2’, y, ?). 
Then through each point of D— O there passes an Ip', since (a, y, 2) 
coincides with (2’, y’, 2’) when t= 1. Moreover, in as much as 


g(x, Y: z) =t—1 +9(2’, Y, 7), 
the curve Ip intersects the surface g=« > 0, once and only once, namely, 
when 
t=a+1—gla,y, 2). 
Further, if P’(a’, y, 2), P’(2”, y”, 2”) be any two points of D— O, 
and Ip’, Ip their corresponding curves, then Ip’, Ip coincide throughout 


if they have a single point (Z, %, Z) in common. In fact, the curve Ip may 
be defined by the formulas 


2=f,[t+1—g(r,y,2), Pyh ++, a= Ha ++, 2), 
co >i> Od, 
and the curve Ip admits similar representation with 2’, y, 2 replaced by 
g”, y”, z”, respectively. We have in both cases 
t =f, y=}, z= Z, 


when ¢= (2, 9, Z)==#. Thus, as a consequence of the fact that there is 
at most one system of integrals of (3), analytic in ¢ in the neighborhood of 
i = t, which reduce to ë, %, Z when t=={, it follows that 


RE+1—g(@, yg), gry, J= fi [t+ 1—g(2% y”, 2”), a, 9%, 27 
(1, 2,8) 


noone i mera bon] Meo Pew typed yw MS tos LERNTEN t, 
is identical with Jp”. 

Eroa gbese legis it follas ss that if J” hp any nora iD N). 
one and only one trajectory through P’. In tact, the trajectory Tp, whore 
Po is the point of intersection of Ip with g -- 1, has the desired property. 
since it contains all the points of Jp, and consequently of Im. On the other 
hand, no trajectory other than Tp, can contain P’. For it 7 he anv trajectory 
distinct from Tp, it contains a point Pa, on g =1 distinct from Py. Now 7, 
except for the point O, is identical with Ip, but /p, does not contain Pa and 
therefore cannot contain J”. Consequently Z cannot contain P’. 


2.53. Mach trajectory is rectifiable over the interval 0S rt S 1b. 
To prove this we show that the functions Wi (7, Zo, Yo, 2.) are of bounded 
variation in this interval for each Pa on 9—1. We have, for any partition 


of the interval 0 =r, <n'' << Ta = y 


n 


+2 
2 | Wi (Tis To, Yos Zo)}— yi (73, To, Yor Zo) | = | wi(ri, Tos Yos Zo) | +f | Oy Or | dr 
j= Ti 


<|Vi(ri te Yoz) |+ f T/C] Vg 1)1ä, 
by the definition of yi. i 


Now 
(Vg)? = [1+ 2 (Vr): (V0)+ (Vo) )/74, 
and 
9 (Yrs Pa, Ys) = 1/r + v= 1/7 —1, 
so that 
(Vg)’—[1+27(Vr) (Ve) + rt(Ve)?]/ (1- r re) 

This fraction is evidently continuous in the closed subset of D consisting 
of the origin plus those points where g 77 1, end takes on the value one at 
the origin. Thus, smee (Vg)? > 0 in D 9, ot lollows that 


THa >i >n. 
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2.54. Each trajectory has a forward tangent at the origin. 


To prove this we need to show that for each Py on g = 1 the right hand 
derivatives (0*Wi/0r*),.9, or more simply (0¥i/0r),29, exist and are not all 
zero. The forward tangent is then the directed half-line running from O 
through the point [(0Y:/0r) 9, (Ov2/0r)r=0 , OWs/Or) =o |- 

The proof of the existence is much the same in the three cases i= 1, 2, 3. 
We need therefore consider only the first. 

We have in dropping the £o, Yo, Zo, for the moment, and representing by 
71, Ta two numbers 4 > rn > ri >O, 


[yi (re) /r2] — [ya (41) /T1] = [ya (re) /72] — [Yi (rı)/rı] 
+ (1+ v2) bi (v2) —(1 + 21) (71), 


where 7; and v; are the values of + and v corresponding to r==7;. Thus 
ae 
| Irre) /t2] — [ya (r) 7] | S | f [d(yı/r)/dr]dr | + Bits, 
Ty 
where B, is a number independent of rı, r2 and Po. Accordingly, 


Ya (72) h(n) <f” a dr + Bıra. 
T2 Ti 7 gI TT 


= 





Now the quantity 
| ve —2/r(Vr) (Vv) | <0, 
where C is independent of æ, y, z in that subset of D—O for which g = 1. 
Moreover, 
(Vg)’rr? > Ar/P? = A/t( 1 —r— w) > A’/s, 
where A’ is a positive number independent of r=1 and Po on g=1. 
Accordingly, there is a number B’ independent of Py on g == 1, 0<n<rn<%, 
such that 
| Yr (T2) /t2— Ya (71) /72 | < Er. 
It follows that 
tim[ ys (r, Los Yos 20) /T] 


exists, and exists, be it noted, uniformly with regard to Pp on g==1. Thus 
(dr /Ör):-. exists. 

That the three derivatives are not all zero at r = 0 follows immediately 
from the relation 


Š [pila to EEE EEE 


for the right-hand member of this equality approaches one as r approaches 
Zero. 
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2.00. Every ray p issuing from O is the forward tungent of one und 
only one orthogonal trajectory. 


That there is one trajectory having the required property we pointed 
out in Section 2.4. To show there is at most one it is sufficient to demonstrate 
that, in using the notation of Sections 2.3, 2.4, if Cag or Ca,@ has this 
property then no other trajectory has. Since the reasoning is the same in 
the two cases we need consider only the former. 

We suppose that the trajectory Tp, consisting of points Pr (2r, yr’, Zr’); 


zr = y}: (rT, Tos Yos Zo)» 2 æ> œ> „2r = p(T, To; Yo, 20); 1 => y > 0, 


is distinct from Cag but has p as its tangent at O. 
We choose @1, Bı, %, B2 such that 


m/8 <u <a < a < Yr/8, 1/3 < Bı < B < Bo < 15r/8. 
We denote by yr, the set of points in T, 
Yri’ T = Ti; @ E a S a, BERS Ba 


and by D,, the points of D corresponding to the points q of yr, The points 
of D,, are then points of the surface g = 1/rı — 1. 

Now for sufficiently small values of 7, say r= 7, the surface g == 1/r — 1 
is pierced by each ray issuing from O at one and only one point. Hence, 
in as much as the surface 8S, g==1/7—-1, consists of a closed set of points, 
it follows that S is homeomorphic with a sphere. Thus, since every level 
surface can be mapped in a 1:1 and continuous manner on § by means of 
the functions fi(t, zo, Yo, 20), every level surface is the homeomorph of a 
sphere. 

Consider then the points E,, of D,, corresponding to the boundary points 
ér, Of yr, The points E,, form a simple closed curve consisting of four 
analytic arcs, and since the surface g—=1/rı — 1 is homeomorphic with a 
sphere, this curve divides it into two continua Ar, Br, each having En as 
its boundary. The set Da — En is certainly contained in one of these con- 
tinua, say A-,, for any two points in D,,— E, can be joined by a continuous 
curve not passing through Er. Moreover, every point of l, is a point of 
D, E;,. For if the contrary were true, there would be. beenuse D- js 


t ’ ZA iag EIR AE [2 N 
FERN : ' 
i \ LT + é 


Moe: BiN RG = “ofr. 2.8), 


contained in PD. F-, in every neiehborhood of whieh would Vie paints e” 
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shown to be impossible in making use of the fact that the ¢;(r, a, 8) are 
analytic at r,, a, 8: and have a non-vanishing Jacobian there. 

Now P’ cannot belong to D,, for any rı, for there is at most one tra- 
jectory through each point of D, and thus Tp, would have to be one of the 
curves of the family {Cag}. But every curve of this family distinct from 
Cap has a forward tangent at O different from p. 

Accordingly, P’,, is in Br, for every 7. 

But this likewise is impossible. For we observe that the function 


L(n, a, ß)= <Ç POP; 


where P,, is the point on Dr, corresponding to q(t % B) in yn and P, is 
the point of Cag corresponding to q(t 4, ß), is continuous on the closed 
set e,, and consequently takes on its minimum w(7,) there. If P,,’ were 
contained in B,, we should have 


< P,{OP,, > o (rı) 


when 7, <7, for otherwise we could pass from P,, to P-, by the curve formed 
from the intersection of the surface g=1/rı — 1 with the plane determined 


by the rays OP's, OP,» It would then follow that 
(34) lim w(71)==0, 


T1=0 


for by hypothesis 
lim {POP = 0. 


T;=0 
But, on the other hand, 
lim L(r,, a, B)== L(e, B) 
T0 


exists uniformly with regard to q on yr, (Section 2.54) and 
L(a,B)> 0 


for all g on yr, Consequently (34) cannot hold, and therefore P;,’ cannot 
be contained in B,.. a 
Thus the property is demonstrated. 


3.1. The Mapping. It is evident from the preceding properties of the 
trajectories that D can be mapped upon the interior D’ of a sphere in such 
a way that the conditions 1 and 2 of the Introduction are satisfied. This may 
be done, in fact, by erecting in D’ a set of rectangular axes 2’, y’, z, with 
origin at O’, the center of D’, and taking as the image of the point P in D 
the point P’ in D’ lying on the sphere 


a? 4+ y%4 2% = {A/[1+ g(P)]}, 
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where A is the radius of D’, and lying on the radius having the same direction 
angles, referred to the 2’, y’, Z-axes, as the forward tangent at O of the 
trajectory through P. 

That this method of mapping, with the further definition that the image 
of O be O’, satisfies the condition 3, that is, that it yields at 1: 1 correspondence 
between the points of D and those of D’, is not difficult to prove. In fact, 
on the one hand, since there is one and only one trajectory through each 
point of D, every such point has a unique image in D’ while, on the other 
hand, every point P’ in D’ — O’ determines uniquely a number r, 


at fy? + 2? = (Ar)?, 
and a radius p issuing from O, and thus since there is one and only one 
trajectory having p as its forward tangent at O, P’ is the image of a unique 
point P in D. 
It can be proved also that the condition 4 is satisfied, that is, that the 
functions 
g == h, (z, Ys 2); Y=h:(z, Ys z), 7 = hs (a, Y z), 


which give the co-ordinates of the point P’(2’,y’,2’), corresponding to the 
point P(x,y,2), are analytic in D — O and continuous at O. 


To show that they are continuous at O we have only to observe that 
lim (2? +? + 2°)=lim {a/[1 + g(P) 1}? 
2>0 pO 
=), 


To show they are analytic in D— O we observe firstly that when Ar, a, ß 
are regarded as the spherical coördinates of P(x’, y’, 2’), the colatitude « 
being measured from the positive z’-axis and the longitude £ from the positive 
a-axis, counterclockwise with regard to the positive z-axis, then the co- 
ordinates x, y, z of the point P are given by the formulas 


a= $1(7; &, B), y= 6: (7, a, 8), z = o3(7, @, B), 
provided that P’ lies in the subset D,’ of D’ determined by the inequalities 
OLTI, r/R CaS ialB, r/ <B L< 15r/8. 
PHB Talla. 2 fear Section 2,3, 
Sunilarly, uo Ar, 2’, 8° are regarded as the spherical coördmates os 7” 


tle colatitude % bung uicasuied in this case glum ihe positive yadie dun 
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T= py (7; a’, B’), y= po’ (7, @, B’), z = he (7, a’, B’), 
provided that P” lies in the subset Dy determined by the inequalities 
O<7r<1, e/8B < < Yr/8, 7/8 <B < 15r/8. 


Now since 
Dt + D? =D — 0 


and r, «, 8 are analytic functions of 2’, y’, 7 in Dy’, and +, a, 8’ are analytic 
functions of these variables in D,’, it follows that the functions 


s=h (2, y, Z), y = h(a’, y, z J; z_hs(e,y,2), 


which give the coördinates of P in terms of those of P’ are analytic in D’ — 0”. 
Moreover we find in employing (d) of Theorems II, IT’ that 


ô (ha, lo, hs) MAER y, 2’) = A®/(V9)?. 


Accordingly, the functions hi, which are the inverses of the hi, are 
analytic in D — 0. 
We summarize these results in the form of a theorem. 


THEOREM III. The region D can be mapped upon the interior D’ of 
a sphere in such a way that the level surfaces of g(D | O, P) are carried into 
spheres conceniric with D’ and the trajectories orthogonal to these surfaces 
are carried into radii of D’. When the mapping is done in the manner de- 
scribed above it is 1:1 and the coördinates 2’, y, z of the point P’ in D’, 
corresponding to the point P in D are gwen by functions 


g == hi (s Y2), Y = h2, Y, 2), Z = hlz, Y, 2); 


which are analytic in D — O and continuous at O. These functions have the 
property that 
8 (ha, he, hg) /0 (2, y, 2) = (Vg)?/A%. 


3.2. We conclude this paper in observing that the transformations of 
Section 3.1 generalize completely conformal transformations in the sense that 
if a plane region is mapped upon the interior of a circle in an analogous 
manner and the relation between the level curves and their corresponding 
circles is properly specified then the transformation is necessarily conformal. 


The Existence Theorems in the Problem of the 
Determination of Affine and Metric Spaces 
by their Differential Invariants. 


By Tracy Yerkes Tuomas. 


Introduction. In a previous article we were concerned with the more 
formal aspects of the determination of affine and metric spaces by their 
tensor differential invariants.* We shall now take up the problem from its 
existence theoretic side. Let us first observe that if the components of a 
tensor, e. g. the components A’jka OT gag,ys of a normal or metric tensor, are 
given originally as analytic functions of the n(= 2) independent variables x? 
in the neighborhood of the point z°== qt, we can by the simple co-ordinate 
transformation gvi = yt -+ qt transform them into components which are 
analytic functions of the variables y? in the neighborhood of the point yt = 0; 
in fact the direct substitution st = yt + qt will transform each component 
Atika OF Jag,ys With respect to the zê variables into the corresponding com- 
ponent Atira OT gag,ys with respect to the yt variables. We can therefore 
assume without loss of generality that the tensor components Afira OT Jap.yô 
are analytic functions of the variables y+ in the neighborhood of the point 
y'=0. To illustrate more precisely the nature of the problem to be in- 
vestigated let us consider a definite set of functions Atja(y) in n(= 2) 
independent variables y?; each function Atjza(y) is assumed to be analytic 
in the neighborhood of the point yt 0. We wish to investigate the question 
of whether there exists an affine connection defined by a set of functions 
Ot, (== C%;) each of which is analytic in the neighborhood of the point 
y? = 0 such that the Atja(y) can be derived from the functions O’;.(y) as 
the components of a normal tensor. An evident requirement is that the 
functions A‘jra(y) should satisfy the complete set of identities 


(a) Atika = Arja; Alan + Ara + Atos = 0. 


In ease n=? we shall show that these conditions are sufficient for the 
existence of the components (ty) or the anne connection: in tact if the 
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within a system of normal co-ordinates yê. But if n = 3 the restrictions 
imposed by (a) on the functions At; (y) are not sufficient to insure the 
existence of the affine connection C*j,(y). For n = 3 it follows that subject 
to (a) certain of the functions A*jza(y) can be selected as entirely arbitrary 
and that others are partially arbitrary in the sense that they can be considered 
to reduce to arbitrary analytic functions of a number m(=2,---,2-—1) 
of the independent variables y? for the initial values yt—0 of the n— m 
remaining variables. A definite rule can be given for the separation of the 
functions A*ja(y) into entirely arbitrary and partially arbitrary functions; 
this separation being effected the components C*;,(y) of the affine connection 
are uniquely determined with respect to a system of normal co-ordinates y4. 
Analogous remarks apply to the problem of the determination of the func- 
tions gag,ys(y) in order that there shall exist a symmetric fundamental tensor 
hag(y) with respect to which the gag,ya(y) will be the components of a second 
extension or metric tensor. Thus the functions gag,ys(y) must satisfy the 
conditions 

(b) Jap.y5 = IBa,yö = Japy; Ian F Jay.98 F Jas,py = 0 


which are sufficient to insure the existence of the tensor hag if n=? but 
not otherwise; also for n=3 certain of the functions gags are entirely 
arbitrary while certain others reduce to arbitrary functions of a number of 
the variables yê for the initial values yt = 0 of the remaining variables. 
Owing to the analogy between the affine and metric problems these two 
theories have been developed side by side. 

From the standpoint of the theory of differential equations our problem, 
in the affine case, is to determine a set of analytic functions A*jra(y) in the 
most general possible manner so that the two systems of equations (1.1) 
and (1.2) will be satisfied. We reduce this problem to the problem of 
finding a set of integrals Aim (the designation Aim is employed to denote 
certain components Atira which remain independent after the conditions (a) 
have been imposed) of the system (6.1) in which (1) the independent 
variables yt are the co-ordinates of a system of normal co-ordinates, and 
(2) the % terms denote polynomials in the components Aim and Ot; such 
as result by taking the covariant derivative of the tensor Atjxa. If the X 
terms were lacking in equations (6.1) these equations would break up into 
n— 2 separate systems of equations each of which is of the type treated by 
König * and their integration could easily be accomplished. On account of 


* J. Konig, “Ueber die Integration simultaner systeme partieller differential- 
gleichungen mit mehreren unbekannten Functionen,” Mathematische Annalen, Vol. 23 
(1884), pp. 520-526. 


wus alt Tet ine Uelivaiives of ine components CE. - m ine X deems on ib tà 
must be related io the components at; and their derivatives in tbe proe. ss 
Soeteumining the power series expansions of the ts (a) ve dave ae ess c! 
situation. The more or less elaborate analysis employed has been necessi- 
iated by the fact that a situation of this type does not exist in any system 
of differential equations so far treated in the literature. A similar char- 
acterization of the metrie problem is possible. In $1 the conditions on he 
power series expansions of the functions .t!/.7_, and gap. have been given in 
order that these functions may be the components of a normal or metric 
tensor respectively. The equations giving these conditions as well as the 
convergence proofs In § 2 are of importance in the subsequent sections. The 
finite existence theorems for the functions .1¢+¢ and qag.45 are established 
in §§3, 5, and 6 on the basis of new forms in $4 of the expressions 
N(n, 1+ r) which gives the number of independent components A*jzog,.. p, 
and N(n, 2+r) which gives the number of independent components 
GJaB,yie,...e, (see M §1). We have in § 4 derived the new form of the 
expressions N (rn, p+r) for arbitrary values p which can be used in the 
extension of the results of the present article to normal and metric tensors 
of higher order. The convergence proofs involved in the finite existence 
theorems have not been given in the present article as they will appear in a 
slightly more general form in a later publication.” 
1. General Existence Conditions. Let us consider that A*jza(y) denotes 
a set of functions of the variable y* each of which can be expanded about 
the point yê = 0 in a convergent power series; we shall also assume that the 
functions A’. satisfy the equations (a). It is desired to identify the 
variables y? with the co-ordinates of a system of normal co-ordinates and to 
choose the functions Afza in such a way, by imposing further necessary 
conditions, that they will be the components of a normal tensor A!ır.() 
in this system of co-ordinates. This means that we wish to choose the fune- 
tions Afyra(y) so that the system of equations 


tT, 1) al bra (y)==(0C ‘> yt) - = re a Clalit = Gi inte ee 
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is analytic in the neighborhood of the point y#—0, and such that the 
equations 
(1. 2) Chaly)y’y* = 0 


are satisfied identically in the variables yê. To this end we observe that the 
functions A‘*jxq(y) chosen initially so as to satisfy only equations (a) deter- 
mine an infinite sequence of sets of constants 


T (Ayjeapı)o;  (Atiapifados’ "> 


as explained in M §4. The constants J determine the formal series for the 
funetions C*;,, namely 


(1. 3) Oz = (At ina) oyt + (1/2 (A irap) yy + °°, 


where (A*jzq)o has the value Atjxa(0). The series (1.3) evidently satisfy 
(1.2) since the quantities (A), satisfy the complete sets of identities 
M (1.13). The requirement that (1.3) shall constitute a formal solution 
of the differential equations (1.1) leads to other conditions on the functions 
Atjza(y) than those given by (a). Thus by repeated differentiation of (1.1) 
and evaluation at the point yt —0 we obtain equations 


(1.4) Atika pi... Be (0)==(2/3) (A*inap,...8-)o 
— (1/3) /(Akaj8ı...8.)o —(1/3)/ (Atajtp...b) o + Fs 


where the % represents an expression which is quadratic and homogeneous 
in the components of normal tensors of lower order than those which have 
been written down explicitly; also 


Or At ina (Y) 
Map.) (ne) 5 


In (1.4) the right members as well as the left are symmetric in the indices 
Bı’ © -Br arising from the differentiation; no new relations can therefore 
result from (1.4) as conditions of integrability. Now eliminate the above 
constants 7 which stand in the right members of (1.4) by a substitution of 
the type M (2.10). This will give a system of equations of the general form 


(1. 5) Atira pi... p (0)= L [Atjxap,...8,(0) | 


where as usual Z has been used to denote a simple linear sum and B denotes 
a sum of homogencous polynomials of its arguments. Equations (1.5) give 
conditions on the quantities Afyra,ßı...g,(0). I£ the functions Atika (y) satisfy 
(a) and are furthermore such that the quantities A*jxag,...8,(0) will satisfy 


a N a R ` ; 
Papae ae 08 ` EPE - ns a yis jJ >It Loe ee 


jn SP ıt voll be shown that the aormal solution €. ty) given by (1.3) 


riy 


a. re Pie Cue tis le oe tatio Lave ai dtud? Ca Lael aiat 
Se Votes ay As mega! pa-ou opti s, 

rn ` a ryt? ' Yoa p $ i pi R Eee 

| Vat A. The si or} ir sl aluj, RER ba Prey, SER ene 

re reo mn powi ut the patty et BE RE TOA ARN GP Pants, 


iensor ia a system of normi co-ordinates yt it, and only if, the functions 
Ai aly) satisfy (a) and ure furthermore such that the coefficients 
Nas... (0) of their power series expansions about the point yl = 0 satisfy 
the sequence of equations (1.9). 


The preeise form of the equations (1.5) for r== 1 can be obtained by 
eliminating the quantities .L!yrog in the right members of M (2.1) by means 
of M (2.5). This gives 


(1. 6) 3.4 ita 8 = 3,12: Be + itiga: + 21 i Ba. i + ltapi I: + A lapi, i 
as the conditions to be satisfied hy the quantities 
A jra,g = ira, (0). 


Now consider a set of constants (Yaß)o —(98a)o, such that the deter- 
minant | (gag)o | 0, and a set of functions Yagns(y) each of which is 
analytic in the neighborhood of the point y? = 0. Let us state the conditions 
that must be satisfied by the functions geg,s(y) so that they will be the 
components of a metric tensor resulting from a fundamental tensor with 
symmetric components hag(y) in a system of normal co-ordinates y such that 
hag(O)—=(Hag)n at the origin of the system. In other words we wish to find 
conditions on the functions gag.45(y) so that there will exist a solution of the 
system ol differential equations 
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identically in the variables y?. These latter equations can be shown to be 
equivalent to (1.2) in which the Ctag(y) are Christoffel symbols, i. e. 


Clap (y) = Voh [ (Ohao/öy?) + (Ohop/dy*) — (Ohap/dy’) |. 


It is now expedient however to use (1.8) rather than (1.2) to characterize 
the variables yê as normal co-ordinates. On the basis of the Christoffel symbols 
Otag the quantities C*,g, in (1.7) as well as the quantities O*gg.... in general 
which we shall need later are defined by the equations given in M $1. We 
first assume that the functions gag,ys(y) satisfy the complete set of identities 
(b) as this is a necessary condition. The process described in M $4 will 
then determine the sets of constants 


II (JaB,y8e) 03 (Gaß,yöae)o;' ' * 


in such a way that the formal series for hag, namely 


(1.9) hag ==(gap)o + (1/2!) (gapyo) YY? + (1/8 !)( Jap. võ) ya +° °°, 


will satisfy (1.8); in the series (1.9) the constant (gag,ys)o has the value 
Jap.ys(0). Now differentiate (1.7) repeatedly, evaluate at the point yê = 0 
and eliminate the quantities (gag,yée,...e.)0 in the right members of the re- 
sulting equations by a substitution of the type M(2.16). This gives con- 
ditions analogous to (1.5), namely 


(1.10)  GaB,y5,e1....¢.(0) = L [ 9aß,v,c1...er(0) | 
+ QO[(gap)o; Gap.iys(O) 5°" "5 Japser... e2 (0) |, 


which must be satisfied by the quantities 


_ ( 9a8,13(%) 
Jab, y,c. .. e (0)= (2 .o» gyer u'=0 
in order that the series (1.9) should constitute a formal solution (1.7). 
As it will be shown in $2 that this formal solution (1.8) converges we have 
the following theorem. 


THEOREM B. Given a set of constants (gap)o=(Ypa)o, such that the 
determinant | (gag)o | 0, and a set of functions gap,ys(y) each of which is 
analytic in the neighborhood of the point yt =0. There will then exist a 
fundamental tensor having components hag(y)— hga(y) in a system of normal 
co-ordinates yt such that (1) hag(0)=(gag)o, and (2) the functions gap,ys(y) 
are derivable from the hap(y) as the components of a metric tensor if, and 
only if, the functions gap,ys(y) satisfy equations (b) and are furthermore 
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such that the coefficients gaßyöc...e,(0) of their power series expansions 
about the point y? = 0 satisfy the sequence of equations (1.10). 


To deduce equations corresponding to (1.6) differentiate (1.7) and 
evaluate at the point yt = 0. This gives 


(1. 11) 6 Jap,y8,e = £9ap,yde + Jaer + Ißeayd + gyda» 


where gap,yse denotes the third derivative of hag with respect to y”, y°, yf 
evaluated at the point y* = 0, and 


ze ( dyf y'=0 


Eliminating the quantities gag,yse in the right members of (1.10) by M (2.18) 
we deduce 


(1. 12) RJaB,yö,c = fap, de Y + Qab, yes + GBe,yö,a + Gae,yö,ß- 


Equations (1.6) and (1.12) can also be considered to give relations 
between the covariant derivatives A’;xa,g and gap,yö,e respectively which must 
hold throughout the neighborhood of the origin of the normal co-ordinate 


system. This more general interpretation of (1.6) and (1.12) will be of 
importance later. 


2. Convergence proofs. A proof of the convergence of the series (1.3) 
and (1.9) can be made by the method involving the use of dominant func- 
tions, i.e. the Calcul des limites of Cauchy. Let us first prove the con- 
vergence of the series (1.3) where it is to be understood that this series is 
determined as above explained by a set of functions A*jza(y) which satisfy 
the conditions stated in Theorem A. It can be shown readily that the func- 
tion +; defined as a solution of the system of differential equations 


(2.1) BC 1. /y® = IM na 2 (Ch jq + CtpgB"j2-) 


such that Ct; = 0 when y! =: - -—y"=0, is a dominant function for the 
connection Ci, given by (1.3): in (2.1) the function Xi a is a dominant 
function for .t'j.(y). Equations (2.1) ean in fact be reduced to a very 
simple form hy nuotin 
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where F, defined by the equation 
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for suitable positive constants M and p, is a dominant function for any of the 
functions A*jzq. With the above substitutions (2.1) becomes 


(2.3) ad/dy == 4F + 4n®?, 


where y= y' +--+--+y". The existence of a solution ® of the equation 
(2.3) which is analytic in the neighborhood of y = 0, and such that = 0 
for y = 0, results from the well known theorem of partial differential equa- 
tions. To show that the function & satisfying these initial conditions domi- 
nates the series (1.3) for the affine connection Cj, let us differentiate (2.1) 
repeatedly and evaluate the resulting equations at the point yt=0. We 
thus obtain expressions of the general form 


(2. 4) D’jkap, ... By = AL jnapı ... Br 
+ 2 (Or /Oyßı + + + QyPr) (Ein ©" sa + Cty gS4;x) st 


where ®*jz0g,...8, and F*jzag,...g, denote the derivatives of 0©*;,/dy* and 
Miza with respect to y®&,- - -, yf evaluated at yt == 0. Assuming that 


(2.5) Dizpapı...Bs > | (Atinapy...B.)0 | 


for s<r(Z2) we can show that for s=r these inequalities are likewise 
satisfied. Compare equations (2.4) with equations 


(2. 6) Atika... Bp = At jarBy...Be + Atja bi... Be — Atargi... 6 HK, 


(see M § 2) in which Atiza in the & term has the value At;.(0) and the 
quantities Atirapı... p, and Atzza,p....g, are considered to represent the con- 
stants (Atjxag,...8,)0 and Atjxa,p,...8,(0) for any value of r(= 1). This 
comparison shows that 


2 (8"/dyh - > + Oyf") (ia + CruaS sx) pto 


is greater than twice the absolute value of the % terms in (2.6) in virtue of 
(2.5) for s <r; also 4F" jxog,...8, is greater than twice the absolute value 
of the difference A*jxe,g,...8,—A*sox,6,...B, in (2.6) because of the domi- 
nating property of the function F. Hence 


(2. 7) Dtirapi... p, > 2 | (Ataf... B-)o —(A*yaxp...8,)o | - 

Since the ®*jz0g,... g, are symmetric with respect to all indices we also have 
(2. 8) Bjkapı...8, > 2 | (Atjaxp...8,)0 —(A tapi... p-)o| « 

Adding (2.7) and (2.8) we obtain 


Di jxap,... pr > | (Atinapy...8-)o-—(A apr... B,)o |- 
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Hence ®jrag,...g, is greater than the absolute value of the difference of 
Bs 8 

(Adzrapı...pr)o and (Afygorı...r,)o where pqorı' * ‘tr is any permutation of 

jkaßı Br; we can therefore write 


(2.9) Di iaB,... Br > | (Atjnapi...Be)o —(Atogon...rr)o | é 


Now form all permutations of the indices pgor,’ + -rr and add together the 
N corresponding inequalities (2.9) obtaining 


NO ap... > [R (Atap... B) — E (Atron... r)o l- 


But the sum in the right member of this inequality vanishes by M (1. 13). 
Hence we obtain the inequality (2.5) for s= r(= 2) which we wished 
to prove. The fact that (2.5) holds for s= 1 is proved directly by observing 
that for this case the X terms in (2.6) and the second set of terms in (2. 4) 
vanish ; we are thus led to the inequality (2.7) for r == 1 and hence to (2.5) 
for s=1. The function ©; therefore dominates the series (1.3) for the 
affine connection C*;, with the result that (1.3) must converge. 

To prove the convergence of the series (1.9) we set up the system of 
differential equations 


(2.10) PGap/dyvay? = 4Gapys + 4S [0Goa/dy®) Ns + HoR apR7 ye], 


where @agys is a dominant function for gag,ys(y) and the summation > 
denotes the sum of all terms that can be formed from the term 


(2. 11) (8H0a/ dy ) Res + HoR ag R ys 


by taking all permutations of the indices aBy8. Also the expression Rag in 
the term (2.11) is defined by 


Mog Mr (8@Dag/dy*) + (@Dca/dy)'+ (@Dag/0y") J, 


where 2% is a dominant function for §*. Now replace Hug by Y and 
take Y > | (gap)o| (absolute value) ; also take 


G M ; Qic — MM’ 
uByö -= IT GIS? = Ue? 
1- (5/6) 1O Œ m) 
where y= yt por ye ond M, MH’, p, p are sange positive comune, 
Pee equator (2.10) wil tan niwe U oa BIETE 


in the caso previously considered. This differential equation possesso p 
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such that ¥(0)—= Y, and d&(y)/dy=0 for y=0. The function ¥(y) so 
determined dominates the series (1.9). To show this we assume that 


(2. 12) Wapyie...€, > | (Jaß,yde: . ..6)0 | 


for s< 7r(= 2) where the quantity Yapyc...e, is equal to the derivative of 
Hag with respect to yY: -y® evaluated at yi==0. We shall show that 
(2.12) is also true for s = r which will prove the dominating property of the 
function ¥(y). Due to the fact that Sag is to be taken equal to the func- 
tion W(y) it follows that Fagyõs...e is symmetric with respect to all its 
indices. To prove (2.12) for s=r we differentiate (2.10) repeatedly r 
times, then evaluate at yê == 0 and compare the resulting equations with the 
equations 
(2. 13) Gaß yder... er — Gary, poe... Er + Göy, Pacer... er —~ JOB, yae... ér 
== Qab, Yð, c... er — Jar, Boe... Er + Gory, Baer... er —— JB, Ya, Er.. Er + * 


[equations M7(2.14)], in which the gags appearing in the * terms has the 
value gag,ys(0) and the quantities gag yse,...e, and Yaßyda...e, have the values 
(Gaßvöe...e.)o ANd YJag,yi,e...¢,(0) respectively for any value of r(=1). 
It is clear that 
(2.14) Waprda...er > | (Gaby... er)0—(GJay,Baa...€r)o 

+ (9-78, Bae: des er) o — (op, yas. ag edo | . 


We now introduce the operations P and P’ defined in M §2. It will be 
recalled that the operation P on a term such as gaß,ydeı.. . er effects the summa- 
tion of all terms obtainable from gaß,yde...e, by permutting the indices 
de," © "er cyclically while the remaining indices ay are held fixed; similarly 
the operation P’ on the term gap,yôe:...e, effects the summation of the terms 
obtainable from gaß,yöe ...e, by taking all permutations of the indices yde, -- er. 
First operating on both members of (2.14) by P we have 


(r + 1) Vopyse . Seep > (r -+ 2) | (Jap. yö pia ejo — ( Jay, Biey . as er)o | . 


We next operate on both members of these latter inequalities by P’ which 
gives 
(r + 1) Papye... e >(r + 3) | (Jape... er)o | . 


This proves (2.12) for s=r(=2). If s=1 we obtain the inequality 
(2.14) for r==1 since the & terms in (2.10) and (2.13) then vanish; 
operating on (2.14) for r==1 as above we obtain (2.12) for s==1. The 
function ¥(y) is therefore a dominant function for the series (1.9) and 
therefore the series (1.9) converges within a sufficiently small neighborhood 
of the point y? = 0. 
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3. Special Case of Two Variables. It is of interest to investigate the 
question of whether the conditions given by (1.5) and (1.10) on the deriva- 
tives of the functions wléjza(y) and gagys(y) at y == 0 are independent of 
those obtainable from the complete sets of identities of these functions, i. e. 
conditions of the type M(1.15) and M(1.14). The simplest case to con- 
sider is that of the functions sl‘jza(y) or Yapyöly) for n = 2, i.e. for two 
variables. First take the functions A’;.(y) and suppose that they satisfy 
the complete set of identities (a). The number N(2,1) defined in M §1, 
and which is equal to 4, gives the number of independent components A*jxa. 
Now if (a) gave all the conditions on the function A‘je(y), the number of 
independent components of the extension A‘jra,g,...8, would be 4K (2,7) or 
4(r--1). But actually the number of independent quantities A*jxa,s,... B, 
is given by V(2,7-+1)* which is equal to 4(r +1). Hence it follows that 
the equation (1.5) for n = 2 can not produce additional conditions on the 
quantities A'jre.g,...8, over those which result from (a) by extension. 

There is of course an analogous result for the functions gag ys(y) in two 
variables. Here the number of independent components gag,ys(y) is N (2, 2) 
or 1. Then, since K(2,7) and N(2,7-+-2) each have the value r+ 1, it 
follows that (b) gives all the functional conditions on the components 
Jap,ys(y) ; the conditions (1.10) for n = 2 must therefore be satisfied iden- 
tically in this case as a consequence of (b) and the conditions obtainable 
from (b) by extension. 


THEOREM ©. For n= 2 the functions Atjra(y), each of which is ana- 
lytic in the neighborhood of the point y+ = 0, will be the components of a 
normal tensor in a system of normal co-ordinates if, and only if, the functions 


* Since the components At, g are expressible in terms of the components Ai kag 
by M(2.1) and the components Ai, „g are expressible in terms of the components 
Ai kag by M (2.8), it follows that the number of independent components Ai,,, g is 
equal to the number of independent components ¿it jkaß' More generally if we con- 
sider the values of the components Ai kapi... Bs and Ai taB... Be for s<r to he 
determined then the number of independent components Ai taB... B, is equal to the 
number of independent components Ai tag... g, on account of the equations 

Ara B, p5 Alia a tg p r + tr 
(see I 824 and the equations 112.10. Streilerte than ob of tedapendeartov. 
ponents anaie r is equal to the number of independent components He os 
Who the values (l; of the components gig, aud 123 of the components Yun: 


and fabae A 


Cpe ei €g 

for s<r are previously determined. Im this -vense we aon sav 
j è 

= . x + . 3 o: >, 1 i E en ern | rer, te dete t 
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Atjna(y) satisfy (a). Similarly, for n=? the functions gag.ys(y), each of 
which is analytic in the neighborhood of the point yt==0, will be the com- 
ponents of a metric tensor in normal co-ordinates if, and only if, the functions 
Gap,ys satisfy (b). 

With the exception of the two cases treated above equations (1.5) and 
(1.10) furnish additional conditions over those which result by extension 
from the complete sets of identities (a) and (b) respectively. The deter- 
mination of the exact arbitrariness of the functions Atjra(y) Or gaß,yö(Y) 
in finite form for n = 3 can be made on the basis of the numbers N (n, p) 
by an extension of the above method. For this purpose we must derive a 
new form for the expressions N (n, p). 


4. A new Form of the Expressions N(n,p). The formulas for N (n, p) 
which determine the number of independent components A‘jra,...q Or 
Jabi... vp given in M $1, were originally derived from equations 


Affine case: N(n, p) =nkK(n, 2) K(n, p)—nK(n,p+2), pÈ1 


Metric case: N(n,p) = K(n,2)K(n, p)—nK(n,p+1), p22, 
where K(n,p) denotes the number of combinations with repetitions of n 
things taken p at a time.* Since in addition to the above expressions for 
N(n, p) we will need to have the expressions for N (n, p+r) before us we 
note that 


(4.1) Affine case: N(n,p+r) ==nK (n,2)K(n, p+r)—nK (n, p-++2) 
(4.2) Metric case: N(n, ppr) = K(n,2)K(n, p+r) —nK (n, p+7+1). 


Let us now determine numbers A; and B; depending only on n and p such 
that the above expressions for N (n, p+r) can be written 


n-1 
(4. 3) Affine case: N(np+r)= % AK(n—ir) 
i=0 


n-i 
(4.4) Metric case: N(n,p -+ r) = % BiK(n— i,r) 
i=0 


for all integer values r. To derive (4.3) and (4.4) we make use of the 
formula 


K(n, p) = K(n,p—1) +K(n—1,p) 
by repeated application of which we have 


K(n,r +1) =K(n, r) +K(n—1lr)+'''+K(2,r)-+1, 


* See Annals of Mathematics, Vol. 28 (1927), pp. 196-236 and ibid., pp. 631-688. 
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eo 


or 
n-1 n 

(4.5) K(n,r+1)=— 5 K(n—ir)= X K(a,r). 
t=0 azi 

Hence 


n-1 
K(n,p +1) = X K(n—a,p-+r—1) 


n-i nal 


= 2 Ana) 


a=0 


n-i N-a= 2... 


1 
= 5 a, > K(n—a4-~''+—y—6 7), 
e=0 


where the indices x8 "ne are p in number. Each of the indices aß ->ne 
can take on values 0, 1,---, n— 1, subject to the condition that the sum 
a+ B+: -+y e has a value between zero and n— 1 inclusive. The 
number of times that the sum &-+-ß8-+"" '-Hny'te takes on the value 
i (=0, 1, : > +, n— 1) is equal to the number of permutations with repeti- 
tions of the numbers 0, 1, -+ -,i taken p at a time such that the sum of 
the numbers in any permutation is equal to +; let us denote the number of 
times that the sum a + ß-+" - +--+! e takes on the value i (=0,1,---, 
n— 1) by S(t-+1,p—1). More generally S(q + 1,7—1) will denote the 
number of permutations with repetitions of 0, 1, ' +, i taken r at a time 
such that the sum of the numbers in any permutation is equal to g(=). 
Now observe that S(q-+-1,7—1) is also equal to the number of permuta- 
tions with repetitions of 0, 1,-°°, 7 taken r— 1 at a time such that the 
sum of the numbers in any permutation is Sg for g 7; this is seen imme- 
diately on account of the fact that from any permutation of this latter type 
one of the type which go to make up the sum S(g-+-1,r—1) can be 
obtained by the addition of one of the numbers 0, 1,- : -,7, and the fact that 
in this way all permutations which make up the sum S(qg-+1, r— 1) can be 
constructed. Hence 


qti 
S(q+1,r—1) = X S(a,r—2) 
a=1 
for q=. Tsing this formula as a recurrence formula we have 


(4.6) TATE Na We) are ce DRE 
a-l 8-1 p1 


Bot from (4.5) an exactly similar expression can be obtained for KG + 1, 


: POLL Fp ted ved Ae O en ee Goa aiaa Sr = 1 p ly 
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to K(t-+1, p—1). The above expression for K (n, p -+ r) can therefore be 
written 


a-l 


(4.7) Kinptr)= 2 Ei-+1p—)) K(n—i,r). 


Substituting this expression for K(n,p-+r) and a similar expression for 
K(n,p +r +2) into (4.1) we obtain (4.3), where 


(4. 8) A=nK(n,2) K(i+1,p—1) —nK(i+1,p +1). 


Similarly by making a substitution of the type (4.7) into (4.2) we deduce 
(4.4), where 


(4. 9) By, = K(n,2) Ki+1,p—1) —nK (i + 1, p). 


Let us also observe that 


n-1 


(4. 10) Affine case: N np) = NA: 
i=0 
n-1 
(4.11) Metrie case: N (n, p) = X Bi. 
4=0 


These equations follow from (4.8) and (4.9) when use is made of (4. 5). 


In the following work we shall only need (4.3) for p==1 and (4.4) for 
p= 2, le. 


(4. 12) Affine case: N(n,‚i+r) = 5 AiK (n — i,r) 
4=0 


(4. 13) Metric case: N(n, 2+ 7) = 2 B:K(n—i, r). 

For these cases A; and B; are given by the special formulas 

(4. 14) A; = nK (n, 2) —nK (i -+ 1, 2) (p=1) 
(4. 15) B,=K(n, 2) K@+1,1) —nk (4+ 1,2) (p= 2). 


It is to be noted that Anı = 0 and Bn-ı == 0 is a consequence of these latter 
formulas. 


5. Special Case of three Variables. Let us derive in detail the existence 
theorems for the functions A‘jra(y) and gag,ys(y) for the case of n = 3 before 
entering upon the more general discussion in §6. Now divide the 24 

= N(3,1)) independent components A’. into a group Ge consisting of 
15 (= Ao) components and a group G, consisting of 9 (= A,) components; 
similarly divide the 6 (—=N(3,2)) independent components gap,ys into a 
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group G, consisting of 3 (= Ba) components and a group G, consisting of 
3 (~= Bı) components. The following tables give these groups 


Affine case: Group Go Affine case: Group Gh 
ai bi c di ei ui vi wi 
Alias Alısı Alysı Algsı Algaı Alısa Alyge Absse 
Metric case: Group Go Metric case: Group G, 
« ß Y é 7 G 
911,22 911,23 911,33 21,23 921,33 G22,33 
in which the letters af, bt, - - -, wi and a, ' ', 0 have been used as abbrevi- 


ations for the components Atika and gage. Now give the index £ the value 
1 and the indices jka in equations (1.6) the values (132), (232), (332) 
respectively as in Group G, for the affine case; similarly put e=1 and give 
the indices «8yö in (1.12) the values (2131), (2133), (2233) as in group 
G, for the metric case. We thus arrive at the following two systems of 
equations 

2(dui/ay*)—= — (Adi/ay*) + 3 (ab‘/dy*) — 3 (dai/dy*) + x 
(5.1) 6 (Ovi/dy*) = 2 (dui/ay®) + 4(dd'/ay®)— 3 (3ci/ðy*) + k 

3 (dwi/dy) = 8 (dei/dy?) + 2 (Ou!/dy®)— 2 (di/dy®) + k 


and 
2 (0£/dy") = (OB /öy?) — (da/dy*) + k 
(5.2) (3n/3y*) = (dy/dy’) — (88/34) + * 
(06/dy*) = (3q/8y*) — 2(E/öy’) + K, 
where the *% terms involve the components Otis, a4,- ',wt in (5.1) and 
hij, Ohizföy®, a - ‚din (5.2). Since these terms result from the covariant 


derivatives in (1.6) and (1.12) they are of evident form. 
Let us now put 


(5.3) at= At(y); bt= Bi(y); = Cty); di'=Di(y); e= E' (y), 
where the A‘,- - -,Ei are arbitrary functions of the variables y+, y?, y? each 
of which is analytie in the neighborhood of the values yt = y? = 4? — 0; 
also put 

(3.1) (ar. PiP yte (rie © EGE yeya iya PREG Me, 





where the Pi QI RE are arbitrary analytic functions in the neighborhood of 
the values y¥-=y?-= 0. Then by evaluating (5.1) at y!==0 and by dhf- 


al 
” , aon on 1 ; d 


yet UH os ' EEE EEE, EET E, ‘ ? tF er ighi yas 


240 Tuomas: The Haislence Theorems in Ihe Problem 


or more differentiations with respect to the variable y!.* In carrying out 
this process it is of course to be understood that C+;,—0 at y!=0; also 
that the derivative of C*;, with respect to y% at y? = 0, i.e. (Atjxa)o, is to be 
expressed in terms of the quantities at,- <- wt at yt = 0; and that more 
generally the derivative of Ct, with respect to yt yfi- - -y® at y'=0 which 
we have denoted by (A*jxag,...g,)o is determined by equations of the type 
3/(2.10). The functions (5.3) and (5.4) being given the power series 
expansions of all functions A’jx., namely 


(5.5) Atira = Atjza(0) + Atira p (0) y® + (1/21) At ita,er6.(0)yFyhe +9; 


is uniquely determined. As so determined the number of arbitrary quantities 
Atja(0) is 24[==N(8, 1)] and the number of arbitrary quantities 
Adyzra,Bı...B,(0) is 15K (3, r)+ 9K (2, r) ; this latter number is a consequence 
of the 15 arbitrary functions A‘,---,2£* and the 9 arbitrary functions 
Pt Qt, Rê. But 

N (38,1 + r)= AoK (8,7) + Aik (2, 7) 


from (4.12); and since Ap = 15, Aı= 9 by (4.14) the above number of 
arbitrary quantities A*jrag,...p,(0) is equal to N(3,1-+ 7). Hence the 
equations (1.5) can not give additional conditions on the Afyra,ß,...8.(0) 
over those which result from (5.1). The constant terms A‘jza(0) and the 
coefficients Atyra,p,...g,(0) in the series (5.5) therefore satisfy all conditions 
required for the functions A*jza to be the components of a normal tensor in 
normal co-ordinates. As the series (5.5) converge + we can state the fol- 
lowing theorem. 


THEOREM D. Let At(y), B*(y), Ci(y), Dily), Ei(y) denote 15 func- 
tions of the three variables y+, y?, y? and P*(y?, 9°), Q*(y?, Y), RE, y3) 
denote 9 functions of the two variables y?, y? each function A‘, > -, R* being 
analytic in the neighborhood of the values yt = y? = 4? = 0 of its arguments. 
Then there exists one, and only one, affine connection with components 
Cty, (== C%j) in a system of normal co-ordinates, each function Cti being 
analytic in the neighborhood of the values yt? = 0, such that the components 
at,- + +, w? of the resulting normal tensor Atina(y) are 


# An illustration of the method of calculating these derivatives is given by E. 
Goursat, “ Leçons sur l’Integration des équations aux dérivées partielles du premier 
ordre,” (1921), p. 2. The system (5.1) reduces to the type considered by Goursat 
when the substitution (5.3) is made and the % terms are neglected. 

+ Invariantive systems of partial differential equations (see footnote on p. 227). 


jr ee een a se Hy] 
dl A Ri vf ra 


unere the U‘, bo, VO are analytic Functinus of ihe vanıables Ip, Y 4? on 
‚ne neighborhood ot the cenas pee j? =-4?- 0 suen that Utss15 (4t, ui 
Ye G(r.) and Weoo RC) fory 8 
Au analogous theaom an ne proved ior the tuitions apso Ir 

we consider that z. g, y are arbitrary analvtie tunctions or the three variaii ~> 
wy y? y? and that & y 9 reduce to arbitrary analytic functions of the ivo 
vaanles yt, y? dor y! -0. We assign initial values Aus (Yaga "(Yauda 
subject to the condition that the determinant  (Yag)» 77 0; and we impose 
the condition dhag Hy? = 0 at the point y'-=0. We note that the derivative 
of Ohag0yY with respect to y? at the point y! == 0, i. e. Yaßys(0), is expressible 
in terms of the quantities a+ ++, 6 at y=0; also that the derivative of 
Ohap/dy? with respect to y®, y9- -< y at the point yi = 0, i. e., gap ys... ,(9), 
is determined hy equations of the type 7 (2.16). As in the case above treated 
we can determine in a unique manner the successive coeflicients of the power 
series expansions of the functions Yag,,5(y), namely 


(9. 6) Jabr = Yapyi(0) + Gaprba¥® + (1/2!) Jab yda (Oyye + °°. 


Since the number of arbitrary quantities gag,y8,...c, a8 above determined is 
3K (3, r)-+ 34 (2, r) or V(8, 2+ 7) by (4.13) and (4.15) the equations 
(1.10) can not give additional conditions on them. The formal series (5. 6) 
therefore satisfies all conditions required for the functions gag ys to be the 
components of a metric tensor in normal co-ordinates. Since the series (5. 6) 
converge * we can therefore state the following theorem. 


THEorEM E. Let a(y), b(y). ely) denote three functions of the three 
variables y1, y?, y and let p(y, y’). guy. y?) ey. y?) denote three fune- 
tions of the Heese yè, y? ced Fe er heling enye in tba 


api RES Pe en, Pape EOP re I EI. Menden Daiga (Sie 
, ; 
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== 0, such that hag(0)=(gap)o, and such that the components «,-- +, 6 of the 
resulting metric tensor gag,ya(y) are 


a=aly); B=b(y); y=cly); E=f(y); n=g(y); 80 =h(y), 


where f, g, h are analytic functions of the variables y', y?, y? in the neighbor- 
hood of the values y = y? = 4? = 0, such that f =p, y*), g= q, 4°), 
and h = r(y?, y?) for yt = 0. 


In place of the arbitrary components af, >+, ef and a, 8, y in Theorems 
D and E certain other components can evidently be chosen as those which 
are completely arbitrary. It can in fact be arranged so that one of the par- 
tially arbitrary components will reduce to an arbitrary analytic function of 
the two variables y”, y* for yı = 0, another to an arbitrary analytic function 
of the two variables y*, y? for y? = 0, etc. From equations (5.1) and (5.2) 
all such possibilities can easily be deduced. 


6. General Case of n(= 3) Variables. Equations (4.12) suggest that 
it is possible to divide the N(n, 1) independent components Aijz_g into n—1 
groups, namely a group Gp comprising A, components each of which can be 
taken as a completely arbitrary function of the n variables 4f, a group Gh 
comprising A, components each of which can be taken to reduce to an arbi- 


trary function of the n— 1 variables y”, © =, y” for y'=0,°°-, and a 
group Gp, comprising A„-. components each of which can be taken to reduce 
to an arbitrary function of the variables rl, y” for yet. 


Such a division of the components Atika into groups Gm must comprise all 
of the N (n, 1) independent components Atira; this is shown by (4.10). Simi- 
lar remarks apply to the components gag,ys on account of equations (4.11) 
and (4.13). 

Let us first consider the A’;x.. It is evident that the group Go can not 
be filled by selecting components Atika from the N(n,1) independent com- 
ponents Ativa at random since they are conditioned by equations (1.6). Our 
problem is to show that it is possible to solve equations (1.6) for first deriva- 
tives of the independent components A*jz, such that the quantities for which 
we have solved will fall into n— 2 mutually exclusive groups; first a group 
consisting of first derivatives of A, of the independent components Afıza 
with respect to y? (these A, components A’, will form the group G), 
second a group consisting of first derivatives of A. of the independent com- 
ponents A’; with respect to y+ and y? (these Az components Ajira will form 
the group G2), *  ‘, and finally a group consisting of first derivatives of 
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An-2 of the independent components Atira with respect to y}, y*7,-° - and 
y*? (these An-2 components Atiza forming the group Gz..). It is possible 
to state a rule for the determination of the independent components A’jrq in 
the groups Gm (m==0,: + +, n— 2) as follows. 


Rule. The group Gm (m=0, ::',n—?) for the components A'jxa 
is composed of all components that can be formed from Alika by taking 
a—=m-+1;%¢—1,°-°:, n; 7, k=1,°+::-, n subject to the inequalities 
j=kandk>m-+1. It can readily be verified that the application of 
this Rule gives a correct division of the components Atira into groups Gin. 
It is to be observed that the components Afira in a particular group Gm as 
given by the above Rule are independent among themselves, i.e. are not 
related by an equation of the form (a) and are also independent of the com- 
ponents A‘jzg in the other groups Gm. The number of components Atira in 
the group Gm (m ==0, ">>, n—-2) as determined by the above Rule is 
nK (n, 2)—nK (m+ 1,2) or Am by (4.14). Now let Am, where 7—1, 
++) Am; m= 0; > °, n— 2, denote the Am components Adj;z, in the group 
Gm. On the basis of the above Rule it must therefore be possible to write 
equations (1.6) in the following form in which the arrangement into groups 


Gm (m==1,° ++, n— È) is also indicated: 
0A /dy* = X, (0Apg/Oy") +% (J=1,---,A:) 
0A 12/0y* = F, (0Ang/Oy") + K (i=1,'' :, Az) 
0A 12/0y? == F, (0Apq/dy") + K (i=1,'' >, Ae) 
[ 0A 1tn-2/dy? = F, (0Ayg/Oy") +x ((=1,: i `, An-2) 


Amy ZA) HR (T=, + Ana). 


The summations X in the right members of the above equations denote linear 
homogeneous expressions with constant coefficients in the derivatives 9A p,/0y". 
No derivative 0A,,/0y" which appears in the right member occurs also in the 
left member of any of these equations. The X terms denote polynomials in 
ihe cormmoanert. of end C8 neh pe reer frp the nav td ah tty 
ut dd. b). 

Jt is now necessary to show ihat equations (1.6) can be put into the 
form (6.1). For this purpose let us first write (1.6) as 
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Aira _ OAbing 2 Atiga 2 Airra 











6.2 = ee 
A?) dy8 dy T 3 dy* 3 bys 
1 0A UO abi 1 0A‘. pr 
T 3 ay + 3 byl ER 


Then choose the indices tjkag so that the derivatives in the left member of 
(6.2) will be equal successively to the derivatives in the left members of 
(6.1). We thus arrive at a set of equations 


(6. 3) Am = I (Audyt) +K. 
(=1, en a) An; m==]1, ne “5 N— 2, E==],° ms m). 


For definiteness let us now consider an equation (6. 2) for which ¢ == 2 and 
ß=1L ie. 


Odin __ Alm 2 PAi , R PAi 
dy! dy? 3 dy 3 Oy? 
1 94° 21j 1 Atz 
“te 3 ay T 3 dyi +%, 

where it is to be supposed that j=k and k=Z3. The component At 
whose derivative stands in the left member of (6.4) therefore belongs to the 
group Ga. With regard to the right member of (6.4) we see that Atir, must 
belong to group Go. If j = 1 the component At; belongs to group Gp since 
it is equal to — RAtızı by (a) ; similarly if 7 == 2 the component At; belongs 
to group Go. If 728 the component Atz belongs to group Gi. Since 
k=3 the next component Atkı belongs to group Gy. For 7—1, 2 the 
component Ats; belongs to group Go and for j = 3 this component is equal 
to —(Atiyje + Atz) of which Af; belongs to group G, and Atz; belongs 
to group Go. Finally Ata is equal to —(Atixo + Ato.) and since k= 3 
the component Atızs belongs to group Gi and the component A‘, belongs 
to group Gy. As a consequence of the above it follows that the first set of 
equations (6.3), ive. 


JAn A/I = F, DA uvfdy” -+ K (b= 1" 4), 


(6. 4) 














contains in its right member derivatives of components Aw, which belong to 
groups Go and G, alone. Now consider equations (6.2) such that 8 S p, 
a—=n+1, jk and k>yp+i1. The component A’;. whose derivative 
forms the left member of (6.2) therefore belongs to group Gy. Let us now 
examine the components Afixa whose derivatives are in the right member 
of (6.2) bearing in mind that «= u + 1 and that J, k, B satisfy the above 
inequalities. The first component A‘jzg belongs to group Gg- The com- 


ek Sh Cites au) our bee ala em to bh, ” Port motor in 
erpan droa. Lasy n p< u I qhe component „I >», oas to be mii eo od 
¿1 ' { Š -) fy ie, ten ee ri, lt yf He ae 
io iod Gea Since A tae 2 the component atoa belongs to urous fr. 


doe component lag: belongs to group feo. i pile and to gieup fe. i 


onm- Lo HE j>œp- 1 the component l'es, is to be put equal to 

tbee’ feos) where be, helene te gepa (mul 1° ta erom La 
The last component Los is to be put equal to -Glipa tes) where it 
is Sen that .L'p.a belongs tu zivup Gp aual that Lzap ilusas io group Gpo- 
This examination shows that the right members of (6.2) in which the indices 
i k.g, B ave subject to the above conditions contain derivatives of com- 
ponents Lipa belonging to groups (a to (u inclusive. Hence in the right 
members of the -th set of equations (6.3), ie. the set for which m —= p, 
there can occur only derivatives of components .1!,2¢ which belongs to groups 
Gy to Gp inclusive. 

Jt can be verified directly from (6.2) that the derivative in the left 
member of any equation (6.3) can occur in the right member of the same 
equation with a coefficient which is not equal to 1, so that the equation can 
be solved for the derivative in question. We can therefore consider that 
equations (6.3) are such that the derivative in the left member of any 
equation does not occur in the right member of the same equation. Let us 
now suppose that a derivative d4:m/dy* occurring in the left member of one 
of the equations (6.3), say the pth equation, occurs also in the right member 
of the qth equation of (6.3). It will be assumed that the pth equation 
corresponds to a value of the index m equal to M, and that the qth equation 
corresponds to a value of m equal to Ws. such that M, < Me. Now multiply 
the pth equation by the covilicient of the above derivative dt. dy* in the qth 
equation and combine with the gth equation by adding corresponding members 
of these two equations, We thus ebteinm an equatton from which the abw, 
derivative 9.17.,9y® can be cancelled. Moreover the equation so obtained 
Will contait as its lert member the deswotise m che lem member o the ih 
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determine the wth set of equations (6.3). From the derivatives 0A ‘xgq/0y/ 
and @A‘,g./dy? for jÆ p in the right members of (6.2), and from these 
derivatives alone, can we obtain derivatives occurring in the left members of 
the pth set of equations (6.3). Since A‘yg, = —A*pra—Atrag where A‘pra 
belongs to group Gp and Atzag belongs to group Gy where v < a, only the 
derivatives 0A*%xga/0y? for j < u need be considered. We can therefore write 
0A tika 1 JA t pKa 

aye Bar T 
OA "ga 1 PAtra 

dys 3 ye TO 


pth equation: 











gth equation: 


where the dots denote quantities which do not enter into consideration. When 
the derivative 0A*jxa/0y* in the right member of the gth equation is eliminated 
by means of the pth equation we obtain an equation which can be solved for 
the derivative OA!gra/dy?. This latter equation will replace the gth equation 
in the set (6.3). By continuing this process of combining equations (6. 3) 
it is obviously possible to obtain equations (6.1). For the special case n = 3 
the components A*jxq in groups Ga and G, as determined by the above Rule 
are given in the tables in § 5; also equations (6.1) assume the particular 
form (5.1). 

The operations performed on equations (6.3) in order to deduce the 
„th set of equations (6.1) involved only those equations (6.3) for which 
my. Hence the above result concerning the groups of the components 
At;xa whose derivatives occur in the right members of (6.3) applies to 
equations (6.1). This result is stated as the following lemma. 


Lemma I. For any derivative 0Ajgq/dy" in the right members of the set 
of equations 
0A 1m/Oy* == I OAgq/dy" + K 
(m = u, lSpn—2, I=1,' : ‚Ay, ke], 5 ‘ yp») 
selected from (6.1) the inequalities q S p, r> q are satisfied. Denoting 


the derivative in the left member of any equation (6.1) by 0Arm/dy* so that 
k= m we can show that 


ILA im = OA, ds k 
(6. 5) Oyköya ° ae ð Ga aa x Oy" Oy - ie dy? SP È dy% - . Bye 
where s==1, 2,° °° 3 an't tas =], n; T, oyt tos >, ie. each 


of the indices r, o,,' + ",o, is greater than q. Each of the summations $ 
represents a linear homogeneous expression with constant coefficients in the 


Tu 
-> 


oj Phe Pdetera teatiaa of Mo ta apt Meteor Spd a E 7 


tagay dt ee OL tie type autiadated. Ñi is evident that (6.0) holds ror ayo. 

r 1. a» simce (6.5) then results directly by differentiation er (u tì 
Now dien aliate any cyilation (0.5) for Xot 6%, a 1. a with respect 
to gv 4. Then all devivatives in the right member of the resulting equation 
will be of the type which appears in the right member of (6.5) except 
deuivatives of .1,,.. These latier derivatives, however. can be eliminated bv 
a substitution (6.5) for coca z=- 1 n: hence (6.5) is true for 
X =n- zatrto =n 1,0. Differentiating any eyuation (6.5) for 





% = n 22%, en 1, n with respect to y” ? we find in a similar 
manner that (6.5) is true for 9), % == n —-25 %.° °°, 4% =n- l, n; ete, 
Hence (6.5) holds for, 7.2 =n- 2H Ion. If we now differentiate 
any equation (6.5) for gpt t, zn- %,n 1, n with respect to y” 3 
and eliminate the derivatives of tpn a. Apo 2 which occur, we obtain (6.5) 
for % =n- 352.00. = n? n--1, n. Then differentiating (6.5) 
for q= n- 3:30,00, = N—2, n- 1, n, we obtain (6.5) for a, @ 
en—d; Ant, % == n- 2, n—I1, n, ete. Hence (6.5) is true for 
Xi © +, Qa = Nn — 3, n—2, n—1, n. Continuing this process we finally 
obtain (6.5) for %,°--,%=1,°°-,n”, as was to be proved. 

We next denote by dia, where !=1,''', An; m ==0, 1,° ++, 2 —2, 
an arbitrary function of the variables y”*1, y™*?,- + +,y" analytic in the 


neighborhood of the values = —_y"—=0. Now put An==drn 
(7==1,- + e, Áo); also put Aim = dim (= 1,° ++, Aus; m==1,° ©, n — 2) 
for yt =- > += y"==0. From the functions $in and equations (6.5) we 


can then calculate the successive coelficients .tjzag,...8,(0) in the power 
series expansions of the functions Tja about the point yt =ù, i.e. we can 
determine the series 


(6.6) Are Ural) + Lira (0) yA + UI N na. 


where the constant terms 1,240) are given by the functions œi evaluated 
at yf =O. In the determination of the quantitus lies 3.10) the initial 
werd nun {` IB) 4 1 ty i 1 * u 1 é . ‘ 


ot as 1 t 


248 Tuomas: The Hatstence Theorems in the Problem 


conditions of integrability which would reduce the number of arbitrary quanti- 
ties A*jxa,p,...6,(0) to a number less than N(n, 1 +7). Equations (1.5) 
cannot therefore give additional conditions on the quantities A*jxa,g,... 8, (0). 
so that the series (6.6) if convergent will define a set of functions A*jxa(y) 
which will be the components of a normal tensor in a system of normal co- 
ordinates. Since it can be shown that the formal power series (6.6) con- 
verge * it follows that by Theorem A we therefore have the following theorem. 


Tıreorem F. Lei din(y), where l= 1, -aimi m=0,1,:-°°,n—2, 
denote an arbitrary function of the variables y™1, y™?,---,y" which is 
analytic in the neighborhood of the values y™1==- +--+ = y” = 0; also let 
Aim, where l—=1,--+,Am, denote the components Atiwa in the group 
Gm (m=0, 1,-++,n—2). Then there exists one, and only one, affine 
connection with components C*j,(y)= Ct3(y) in a system of normal co- 
ordinates y*, each function Ct, being analytic in the neighborhood of the 
values y+==0, such that the components Aim of the resulting normal 
tensor are 

Aig = hio (t= 1,--+-,Ao)3 and 
Aim = btm (= 1, <°, Am; m==1,°'-+,n—2) 


for y=: — ym— 


As the discussion of the functions gag.ys is to be made in an analogous 
manner the special details of the argument can be omitted. The separation 
of the gag,ys into groups Gm (m = 0,° + -,2—2) made on the basis of the 
equations 


"Gb yi gep, Da Igac,yö IJag, eð + ete ye J+ 
(6.7) sn Ik- ee +, 














which are equivalent to (1.12), is given by the following rule. 


Rule. The group Gm (m==0,°' -, n—2) for the components gag,ya 
is composed of all components that can be formed from gap,ys by taking «= 
m+-1; B, y, 8=1,'°-+, n subject to the inequalities BSm-+1, B<y, 
ySdandd>m-1. 

The components gag,ys in the above groups Gm are to be taken as inde- 
pendent which can be done since they are not connected by relations of the 


form (b). The number of components gaa,,5 in the group Gm (m = 0, >, 
m—2) is (m-+1) K(n, 2)—nK(m +1, 2) which by (4.15) is equal to 
Ban. Letting Bim, where I= 1, +>, Bm; m=0, 1,°°°, n—2, denote 





* Invariantive systems of partial differential equations (see footnote on p. 227). 


os, ays N (Boy) K in =. oi, 
t OB, uyay X (Boan Oy") -X Co Ar mei >) 
1 * = = 
| Bin o Oy?" ee (Br dy) -- A (I= 1,--°,2, 2). 


Equations (6.8) constitute the solution of equations (6.7) for the deriva- 
tives Which appear in the left members of (6.8). For the special case a -- 9 
equations (6.8) assume the particular form (5.2). For this case also ihe 
components gog,4a In the groups Gy and G are given in the tables in § 5. The 
following lemma corresponds to Lemma I. 


Lema II. The inequalities q & p, r > q are satisfied for any deriva- 
live OByg/dy? in Ihe right members of the set of equations 


OBim/dy* = I (@Byo/dy") + K 
(m = p, 1Sa S aR, [=—1,- * >, Bu, k=1,- i "> B) 


selected from (6.8). Corresponding to (6.5) we now have the equations 


ti Bin E +I B pg 09% 
(6. 9) Oy*Oy% acs dy ze = byt dy™ ar oye = 2 öyaı eee dy ? 
where k & m; s = 1, 2, tt 5 anu’ + tyas = l, °°, ny and 7,01,: > *,03 <q. 


Denoting by wim, where l = 1,; ‚Bu; m == 0, 1,- > +, n— 32, an arbitrary 
function of the variables y**1,- ++, 4” analytic in the neighborhood of the 
values yl =: -= yt = 0, we put Bizz (t= 1, +, Ba), and for 
yt =: yy == Owe put Bia = pin (= 1, > e, Bn; m=1,' 0- nR). 
Now assign the initial conditions Aag==(Yaß)o —(Ypa)o such that the deter- 
minant ' (gag)o | -A0 and Öhap mP = 0 aty? 0; also put hag Oyn? at 
#0 equal to gaa40). which is determined irom the given functions w: . 
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equations (1.10) can not furnish additional conditions on the quantities 
GJab.yb,e...6(0). 

It can be shown that the series (6.10) converge; * hence by theorem B 
we have the following theorem. 


THEOREM G. Let dim, where l= 1, © +, Bm, m=0, 1,- ,n— 2, 


denote an arbitrary function of the variables y™1, y”*2, --,y” which is 
analytic in the neighborhood of the values y™™t =- + -= y* = 0; let (gap)o 
==(9pa)o, where a, B = 1,: ` >, n, be arbitrary constants such that the deter- 


minant | (Jagp)o | 5&0; also let Bim, where L= 1, ++, Bm, denote the com- 
ponents Gap,ys in the group Gm (m =Q, 1,: `: ,n—?2). Then there exists 
one, and only one, fundamental tensor with components hag(y)= hga(y) in 
a system of normal co-ordinates y*, each function hap(y) being analytic in 
the neighborhood of the values y+==0, such that hag(0)==(gag)o, and the 
components Bim of the resulting metric tensor are 


Big = Yio (l= I, +, Bo); and 
Bim = Yim (L= 1,: --, Bm; m=1,:-+,n—2) 


for yt =: + = y” = 0. 


PRINCETON, N. J. 


NEN 


* Invariantive systems of partial differential equations (see footnote on p. 227). 


Relations Between the Critical Points of a Real 
Analytic Functions of N Independent Variables.” 
By ArrHur B. Brown.t 


1. Introduction. A critical point of a function is one where all its 
first partial derivatives are zero. Birkhoff was the first to state a relation 
between the critical points of a function of n variables.{ Morse § went fur- 
ther, obtaining a complete set of relations in the important (and general) 
case of non-degenerate critical points; that is, where the Hessian of the 
function is not zero at any critical point. We shall find it convenient to 
borrow certain results from his paper. Morse’s results are described in the 
second part of the present paper. 

In this paper we investigate the case of the general isolated critical 
point, dropping the restriction used by Morse, but requiring the function to 
be analytic. Relations similar to Morse’s are obtained. They may be de- 
scribed roughly by saying that each general isolated critical point has the 
effect of a whole group of non-degenerate critical points. 


I. PRELIMINARY THEOREMS or ANALYSIS SITUS. 


2. Notations and definitions. We shall use the nomenclature of analysis 
situs as defined by Alexander, substituting the terms cycle and Betti number 
for closed chain and connectivity number respectively. Notations not found 
in Alexander’s article will be as defined in Veblen’s Colloquium Lectures on 
Analysis Situs. 

In the entire paper all geometric terms and operations such as Betti 
number, addition of chains, bounding, may be taken either modulo 2 or 
absolute. For definiteness we shall take the ordinary (absolute) case, but it 
is understood that the work would go through as well in the modulo 2 case. 


* Presented to the American Mathematical Society, June 20, 1929, in slightly 
different form. 

t National Research Fellow. 

Ba references on critical points see the author's pan vy“ Rolations hetween tho 
(= 1 Poir amt etsy ma Pe Me Sale 15 at hasa Se Te site E 
Aare oj afuiheniuecs, Vol ol (1950). 

§ Marston Morre, “ Relation. between the Critical Pointa of a Real Puuction of 
n Independent Variables,” T'ransactions of the American Mothematicul Society, Vol. 
97 11995) pn 345 298 
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3. Relations between nested complexes. 


THEOREM 1. Let C and K be given complexes, where K contains C in 
the point-set sense. Let a deformation D exist which keeps points of K on K, 
and carries K into a complex on C. Then the Betti numbers of C are at 
least as great as those of K. 


Proof. Let A be a complete set of non-bounding i-cycles of C, where i is 
any non-negative integer. ‘The theorem will be proved if we can show that 
any i-cycle of K is dependent * on cycles of A. 

Let E be any i-cycle of K. Let F, be the transform of E by D. Then 
i, may be a singular i-cycle. 

Since A is a complete set of non-bounding i-cycles of C, we know that 
there exists an integer m s40 and a combination A» of cycles of A such that 


mE,-+Az:~0 on C, hence also on K. 
Now 
mE — mE, ~0 on K, 


as follows from the properties of a deformation. By addition of the two 
homologies we obtain the following. 


mE + A ~0 on K. 
Hence the theorem is proved. 


THEOREM 2. Let C and K be given complexes, where K contains C 
in the point-set sense. Let a deformation D exist which keeps points of K 
on K, keeps points of C on C, and carries K into a complex on O. Then 
C and K have the same Betti numbers.} 


Proof. Let A be a complete set of non-bounding t-cycles of C, where 7 is 
any non-negative integer. Now the hypotheses of Theorem 1 are satisfied, 
and in proving Theorem 1 we showed that any :-cycle of K is dependent on 
cycles of A. If we can show that there is no homology on K among the cycles 
of A, it will follow that A is a complete set of non-bounding i-cycles of K, 
and Theorem 2 will be proved. 

Let A, be any linear combination of cycles of A, with integral coefficients, 
not all zero. Let A, be the transform of Ai by D. Since the transforms of 
A, at all intermediate stages of D lie on C, the following homology is valid. 


* Dependence shall always refer to homologies. 
+ It may be seen from the proofs that Theorems 1 and 2 apply to any a 
eonfigurations for which Betti numbers, topologically defined, exist. 


Be ze be apie arin a ioraa aN Pe ae Nr a u ee ee ls 
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A200 on C. 
Aading to the last homology, we would have the followings. 
di~ on C, 


But that is impossible, since 4 is a complete set of non-hounding i-cycles of C. 
Hence there are no homologies on K among the cycles of A, and Theorem 2 
ix true. 


4. Relations between the Betti numbers of overlapping complexes. The 
fullowing theorem will be used later in the paper to obtain relations between 
the critieal points. 


THEOREM 3. Let A und D be complexes of dimensionalities m und n 
respectively, m =n. Let the points common to A and B form a complex C. 
Let the set of all points that belong to either A or B, or both, form a complex 
D which can be so divided into cells that at the same lime A, B and U 
receive proper divisions into cells. 

Then integers «i, t= 0, 1,--+,n; and Bj, j=0, 1, +- n41; exist, 
all positive or zero, with Bo Bnn ==0, such that the following relations 
hold: * 

(4. 1) Ri(C)= Bin + %, 
(4. 2) Ri(D)— Ri(A)— B.(B)=Bi—ai, i=0,1::',n. 


Proof. The proof will require a number of steps, which we shall desig- 
nate as lemmas. We begin by introducing notation for certain sets of evcles. 
Let Af and 2? be maximum sets of i-eyeles of A and B respectively. 
which are independent, on A and B respectively, of eveles of C. 


ot x 
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The number of cycles in any set will be denoted by replacing the large 
letter by a small letter. Thus C,* contains c,* cycles. 


Lemma 1. R(A)=a + ot + af. 


Proof. The sets At, C,*, C»? are composed of cycles of A. That they 
contain a complete set of non-bounding i-cycles of A is easily verified from the 
definitions above. If we supposed a homology existed among them on A, con- 
sideration of these definitions will show successively that it could involve no 
cycles of A*, none of C,‘, and none of Cz*. Hence there is no such homology, 
and the lemma is true. 


Lemma 2. R;(B)= bt + at + cat. 


Proof. This follows from Lemma 1 because of the symmetry between 
A and B. 


Lemma 3. The cycles Cit, Cot, Cot, Cat are independent on C. 


Proof. I£ there were any homology among them, it could not involve 
any cycles of Ct, since the latter are independent on D, and all the others 
are bounding on D. Then it could involve no cycles of Cet, since they are 
independent on B. For a similar reason it could involve no cycles of Cst. 
Hence it must be a homology, on O, among the cycles of Cat, which is contrary 
to the definition of that set. Therefore there can be no such homology, and 
the lemma is proved. . 


LEMMA 4. Bi (C)== Gt + cg? + cyt + ca. 


Proof. In view of Lemma 3 it will be sufficient to show that if Æt is 
any i-cycle of C, then it is dependent on cycles of the sets mentioned in 
Lemma 3. 

From the definition of C,‘ it follows that there exists an integer m 50, 
and a (possibly empty) combination Æ,’ of cycles of C,* such that 


(4. 3) mEt + E!—0 on D. 


Let P* be the boundary of the part in A of an (¢-++ 1)-chain K**! corre- 
sponding to the last homology. Then 


(4. 4) Fie= mEt + E*—P'0 on B. 
That is because F°? is the boundary of 


Litt==(Kt1 minus the part of K! in A). 
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Now either there is a non-zero multiple of Ft that bounds in A, or there 
is not. In the first case F? must be dependent, on O, on cycles of Cs’, and 
in the second it must be dependent, on A, on cycles of Cet. That follows 
from the definitions of Ca? and Cy’. It is therefore correct to say, regardless 
of which case is at hand, that an integer g50 and a (possibly empty) 
combination Zr? of cycles of Cet and Cat, exist such that 


(4.5) gFi+ Ei 0 on A. 


By similar proof we can show that there exists an integer r5£0 and 
a combination Fet of cycles of Cat and Ceat, such that 


(4. 6) rP'4+ Eqgi'~O on B. 
In proving this we would use, in place of (4.4), the homology 
(4. 7) Pi'~0 on A. 


From (4.4) and (4.7) we conclude that (4.5) holds also on B, and 
(4.6) holds also on A. Thus each holds both on A and on B. From the 
definition of Cat we conclude that there exist integers s and t, neither zero, 
and (possibly empty) combinations H,? and H,* of cycles of Ca‘, such that 


sqF* + sE + H,t+~0 on O, 
trPt + ify? + H.t~0 on. 


Let us multiply the first of these homologies by tr, the second by sq, 
and add. One term of the result is 


trsq(F* + P*), 
which, on comparison with (4.4), can be written as 
irsg (mE? + Eż). 


The other terms are combinations of cycles of Cat, Cot and Cat. It follows 
that #* is dependent, on C, on cycles of Cot, Cst, Cyt and Cat; and Lemma 4 
is proved. 

Before stating the neat kamima we shall introduce a new set of even. 
(riven any evele of Cart. it hounds hoth m ft and m &, hy definition ot (te t 
Tf it hounds D,? in A and Mht in R, then D.!- Jh has no houndary, hence 
is a cycle. Thus for each eyele of Ca’! can be found a corresponding evele 


na- 
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Let D? be a set of i-cycles of D obtained in this way. We note that 
ca’! is the number of cycles in Dt. 


Lemma 5. The cycles At, Bi, C,', D? are independent on D. 


Proof. Suppose we have a homology on D among the four sets of cycles. 
We shall show that it can involve no cycles. 
Corresponding to the homology is a relation of bounding, 


(4.8) Ete) > Pat + Pr + Pitt Pi. 


Here the last four symbols denote the combinations of cycles of At, Bt, 01$, 
D*, respectively, involved. 
Let Ett be the part of E1 in A, and let F? be the boundary of 
Est. Let 
E e= Hitt __ Fi, 


and let H? be the boundary of H,**1. 

Let Ki- be the combination of cycles of Ca‘! corresponding to the 
combination Pat of cycles of D+. Let La? and Dy? be the chains of A and 
respectively, bounded by K*+, such that 


Pe == Lat mias In®. 


Now (F?— Pat — Lat) is an i-chain of C bounded by (— K'!), for 
the first two terms in the first parentheses represent cycles. Since the cycles 
of Cat? are independent on C, it follows that K* must be a combination of 
them with all zero coefficients. Therefore Pa? contains no cycles. 

‚Since F? and Hi are the boundaries of E,'*! and We’! respectively, the 
following are correct relations: 


(4.9) Et > P + (Fi— Pi), 
(4. 10) Bl > Pf (Ht — Pit). 


Now F4?" is a chain of A, and (F? — Pat) is a set of cycles of C. It follows 
from (4.9) that Pet is homologous on A to cycles of C. Since Pat is a 
combination of cycles of A‘, such a homology is impossible unless P,? is 
empty. Hence P.t contains no cycles, and by similar proof, using (4.10), 
P? is empty. 

Therefore (4.8) tells us that P,? is bounding on D. Since the cycles 
of C,* are independent on D, it follows that P,’ is empty. Hence the given 
homology involves a combination of the cycles of A+, Bt, Cyt, D? with all 
coefficients zero. We conclude that Lemma 5 is true. 


Tears 6. Pill -u on eee eee 
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boundary of Eu Then Zr is a evele of C. and bounds ( Er) as wel 

From Lemma I we covelade that ZT tous dependent, on C, vu achso 
Gr l, Cat t, Cait and Cai. Now Cu?! cannot enter in the dependeree, ur 
if it did the combination of cycles of C, in question would be bounding 
on D, inasmuch as each of the four other sets bounds on D. Neither can 
Ct, since Cott, Cui? and Ft all bound on B. For a similar reason, 
Cit ean contribute nothing to the dependence. Hence a bounding relation 
of the following sort exists. 


Li — mki + eH, 


Iere Lt is a chain of O, m is a non-zero integer, and Hi? is a combination 
of cycles of Cutt. 

Let Kat and Ke? be chains of A and B respectively, bounded by Hit. 
That they exist follows from the definition of Cet. Then 


(mEt — Lt + Kat) is a cycle of A, and 
(mE + Li— Kt) is a cycle of B. 


According to Lemmas 1 and 2 these sums are, then, dependent on cycles of 
At, Bt, C4, Cat, Cot. Since the last two sets contain cycles that bound on D, 
it follows that on D the two sums in parentheses are dependent on cycles 
At, Bi and C,*. Therefore the sum of the two parentheses, namely 


mEt + (Ko! — Kıt) 


is dependent on cycles of ui Bf and Cit. But Kat- -Wat is a combmation 
of eycles of +, as follows from the definitions of Kal, Kat and Di We con- 
elude that FR is denendent on eveles of 15. DBI Cy! and Di, as was to be proved. 
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no (n + 1)-cycles, it follows that there are no cycles in Ca", and therefore 
Ca” = Bus == 0. This completes the proof. 


Cororuary 1. a SRi(A)+Ri(B). Bi S ki(D). 


Proof. These inequalities can be verified by a glance at Lemmas 1 and 
2, and the definitions of æ; and Ai. 


COROLLARY 2. Let Ai, Bi, Ci, Di denote the i-th Betti numbers of 
A, B, ©, D respectively. Then the following relations hold: 


(Co + Do) = (Ao + Bo) = Do, 

(Co + Do)—(C1 + Di) Ss (Ao + Bo) —(A1 + Bi) S(Co + Do)— Di, 

(Co + Do) —(C1 + Di) + (C2 + Do) = (Ao + Bo) —(A1i + Bi) + (4: + Be) 
= (Co + Do) —(Ci + Di) + Do, 


Cat Domt led) Cet Da) 
==(Ao + Bo)—- + + +(— 1)” (An + Ba): 
Proof. The relations can be verified by substitution from (4.1) and 
(4.2) and using the relations 8o == Bau = 0. 


5. Resuli of adding a zero-cell. 


Lemma 7. Let K be a given complex and P a point not in K, nor 
connected with it. If P is added to K, the only change in Betti numbers 
is an increase of unity in Ro. 


Proof. The lemma is obvious and is only stated for convenience in 
reference. 


LEMMA 8. Let P bea point of an ordinary n-space, and K a generalized 
complex in a finite part of the space, containing all the points of the space 
neighboring P except the point P itself. If P is added to K, the only change 
in Beiti numbers (topologically defined), is a decrease of one in Ry. 


Proof. The addition does not change Ro, the number of parts. It does 
not change Ri, Rz,‘ © +, or Rus, for any cycles of dimensionalities 1, 2,---, 
n— 2 which pass through P can be deformed into cycles not passing through 
P; and any chains of dimensionalities 2, 3,---, n—1 bounded by such 
cycles, and passing through P, can likewise be deformed so as not to pass 
through P. Neither does the addition change En, since neither of the com- 
plexes in question fills out all n-space. 
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But it does reduce R„-ı by unity, as we show now. Let © be a small 
(n —1)-sphere with center at P. Then $, originally non-bounding, becomes 
bounding. Suppose U were an (n—1)-cycle independent of S, which be- 
came bounding when P is added to K. Then U could be deformed so as to 
be outside S, and since the bounded chain must contain a certain non-zero 
multiple, say m, of the complex consisting of S and its interior, it follows 
that T would be homologous on K to mS, a contradiction. (Each chain 
mentioned is supposed to have a definite orientation.) It follows that Rn, 
is reduced by only one, and the lemma is proved. 


IH. CRITICAL POINTS. 


6. Hypotheses. The following is familiar terminology. A function of 
class ( is one continuous and possessing continuous partial derivatives of 
orders 1, 2,--+,k. A locus is a regular m-spread in n-space if near any of 
its points it is given by expressing (7—- m) of the co-ordinates as functions, 
of class C’, of the other m co-ordinates as independent variables. It is of 
class C™ if the functions are of class C™. 

The hypotheses for part II are given in the next paragraph. 


A closed region R of a real euclidean n-space is given, bounded by regular 
(n —1)-spreads of class C®. A single-valued function f is given, real and 
analytic over R. Its inner normal derivative, at any boundary point, is 
negative. Its critical points are isolated. 


Morse proved * that under these hypotheses it is possible to redefine f 
near the boundary so that it assumes a constant value on the boundary, 
greater than the value at any interior point. No new critical points are 
introduced by the change, and the new function is of class C”. Hereafter f 
will denote the new function. 


7. Morse’s results. The essential differences in the hypotheses used by 
Morse are as follows. The function f is not required to be analytic, but to be 
of class C”. The Hessian of f must not vanish at any critical point. 

The critical points are then proved to be finite in number. They are 
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evaluated at a given critical point. Then the form“ ajjziz; can be carried 
by a real, non-singular linear transformation into the form 


(7.1) = EHRT N Tr 


The eritical point is said to be of type &, where k==0 if all the signs in 
(7.1) are positive. 

Let R; be the i-th Betti number, modulo 2, of R, and M: the number 
of critical points of type i, 7==0, 1,: * ',n. Then a set of n inequalities 
and one equation were obtained by Morse, in form identical with those given 
in Theorem 10 of this paper. 

The same relations hold if the Betti numbers are taken absolute instead 
of modulo 2. 

The corresponding results in this paper are stated in Theorem 10. 


8. Some properties of the critical points. Morse showed by a short 
proof that the hypothesis of isolated critical points leads to the following 
conclusion. +t 


THEOREM 4. The number of critical points is finite. 


A slight extension of a result demonstrated by Morse f yields the fol- 
lowing lemma. 


Lemma 9. Let P be any point not a critical point, where f is analytic. 
The loci f = constant neighboring P are regular analytic (n— 1)-spreads.§ 
Their orthogonal trajectories are regular and analytic, form a field, and can 
be represented by the equations 


Li == a (21°, ° 3 Ent); 1= 1, Bis: n h, 


where (21°,° + *,%n°) is the point of intersection of the trajectory with the 
locus f = constant through P, the vı are analytic functions, and t =f is the 
parameter on the trajectory. 


Hereafter we shall refer to the orthogonal trajectories to the manifolds 
f= constant simply as orthogonal trajectories. 


* We shall use the notation in which repetition of a subscript denotes summation 
from 1 to n. 

t Morse, loc. cit., page 348. 

t Morse, loc. cit., pp. 355-358. 

§ All loci mentioned are real, unless the contrary is stated. 
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THEOREM 5. If a point is isolated on a locus f = c, then it is a point 
either of relative minimum or of relative maximum, of f. 


Proof. If every neighborhood of the point, say P, contained points 
satisfying f < c and points satisfying f > c, we could join a point of the 
first set to a point of the second set by a curve near P but not passing through 
P. The curve would then contain a point at which fc, contrary to the 
hypothesis that there are no such points near P. Hence the theorem is true. 


Any critical point not a point of minimum or of maximum shall be 
called a critical point of intermediate type. 


Leasa 10. Let the origin of co-ordinates be a critical point of inter- 
mediate type at which f= c. Then in a sufficiently small neighborhood of 
the origin the function 


H == (wife; — Vifo,) (@ifag — Tifo.) 

does not vanish at any real point of the locus [= e other than the origin 
diself. 

Geometrically, this lemma states that the normal to the locus f= c does 
not pass through the origin. 

Proof of Lemma 10.* 

The points in question are the real points at which the following equa- 
tions are satisfied : 
(8. 1) tifa; — Tife, = 0, p j= 1,2, ,n; 
(8.2) f—c=0. 


The points, real and complex, not the origin, satisfying these relations and 
neighboring the origin, lie on a finite number of configurations g of the 
following nature. A configuration of degree s, 0 < s < n, is defined when 
n— s of the variables are expressed as single-valued functions of the other 
variables, say Zr, Ta, ` ' ",2s, On a configuration defined by the vanishing of 
a pseudopolynomial for which a, Z2' '* ‘,zs are the independent variables. 
These functions are analytic at points where the discriminant of the pseudo- 
polynomial is not zero (ordinary points). 

Each pseudopolynomial may be taken irreducible. Let us consider one 


è The outline of this proof is due to Morse. 

+ Osgood, Lehrbuch der Funktionentheorie, Vol. II, Zweite Auflage, page 132. 
We shall refer to this volume as Osgood II. We shall refer to Vol. I of the Lehrbuch, 
Punta Audage, as Orgoou Í, 
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of them that is irreducible. Its discriminant cannot vanish identically.* 
Hence the points at which it does vanish lie on sub-configurations of degrees 
not exceeding s— 1, defined by the vanishing of the discriminant, a function 
of tı’ °°, Therefore if the configuration does not contain any real 
ordinary points, all its real points are confined to the configurations of lower 
dimensionalities which result when we set the discriminant equal to zero. 

It will, then, be sufficient to consider configurations containing real 
ordinary points. We shall show that on each of these the function 


Fr 


is constant. Now if a configuration, say gi, is of degree s,, then in the 
neighborhood of any ordinary point on it, 7? can be expressed as an analytic 
function of s, of the variables £, %2,- * -,2n as independent variables. It is 
possible to continue analytically from any ordinary point to any second 
ordinary point of g,.{ Therefore, if we can show that r* is constant in the 
neighborhood of a single ordinary point of g:, it must equal the same constant 
at all ordinary points. Since 7? is a continuous function, and there are 
ordinary points neighboring any point not itself an ordinary point, it will 
then follow that 7? equals the same constant over the entire configuration 9). 

Let P be a real ordinary point (not the origin) on g,. Let Q be any 
nearby point of g,. Let ¢ denote an arbitrary one of the independent variables 
for the configuration g,. Since (8.2) is satisfied, we can differentiate at Q, 
to obtain the following relation: 


(8. 3) fo ðt: = 0. 


Since P is a real point not the origin, and Q is near P, it follows that 
Q is neither a critical point nor the origin. Hence the functions 


are not zero at Q. Therefore, since equations (8.1) are satisfied on g,, 
the following relations hold at Q: 


(8. 4) for = = [(fosfas)*/ (2523) ] wi. 
Here the sign is the same for all n values of 4. 

Let us substitute now from (8.4) in (8.3), to obtain the following 
relation : 


(8. 5) Llafar) */ (x32) *] : [ws (604/94) ] — 0. 


* Osgood II, page 108, 3 Satz. 
ł Osgood II, page 109. 
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Since the first factor is not zero, we conclude that the last factor is zero. 
Hence 
d (zix) /dt == 0 


at Q. Therefore all the first partial derivatives of r° with respect to the 
independent variables are zero at all points Q neighboring P. Consequently 
r? is constant in the neighborhood of P, on gı. Therefore r* has the same 
value over the entire configuration gi 

Hence r? has only a finite number of values for all real points satisfying 
(8.1) and (8.2) simultaneously. Therefore any sufficiently small neigh- 
borhood of the origin contains none of these points. The proof of Lemma 10 
is now complete. 


9. The trajectories + We shall obtain a set of regular analytic tra- 
jectories which form a field in the neighborhood of any real point at which 


(9. 1) H == (rife; — Tifa) (tifa — Tifa) 0. 
Let us consider the following system of differential equations, 
(9.2) dxi/dt = p[ x (fajfoj) — fo, (ifaj) 1, 
where 
(9. 3) p= [2 (xii) */H(21,° ` +, tm) ]. 


The brackets in (9.2) were obtained as direction components of the 
intersection of the tangent (2—-1)-plane to the locus f== constant at a 
point P, with the 2-plane passing through the origin and the normal at P 
to the tangent (n—-1)-plane. 


LemMa 11. In the neighborhood of any point at which (9.1) is satisfied, 
there exists a set of regular analytic trajectories +, defined by (9.2) and 
(9.3), which form a field. The function f is constant along any one of these 
trajectories, and the parameter t can be taken equal to re (ziz) %. 


Proof. The right hand members of (9.2) are analytic. If the right 


hand members of any two of these equations are zero. then we can show 
a ; 
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Let us consider the following: 


da; 
dar _ dt _ pL (wits) (fajfoj) — (eifa) (wifes)] 
dt r r 
me p(Xifo; — Tife) (Life; — tifa) een | 
Qr g 
as follows from (9.3). Hence ¢ may be taken equal to r This completes 
the proof. 


10. The locus f= constant in the neighborhood of a critical point of 
intermediate type. l 


THEOREM 6. Let P be a critical point of intermediate type at which 
f=c. Let $ be an (n—1)-sphere with center at P, so small that (9.1) 
is satisfied at all points of the locus f =c within or on S. Then the real 
intersection of S with the locus f= c consists of a finite number of regular 
anialytic (n —2)-dimensional manifolds. 


Proof. Let B denote the set of intersection points in question. The 
points of B are given by the real simultaneous solutions of the equations 


(10.1) gef—c-(, 
(10.2) y=(22)—d=0, 


where d is the radius of the sphere S. The Jacobians of these functions are 


[D (8, y)/D(a;, 2;)] R (zifre, — Tife). 


By hypothesis (9.1) is satisfied. Therefore not all these Jacobians are 
zero at any point of B. Hence* the points of B neighboring a fixed point 
of B are given by expressing two of the variables as real analytic functions 
of the other n— 2. Consequently any connected part of B is a regular 
analytic (n -——2)-spread. Since $ and y are continuous, it is a closed set of 
points. It can be shown to be a manifold. The number of these manifolds 
is very easily shown to be finite.t Thus Theorem 6 is proved. 


THEOREM 7. Let P be a critical point of intermediate type, at which 





* Osgood I, page 70, and II, page 14. 

7 The hypotheses at hand are sufficient to ensure that the locus is a complex 
in the sense of analysis situs. Similar results will be needed in section 11. The 
necessary proofs have been given by B. L. van der Waerden. For reference and proofs 
see Lefschetz’s Colloquium Lectures on Topology, Chapter 8. 

ł Cf. Morse, loc. cit., page 348. 
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fc. Let K be an (n—1)-sphere with center at P, so small that (9.1) 
is satisfied at all the points, say A, of the locus f = c within or on S. Let B 
be the intersection of S with the locus f= c. 


Then A can be put in one-to-one continuous correspondence with the 
set of all points on straight line segments joining P to points of B. 


Proof. Let a correspondence be set up in which a given line segment, 
say L, is made to correspond to the trajectory + on A that cuts B in the 
same point as L. Corresponding points shall be equi-distant from P. By 
use of Lemma 11 this correspondence is easily proved to be continuous. 


11. Differences in Betti numbers of the loci f Œ c—e and fSc+e. 
We shall begin by introducing notations for certain complexes that we shall use. 


Any value assumed by f at a critical point is called a critical value. 


Let e >0 and c be constants such that c is the only critical value in 
the interval e—e=fsc+e. Let a set of (n—1)-spheres § be taken, 
one about each critical popint of intermediate type on f =c as center, small 
enough to satisfy the hypotheses of Theorem 7. 

Let A be the complex of all points satisfying f= c within or on the 
spheres 8. 

Let B be the complex of all points satisfying f & c except those interior 
to the spheres $. 

Let B’ be the (generalized) complex obtained by removing from B the 
points on f==c at which f has maxima and minima. 

Let C be the complex of points on the spheres S satisfying f Sc. 

Let D be the complex of all points satisfying f S c. 

Let D’ be the complex obtained by removing from D all the critical 
points at which f =c. 

Let E and F be the complexes satisfying fSc+te and fSe—e 
respectively. 

Let H be the complex of all points satisfying f—c within or on the 
spheres 9. 


LEMMA 12. The complexes D and E have the sume Betti numbers. 


Proof. Let e, be taken satisfying 0 < e, Se and so small that the 
complex of points satisfyine 
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can be deformed onto the locus f==c, through points satisfying 
esfscte* 


Next we define a deformation in two steps. In the first step the points 
satisfying 
e+e <f=c+e 


move along their orthogonal trajeetories so that f decreases at a constant 
rate; stopping when they reach the locus 


f=c+ Eie 


The second step is the deformation mentioned in defining ¢. 
The deformation described in these two steps shows, by Theorem 2, that 
D and E have the same Betti numbers, as was to be proved. 


Lemma 13. The complexes F and D’ have the same Betti numbers. 


Proof. We make a deformation of D’ along orthogonal trajectories, which 
moves only those of its points satisfying c—e <f=c. This deformation 
may be defined in a manner similar to the first one used in the proof of 
Lemma 12, so as to carry these points onto the locus f==c— e. The de- 
formation is possible, because there is a unique orthogonal trajectory through 
each point that is moved, leading to the locus f=c—e. We may now 
apply Theorem 2, and find that Lemma 13 is true. 


Lemma 14. The complexes B’ and D’ have the same Betti numbers. 


Proof. We shall make a deformation satisfying the hypotheses of 
Theorem 2, and carrying the points that are in D’ but not in B’, onto the 
spheres $. It will be sufficient to describe the deformation within a single 
one of the spheres 8. Let P be the corresponding critical point. 

Consider an (n—1)-sphere 8’ with center at P, starting with zero 
radius and then expanding at a constant rate till it coincides with 8. The 
deformation is then defined as follows. 

Any given point Q remains fixed till S’ reaches that point. Thereafter 
Q travels on 8” towards $ along a fixed straight line through P, that is, so 


* The property of a complex here implied is proved in Lefschetz’s Colloquium 
Lectures on “ Topology.” 

7 The idea of using D’, obtained from D by the removal of the critical points, 
was suggested to me by Professor Lefschetz. It introduced a great simplification in 
my original treatment, and also has enabled me to state the final results in slightly 
simpler form. 
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Jong as it does not reach /T. If Q reaches J it then travels along a tra- 
jectory r (see Theorem 7) on // for such time as the points on the (moving) 
radial line through P and Q near Q but on the side away from P, are points 
at which f >e. (But Q still remains on 8°.) As soon as the case arises 
that these points satisfy fc, then Q begins again to move along a fixed 
line through P. 

If it happens that the radial Jine becomes tangent to //, then the tra- 
jectory r through the point in question has the same direction as the radial 
line. Therefore the motion is continuous, and constitutes a deformation. 

The deformation is seen to satisfy the hypotheses of Theorem 2. There- 
fore D’ and B’ have the same Betti numbers, and the lemma is proved. 


Lemma 15. The differences in Betti numbers of the loci f= c—e and 
fZ c eare the same as the corresponding differences for B’ and D. 


Proof. The result follows from Lemmas 12, 13 and 14, and the defini- 
tions of E and F. 


LEMMA 16. The Betti numbers of A are Ro == N, R=R=''' —=R, 
= 0; where N is the number of critical points of intermediate type at which 


f =c. 


Proof. This is proved by making a deformation carrying A into the 
corresponding set of N critical points, and then applying Theorem 2. The 
deformation is defined in a manner similar to that used in the proof of 
Lemma 14, using contracting spheres instead of expanding spheres. Because 
of the similarity to the proof of Lemma 14, it is unnecessary to give any fur- 
ther details. 

Let P be any critical point of intermediate type, and Cp the complex of 
points on the sphere § about P as center, at which fc. The i-th type 
number, M:i (P), of the given critical point, is defined by 


Mi (P= Ria (C) (1 = 2,3," . -,n—-1): 
U, (= Ra(Cp)— 1. 


Phus cach critical point ol intermediate type bas (2 1) type Hummer. 
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7 


Let 07” be the region obtained by projecting Cy’ radially on the sphere S. 
We now make a stereographic projection of S onto a tangent (n — 1)-plane L, 
taking the pole at a point of S not in Cy or Cy”. We shall use the same 
notation for the projections of Cp and Cy” as for the original regions. 

Now Cp is an (m — 1)-region in L, bounded by regular analytic (n— 2)- 
spreads. (See Theorem 6.) We can deform the part of Cp near the boundary 
a short distance toward the interior along the normals to the boundary, till 
the deform is interior to C,”’. From Theorem 1 we conclude that the Betti 
numbers of Cy” are at least as great as those of Cp. By symmetry it follows 
that the Betti numbers of Cp are at least as great as those of C,”. Therefore 
the two have the same Betti numbers, and consequently the same is true of 
Cp and Oy as originally defined. 

We have proved that if $ is one sphere which may be used, then spheres 
of radii sufficiently near that of S define complexes Cp having the same Betti 
numbers. It follows that all suitable spheres S give complexes Cp with the 
same Betti numbers. For if any two are given, we can show easily by use of 
the Heine-Borel theorem and the above result that we can pass from one to 
the other with no change in Betti numbers. Therefore Theorem 8 is proved. 


THEOREM 9. Let c be a critical value and e > 0 a suitably chosen small 
constant. Let AM, and AM, be the numbers of points of minimum and 
maximum, respectwely, at which f =c. Let AMi, t= 1, 2,:--,n—1, be 
the sum of the i-th type numbers of all the critical points of intermediate 
type at which f =c. Let E and F be the complexes satisfying f Sc + e and 
f SE c— e respectively, and AR; = Ri (E)— Ri(F). Then the following rela- 
tions are valid: 

AM, = ARo, 
A (M — M) S A(R, — R), 
A (Mo — Mı + M) Z A(R, — fF, + R2), 


A[M,— M, + +(- 1) m] = ALR, — Bi +: + +> HHI 1). 

Proof. We shall evaluate the right hand members of the above relations. 
According to Lemma 15 the changes in Betti numbers are those obtained, 
when the points of minimum and maximum are added to B’, and then the 
complex A is added (except for C, which is already part of B’). 

Now the minima are not connected to B’, and the maxima have all their 
neighboring points belonging to B’. It follows from Lemmas 7 and 8 that 
the addition of the minima and maxima contributes M, to AR, and (— Mn) 
to AR,.ı. The addition of the maxima and minima converts B’ into B. 
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Next we add the complex A (except for the part of its boundary already 
in B). The resulting” complex is D. The points common to A and B form 
the complex C. Here we can apply the second corollary to Theorem 3, at 
the end of section 4. The A, B, C and D of Theorem 3 will be the complexes 
of the same names defined at the beginning of this section. We begin by 
giving certain formulas and substitutions to be used in the application of 
the corollary. 

In view of the result just obtained, we have the following formulas for 
the AR;: 

AR, = AM, + Do— Bo, 


AR; = Di — B;, t= 1,2: n — R, n. 
ARn-i Ta Da-i << Bra = AM, 
We find from Lemma 16 that A, = N, Ay == A = - = Ån = 0. Here 


N denotes the number of critical points of intermediate type at which f=c. 
From ‘the definition of type number we conclude that 


Co =AM,+ N, 
Ci = AM, i= 1,2,- n— 2.. 


Since C is a sum of parts of (n—-1)-spheres, but contains no complete 
(n — 1)-spheres, we know that Cn. = On = 0. 

The n-th Betti numbers of all. the complexes are zero, since none of them 
flls out n-space. 

We are now ready to use the right hand set of relations in the corollary, 
but we replace the first relation by the following : 


Ao + BaZ Do4- N. 


To prove this relation we observe that A contains N parts, each of which is 
connected to B. That makes the inequality obvious, since the zeroth Betti 
number of a complex equals the number of paprts of the complex. 

After making the replacement just mentioned, we solve the right hand 
relations of the corollary for values of the right hand members of the relations 
stated in Theorem 9. By using the facts stated above, we find that the result 
is ihe set of relations forming the conclusion of the theorem. This completes 
the proof. 


12. Relations between the critical points. Morse proved™ that if 
there is no critical value in the interval a= fh, (a < bh). then the emr- 





* Morse, loc. cit, pp. 358-360, and 386. 
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plexes defined by the relations f S a and f & b have the same Betti numbers. 
Since the Betti numbers of an empty complex are all zero, it follows that 
relations involving the Betti numbers of the region R over which f is defined 
may be obtained by adding the relations of Theorem 9 for all critical values. 
Thus we get the following theorem. 


THEOREM 10. Let Mo and Mn be the numbers of critical points of 
minimum and maximum, respectively, of f in R. Let M, be the sum of the 
i-th type numbers of all the critical points of intermediate type in R. Let 
R; denote the i-th Betti number of R. Then the following relations hold. 


My == Ro, 
M, — M, S Ro — R, 
Mo — M, + M: Z Ro — R: + Rap 


Mo — M, +: 5 -+(— DM. = Ro — R; +: = -+(— 1)"B.. 
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Numbers of Representations in Certain Quinary 
Quadratic Forms. 
By E. T. Brrr. 


1.1. Introduction. A general problem, indicated in §§ 1.4, 1.5, con- 
cerning enumerations of representations in quadratic forms is illustrated by 
complete enumerations for four forms in 5 variables. Several partial enumera- 
tions for similar forms are determined incidentally while discussing the four 
forms; these results will be omitted here. These apparently are the first 
instances of enumerations for quinary quadratic forms other than a sum of 
5 squares. The paper also illustrates several simple, practicable methods 
which I have applied successfully to forms in 2, 3, 4, 5,- - -,15 variables. 
Selections from the numerous theorems thus obtained will be published later. 


1.2. Notation. Without further reference, a is an integer Z= 0; n is an 
integer > 0; m is an odd integer > 0; a, puy we `` are odd integers Z 0; 
T, Y, %, W, U, V, Viy V` °° are integers= 0. Restrictions consistent with any 

' <= 


of the foregoing will always be indicated, as, for example, m = 3 mod 4; such 
restrictions will apply only to the equation before which they are written. 
The number of distinct one-rowed matrices (z, y, 2,° °°) such that n 
= f(x, Y, 2,° ' +) is the number of representations of n in f(a, y, 3°" '), 
and is denoted by N[n = f(z, y, zıt > ')] or, when there can be no confusion, 
by N[n =f]. We define $.(n). by 


ba (n)= N[n =g? y? + 22 + w- 2ay?]. 


Hence &(r), which will be written $(n), is the number of representations 
of n as a sum of 5 squares. The functions a(n), «> 0, are fundamental 
for the work mentioned in § 1. 1, end. 


1.3. Simple and Compound Enumerations. The general and, as yet, 
unsolved problem in §1 can be precisely formulated. It will be simpler, 
however, for the present, merely to describe the nature of the problem with 
precision suflicient to cover the forms actually treated in this paper, which 
will serve as an introduction to a more general statement. 

Let f be a quadratic form such that N [n =f] is finite. All V[n =f] 
Pit into tun mine neben cla ass all VF» EN {hot ars polyn aioe 
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all other N[n=f]. Members of the first class will be called simple; of the 
second, compound. 

The classification of compound enumerations can be carried out in several 
sufficient (but usually unsatisfactory) ways. For example, if the generating 
function of N[n = f] is a modular invariant, this invariant may be expressed 
in terms of the members of a fundamental set, and the enumerative functions 
generated by the members of any such set may be taken as the elementary 
functions of which N[n==f] is a function. This particular classification 
throws no light on the arithmetical properties of the N[n—f] concerned. 


1.4. The Function ¢(n). It is known that N[n =f] is simple when 
f is a sum of 2, 4, 6 or 8 squares, and compound when n is a sum of 2r(r > 4) 
squares, or when n is a sum of 3, 5, 7,- - + squares. Further, &(n) is not 
rationally expressible in terms of the number of representations of n as a sum 
of 3 squares, or a sum of2r(r > 4) squares. Hence if a particular N [n =f] 
is determined in the form l 


ap (bin) + azp (ban) + > > + +asp (asn), 


where s, bu’ - *, ba are integers > 0 independent of n, and a,‘ ' *`,@s are 
rational numbers independent of n, it is futile to seek any essentially simpler 
expression for N[n =f]. 

We therefore regard ${n) as a new elementary enumerative function, 
and seek those forms f such that 


Nn =f] = ox(an)-+ mp (Bin) +>» -+ ap (ban) 
where x is simple, and a > 0, c = 0 are independent of n. 


< 
Similar statements may be made with respect to da(n), a > 0, or any 
N[n==f] which can be shown to be compound. 


1.5. Degeneration. Let N[n==f] be compound. For n suitably re- 
stricted, the compound N [n == f] may degenerate to a simple function. Thus, 
if f is a sum of 10 squares N[n==f] is compound, but N[4« -+ 3 =f] is 
simple. Again, if f is a sum of 3 or of 5 squares, it was shown by Stieltjes 
and Hurwitz that N[n? =f] is simple, and a similar result has recently 
been proved for 7 squares by Dr. Gordon Pall, who has also generalized the 
theorems.* 


*In passing, it may be pointed out that it has not yet been proved for these 
N[In=f] that no integers a, b exist such that N[an-+-6=f] is simple. That is, 
it is not known whether there exist for 3, 5, 7,- - - squares analogues of the theorems 
for 10 and 12 squares. This indicates the undeveloped state of the theory. 
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The like is not true for 9 squares; the phenomenon reappears in one 
case of 11 syuares, beyond which nothing concerning this point is known. 

The foregoing remarks suggest the problem of determining the poly- 
nomial J?(#) of lowest degree with integral cocilicients such that, when f Is 
given and N|a =f] is compound, V|P?(10)==f] is simple. For the forms 
discussed in this paper P(n) is n°. 

It is interesting to observe the evident analogies between § 1. f, $1.5 
and classical problems of the integral calculus. 


2.1. Complete Enumerations for Four Special Quinaries. Before in- 
dicating the proofs, we summarize the results for the forms fa.’ ' +, f, where 


=’ + dy? + 42? + dw? + de’, 
h=r k y? + de? + tu? + 40°, 
f= t y+ 2+ 4u? + dv’, 
h= YP Pt w? + te? 


For fa, we shall prove the following: 


4 


il 


m == 3 mod 4: NV[ m= fal] = 0; 
m == 1] mod §: 5N [m = fi] = A(m) 5 
m = 5 mod 8: IN [m = f] = (m); 


N [2m = fi] = 0; 
N[4n—= fi] = (n). 


For fs, 
m == 3 mod +: Vim =f] = 0; 
== ] mod 8: 5N Tm = fs] = 2h(m) ; 
m = ğ mod 8: TN [m = fy | = 2o (m); 
10N[2m = fa] == $(2m) ; 
Nļin= fs] = $(n). 
For fa, 
m == 3 mod t: LON Pm =fr]-= (a) 
m:-- 1 mods: ƏN|m = fa |= 8pm) 
ae 4 Vin P RON TA 
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For fi; 
m==3 mod 4: 5N[ m= fi] = 26(m) 5 © 
m = 3 mod 4: 35N [2242m = f1] == 3 (2894 + 5) p(m) 5 
m==21mod 8: 5N[ m= fi] = 4¢6(m) ; 
m=s=i1mod 8: 35N [222m — f,] = (3: 2345 — 5) h(m) ; 
m == 5 mod 8: IN [m= fi] = 4o (m) ; 
m = 5 mod 8: 49 N [222m = f1] = 3 (285 + 3J (m); 


35N [22m = f1] = 3 (231 + 5) (2M). 


2.2. Degeneracies. For the following statement of Hurwitz’ theorem 
on 5 squares, we refer to a former paper, where full references are given.” 
Denote by ö,(n) the sum of the r‘* powers of all the divisors of n, and define 
H(m) by 

E(m)=U]&(p)— pls(p**)], H(1)=1, 


where m = Ipe == pq’: > -r° is the resolution of m into powers of distinct 
primes p, g,-:+,7. Then Hurwitz theorem may be written 


o (221m2) = 10t, (24) H (m). 


All the degeneracies for fa,‘ - ',fı obtainable by application of the fore- 
going are read off from §2.1. Observe that in §2.1 only the cases 
m==1mod8 and N[4n =f] need be considered, since an odd square is 
== 1 mod 8, and an even square is ==0 or mod 8. Hence 


N[m? = fı] == 2H (m), IN (222m? = fı] = 10 (2893 —1)H (m); 
Nim = fi] —=4H(m), 7%N[222m? = fa] = 10 (283 —1)H(m); 
N[m?2 = fo] = 6H (m), IN[222m — fe] = 10 (2813 —1)H(m) ; 
N[m? = f,] =8H (m), 7N[2?*:m2 = f1] = 2 (8.2345 — 5) H (m). 


Since every square is of one or other of the forms m?, 2?%2m?, degenera- 
tion of N[n=f] when n is a square is complete for each of the forms 


[ge ? ste 


2.3. Reduction Formulas. Most of the statements in § 2.1 can be dis- 
posed of by observing the necessary and sufficient congruential forms modulo 4 
of the numbers representable in a particular f. Passing these for the moment, 
we consider certain reduction formulas. Such seem to play an essential part 
in complete determinations of all but the simplest V[n =f]. 

The forms fa,’ - ‚fi are in 5 variables with coefficients powers of 2. 
Hence it is suggested that we examine those theta identities of degree 5 


* Transactions of the American Mathematical Society, Vol. 26 (1924), p. 448, 
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arising from transformations of order a power of 2. Similarly for forms 
in any number of variables at least one of whose coefficients is divisible by 
a prime p (other than 2). The forms f.,- ‚fi are too simple, however, 
to exhibit the power of this naturally suggested method, and we shall use a 
more direct means. The special simplification for fa,‘ - +, fı enters through 
the identity 0o* + P4 = ds‘, which is only one degree lower than those re- 
quired. The notation is as usual 


Pa = a (q), Dlg) = Yo(— gq) = ig, Pa (qf) = Zq. 


If the stated identity be multiplied in turn by Po, 9, 0 throughout, the 
three resulting identities when interpreted arithmetically give practically all 
of the required information for the forms considered in this paper. We need 
attend only to one aspect of the identity 


dd; -+ DaD = Da? 


as the rest of the analysis is of the same nature. Similarly, for the identities 
deduced from these by the transformations of orders 2, 4, 8. 
Comparison of coefficients in the given identity yields 


[n = n? te ve? Lg? H vg? + 5? : 3(— 1) trast] 
+ N[4n = m? + pte? + pts? + pa? + 4057] = on), 


where [n =f: etc.] denotes the indicated sum taken over all sets of solu- 
tions of n == f. Since precisely 0, 1, 2, 3 or 4 of vı, ve, vs, va may be odd, 
the last is equivalent to 


Nin == n? + Ayo? + dy? + dy? + 4y,7 | 
+ ON [nm = m? + na? + Ava? + Aus? + 457] 
+ o N[n = pr? tat p? H nu + des] 
— 4N [n = py? + Ava? + Az? + Ava? + v5?] 
— 4N [n = m? + pe? + pts” + Ars + v5] 
+ Nr’ + a ta’ + ps” + 4057] = o(a), 


in some lines of which obviously permissible changes of suffixes have been 
made. Change n into tn and attend to the necessary congrucntial possi- 
hilities. Then 


Serge begets t Or 
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Now in 4n = f,, necessarily 
+ 4? + 2? +. w? ==0 mod 4, 
and therefore only precisely 0 or 4 of x, y, z, w may be odd. Thus 
N[An = fi] = 6 (2) + N [4n = m? F m’ + pas? + m’ + 4907]. 


Hence if we write 


y(a)==N [29m = fi], A(a)= p (2m), 


the difference equation is equivalent to 


W(a+ 4)— 3y (a -+ 2)= 2A (a + 2)— 4A (a). 


Suppressing the simple algebra, we write down the solution. Let {x} == 0 


or the greatest integer = x, according as «Z0 or x >0. Then the 
solution is 


vapay— 3} ya 2a/2}-t 2) 


af2 4-1 


= 2a +2)— 4: gi” I (a —2{a/2})-+ 2 > Bi (a — 27), 


the summation being absent when « < 2. 

In general, it is difficult or impossible to proceed beyond this cn 
Hence it may be pointed out that the solution implied for the number of 
representations of 24m in f, is fairly satisfactory as it depends only upon 
the like for 4m or Sm, according as « is even or odd, and a sum of functions & 
whose arguments depend only upon « (not upon m). However, in this case 
the solution can be completed by means of the following very special cases 
of Dr. Pall’s theorems *: 


ms=8 mod 4: 7A (2a) = (238%? + 3) d(m) 5 
m == l] mod 8: YA (2a) = (2343 — 1) h(m) ; 
m == 5 mod 8: 49A (2a) = (5.233 + 9)h(m) ; 


TA(2a + 1) == (28? + 3) (2m). 


For the complete reduction, we shall need also the following, whose origin 
will be indicated presently : 


m= 8 mod 4: BY(2)== 9Ib(m); 
m=1modS: 54 (2)= 136 (m); 
m=5mod8: Yy (2)== 156(m). 


* To be published in the Journal of the London Mathematical Society. 
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If the foregoing be applied to the solution above for ẹy(« + 4), after 
separation of the cases æ even, @ odd, all of the summary in 2.1 for N[n = fi], 
except the results for 2m (a == 0, 3), is found at once. Passing these for 
the moment, all is as stated for fı. 


2.4. Remaining Cases. In ?n—=f,, s must be even, and 2m = f, is 
impossible. In m = f, necessarily m == 1 mod 4. Now in m= 2?-+- y? + 2? 
+ w? + u?, only precisely 5, 3 or 1 of a, y, z, w, u may be odd. Hence 


(m) =N [m == pm? + p? Hu? + m? + u] 

+ 10N [m = m? + p? + p? + dog? + 4y5”] 

+ 5N[m= m? + Ava? + 4ra? + 4ra? + 4y,"], 
the coefficients 1, 10, 5 being supplied since the odd variables in the indicated 
fixed positions in the representations as a sum of 5 squares may be chosen 
from the available 5 in these numbers of ways. If m==3 mod 4 only the 
second N is present, and hence 10N[m = f] =¢(m) if m=3mod4. If 
m==1 mod 8, only the third N is present, so that 5N [m = f1] =¢(m) when 
m==1mod8. Finally, if m == 5 mod 8, only the first and third N’s are 
relevant. This case can be disposed of in several ways. To illustrate one 
which (amplified) applies to forms in 3, 4, 5,---,15 variables, we cite a 
result which is written down immediately from two formulas in a previous 
paper *: 

m= 5 mod 8: IN[m == m? + p? F p? + m +] = 26(m), 
which will often be found useful. From this and the above expression for 
$(m), we find the result stated in $2.1 for V[m—=f,] when m = 5 mod 8, 
which completes the discussion for f4. 

In m= fs, precisely one of z, y must be even. Hence N[m = fs] 
== 2N[m=—f,]. Since in 4n = fs, both x and y must be even, N[4n = fs] 
= (n). Again, since 3m == 2 mod 4, precisely 2 of the variables in 2m 
= g? + y? +. 2? -+ w? + u? must be odd. Hence 10N[2m = f] = (2m) as 
stated. 

In 2n = fa, either precisely 0 or precisely 2 of æ, y, z may be odd, and 
these exhaust the possibilities. If precisely 2 of z, y, z are odd, n == m. 
Hence N[2m = fa] =3N[2m=—f,]. Clearly, N[4n = fe] = p(n). If 
m == fa, then necessarily either precisely 1 or precisely 3 of z, y, z are odd. 
It the former, m= 1 mod 4; if the latter, m — 3 mod 4, and in particular 


m = 1 mod 8: Nom =- fa] -=3X[m -= fi]. 
If m = 3 mod 4, only precisely 3 of the variables in the representation of m 
* Americana Jourual of Mathematics, Vol. 42 (1920), pp. 177-178. 
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as a sum of 5 squares are odd. Thus 10N[m=f.]=¢(m) when m = 
3mod4. Finally, by an argument from congruences, as already frequently 
used, we find m = 1 mod 4: N[m = f4] + N[m = w?+ p? ps? pt ps?) 
== 6(m); whence, by a similar argument, we get 


m=1mod4: 5N[m = fi] = #(m)— N[m = p? p? pt wa u]; 
m=1mod4: 5N[m = fs] = 24 (m)— 2N [m = pa? p? pa? mt u] 5 
m= 1 mod 4: 5N[m = fa] = 386(m)— 3N [m = m- pt pt pt pe l; 
m== 1 mod 4: 5N[m = fi] = 4e (m)— 4N [m = p? pt ps? + paH ps”). 
Using the value determined above for the N on the right, we find from the 
third of these the remaining case of fa, and from the fourth, the stated values 
of N[m =fı] for m = 1 mod 4. 
The value of N[m = f,] when m == 3 mod 4 can be obtained in several 
ways. For brevity, we cite 
m==8mod4: (m)=2036,(m—47) (v0, +1, +2,- .) 
from the former paper. Hence, by the theorem on 4 squares, the result follows. 
There remains only N[8m = fı], which was deferred in § 2.3. We shall 
prove the following in a moment: 
2N[2n = py,” + Yo + Vs" + V4" + ys?] 
=N [8n = p? + p? + pa? + m + 4] ; 
IN [m = P A y H a H w? + 2u?] 
= N [2m == 2? + y? + 2 w? + u; x odd]; 
2N [2m = fi] =N [m = 2? + yy? + 2? + w? + Ru]. 
In the first, take nm, and recall in the last that 10N[2m—fs| 
== (2m). Then 
BNL m—2? + y? + 2? + w? + 2u*] = 4(2m) ; 
BN [2m = r? + y? + 2? -+ w? + u; x odd] = 2o (2m) ; 
BN [Sm = pm? +4 po? +F ps” + pi? + ps? | = 46 (2m). 
Again, in 8m = fı, only precisely 0 or 4 of x, y, z, w may be odd. Hence 
N[8m — f1] = $ (2m) + N[8m = p? + p + pa? A pa? + dye", 
as is easily seen from the residues mod 16. Hence from the last of the pre- 


ceding, we have the value of N[8m = fı] as stated in 2.1. 
The first of the assumed theorems follows at once from 


N, (8n, 4)— 803%, (2n — p?), 


quoted from the previous paper, loc. cit., where N,(n, s) denotes the number 
of representätions of n as a sum of r squares precisely s of which are odd. 
As a similar argument has already been used, we omit further details. 
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To vary the method of proof slightly for the second and third assumed 
theorems, and to bring out a historical point of some interest, we note that 
these theorems (with many more) are implicit in a result stated by Gauss 
in 1808.” To translate Gauss’ formula to the present context, consider all 
resolutions of n into a pair of positive divisors ¢,7 of which r is odd, n = tr, 
and write 

Y(n)== 3(— 1) 4, 
the 3 extending to all such ¢. Let e(n)==0 or 1 according as n is not or is a 
square. Then the equivalent of Gauss’ result is easily found to be the identity 


Zy (n—— v)==— ne(n) (v0, +1, £2,°°°-). 

Recall that 24£,’(n), where &’(n) is the sum of all the odd divisors of n, 
is the number of representations of 2n as a sum of 4 squares, and observe that 
y(m)=— 4 (m), wlan) 2(—1)"y(n). 

Then, from the above identity, it follows immediately that 
N [2n = r -H y -H ae -H w +; x odd] = 16ne(?n) + 83y (2n — Ar’), 
N[m= fı] —8me(m)-+ 834 (m— p°), 
the last 3 referring to p = + 1, +3, +5---. In the first, take n =m, 
n == 2m, and reduce the resulting identities by the above. Then 
N [2m = a+ y? z- w?+ u?; zodd] = 2N [m = g? y?+ 2+ w?+ 2u?], 
N [4m = r? yY- 22+ w?+ u; zodd] = 8N[m =f]. 


From the first, by the argument from congruence as already often used, 
we find 


N[m = z? yt p w’+ 2u?] = 2N [2m = rF y’+ 4e- du? + Au]. 


A similar argument on the second gives, on starting from the repre- 
sentation of 4m as a sum of 5 squares, 


10N[m =f] = 6(4m)— d(m); 


whence, applying the reduction formulas for & in § 2.3, we have V[m — f] 
as stated in § 2.1. 
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On Groups of Motion in Related Spaces.* 
By M. S. Kyuperman.t 


1. The object of this brief note is to prove two theorems pertaining 
to the groups of motion of two Riemann spaces which are in geodesic corre- 
spondence or are conformal to each other. 

Let Vna be an n-dimensional space whose fundamental tensor has the 
components gi;‘* in the coördinate system x. If (v) are the contravariant 
components of an infinitesimal motion of the space into itself, this vector 
must satisfy Killing’s equations f 


(1:1) & tt, 


where & (== gané) are the covariant components of the motion and a sub- 
script preceded by a comma denotes covariant differentiation with respect to 
the g’s. The number of linearly independent solutions of the differential 
equations (1.1) can not exceed n(n + 1)/2, spaces of constant Riemannian 
curvature being the only ones admitting a group of motions of this number 
of parameters. 

We now suppose that another space Vp, with fundamental tensor whose 
components in the codrdinate system = are fı; (æ), is in geodesic correspond- 
ence with Va. Then, as is well known, 


i \ ned i i 4 
where Ga: are the Christoffel symbols of the second kind formed of the 





EN 
g’s, while { i 


scalar which by contraction of (1.2) is found to be 
(1.3) p = [1/2(n + 1)] log (5/9); g= lgu | 
and §;* is the Kronecker delta (=1 if i= 7}; = 0 if i 7). 


\ are the corresponding symbols formed of the 9’s; $ is a 


Tf €; are the covariant components of a motion of V» into itself, &; must 
satisfy 


* Presented to the American Mathematical Society, September 6th, 1928. 

7 National Research Fellow. 

Cf. L. P. Eisenhart, Riemannian Geometry, Chap. VI. It is of course understood 
that the summation convention of a repeated index is used throughout. 
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(1. 4) tt 
where a subscript preceded by a semi-colon indicates covariant differentiation 
with respect to gi. Now 
= f = fA 
bis = (0&;/0z;) — $n { ij \ 


a a i = = 
= (8/00) N p } Erpa Eia 


= ği, — bib, — bids. 
Therefore equations (1.4) may be written as 


(Eis dr) + (Eri ri) = 0 


or 
(1.5) (er); + (Et), i = 0. 

If we assume that the space V, admits an r-parameter group of motions 
whose covariant components are &“, «= 1,-  ‘,‚r, an index in a parenthesis 


indicating the vector, then equation (1.5) admit just 7 linearly independent 
solutions which may be taken to be 


(1. 6) Ei = agé P 62% = ț apé P (g/g) ter, 
This proves 


THEOREM I. Every Riemannian space in geodesic correspondence with 
one which admits a given r-parameter continuous group of motions also admits 
an r-parameter continuous group of molions; the components of this group 
are linear combinations (with constant coefficients) of the components of the 
given group, multiplied by a scalar. 


.As an immediate corollary of this theorem we have, since the only spaces 
admitting an n(n + 1) /2-parameter group are spaces of constant curvature, 


The only spaces that are in geodesic correspondence with a space of con- 
stant curvature are spaces of constant curvalure, 


a theorem due to Beltrami.” 


2. We next suppose that Va admits an r-parameter (r <n) group of 
motions and that Va is conformal to Va; i. g. Jij = €?%Gij. 

If &a%, «= 1, > +, r, are the contravariant components of the motions 
in V, they must satisfy 


* Of, L. P. Eisenhart, loo. cit., p. 134. 
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(2.1) Gin (9E cay*/O2;) + gny (dEar/ört) + Éra” (3923/01) = 0, 
which are Killing’s equations in terms of contravariant components, and if 
é,a)? are to be components of a motion in V» we must have 
(2. 2) £.a)*(do/d0*) — 0, | 
as follows from (2.1). We designate the operator é(4)"(0/éx") by Xa; then 
since Ka are the generators of a group we have 

(Xag — X pă a) = Capt A yo 
Cag’ being the structural constants of the group. Hence the system of 
differential equations (2.2%) is complete and admits n — r functionally in- 
dependent integrals. 


Hence we have 


THEOREM IT. If a Riemannian space admits an t-parameter (r< n) 
group of motions there exist n—r functionally independent conformal spaces 
admitting the same group of motions. 


PRINCETON UNIVERSITY. 


Determination of All Normal Division Algebras 
in Thirty-six Units of Type R,” 


By A. ADRIAN ÄLBERT.? 


1. Introduction. An element z of a normal division algebra A in n’? 
units over a non-modular field F is said to have grade r if its minimum equa- 
tion has degree r. If there exist & distinct elements g, 4,(z), ©- , du-ı(z) 
which are polynominals in x and satisfy its minimum equation then z is said 
to have type Ry. Algebra A in n? units has type Rx if it contains an element 
x of grade n and type Rx. 

In all of the papers f on the determination of normal division algebras 
the algebras were first shown to be of type Rz and then proved to be known 
algebras. For algebras A in n? units, n a prime, the assumption that A has 
type Rə implies, by an almost trivial argument, that A has type R„ and is a 
cyclic algebra. But when n is composite the problem of showing A to be 
known is difficult even under the assumption that A has type Re. We con- 
sider here the case n = 6 and show that all normal division algebras in thirty- 
six units of type R, are of type R, and are known in the broad sense recently 
defined.§ A necessary and sufficient condition that the known algebras be of 
type Re and hence of the kind constructed by L. E. Dickson is also given. 


2. Results presupposed.{ We shall assume the following known results 
for normal division algebras in thirty-six units over I’. 


THEOREM 1. Let x be an element of A. Any transform tat of x by an 
element t of A is a rool of the minimum equation of x and conversely, any 
root in A of the minimum equation of x is a transform of x. 


THEOREM 2. Let B=CD where C and D are polynomials in w with 


* Presented to the Society, December 27, 1928. 
7 National Research Fellow. 
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coeficients in A. Let w—y be a right divisor of B and let D = Q (wo — y) 

+ R where R0 is free of œ Then o — RyR-! is a right divisor of OC. 
Definition. x is said to have type S; if æ has type Rr and not type Bra 


THEOREM 3. If x has type Ky and grade r then k is a divisor of r. 
THEOREM 4. The grade of any element x of A is 1, 2, 3 or 6. 


THEOREM 5. Let x be an element of A having grade siz. Then the only 
elements of A commutative with x are polynomials in & with coefficients in F. 


THEOREM 6. Let x be in A and have grade r and minimum equation 
p(oj=0. Then there exist transforms zı = T, La, Zay’ * *, Er of x such that 


(1) $()==(0 — zr) (o — tra) * + (o — 2), 
Also the factors in p(w) may be permuted cyclically. 


THEOREM 7. Let A contain either a cyclic sub-algebra of order nine over 
F or a generalized quaternion algebra over F. Then A has type Re. 


THEOREM 8. Let A contain x of grade siz and type S2 Then F(x) 
contains an element y of grade six and with minimum equation 


(2) ` p(w) 0° + aw* + Bo? + y=0 (a, B, yin F). 


3. Algebras containing an element of grade 3 commutatwe with one of 
sts transforms. Let gı have grade 3 and minimum equation 


(3) p(o) = o? + aw? + Bo + y = 0 (a, B, y in F). 


Let q: = tqit* £ qı be a transform of qi and such that agı = qıg.. Let 
first gz be a polynomial in gı with coefficients in F. Then (3) is a cyclic equa- 
tion with 

Olg) = igt, et, Pq) = Chi = g 


and the elements 
(4) qê 3 (4, j = 0, I, 2) 


are linearly independent with respect to F(t) and form a cyclic algebra T 
of order 9 over F(t). The order of T with respect to F is 9a where a is the 
order of F(t?) and is a divisor of thirty-six, the order of A. EP is in F 
then T is a cyclic algebra of order nine over F and A has type BR, by theorem 
7. Since ¢ has at most grade six the order of T is at most eighteen, and if 
F(t) has order greater than unity it is a quadratic field. Let ¢* be not in F 
and let r generate F (t°) such that r? = éin F. Then g ==rq, has grade six 


Division Algebras in Thirty-six Unis of Type Ra. 285 


since 2° == q? is in the cubice field P(g,) and is not in F, while æ is not in 
F(gı) since r is not in F’(q,), a cubic field thus having no quadratic subfield 
F(r). The element g has type Re since if the minimum equation of éq? is 
y(w)== 0, then the minimum equation of z is ¥(w?)==0 with roots rqi, rqz 
r(— a — G1 — 02); — 191, — 142, — r (— & — qı — q2) all of which are poly- 
nomials in æ. In this case A has type Rg. 

Next let q2 be not a polynomial in qi. Let gg = —a— qi. Consider the 
field F (qu q2). Its order is greater than three since gz is not in F(q:) a cubic 
sub-field of F (qı, q2), so that F (qı, q2) has order six and contains an element 

x of grade six generating it. Since x is not in F (qı), the elements 


(5) 1, qis q’, T, Mv, Qiu 


are linearly independent and form a basis of F(x), so that every element of 
F(x) is expressible in the form a + bz where a and b are in F(q:). In par- 
ticular 2 == c + dz = b — a? — Ras for a=— Ra, c—b—a@ and thus 
(£x +a)? =b. Lets=z-+a. We have s? == b in F(q) while s=g +a 
is not in F(q). 

Let b =e in F, Let p = sg. Then m? == eq, an element of grade 3 
in F(q) while p, is not in #(qi) and thus F(p) has order greater than 
three and m, has grade six. Also if the minimum equation of m7 is y (o)=0 
then the minimum equation of m is y(w?)—0. The field F(u.) is equal 
to F(x) since s and qı are both in F(s) while the orders of F(s) and F (m) 
are the same. Thus p: = sq2 and — pz are both polynomials in mı But 
p = eq? is a transform of p? and is a root of y(e)= 0 so that pz and 
— pz are roots of the minimum equation of wm, Thus »(w*)==0 has the roots 
Pi Bz — pay — pe. These elements are distinct since if p= + p then 
q2 = =+ q, contrary to the hypothesis that qz is not a polynomial in q,. Hence 
pı has grade 6 and type R, and, by theorem 3 has type Re so that A has 
type Re 

Consider next b not in F. Then b has grade three and since s? == b and 
s is not m F(b)=F(g:), the grade of s is greater than three and is six. 
Also if the minimum equation of b is ¥(w)—0 then the minimum equation 
of sis w(w?)== 0 and — s is a root of it. The elements 


(6) 1, 91 q”, Gey Qals G1" G2 


are linearly independent and form a basis of F(q, qe)=— F(s) since qe is 
not in the cubic field F(qı). Thus there exist elements g and h in F(q) 
er ler ae 4% x h Ua. ban Ir DESTES, : ANY ae We dust) te (hy 2 


the form 


286 ALBERT: Determination of all Normal 


(7) $ (@)=(o — qs) (w—~ 2) (ow — qr). 
Comparing coefficients in (3) and (7) we obtain 
(8) g—— tete), Gade + agi + 9291 =B. 


Substitute the value of gz in the second equation of (8). We obtain the 
relation 


(9) q? = —(qi + &) qa —(8 + qr? + eg). 


But $ == g? + 2ghqe + h?q.? =b in F(q). Thus — A? (qı + «)-+ 29h —0. 
Since s is not in F(q:), h40 and ?g=h(gqı +), so that s=h(qı + 
ty 2q2) 5 and 


4s? = h [4q + 4(q: + &) Ge + qr? +2aq1 + a°] 
= h?{— 4(8 + qi? + aq) tHg? + Raqi + a] = 4o (q1). 


By formally replacing qı by qə and gz by qa in the above we obtain s: = o (q2). 
But o(g2) is a transform of o(qı)= b and is a root of y(@e)= 0. Thus s is 
a root of ¥(w?)—0. If s= =s, then s = s? = o (q1)= o (q2). Since 
b is not in F and thus generates F(q) this implies that qz is a polynomial 
in o(q2)==o(q,) and hence in gı, a contradiction of our hypothesis. Thus 
w(w*)== 0 has the distinct roots S2, — Ss, $, —s and s has type Ra Thus 
s has type R, and A has type Re. This proves the following theorem. 


THEOREM 9. Let A be a normal division algebra in thirty-six units 
containing an element q of grade three which is commutative with one of its 
transforms not equal to itself. Then A has type Re. 


4. Algebras containing an element qı commutative with no one of its 
transforms. Let qı have grade 3 and minimum equation 


(10) $(0) = 0° + ao? + Bo +y = 0 (@, B, y in F). 
We may write 
(11) $(w)==(o — gs) (o — ga) (w — qi) = 0, 


where gs, q2, qı are transforms of q, and qsq1 > 419s, 929ı =E Gide. Comparing 
coefficients in (10) and (11) we have 


(12) 9:92 + qsqa + 929. = B. 


The factors in (11) may be permuted cyclically and we may show that 
x == 9392 — 0293 = W14s — Jefi = 9291 — U1 92 = 0 by means of (12) and 


(13) Jodi: + 9293 + Qals == 919s + 9192 + 9302 = p. 
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Applying theorem 2 with y=q. B=-CD=¢(o), C=o—9, D= 
(o — 4) (w— qi), R = gen — 42740, we show that zg.2-1 = 9, and simi- 
larly by cylic permutation of the factors of (11), ggs! = q, Qur = qz, 
so that z3q,7-3 == q, and z? = d is commutative with each of qi, go, gs. Let 
S be the algebra composed of all polynomials in qı and qz with coefficients 
in F. $ contains z and thus qs» The quantity d is commutative with each 
element of 8. Let K be the field composed of all elements of S commutative 
with every element of S. Then d is in K and $ is a normal division algebra 
over K. 


Lemma 1. Let T(o)—=0 be the minimum equation of x with respect 
io K. Then, if 2.=(« + 3g9.)v(@ + 3q2)74, and we have the decomposition 


(14) T(o)=Q(o) (o— 21), 
w — 2, is a right divisor of Q(w). 
Proof. w—(q:1— ge)@(q1 — ge) is a right divisor of T(o)=0 since 
$192 FE Jeg: and thus qı — q2 £ 0. It follows that if 
R =(q, — g2)£ (q: — Ge) * — 2 


= [(q: — ge) — £ (q1 — 92) ] (q1 — Ge)? 

=(t — 92 — 92 +9)2(ı — g2) 0, 
then w — R (qı — qe)£ (qı — ge) "ER! is a right divisor of Q (w). But qı -+ qs 
= — & — qz, so that R = — (a + 3q2)2(qi — 92)" 0 since qz is not in F, 
and R (qı — q2)a (q — qe) IR- — (q -+ 3qz)a (a + 3g2)"', proving the lemma. 





LEMMA 2. z has not grade 2 with respect to K. 
Proof. Let x be a root of 


(15) ylo)= + fo + 7 (é 7 in K). 
Then 
vlo= (o + é+ r) (o — r). 


Applying lomia 1 we have 
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(a + 3q2)? and in (a + 3gs)”. Thus goqs=—=qeqe a contradiction since 
% = 4302 — 9203 7# 0, and the lemma is proved. 
Let x. be defined as in lemma 1. Then 


(16) y (w)== u? — d=(w — 23) (v — 22) (o — %ı), 


where zı = g£, g, is some transform of x. We shall first.consider the case 
Uo XX, and consequently y = 230, — Tıg Æ Q. 

By comparing coefficients in (16) we may show that y == 2305 — mots 
= %103-— Tatı We also have yay = 22, YLay i = Le, YL = pay = T1 
and y? is commutative with 21, £o, £a. Let 2ı = 21Y, 22 = 1210: = ya! 
and y? =y. Let T be the algebra composed of all polynomials in x, and zu 
Then T contains y = 2,12, £2 = yaıy!, zs = Yzy t. The element d = 2,3 is 
commutative with a, and x; and consequently with y == fatı — zı2, and 
zı = x,y. Hence d and v are both commutative with every clement of T. Let 
H be the field of all elements of T commutative with every element of T. 
The field H contains d and v and T may be considered as a normal division 
algebra over H. By (16), £: = d = 2300, and z — 23% = 0. But 


2122 — Zoek = (YPY) Et — TY? = 2, (yor?y — PYL) 2 
and 
Ta? — Body == Y Y? yay T 


= ya? (1/v)y — yay?(1/v)aı = ylyar?y — year) (1/v)= 0 


so that yaı?y — ty? z, = 0 and 2:22, = 22, since y 540 and 1/rv s40 is com- 
mutative with z, and y. Let 2; = 21?21%1? = y£? = ytı. Then 2123 — 23% 
= Ly", — Ya?y= 0 and 2323 — 2322 = Tı (2122 — 2321)%ıT — 0. But, since 
Zı = TY, 2? = TTY? 


213 == Gyo LY = Ly Logv = v (Lat, — Y) Lg = v (22010) rty = v (d — 21), 
a 


z is a root of 
(17) w -+ yy —vd = 0. 
Lemma 3. The element 2, has grade 3 with respect to H. 


Proof. The grade of z, with respect to H is < 3 since z, satisfies (17). 
Now z, has not grade 1 with respect to H since 2, is not commutative with 2, 
an element of T. Let z, satisfy 


(18) P (wo) = o? + ro + p= 0 (A, p in A). 
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Then P(o)=(o +A + 2)(u— 2). But w— zz is a right divisor of 
and is commutative with (w— 2) so that (A+ 4,)=—2.=— filtr l, 


een nm (A + 21) eb — Ani Hi +22, 


2 = Yt, = 2 = TY, 


a contradiction. This proves the lemma. 
Hence the minimum equation of z, with respect to H is 


(19) Y(w)= u? + vo — rd = 0, 


Consider the field F (zı, 22, 23). If its order is not six then it is three 
by lemma 3, and zs and zs are transforms of z, which are commutative with z1, 
an element of grade 3. Hence, by the work of section 3, A has type Re. 
If F(z,, 2, 2) has grade 6 then there exists an element ¢ of grade six in 
F (2, 22, 23) generating the field, and t has type Ra since zıtert, z1?tzı”?, t are 
distinct and are in F(i)= F (z1, Z2 23). 

It remains to consider the case tox, = %,22. If 2, has grade three then, 
since @2 is a transform of x, commutative with z,, A has type R, by the work 
of the preceding section. If x, has not grade three then, since its grade 
with respect to H is three, its grade with respect to F is greater than three 
and is six. Thus æa is a polynomial in x and Zs%ı = %ı%; so that z, is a 
polynomial in x, and £s, Tə, &, are all roots of the minimum equation of z, 
and are distinct by (16) and lemma 1. Hence x, has grade 6 and type Rs 
and we have obtained the theorem 


THEOREM 10. Let A be a normal division algebra in thirty-six units 
containing an element of grade three. Then A has type Rs. 


5. Algebras of type Rs. Let A have type R.. Then A contains an ele- 
ment x of grade six and type R: so that x has type Rs or type S». If æ has 
type S- then, by theorem 8, F(z) and consequently A contains an element y 
of grade six and minimum equation ¢({w?)== 0, so that y? has grade 3 and, 
by theorem 10, A has type in Ra. This proves 


THEOREM 11. Every normal division algebra in thirty-six units of type 
Rz has type Ra». 


In the author’s paper on “ Algebras in 4p? Units, p an odd Prime” 
(Joc. cil.), it was shown that all normal division algebras of type Rs were 
known, that is contained an element 7 whose minimum equation 
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(20) p(w) == o° + m + Bo? + yo? + do te=0 (a, B, y, 3, ¢ in F) 


had type Rs or Sz. If (15) has type Ss, that is there exists a polynomial 
in i, 6(4), such that i = #(i), O(i), #°(i) are roots of (15) and no other 
polynomial in i is a root of 15, then A was shown to have the following 
structure: 

A contains X which is a cyclic algebra of order 9 over the quadratic 
field F(q) of all polynomials in i which are symmetric in the functions 
i, (+), (i). The algebra 8 has a basis 


(21) 1,47, y, iy, CY, Y’, 7, Py? 
and the multiplication table given by (15) for o == 1, and 
(22) yf (i) = FLO (4) Ty (A=0, 1,2), y =y in P(g) 


for every f(t) of F(i), and the quadratic field F(q) is generated by q such 
that q? = é in F. There exists an element & in & and not in F(t) and an 
element y’ in % such that 


(23) g(k)=—a(t), WY =y) ARD 
(r= 0, 1, 2), 
so that if we write for any element 


(24) X—=alt)+ bliy teap, H—alk)+b(ek)y +c(k)y” 
then we have the properties 
(25) d =a, (X+V)’=X' +Y, (XY)? —X'Y’ 


for every X and Y of X% and œ of F. Also there exists an element s in X 
such that if we write X == (X), XC (X), - +, then 


(26) v==s5, XM = sXe}, 
Then there exists an element z in A such that the elements 
(27) X 1 + X 22 


where X, and X, range independently over all elements of 3 give all elements 
of A and A has the multiplication table 


(28) zX = X'2, 2? =s, 


Finally, the only elements of A commutative with q are elements of 2. 
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Conversely let i satisfy (20) and let there exist an element y such that 
the elements (21) and their multiplication table (22) are given and form 
an associative algebra 3. Then 3 is a division algebra if and only if 
y al? (x) ]a[6(x) ]a(x) for any polynomial a(z). Let elements k, y and 
s of 3 be given so that (23) and (26) are satisfied. Then it is known that 
there exists an element z such that the elements (27) form the elements of 
an algebra A of type R, in 36 units with multiplication table (28). Also 
A is an associative normal algebra and is a division algebra if and only if 
s xx for any x of 3. 

We shall now consider algebras B in thirty-six units of type Re. Let B 
be such an algebra and let B contain x of type Re- 


Lemma 4. Let Q be a substitution group of order siz on six letters. 
Then Q has a cyclic sub-group of order 3 and a cyclic sub-group of order 2. 


Proof. It is known * that the only groups of order and degree six are 
the cyclic group and one further group. This second group contains one 
sub-group of order three and three sub-groups of order two. The cyclic group 
may be written {J, ©, ®*, @°, ®*, @°} where ©®=—J. This contains the sub- 
group {I, ®*, @*} of order three and the sub-group {I, ©*} of order 2. 

Hence if x has grade six and type Re, since its minimum equation has 
a regular group, we may write the roots v, 0 (s), 0? (£), 62(@), 9[61(2) | 
=9,[%(z)], 0[9?(2)] = 91?[02(z)] such that 9’(z)—=9(z)=z. Let 
first 6.(2)+-a¢==h>0. Let g =z — b,(x). If =$ in F, F= in F, 
then either the field F (g, h) has a basis 1, g, h, gh and hence has order 4 
which is impossible since the grade of any element of Bis 1, 2, 3, or 6, or 
F(g,h)=F(g) of order two and h is in F(g) and is unaltered by replacing 
6.(x) by z and x by a(x), contrary to its form. Hence either £ is not in F 
_ ory is notin F. Let p= gh. Then — p is a root of the minimum equation 
of ¢ since if we write p=#(x) then if y(p)= 0 this equation is unaltered by 
replacing x by a(x) and consequently g by — g. Hence the minimum equa- 
tion of p has even powers only and p has grade two or six. If p has grade 
two then p?= {in F. But the minimum equation of g has even powers only 
so that either y is in F' or g has grade six. But not both of n and ¢ are in F 
since not both of & and » are in Fand =». Therefore one of t and g 
has grade six and minimum equation w(m?)—0. Also if we call ¿i the ele- 
ment g or p according as g or p has grade six then F(i)=F(z) and i = 8 (7). 


"Sea Netto. Theory of Substitutions, pp, 146-148. 
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Thus 9/9, (z)], 6[9:?(z=)] are roots of ¥(w?)—=0 and we obtain the following 
theorem 


THEOREM 12. Let x have grade 6 and type Re. Then F(x) contains an 
element i and a polynomial w(t) such that the minimum equation of i is 


(29) yloj= w® + Au! + pw + v 
= [0+ 2*(i)][o—2°(i) fo + #(i) fo — (6) lw + ilo 4] = 0, 


A,» vin f. 


It is obvious that + has grade three and that [?(t) ]*, [w(+)]?, @ are 
roots of its minimum equation commutative with it so that, by theorem 9, 


THEOREM 13. Lei A be a normal division algebra in thirty-six units. 
Then A has type Re if and only if it contains an element of grade three 
commutative with one of its transforms not equal to itself. 


The algebras of type Rs are those of the kind constructed by L. E. 
Dickson in his Transactions (1926) paper. These algebras are known algebras 
of type R with the properties (22)-(26) where now, if we take i as the 
element of type Re and (29) as its minimum equation, we have k= — 1. 
We have also found a necessary and sufficient condition that known algebras 
of type Rs be of type Re, in theorem 13. 


Princeton, N. J. 


On the r-th Divisors of a Number. 
By D. U. LEHMER. 


Introduction. Associated with every positive integer n is its set of dis- 
tinct divisors (including 1 and »). Let us designate this set by 8,. We have 
also a set of divisors associated with each number in the set ô. In this way 
the set 8, gives rise to a new set 8. of numbers (not all distinct) which are in 
fact the divisors of the divisors of n itself. If we take the divisors of the 
numbers in the set $, we obtain a new set 8, and so on. The elements of the 
set ô we call the rth divisors of n. If n > 1 it is clear that the number of 
elements in the set 6, increases with r. The order in which the elements in 
each set are arranged is of no consequence. 

‘With the number n are also associated its proper divisors, those divisors 
of n which are less than n. This set of numbers we call dıe Each number 
(> 1) in this set has one or more proper divisors. The set of all proper 
divisors of the numbers in the set d, we call d.. The proper divisors of the 
numbers in the set d, form a set da and so on. The numbers in the set d, 
we call the rth proper divisors of n. The number of rth proper divisors of n 
ultimately becomes zero although it may increase for the first few values of r. 
It is convenient to think of sets 8, and d, each consisting of a single element, 
namely n itself. 

The following example illustrates the nature of these sets of numbers in 
the case n == 24, and will be of use later. 


8, = 1, 2, 3, 4, 6, 8, 12, 24. 

&—=1 1,2 1,3 1,2,4 1,2,3,6 1,2,4,8 1,2,3,4,6,12 
1, 2, 3, 4, 6, 8, 12, 24. 

Kt TIER 1 EEE 8 Ae I IS Be 
1 1,2 1,2,4 1,2,4,8 1 1,2 1,3 1,2,4 1,2,3,6 
1,2,3,4,6,12 1 1,2 1,3 1,2,4 1,2,3,6 1,2,4,8 
1,2,3,4,6,12 1,2,3, 4, 6, 8, 12, 24. 


d. =:1.2,3.4. 6.8.19. 
dhar 1 120128 18,4 93. 
det E es ae AS T e N 
ger 24 4 


~ 


bor r. v the sets ed, are empty. 
7 293 
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We first study the connection between the same arbitrary function of 8; 
and of d, which leads to certain inversion formulas. These we apply to the 
determination of the product and the sum of the kth powers of the rth divisors 
of x. Solutions of certain problems in the theory of probability can be obtained 
as a by-product of this investigation. If r is negative the definition of the 
rth divisors of n is meaningless. Nevertheless if we put negative values of r 
in the expressions for the above sums we obtain a sequence of functions dif- 
ferent in nature but essentially belonging to the same class. Among these new 
functions we find Euler’s totient function #(n) and Merten’s inversion func- 
tion a(n). In fact the whole investigation can be considered as a simultaneous 
extension of these two classical functions which thus appear to be closely 
connected. 


Inversion of Numerical Integrals. The following investigation is sim- 
plified by the introduction of the concept of numerical integration. If two 
numerical functions F (n) and f(n) are connected by the relation 


(1) P(n) = 3f(8:) 


where ô, ranges over the divisors of n, then F(n) is said to be the numerical 
integral of f(n); conversely f(n) is the numerical derivative of F(n). This 
concept is due to Bougaief * and has led to remarkable relations existing be- 
tween the standard discontinuous functions of the theory of numbers. There 
are various inversion formulas by means of which we can express f(n) in (1) 
in terms of F(n). The most compact expression is perhaps 


(2) f(n) = Sa (m/8s) F (81) 


which is due to Laguerre. The function a(n) is Merten’s inversion function 
which is zero if n contains a square factor and (—1)? if n is a product of £ 
distinct primes and is unity if n=1. Another form of (2) is due to 
Dedekind: t 


fin) =F (n) — ZF (n/p) + SE (n/pip2) — ZF (n/pipeps) ++ ' 


where n == pap: m. We assume throughout the article that n is 
expressed. in this form. We also make use of the quantity 


v—=h+%- eo ae 


which is called the order of n. 





* Matematicheskii Sbornik, Vol. 5 (1870-72), pp. 1-63; Bulletin des Sciences Mathé- 
matiques et Astronomiques, Vol. 10, pp. 13-32. 

+ Bulletin de la Société Mathématique de France, Vol. 1 (1872-3), pp. 77-81. 

t Journal für Mathematik, Vol. 54 (1857), p. 21. 
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Introducing our sets dr we can give another expression for f(n) as 
follows: 


(4) f(t) = P(n) —3F(d,) + 38 (d2) — ZF (ds) +: + (—1)°2F (do). 
To prove this formula we take for values of n the numbers in the set d, and n 
itself and sum. The result is 

Sf (di) + f(n) = ZF (d1) — ZF (dy) + ZF (ds) — ZF (da) + 

+ P(n) —3F (h) + 3F (d2) —3F (d) + 3F (da) — >. 
Hence Zf (81) =F (n). 

Formula (4) gives us new expressions for certain important functions. 
For example, if d{r) is Euler’s totient function we can write, in view of 
Gauss’ theorem n = 36 (8,), that 

p(n) = n—3(d,) + 3(d.) —N(d) +’. 

Turorem 1. Let F(n) be an arbitrary function of n then for every 
integer r we have 
(3) (—1rEP(d) = P(n) — (z)SF (8) 

+ (5) 2F (82) —':+(—1)3F(8-). 
In fact IF (d) =ZF (8) —F(n). 

To obtain &F(d,) we sum over the proper divisors of 8, and n, namely 

over the set §, — 8, and the set 6, — n. That is, 


SF (de) = SP (8) — 23F(8,) + F(n). 





Similarly 


From the relation 


© CD CT -0) 


we have by a simple induction 


SF (d,) = 3P (8) — (SFr) + (DIF (8-2) — + (DFO), 
which is the theorem. In the same way it can be shown that 

(1) XFA = EIF (g -H (SFr IH LP N Hr Fa). 
If we sum equations of the type (5) for r=0, 1, 2,- +--+, œ we obtain in 
view of (4) 


te. f IX] {. ] E Ur Fe Eu t p o {oe 


(SASA 4 (12S F (B01, 
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which gives us a new inversion formula. As a matter of fact, if the index r 
in (5) exceeds w, then ZF'(d,)==0. So that in (8) we may take in place 
of w any larger number and the result will be the same. As an example of (8) 


we may put f{n) =n and get another expression for Euler’s totient function 
in the form 


(9) p(n) = (7) m— (5) 38: + (38 — (1, 
where r= o + 1. 
For instance, if n == 6 we have 


Ses Sy Te GS Be. 

ŝ&=1, 1, 1,2, 1, 1,3, 1, 1,2, 1,3, 1,2,3,6. 

Set a a ee aaa A A oh Ss LEE 13, 
1,8, 1,2,3,6. | 

33, = 12, 38—20, X8, = 30, 38, — 42. 


Applying (9) we have for r = 3, 4, 5, 


$(6)== 3.6 — 3. 12 + 20 =, 
$(6)—= 4. 6 — 6. 12 + 4. 20 — 30 = 2, 
$(6)—= 5. 6 — 10. 12 + 10. 20 — 5. 30 + 42 = 2. 


If F and f are related not as in (1) but as follows 


(1°) F(n) = 0f (81), 
or what is the same 


log F (n) = 3 log f (81), 
the above inversion formulas (4) and (8) go over into 


F(n) OF (da) UF(d,): - 
uP) AFl) - 


, [P(n)](°y) + rD - 
(8’) f(r) = PONAS > TP) TY l 


Successive Numerical Integrals. Let us consider a sequence of functions 


(£) f(n) = 


(10) , it fas f-2, fas fos fis fe, Ta nn 
each of which is the numerical integral of its predecessor. ‘That is 
(11) fr (n) =} fr- (8:1). 


If we define one of the functions, say fo(n), for all values of n, then every 
function f-(n) is completely determined. 
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These functions f, have certain properties in common. For instance 


(12) fr(1) = f(1) for every r. 
The following multiplicative property is important for our purposes: 
(13) f(m) fin) = f (mn), 


where m and n are relatively prime integers. 


THEOREM 2. If any function fr of the set (10) possesses the multiplica- 
tive property (13), so does every function of the set. 


The proof is by induction. We shall first show that fr+ı has the property. 
From (11) we have 


(14) fra (n) © fra (m) = I, fr(8s) Fr), 


where 6,’ ranges over the divisors of m. Since m and n are prime to each 
other and since (13) holds for f,, the right side of (14) becomes 2 f, (8:81). 
As 8, and 6,’ run over their respective values their product ranges over the 
divisors of mn without repetition., Hence 


frai (n): Ira (m) = fra (mn). 
To prove that (13) holds for f,-ı we make use of (2) and write 
Fran) fra (m) = B m(m/8s) fe (81) (n/r) frè) 


= X p.(mn/8,81’) fr (881), 
since p(n) has the multiplicative property.“ Thus 


fr-ı(n) fr- (m) = fri (mn). 


Hence the theorem is proved. 
The expression (11) can be generalised at once to give the relation be- 
tween fr and frs. 


fr (n) = X fr (8), 
(15) fr (n) = er =% Pies 


fat = 3 fr (Bs) =} on. 
Comparing (15) and (7) we have 
(169) fosa(m) = f(a) +) Held) + (8) Art) + +3 fr(ds). 
This expression for the integral of order s of fr is to be preferred to (15) 


r 
bert {Ol iprtad diated peels BONN, ALRI cue LE UVAE ul SULS 


* This simple fact follows at once from the definition of r(n). 
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3 fr (di) (0, 1,2,3,° ',o) 


have been calculated, the integral of any order may be obtained as the linear 
combination of these with the proper binomial coefficients. 


Example. Let fr(n)=P,(n), the number of primes less than or equal 
ton. The problem of getting an explicit formula even for the first integral 
is a very difficult one. Nevertheless we can easily calculate the numerical 
value of the integral of any order for a given n. For instance for n == 24 
referring to the sets d, already given in the introduction, we have the fol- 
lowing values for the sums: 


Po (n)=9, ZP (d) = 17, ZP, (d) = 15, =P (ds) == 5, SPo(ds)= 0. 
Hence 


P,(24) = + 17(#) +15(5) +56). 


We can express f,(n) in (15) in terms of f,.s(n) by making successive 
applications of (2) with the result 


(17) fr(m) = Z u(n/ds) frs (8s), 


which gives us a way of calculating isolated derivatives of a given function 
fras. Successive applications of the formula (4) give an expression similar 
to (16), namely 


(18) frin) = frs (n) — (5) 3 frs (di) + (°F) Z fres (d2) — °° 
+ (1) (%81) 3 frea (du). 
Putting n == 24 and s==5 we calculate P,(8,) from (16) with the result 


P, (24)—= 294, P,(12)=85, P,(8)=29, P,(6)= 18, 
P, (4)= ig P,(3)== 2, P,(2)= 1. 


Using these values in (18) we have 
Py (24) == 294 — (8) 145 + ($) -40— (7) 5 =9, 


which is, in fact, the number of primes less than 24. 
In view of relation (15) we can transform (5) to read 


(19) (—1)*3f,(de) = fr(n)— (i)fr (n) + (G) fran (m)— * +» (1) frse ln) 
= $ (=D (Dfm). 


This last sum is zero for all values of s > w regardless of what sequence of 
functions fr we select. 
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In the same way the inversion formula (8) may be written 


(20) Fra) = (Jfa) + (2) Iren) 


7 ran), 
where h > u. 


The Function oxr(n). We shall consider as a special case of (10) the 
sequence ox r(n) determined by putting fo(n) = n”. From (15) it follows 
that 

or,r(n) = X ox,o(8r) = 3 (dr)", 


which shows that or,- (%) is the sum of the k-th powers of the r-th divisors of n. 
THEOREM 3. If p is a prime, then 
on) = w+ (er 
a 
-+ Ce Ne + a Se siete 2 Gore Jr. 
The theorem is evidently true for r=0. The proof of the theorem consists 
in showing that if it is true for the index r, it is also true for both the indices 


r— l and r+ 1, the first part of the proof being required for the discussion 
of negative indices. First we may write 


a~1 
(21) np) = oxra (P9) + B mp‘), 
Fr, r-i (p°) = oir (p°) — orr (p™t). 
Supposing the theorem to be true for the index r we have 
o%,r-1 (p°) = pt + (i) eer -= Gere -}- (er -+ E 


— pkta-1) ERS were TEEN (7 ere az ig gt 
In view of (6) 
Ox,r-1 (p*) = pitt -L (5: are ~t- Cara 4 ( ni ese + Pr 
Hence the theorem holds true for the index r — 1. 


To prove that the theorem is true for r +1 we use an induction on the 
exponent x. Writing (21) in the form 
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Hence the theorem is true for ox,r4:(p). To complete the proof we must show 
that if the theorem holds for ox,r41(p%1) and ox,,(p*) it is true for orrs (p°). 
With these hypotheses equation (22) becomes 


Skra (p°) E: phe + Ge + e ee + Er, 
+ ee -+ (ee oe -+- ee 
= pea ( PR cca + ( es er free, 
This establishes the theorem for the index r + 1 and hence for all indices. 
It is obvious that o%o(7) has the multiplicative property (13). By 
Theorem 2 all o’s have this property. This leads us at once to the general 
expression for ox,r(n) namely 


t a: 
(23) or (N) = II > (> ) DE, 
i=1 J-0 


The function pr(n). We call pr(m) the special case of the function 
o%r(n) for which k= 0. From the last equation, 


(24) ur(n) = II 2) = i (ma). 


r 


The function u,(n) gives the number of »-th divisors of n, that is the number 
t 


of elements in the set 5». For r==1, m(n) = J] (&: +1), which the well 


4=1 
known formula for the number of first divisors of n. The function a-(n) 
does not depend on the actual prime factors of n but upon their number and 
multiplicity. In case n is a product of ¢ distinct primes p(n) = (r-+1)*. 


Example, Let n = p1°p2?ps, then pr(m) = (r + 1)°(r +2)? (r + 8) /12, 
which gives for the first five values of r: 


k(n)=]1, ba (10) —=24, pio (1) = 180, 
As (0) = 800, Ma (n)= 2625, ps (2) = 7056. 


THEOREM 4. The number of r-th proper divisors of n is gwen by 
(25) M,(n)= pr (%)—({) ur- (n)+ ( 2) Ar-2 (a) (= 1) "ne In). 


This follows at once from equation (19). If n is a product of ¢ distinct 
primes, (25) becomes 


Mn) +1) + JEDEN He HEN". 


Tf r > t this expression is zero since the sets dr are empty. The vanishing 
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of this expression for r> ł has been noted in connection with binomial 
series,” 
If we introduce negative values of the index, the function ar (nn) becomes f 


Aa Cas onl tle Capt Cae) 


a 

The function a-ı(r) is zero if n > 1 and unity if m=1. The function 
#s(n) is zero if n contains a square factor, is (- 1)! if n is a product of t 
distinct primes and is unity if n==1. In short p(n) is Merten’s inversion 
function. This proves that if a function f(z) is such that 3f(d,) is zero 
for n > 1 and is unity for n = 1, then f = p.f The function a_s(n) vanishes 
if n is divisible by a cube. Otherwise its value is (—2)* where A is the 
number of prime factors of n which appear to the first power only. In general 
g-r(n) is zero if n is divisible by a perfect r-th power. 

Example. If we take again n = p,*p."ps, we have 

por == pa = ua = 0, kaum), p-s == 96, wo==500, u == 1800. 


The funclion ġr(n). We define the function 


t at 2 
(27) br (nm) =o; r (n) = I 2 on er 
i= j=8 


which gives the sum of the r-th divisors of n. Li r= 1 we have 


t 
dı(R) =I (pet pert eae aa 1) =H (p: — 1)/ (pı — 1), 


which is well known. For r= 2 we have 


$a (n) = TL (pe? — pila +2)+ a +1 / DE, 
which gives the sum of the numbers in the set 6... The function 
elu) TL [pe (eg) + (a + 1) (art pr) ls — D8, 
gives the sum of the third divisors of n, and so on. 


For negative indices, (27) becomes $ 


Sok Saar ES: 
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If r== 1 we have 
t 
6, = u (p* — perl), 


which is Euler’s totient function.” This converse of Gauss’ theorem has been 
given by Lucas. The functions ¢., for r> 1 have certain similarities to 
Euler’s &(n). For instance 

dp) = p°" (p — 1)" oer 

$- (p) = p~r. 
THEOREM 5. If n contains the prime factor p to the first but no higher 
power, then ġpp(n) =. 


(28) 


This follows at once from (28). 
The following is a list of values of ¢-(n) for n = 42 and n = 56 


fee EI eh Sa een. 8 
or(42)= —168 —84 —30 0 12 12 6 0 0 1242 96 180 300 
$(56)== 186 80 24 0—6 —4 0 4 10 2456 120 234 420 


The function m,(n). In conclusion we shall develop a formula for the 
product r, (n) of the r-th divisors of n. We shall use the following lemma 


Lemma. The number of times that a certain divisor A of n appears in 
the set ôr is pr- (n/A). 

Evidently the lemma is true for r==1 since 8, consists of distinct ele- 
ments and po =1. Let us assume that the lemma is true for the set $,.ı. 
If we form the set 5, from the divisors of the set 8,. the element A can 
arise only from numbers of the form A where 5’ are the divisors of (n/A) 
and from each of these it can arise but once. By the hypothesis of our in- 
duction the number of times each divisor of the form Að appears in $,., is 
pr-2(n/A8’). The total number of A’s appearing in 5, is therefore 


Zur- (N/AS’) = Epr-2(8) = pr-1(0/A) 


since 8° ranges over the divisors of (n/A). Thus the lemma is true for all 
positive values of r. 

Let fs(n) be any function of an arbitrary sequence. Then from the 
lemma it follows that 


(29) fras (n) = Zfe (8r) = Zur- (0/81) fe (ö,)- 


t 
* in general o, (n) = nk TT 1 —P,-*). This function has been the subject of . 


Be 
a number of investigations. Seo D. N. Lehmer, American Journal of Mathematics, 
Vol. 22 (1900), pp. 293-335. 

t Théorie des Nombres, p. 401. 
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This gives another short method of calculating the actual values of isolated 
integrals and derivatives. In this method it is unnecessary to determine the 
numbers in the sets 6; for k > 1. Thus to find P;(n) in Example 1 we put 
fs(n)=Po(n) and r= 5. The results are as follows 


1 
Po(t) = O, 1 

5 5, 35, 25, 15, 5, 8 1, 

0 5-+ 70 + 50+ 45 + 20+ 25-+ 9 — 294, 
which agrees with our previous result. 

In (29) r and s are interchangable and since we chose s arbitrarily r is 
similarly at our disposal that is (29) will hold for r=0, although the ex- 
pression &fs(d,) fails to have any meaning in this case. If we put r= — 1 
we have 


fs-ı(n) = Spo(/81) fa (81). 


Since u-2 is Merten’s function this expression is simply Leguerre’s inversion 
formula (2). From this standpoint ur may be thought of as an inversion 
function of order r— 1. Putting fs(n)=n in (29) we have the following 
compact expression for ¢,(7) 


br (1) = Ibiur- (0/81). 


If we wish to find the number of times a divisor A appears in the set d+ 
we use equation (5) with F (n) = 0 for n different from A and F(A) —1. 
This gives the result 


Br (N/A) — (T)Pr-2(n/A) Ir (2) er-s (n/A) — + 1)"pa (n/A). 


THEOREM 6. The product m(n) of the r-th divisors of n is nw/rD, 
Let us select a certain prime factor p of n and write n = p°m. We shall 
determine the power to which p appears in the desired product. Let us first 
consider the numbers of the set 6, which contain p to the first but not to any 
higher power. Such numbers are of the form pm’ where m’ are the divisors 


of m. By our lemma the ninmbher af smeh elomante is 


x 4 or 1 r r . N 
« á 
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pe (m) Š jie (P) — wom) [pr BE) + we (BEE) + +1] 
= pr (Mm) pra (pmt). 
nee Bra (p71) = pr (p°) < @/ (r + 1) 


the power to which p appears in the final product is 


[a/ (r +1) Jar (m) pr (pt) = [a/(r + 1) Jar (n). 


This result being true for all primes dividing n we have 


t 
mr(n) um I] pyrite (md Cr+) Zur nur wm ((r+1) | 
LFE 


which is the theorem. 

For r= 1 we have m, (n)= n“w/2, This well known result follows at 
once by associating with every divisor 8, =n” its co-divisor. This method 
fails however for r > 1. 

The product of the numbers in the set d, may be readily obtained from 
inversion formula (5) putting 37(&)—= [m(n)/(k-+1)]logn. 


Corollary. The geometric mean of the numbers in the set 8; is n/t, 
This follows immediately from the theorem since ur(n) gives the number of 
elements in the set 6,. It is interesting to notice that the mean can be cal- 
culated without reference to the prime factors of n and two numbers such as 
8191 and 8192 have practically the same mean although their compositions 
are widely different. 

Although the foregoing discussion was carried out in number-theoretic 
terminology it is of much wider application. We might consider a collection 
of o things of which «, are of one sort, % of a second sort and so on. It is 
well known that the number of selections that can be made from such a 
collection is the same as the number of first divisors of n = pup, m. 
The function p,(7) has immediate application to a similar problem in which 
r successive selections are made. If we count as inadmissible the selection 
in which all things are rejected, the 7-th proper divisors of n must be con- 
sidered. If we assign different weights to the different sorts of things the 
function ¢r(m) becomes essential to the discussion. In a future paper we 
hope to apply the theory of 7-th divisors to certain problems in combinatory 
analysis. 


On Harmonics Applicable to Surfaces of 
Revolution. 


By D. M. WrıncH. 


Introduction. 


1. A large class of problems in mathematical physics may be described 
in the following manner. A function V is required, satisfying the equation 
of Laplace, which is evanescent on S, the sphere at infinity, has no singu- 
larities in the region between S and a certain closed surface s, and on this 
surface s takes a certain specific form. This general class includes problems 
of electrical distributions on conductors, both when the conductor is freely 
charged and when its electrification is due to an external field of electric 
force. It further covers problems of hydrodynamics, when, for example, there 
is streaming past an obstacle, or when a body has uniform translational or 
rotational motion in an infinite liquid. 


2. Problems of this type, though worked out with some degree’ of com- 
pleteness for two dimensional surfaces,* have been solved for but a few three 
dimensional surfaces. Those associated with the sphere can be solved in 
terms of the spherical harmonics 


rkt P" (cos 0): [cos mo, sin mo] 


where r, 6, » are the usual spherical polar coördinates measured from the 
centre of the sphere as origin. In addition to the case of the prolate and 
oblate spheroids, these problems have also been fully worked out for inverted 
oblate spheroids, the centre of inversion being on the axis of figure and they 
may also, evidently, be discussed for prolate spheroids, similarly inverted.} 
These extensions of the technique for dealing with spheroids proved possible 
owing to the fact that if harmonics are available for any surface they are 
also available for the inverse surface. Ellipsoidal harmonics, further, make 
the treatment of problems associated with ellipsoids theoretically possible, 


* See a series of papers by D. M. Wrinch: Philosophical Magazine, Vol. 48 (1924), 
pp. 692-703 and pp. 1089-1104; also Vol. 49 (1925), pp. 240-250; Journal of the 
Royal Aeronautical Society, Vol. 30 (1926), pp. 129-141. 

“Ree papers by D. M. Wrinch in the Phefnsophieal Magazine, Vol. 53 (19271. 
pp: 865-883; and Vol. 50 (1925), pp. 1049-1058. 305 
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though the practical difficulties are so great that very little progress has, in 
fact, been made. 


3. It appears, however, that there has been very little methodological 
treatment of these problems, whereby they may be attacked even when the 
surface is of a general type. It seemed worth while, therefore, to put for- 
ward a method of constructing harmonics which will allow treatment of 
problems in which there is symmetry about an axis, when associated with a 
surface of revolution whose equation is 


(1) z= z(u)== æ cos u -+ a, cosu -H & cos2u+-:+ +a,cosnu+ >: 
p = p(u)= «sin u— a, SİN U — sin Zu — ` —a,sinnu— °° 


(the axis of symmetry being the axis of figure), provided that the coefficients 
%, om satisfy certain general conditions. Thus, in the first place, we shall 
assume that the transformation 


(2) W = W (w) = act -aeiu Log tw 4. - + + genie + -- 


where w = u +- iw is such that dW/dz is never zero and never infinite for 
values of v between zero and — œ. The zero v level evidently represents the 
surface s, and the v level given by v=— œ the sphere at infinity: the 
assumption then ensures that dW/dz has no zeros and no infinities in the 
region between s and S, the sphere at infinity. A further condition relating 
to the orders of magnitude of the coefficients will also be introduced in due 
course. 


4. The harmonics to be constructed are interesting in that they are 
all simply series of Legendre Functions P;(cos u) multiplied by polynomials 
in e. This fact renders the method of some practical importance, since the 
Legendre functions are already adequately tabulated and easy to handle. It 
also has the consequence that much of the theory of Legendre functions 
already worked out will undoubtedly prove useful and illuminating in the 
treatment of surfaces which possess a more general equation than the sphere 
and spheroid previously treated. 


5. But the chief interest of the method is of a different kind. In the 
case of the sphere, given by the zero v level in the transformation W == get, 
problems involving solutions symmetric about the z axis are solved in terms 
of the harmonics 

Pr(cos u) ek+1)v 
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If we go one step on the road towards generality and treat the spheroid by 
means of the transformation 


(3) W = gett + aye t™, 


(in which a,° < a?) there is a sense in which the harmonics for the sphere 
are ‘ corrected ’ into harmonics for the spheroid, of type 


Pr(eosu) Fr(e”), 


although the customary treatment by means of spheroidal harmonics has 
obscured the fact. 

Now there is also a sense in which harmonics available for any sur- 
face of the type given in (1) are ‘corrected’ forms of spheroidal harmonics, 
but this procedure has the disadvantage that the standard forms for the 
harmonics would then involve the Qw and 9» Legendre functions, which do 
not lend themselves readily to simple computation. We prefer therefore to 
take the spherical harmonics as the starting point and to build up harmonics 
for more general surfaces from them. 

The advantage of this point of view is that it enables us to look at the 
problems as a whole, whatever type of surface of revolution is under discus- 
sion, provided only that it falls under the equation for some set of values 
or other of the d» parameters which they are free to take. The way to obtain 
harmonies for any special surface is theoretically plain and in any particular 
case presents no mathematical difficulties of any sort. Indeed, it is not 
difficult to elaborate a technique whereby the form of harmonic suitable for a 
surface s can be ‘ corrected’ as we pass from the spherical surface treated by 
W==aet® through intermediate stage to the greater generality covered by 
the transformation (2) in its various cases. The interesting point is that 
there is an inductive procedure always available for these problems whereby 
a more general form for the surface s does not require a wholly new treatment 
ab initio, but merely the correction of the harmonics in certain clearly defined 
ways. It is not necessary to wait for a kind of mathematical mutation before 
a new type OL stiate can ve treated, 


Cd ge alas Hay tn > a. Wap re 2 » van, tye toa ds 
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involved are arithmetically complicated. Since it is no part of our plan in 
this paper to work out pages of arithmetical calculations, having worked 
out a few particular cases and having explained the method and its scope, 
we shall leave on one side the laborious determination of the coefficients 
involved in other still more general cases. It may, perhaps, turn out to be 
the case that new results relating to Legendre functions will be required 
before any complete account of them can be given. 


6. It will be noticed that there is a considerable advantage from the 
point of view of applications in the fact that a step by step method of build- 
ing harmonics is available. In practice it is of the first importance that 
results should be expressed in such a form that an approximation to any 
required degree is immediately deducible. Indeed it is sometimes the case 
that elegant solutions of problems in pure mathematics give only cold comfort 
to those who wish to use them to obtain further information about the 
external world. We therefore think it important to draw attention to the 
fact that the harmonics developed in this paper are of a type which allows 
the solution of problems of physics to be pursued to just that degree of 
approximation which the particular circumstances of each problem may 
require. 


I. The appropriate form for Laplace's Equation. 
1.1. When 
T, Y = p(cosw, Sin w) 
z + ip = W (w) = W (u -+ ww) 
we take the line elements normal to the u, v, œ levels in the form 
any == du/h, dny = dv/h, dnou = do/hu 


and in the usual manner 


L/h? u,v,0 = (0n/du, v, w)? + (0y/du, v, w)? + (02/0u, v, w)? 
so that 
L/h, =a p? 
1/h2y = 1/h2y = | dw/dz |? = 1/h? 


In consequence, Laplace’s equation takes the form 


dy gp gn ee A ae 


1 
2 2 ZEN yg et ra Sr a RE En En nz 
vo © tu? u Cp dv? Ù = ph? de 
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aud solutions symmetrical about the axis of 2, being independent of w, therc- 
fore have the determining equation 


d? 1 dp d a d 1 do d jr 


aa Er dr 
Now with 


Z + ip sels, Wa -|- iv) = get" + net" + ae tw -+ e. + Aa TiO +- e. > 


as in (2). the equation takes the form 
(4) (u, 0) (P/d) + (€/t) ]F 
+ y(u, v) (&V/du) + x(u, v) (EV /dv) = 0 
where 
b == (ve? — aye") sin u— ae?" sin Bu'r 
y == (ae — a,c") cos u — 2a,e7" cos Buccs 
— xX == (ae? + ae") sin u + 2a,c7" sin Ruto 


which may be written in terms of operators D, Da 
(5) (aD — aD, — De - u ) V=0 


when the operators are defined by the equations 








== I ae in UU d Ki a 
sinu du ` du T dv? dv 
1 ad, a sinnu { @ d 
m Pintle Be T ee pases PREN 
art { sinu du Gu + sinu \ dv? are i) } 


We may then regard the equation (5) as the standard form of Laplace’s 
equation for a surface of revolution given by (1). 
It will be convenient to use, also, the co-ordinates é, » defined by 


(6) e? = į, COS % = p. 
With this definition ¿= I is the surface v and € == 0 the sphere at infinity 
t` p wke saree "ore lg = 1 ea vha Te ` a iia “ \ Teini ay accel ne 

2 4 1 4 ty a hea x a P te 

i aed aa pia SETGE e BE E er e a, 1 1 { . aaa ’ 1a A mc 
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and 0; == £(d/d£) 


(8) Dy == 6") { (d/du.) xn(m) (1 — p”) (d/dp) + xn (4) O-(8, + 0) } 
with 


(9) Xa (p) = sinn (cos) /sin (costy). 

Then xn(p) is evidently a series of terms in rl, p3, „ed --+- and in 
particular 

(10) Xi = 1, Xe = 2p, Xs = 4p? — 1. 


II. The Standard Form for General Harmonics. 

2.1. The fundamental case to deal with is when a, &' "a < are all 
zero. s is then the sphere r==a, being in fact the zero v level in the 
transformation 

2 + ip = getu 


or the unit £ level in the transformation 

Z = & COS U/É, p=asinu/ft. 
The equation for V becomes simply 

DY =Q; 

and since P;() satisfies the equation 
(11) [(8/du) (1 — p?) (d/du) + l(k + 1)]Pr(#) = 0, 
and ¢**1 the equation 
(12) [8,0 — 1) — (b+ DREH 0; 


a harmonic evanescent on 8, the sphere at infinity, is therefore available in 
the form 
V = Pr(p) g 


recognisable in the usual form 
V = P(e), (a/r) 


since r=«/£. We can then write down a solution of Laplace’s equation for 
the sphere which on the spherical surface s is equal to any function of z and p, 
or (as for example in the case of the problem of the freely charged conductor) 
is constant on s. 
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2.2. Now it will be convenient to systematize the surface s to be treated 
by assuming that if we write 
n/a = ynd", (A? < 1) 
then the coefficients 
Yya "mir: 


are all of the same order of magnitude. It will also be possible to deal with 
the more general case when there exist integers i(n) such that if we write 


n/a = (12 < 1) 


then the y coefficients are all of the same order of magnitude. Thus we 
might have 
(a, 2) /G==(yr, Y2)A; (a, u) / = (Ys; ya)A?* i 


and the method now under discussion could easily be made applicable. How- 
ever, it is not feasible to treat generally the cases when the functions i(n) 
are required, though each separate case can readily be treated. It must 
always be the case that the basic assumption as to dW/dz is still operative, 
and this will evidently limit the y coefficients in certain well defined ways. 

Suppose now, under the assumption that the y coefficients are all of the 
same order of magnitude, we take 


(13) V=fotrfibe ti te 
and solve the equations 
(14) Df, = 0 

Dfi—=yıDıfo 


Dfe = yıDıfı + y2Dofo 


Df: = yıDıfa + yaDafı + y3Dsfo 
and in general 


Dfms = YıDıfm + yoDefme + + YmsıDmsifo- 
Then we can develop a harmonic to any degree of approximation in the form 
v= fob Afi ++ O (AP) 
and the exact form of any harmonic will be 


geste bh Af Hanf ee. 
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To find any harmonic we require therefore to be able to deal. with the 
equations (14). 


2.3. Since D is the usual operator for spherical polar co-ordinates, these 
equations have the characteristic that the complementary functions are always 
simply 

BadpPs (pw) EP", 


We may also explicitly notice that 
(15) DP (wb? = (o — m — 1) (o + m) Punha) 


in the usual way, for this fact has the important consequence that if in any 
equation 
Dy F (4; £) 


F consists of the sum of such terms as bmoPm(p)€% (in which o — m—1 
0 40 + m), then a particular integral is available in the form 


Z Cm, oPm(u) E 
where 
Cm, = bm, o/ (o — m — 1) (e + m) 


and a general solution | volving an enumerable infinity of arbitrary constants 
is given by 
_ (16) ZapPp (u) EPt + Zem, ePm (w) ér. 


There is thus no theoretical difficulty whatever in solving any equation when 
the right side F consists of P functions multiplied by polynomials in £. 
Now we easily find that 


(17) DyPn(p) 6 = (0 — m) (o + m + 1) 6%? Pula) 
and we shall shortly show that, in general, 


(18) DıPm (x) S tome COONEY [ (o, m) n 41 Pn-ar + (o, m) "nea Pms Hett 
+ (o, m) nang Pinin-s +- (o, mM) "nas Pian ]- 


Then it follows by an inductive argument, that since 
fo = Il" Pr (m) 


the right side in all the equations (14) is of the requisite form for the simple 
solutions given in (16). 
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Thus a harmonic in the general case now under discussion takes the 
standard form 
v == STI" (2) Pale) 
where by B” (s) we mean a polynomial function of s of degree m 
It will be a simple matter in the sequel to investigate the degrees of the 
polynomials I(¢) and to show how in any particular case their actual coeffi- 
eients can be evaluated. 


II. A Study of the Da Operators. 


3.1. The operator Dn is given by 


Dn = E (ld /dp)xa (u) (1 — p°) (d/du)+ xn (2) OF (OE 0) } 
= OL yn (n) [(d/du) (1 — p°) (d/du) + Br (65-+ n)] 
+ xn (u) (1 — u?) (d/dp) } 


where 


Xn (a) == sin nu/sin U = Snap! + Snapt 3 +- °°, 
Now since 


(d/dp) (1— u) (d/dp) Pp = — p(p+1)P>o 
and 


(2p + 1) (1 — p°) (d/dp) Pp = p(p+ 1) (Ppa — Por) 
therefore 


DEP) {yn (ue) [— m(m + 1)+ o(o + 2) [Pm 
+ xn’ (a) [mm + 1)/(2m + 1) (Par — Pma) }- 
It is also an important characteristic of Pm functions that 
(2p + 1) pPp(u)= pPpa(e)+(p + 1) Pou (e), 


for it then follows that u?P, gives terms in Pp-2, Pp, Pme and in general that 
p'P, gives terms in Po, Pre‘ © * Povq-2, Pow. Evidently therefore x (a) Pm 
may be expressed in terms of 


P mmi Pm-cn-s) awe e Pasta; Pmscn-v) 5 


aud, a a stadar washlen, ya’ (fer er May ve CApressed im terms o 
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It will prove a severe exercise in Legendre functions to work out the coeffi- 
cients (o, m)r" in general. However any required coefficients can be obtained 
and we append the value of members of this class of coefficient which will 
allow a number of applications of the method to be carried out. Thus in 
addition to the expression for D, already given in (17), we give 


DE Pahu) = 63 [ (0, m) 1? Pma + (0, M) Pr] 
with 
(2m + 1) (0, m) 2=?m(o— m + 1) (e+ m+ 1) 
(2m +1) (6, m) 412 == 2(m + 1) (o — m) (o + m -+ 2) 
and 
Dat Pm (p) =t Lo, m) -2’Pn-2 + (0, m) 8 Pm + (0 1) 22 Pie] 
with 
(2m — 1) (2m + 3) (0, Mm) ==0 (0 4 3) (4m? + 4m — 1) 
— m(m + 1) (4m? + 4m — 9) 
and 
(2m +1) (2m — 1) (0, m)? = 4m (m — 1) (s — m+ 2) (e+ m+ 1) 
(2m +1) (2m + 8) (0, m),2—=4(m + 1) (m + 2) (o—m) (o-+m-+3). 


IV. The Construction of General Harmonics. 


4.1. It is now possible to work out harmonics satisfying Laplace’s 
equation in its general form 


(D — yYAD — YA? Da" + — ynd"Dn+ + -)v = 9. 


The equation for fọ allows a general solution 
Z anPu (mp). 


But let us investigate the harmonic—which it will be convenient to call 
Sı (p, £)—in which 
fo = Pl). 


In solving the equations (14) for fı, fo: * "fn‘ > -> which are all of the form 
Dfa=ž bm,oPm (u) ES, 
we shall uniformly select the particular integral 


fa = 5 Cm,oP’m (x) ah 
where 


Cmo == bm,o/ (o — m — 1) (e +- m) 
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and add no term of the complementary function given in (16). In this way 
we shall build up a harmonic @(y,¢) in the simplest possible manner. 
Nevertheless no generality is lost, for by introducing at any stage—say in 
the solution of the equation for f„—any term of the complementary function, 
as for example 

[n= È Cm,oPm (pm) E + ApP p(w) Er" 
we shall ultimately arrive at the solution 


y= y(u, &) -} AprA" Dy (a, £) 


and so obtain the sum of multiples of two standard harmonies, instead of 
one alone. 


4.2. Adopting then the solution 
xfo IET Px Kl 
we have 
v = Pr (u, C)== Pit + O(A) 


and since the equation for fı is 


Df =yıDıfo = 2y (k + 1) Prt" 
we therefore take 


rfi = [( + 1)/ (2h + 3)] yi Prd. 
Now the equation for fz is 


Df: =e y2D2fo + yıDıfı 
and as 
(2h + 1) DePalt? = 404 [4k (k 41) Pea + (k + 1) (2h + 3) Pas] 
D, Pp == 6 (k +- 2) g5 P,, 


we adopt the particular integral 


rt ? 
efe TS Ci i [cat ré + Ck- P i-a + Cr Pr] 
with 
Dye. ata ae ~~ Sf be pig. Dyaye 
pote ae n il ce ey ath tay 
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Df: = yaDafo + y2D of + yıDıfz 
and the facts that 
DPI HS (ie + 1, le) 28 Pao + (i + 1, le) 08 Px +(k+1,%k)2Prrz] 
DP pf =— 206 4h (2h +4) Pr +3(k + 1) (2h + 5) Pr] /(2% + 1) 
dD, (Pri, Prt) er = cers [5 (2h 1. 4)Pr-ı, 3 (2k -+ 6) Pra] 
we deduce the particular integral 


l 4k? 4 6k—1 
el E (2% —1) (2h + 3) (2h +5)? 


+ SGP GE DEED Ye \P, 
+ yıyad | GED Geary Ps 
te ET Pe 
+ an war Pet Geer Pha j] 


and in general 


kfn Pa gmr (ir, gn-8 .. Pr 
+ (2, 0 +) (Pray Pra) H +1) (Porn Pam); 
where we write 


(1, ér e... ) P, ==(€o,r -}- Co,r6? > . )Pr 


denoting by m,n a specific coefficient. By means of the calculations of the 
coefficients involved in zfı, xfe and xfs, harmonics suitable for a number of 
applications are available in the form 


v= rfo + Arfi + A rfe + MB xfs + O(t). 


It is found that this degree of approximation is adequate for a number of 
electrical and hydrodynamical problems. 


V. Applications of General Harmonics. 


5.1. It remains now to record the simple manner in which these 
standard harmonics ®;(y,£) can be used to solve the problems mentioned at 
the beginning of this paper. 
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» All these harmonies are evanescent on the sphere at infinity, since they 
involye only positive powers of €: they are also free from singularities in 
the region between the surface s and the sphere at infinity. Thus two con- 
ditions o4 the problems are satistied. The remaining point is to show how 
harmonics may be obtained which on the surface s, given in our co-ordinates 
(p ¢) as the unit ¢ level, take certain specific forms. 

Now on the surface s 


Br (u, £)= dla, 1) 
= Py + A( Px) + A? (Pr, Prot) Eon: + A” (Pr, Pisis Tg Prs¢n-1) ) 


where the terms in A’P, have specific coefficients. Thus to find a harmonic 
which reduces to a multiple of P on the surface s we take 


va $, + A? (Pra) + a3 (Ber, Pras) 
fe pany + Ar (Byer, Pro, ng ©rein-1)) 


(where again cach term has a specific coefficient) choosing the coefficients in 
such a way as successively to make the Pi, Pr- Pro, Pro’ + > terms in V 
disappear, when we successively take 


V = & + O(A?) 
V = Wy, H A? (ra) + O (AP) 
vd, -+ A? (Drar) + A3 (Orais Prez) 
and so on. 
This procedure allows harmonics to be constructed which on the sur- 
face s take any specific form of the type 


OoPo (u) + OPi) + CaPalu) + CePa(e)+° °°. 


Conclusion. 


We do not now proceed any further with the study of these standard 
narmonics for the general surface of revolution under consideration. We 
nave sully investigated their situcture, The interesting fact that they farm 


` 5 K 1 ‘ L 
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hydrodynamics which we have cited, to any degree of approximation whatever, 
resides in the heavy arithmetic which may well prove irksome. However, if 
the applications warrant the trouble involved, there is no reason why the 
coefficients of these harmonics should not be tabulated, much as the values of 
functions which are useful in physics have been tabulated. This work could 
be carried out by arithmeticians with no knowledge of mathematics. 

The important point however from our point of view is that these har- 
monics exist and have a simple structure. This simplicity largely depends 
upon the fact that each type of surface leads on to harmonics available for 
rather more general surfaces which are, nevertheless, still merely sets of 
Pz(cosu) functions multiplied by powers of e”. The general determination 
of the coefficients involved is possibly hardly feasible, though investigations 
in connexion with them easily yield interesting theorems about the functions. 


A Continuum Every Subcontinuum of which 
Separates the Plane. 


By G. T. WEYBURN.” 


1. Introduction. In this paper there will be constructed an example 
of a continuum of the type, hitherto unknown, indicated in the above title. 
Indeed, we shall construct a compact plane continuum M having the following 
properties : 


1). M is the common boundary of two domains; 

2). every subcontinuum of M separates the plane; 

3). every subcontinuum of M contains a continuum which is homeo- 
morphic with M, or, in other words, M is topologically contained 
in each of its subcontinua; 

4). M contains no uncountable collection of mutually exclusive sub- 
continua and therefore no indecomposable continuum; obviously 
it contains no arc; 

5). M admits of upper semi-continuous decomposition } into elements 
(continua or points) all save a countable number of which are 
points and with respect to which M is a simple closed curve; 
clearly, then, all the “ point elements” in this decomposition are 
local separating points of M and are points of ordinary order 2 
of M; 

6). M contains two continua which are not homeomorphic with each other. 


In addition, it will be shown, in general, that any compact plane con- 
tinuum having property 2) contains a continuum having properties 1) and 2) 
and that every continuum having 1) and 2) also has properties 4), 5), and 6). 
From these facts it follows that no plane continuum which separates the 


* John Simon Guggenheim Memorial Foundation Fellow. 

t That is, an upper semi-continuous collection @ of subsets g of Af exists such 
that every point of M belongs to exactly one element of G. A collection @ of point 
sets is upper semi-continuous provided that if g is any element of @ and g,, 9, Ip 
is any infinite sequence of elements of @ containing points P,, Pa, Payt +» 5 respec- 
tively, such that the sequence of points P,, P,, Py- - has a sequential limit point 
belonging to g, then g contains the entire sequential limiting set of the sequence of 
sets 9,» Ju» Jyt + ++ See R. L. Moore, “Concerning Upper Semi-continuous Collections 
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plane can be homeomorphic with every one of its subcontinua. So far as the 
author knows, no example, outside of that of a-simple continuous ‘arc, is 
known of a continuum which is homeomorphie with every one of its sub- 
continua,” and prior to the example given in this paper, no continuum, other 
than an arc, is known which is topologically contained in every one of its 
subcontinua. 

To give a general idea of the construction of the continuum M, we list 
still another property of M, which is stronger than property 5), as follows: 


7). M can be decomposed into a contracting } collection G of mutually 
. excluswe elements every one of which is either a point or a con- 
tinuum of condensation of M which is homeomorphic with M and 

such that with respect to the elements of G, M is a simple closed 
curve, and the elements of G which are not points are dense in M. 


We begin, then, with the idea in mind to construct a continuum M 
having property 7) and also such that a) every element of G which is not a 
point is a continuum of condensation of every subcontinuum of M of which 
it is a proper part, and b) if Æi, E2, H,-- + is a sequence of continua such 
that F, is an element of G and, for n > 1, En is an element of the collection ` 
of elements in E„-ı corresponding to the collection G in M, then the diameter 
of E„ approaches zero as n increases indefinitely. It will be apparent from 
the construction and proof given below that our continuum M has these 
properties. And it is true, furthermore, that any compact plane continuum 
having properties 7), a), and b) must also have properties 1)—6). 

Very generally speaking, M is constructed as follows. We take a square 
Q, which we call the germ cell for M. Take a non-dense perfect set R on Q 
whose complementary segments are all of length 1/9 the side of Q. 
Within Q and in the proximity of each complementary segment s of R we 
introduce a germ cell square g(s) of side 1/9 the length of s, which will 
be developed exactly like the square Q, and then subject s to a certain pro- 
longation process, in such a way that the prolongation of s approaches 
asymptotically the entire cell which is developed from q(s). The prolonga- 
tion process is, of course, carried out simultaneously with the development 
of g(s). At the same time as s is being deformed or prolonged by stages, 


* In this connection, see J. R. Kline, “Separation Theorems and Their Relation 
to Recent Developments in Analysis Situs,” Bulletin of the American Mathematical 
Society, Vol. 34 (1928), p. 192. 

TA collection of point sets is contracting if, for each e > 0, at most a finite number 
of elements of the collection are of diameter >e. This terminology is due to R. L. 
Moore. 
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the previous prolongatious or s are divided into intervals and these developed 
in the same way as isa stide of @. Alter this process is carried to completion, 
the continuum M is defined as the sum of the residue R of Q, the corre- 
sponding residues on the deformations ol the deformed segments in Q, to- 
gether with the limit pomts of these deformations. As so constructed and 
defined, M will admit of a decomposition of the type in property 7), the 
elements of @ being the cells such as g(s) and corresponding cells resulting 
from the deformation of segments from the prolongation of s, and from the 
prolongations of these segments, and so on, together with all points in the 
residues above mentioned and all of the added limit points not in some cell 
element. 


2. Development Stages. We first define some terms which it will be 
convenient to use for the sake of brevity. A coupling joint of bore 6 and 
length A is a set congruent to the sum of the two intervals from (0,0) to 
(h,0) and from (0,0), to (h,b). An ordinary elbow joint of hore b and 
branch lengths 4 and A’ is a set congruent to the sum of the two broken 
lines joining. in order, (0,2), (0,0), (h’,0) and (b,h), (b,b), (h’,b) 
respectively. A reducing elbow joint of ratio b:b’ is a set congruent to the 
sum of the two broken lines joining, in order, the points (0,2), (0,0), (R, 9) 
and (b,h), (b,b), (h’,0’) respectively. In the construction below. the 
bores and lengths of the joints used are usually predetermined by the position 
into which the joints must fit, and hence they are given below only when 
this is not the case. All reducing elbows used are of ratio 9:1. A coupling 
joint is said to be rectangular with a segment s when either of its sides may 
be joined by lines to s so as to form a rectangle. 

A loop of type 0 in a segment s of length Z is simply a coupling joint 
of bore L and length L, which is rectangular with s and on the side of s 
opposite to the deformations of s at a distance L from s. A loop of type 1 
in such a segment s is a coupling joint of bore L/9 and length Z which is 
rectangular with s and is on the side of s opposite to the deformations of s 
and at a distance 1/9 from s. 


A segment gis snid te he in vhaue aor Jernmmatinn when 11 is ehmson ios 
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(9,0), (9,3), (8,3), (8,6), (6,6), (6,4), respectively. The width-or bore 
of the first prolongation of s is L/9. 

An interval I is put into stage 1 of interval development by dividing it 
into 9 equal subintervals, these ordered from one end to the other, and the 
four alternate segments thus formed, beginning with the second, chosen for 
deformation. 

A square (or germ cell) is put into stage 1 of cell development by putting 
each of its sides into stage 1 of interval development, thus forming a growing 
cell in stage 1. 

Now assuming that loop types and deformation and development stages 
have been defined for all integers < n, (n > 1), we proceed to define these 
notions for » as follows. ; 

A segment s of length L which is in stage n—-1 of deformation is put 
into stage n as follows: 


a). its central growing cell is put into stage n—1; 

b). its (n—1)st prolongation is divided into a set Gn. of intervals all 
of length £/97"1, i. e., equal to the bore of this prolongation ; 

c). for each integer k = n— 1, the intervals of the set Gy are all put 
into stage n— k of development, with all deformations of segments placed 
on the outside of the kth prolongation of s, i. e., on the side opposite to that 
oceupied by the other side of this prolongation ; 

d). in its germ cell square, in each segment which has been selected for 
deformation and whose deformation is in the jth stage, 7 = n— 1, introduce 
a loop of type j. Order these loops clockwise, beginning with the lower right 
vertex of the cell, into a sequence qi, 93° ' "gar (r==5%1—1). Now it 
will be seen from the general definition of loops given below that the bore 
of each of these loops is L/9”. The bore of the (n—-1)st prolongation of s 
being L/9"1, we may join this prolongation of s to q, by a reducing elbow 
with reducing ratio 9:1. For each t= mr, (m = 1, 2, 3), join the more 
advanced end of q; to the less advanced end of qi by an ordinary elbow 
joint. For every remaining i < 4r, join the more advanced end of qi to the 
less advanced end of gis by a coupling joint. Finally, attach a coupling 
joint of length L/9” on to qar. Add together the 4r loops [g;] and the 4r +1 
joints, and call the set thus obtained the nth prolongation of s and denote 
it by pa(s). Clearly pn(s) is the sum of two broken lines which will be 
called its two sides, the one nearer to the central cell being called the near 
side and the other the far side of pn(s). The bore of pa(s) is L/9*. 


For n > 1, a loop of type n is introduced into a segment s of length Z 
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which is in the nth stage of deformation according to the following procedure. 
In each of the segments chosen for deformation on the sum of the first n- -1 
prolongations of s whose deformation is in the rth stage, r!Sn-— 1, introduce 
a loop of type r. Let these loops be ordered, beginning with the initial point 
of the near side of pı(s), which is the right end point of s, and proceeding 
in order along the near sides of pı(s), po(s)- +- to the final end of pai(s), 
in a sequence 91, fs ' °°, ge Then beginning with the final end of the far 
side of pu-ı(s), proceed backwards, in order, along the far sides of pri(s), 
Pn-o(s) > + + to the initial end of the far side of p,(s), (the right end point 
of s), with the sequence gist, Qi" * "> Gm Now the bore of each of these 
loops [qi] is L/9*. For we have assumed that for all integers r< m and 
each segment s’ of length A which is in the rth stage of deformation, a loop 
of type r in s’ is of bore h/9r. And since for each segment s corresponding 
to a loop q: and being in stage r, h = 1/9", it follows that the bore of the 
loop qi corresponding is 1/9"- L/""—= L/9". Now for each i 1<i<m 
and 154k, join qi to qism by a coupling joint or an ordinary elbow according 
as the segments corresponding are or are not co-linear. Join qe to qes by 
a joint which is ihe sum of two congruent elbow joints of branch lengths 
h==L/9", K = 70/2-9"%. On to gi and qm attach elbow joints of branch 
lengths h = 31/9", W = 2L/9", the branch of length 4 being attached to qı 
and gm respectively and the joints being turned so that the right end point 
of s is in the angle of the one attached to qı and the left end point of s 
in the one attached to gm. Add together these m loops: [q:] and m+ 1 
coupling joints, and the set thus obtained is a loop of type n introduced 
into s. Its bore, as shown above, is L/9*. 

For n > 1, an interval I in stage n — 1 of interval development is put 
into stage n by putting each of the four segments selected for deformation 
in stage 1 into stage n of deformation, and by placing each of the five 
complementary intervals of these segments into stage n—-1 of interval 
development. 

For n > 1, a growing cell C in stage n —1 of cell development is put 
into stage n of cell development by putting each of the four sides of its 
germ cell square into stage n of mterval development. 
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development of M is selected for deformation, let 9„(s) denote the nth pro- 
longation of s; let pa’(s) denote the residue of p(s), i. e. ~a(s) minus all 
segments which are selected at some stage from p„(s) for deformation; let 


co oo 
p(s) = >i pn(s), the total prolongation of s, and p(s) =>) pa (s), the 
L 1 


residue of p(s). Now for any set X, which may be either a square, a pro- 
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Fie. 1. THE FOURTH PROLONGATION OF A SEGMENT S$, WITH CENTRAL GROWING 
CELL IN STAGE 3 OF DEVELOPMENT. (This figure is not drawn to scale and does not 
correspond exactly to the description given for the development of M; the sides of 
the germ cell square for s are divided into 3 parts rather than 9 as in the description.) 
The segment s is not shown; segments of the type marked s’ are in stage 1 of de- 
formation and have corresponding loops of type 1; segments such as the one marked 
s” are in stage 2 of deformation and have corresponding loops of type 2. 
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longation p of some segment, or a collection y of such prolongations, let N 
denote the operation of selecting a segment from the set V which, at some 
stage in the development of V, has been chosen for deformation: and denote 
the segment, which is the result of the operation S or is the value of S, 
by SCL). For each segment s which, at some stage in the development of M, 
is chosen for deformation, let gi(s)== p(s), gi (s)== p’(s), and for every 
n œ> 1, let 9.(s)= 3 p[S(gn+)], and ga’(s)= X p[N(ga.)], the residue 


Sin gy-1 Sin 7 y-1 
of ga(s). Finally, let d(s)= > gu(s) 3 dt (s)— > gn (s), the residue of d(s) ; 


let R denote the residue of 0.4 . e., O mints all segments selected from Q 


E 


for deformation, let F =R -+ © g(s), and let F= HM, the completed cell. 


sing 

For every square q selected j the development of M as the germ cell 
of some segment s, it is clear that the completed cell, which we shall denote 
by C(s), defined with respect to g just as F is defined relative to Q, is homeo- 
morphie with W; indeed it is identical in structure with M except in size, 
and is a subset of M and indeed of F—F, except when q= Q. Let C 
denote, the collection of all completed cells C(s), such that for some segment 
s selected in Q for deformation, for some n (15S n < œ), and for some § 
in ga(s), C(s)=C{S[gn(s)]}, and let T denote the sum of all the point 
sets of the collection C, i. ¢., 


2 > >» C{S[gn(s) ]}. 


sing n=] Sin galsi 


Now for every doai c of C, there exists an integer n and a sequence 
Sis So. 83,° " ', Sn OË segments selected for deformation in the development 
of M, such that (a) sı belongs to Q, (8) for every 1, l<isn s is in 
p(Sn-1), and (y) c= C (sa). Conversely, for every such sequence of segments 
satisfying (a) and (8), it is clear that C'(s,) is an element of C. Thus (' 
is identically the collection of all cells e completed in the construction of M 
such that a sequence s, S,° + t, Sa of segments selected for deformation 
exists satisivine conditions (x), (8), and (y). 


Aow 2 is a null aunensional pererct set. And for each segiuent a 


4 
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[p(s)] is a contracting collection, i. e., at most a finite number of its elements 
are of diameter > any preassigned positive number. Thus for every such s, 
g (s) is a null dimensional Fe and therefore so is F = R +- 24 (s). 
sm 

I shall next show that M is a continuum. By definition it is closed and 
compact. And from the definition of F it is obvious that if A is the center 
ot Q and B a point without Q, then M is the boundary of both Ra and Rn, 
the components of the complement of M containing A and B respectively. 
It is sufficient, then, to show that Ra and Ry are different. If not, then there 
exists an arc AB from A to B with AB-M=0. Let X, be the first point 
on AB, in the order A, B, of AB-Q. Since X, does not belong to M and 
thus not to R, it belongs to a segment sı in Q which was selected for de- 
formation in the development of M. Now Q— s: +r(s)+C(s) is a 
continuum K, separating A and X,. Let X, be the first point on AB, in 
the order A, B, which belongs to this continuum. Then as X, is within Q 
and C (s:)C M, X belongs to p(sı). But since it does not belong to p’(sı), 
it belongs to some segments sz selected for deformation in the development 
of M. Now Ki1—s2-+ p(se)-+ C (s2) is a continuum K, separating X, and 
A; let X, be the first point of AB-K, in the order A, B, and so on. Con- 
tinuing this process indefinitely, we obtain a sequence of mutually exclusive 
segments Sı, Se, - - which were chosen for deformation in the development 
of M, and such that for every i, sı: AB £0. But for each 1, the end points 
A; and B; of si belong to F and hence to M; and since Lim 8(s;)==0, 


400 

therefore every limit point of XX; must belong to M. But this set has at 
least one limit point P; and since DA; C AB, it follows that AB-M DP, 
contrary to supposition. Therefore R, and Ry are different, and hence M is 
a continuum which is the common boundary of the two domains Re and Ro. 

Now by what has been proved above, we may divide Jf into three sets 
T, F, and X such that T+ B+ X =M, T- F=T X=FX\=0,T+X 
= F — F. Let @ denote the collection whose elements are the elements of 
C together with all points of F + X. Then the elements of G are mutually 
exclusive, the sum of all of them is M, @ is a contracting collection (since 
C is such a collection), and hence also is upper semi-continuous. I shall 
now show that every element P of G is a continuum or point of order * two 


*A point P of a continuum M is a point of order two of M, in the Menger- 
Urysohn sense, if for each e > 0, P can be e-separated in M by some two points of M. 
A point, or continuum, P in M is said to be of order two in M relative to some 
collection Q of subsets of M if for each e>0, P can be e-separated in M by two of 
the elements of Q i. e., two elements A and B of Q exist such that M — (A + B) is 
the sum of two mutually separated sets M, and M, where M, DPandö{M, +A -+ B) 
<5{P)-+e, [8(@) denotes the diameter of the set =]. 
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of M relative both to F and C. If P is an element of C, then there exists 
a segment s chosen for deformation in the development of M and such that 
P==0 (s). And for any e > 0, an integer & exists so that every point of 


oO 


Pals) is at a distance <e/2 from P= C(s). Thus it is clear that if 
k 


we choose one point of F' on each side of p(s), or if we choose one segment 
on each side of p(s) which is deformed, then the two points of F so chosen 
will e-separate P in M and so also will the sum of the two cells corresponding 
to the two segments thus chosen. If P is a point of F, then either it belongs 
to R or these exists a segment s which has been chosen for deformation and 
such that P belongs to p’(s). In either case, for any e > 0, if P is not an 
end point of any segment chosen for deformation, we can find two points 
of F, one on either side and belonging to R or to p’(s), respectively, and 
which e-separate P in M; if P is an end point of some segment s’, we can 
take one of the points on p,’(s’) and the other in R or p’(s) and «-separate P 
in M, because P is an end point of at most one such segment. In an entirely 
similar way we can, for each e > 0, e-separate P in M by two elements of C. 
Finally, if P is a point of X, then since, as is easily seen, R + 38 (s)—= M, 


there exists a segment s, in Q such that P C d’(s,). Again since, as is easily 
seen, d’(s,)—=p’(si:)+ C(s:)+ X g(s), and P belongs neither to p (s1) CF 
nor to C(s,)C T, there ee a se in p(sı) such that PC d (s2). 
Likewise d’ (s2)= p’(s)+ O (s2) + a d(s), and so on. Continuing this 
process indefinitely, we obtain a rues oF segments Sı, S2, S3,° * ° such that 


oo 
PC IId (s:). But from the method of development of M, the diameter of 
1 


ia nicer N, sn 
d' (sı) approaches zero as i increases indefinitely. Thus P = JĮ d’(s;); and 
1 


since for each i, d (s1) M — d’(si)—= Ai + Bi, where A: and B; are the end 
points of s;, it follows that P is a point of order two of M relative to F. 
Now if e > 0, there exists an 4 such that A; + B; «separates P in M; and 
if we choose two segments e and f, one on each side of p(s;) such that their 
sum separates s; and si, in p(si)-+ s: and such that these segments were 
chosen for deformation in the development of M, then it is clear that C(e) 
and C{f) are elements of C and that their sum e-separates P in M. 

Tt has just been shown that every element of G is a continuum or point 
of order iwo of M both relative to F and to C. Since M is a compact con- 
{inn of elements of the upper semi-continuous collection @ of continua 
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simple closed curve with respect to the elements of G. Thus since every 
element of G is either a point or a cell of C which clearly is homeomorphic 
with M and is a continuum of condensation of M, it follows that M has 
property 7). Property 1) has already been demonstrated for M, and property 
5) is weaker than 7). Therefore M has properties 1), 5), and 7). 


4. Proof of properties 3), 2). and 6) for M. We shall first show that 
M has property 3). To this end we establish the following: 


Lexma. If a subcontinuum N of M conta'ns a point of some en B 
of C and also a point not in E, then N contains E. 


By the definition of the collection ©, it follows that there exists a seg- 
ment s, chosen for deformation in the development of M, such that E = C (8). 
Now since N contains a point both of C(s) and of M — C(s), it is readily 
seen that there exists an integer n such that, for every m >n, either the 
near side or the far side, say the near side, of pm (s) is a subset of N. But 
every point of C(s)=E is a limit point of the sum of the residues of the 
near sides of pm(s) for m >n. Then since N is closed, it must contain F; 
and ihe lemma is established. 

Now to prove property 3), let N be any subcontinuum of Jf whatever. 
Since, as shown in § 3, every point of F -+X is a point of order two of M 
relative to C, it follows that N contains a point in at least one element E, 
of ©. And by the lemma, either N D F, or NC Ey. If the former of these 
is true, then property 3) is true. If the latter is true, then since Æ, is 
homeomorphie with M, it follows by the same argument and lemma as above 
that an element E, of the collection in Æ, corresponding to the collection C. 
in M exists such that either N D FE: or NC Ea. If the former, then property 
3) is true, because Æ. is homeomorphic with M. If the latter, then an ele- 
ment F; in the collection Es corresponding to C in M exists such that either 
NDE; or NC F; and so on. Continue this process. If N contains any 
of the continua Fi, Hs, Es, © +, then since each of these is homeomorphic 


oO 
with M, property 3) hold for M. If not, then N C J] E:. But clearly this 
1 
is impossible, because E; D Ein, for every i, and $(E:u)<(1/9)8(E;), and 
oO 
therefore [J F: contains only one point. Therefore, for some i, N D E; 
1 


and property 3) is established. 
Since M is non-dense and separates the plane, and since every subcon- 


tinuum N of M contains a continuum H which is homeomorphie with M, it 
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tollows that // separates the plane and, as N is non-dense, so also does V. 
Thus J/ has property 2). 

That M has property 6) follows rather obviously from the fact already 
established that it has property 7). For if t is any simple continuous are 
of elements of G and P is an ordinary point which is an interior clement 
of f, then P is a cut point of the continuum A which is the sum of all the 
elements of C belonging to f. But JM has no ent points, and therefore M 
and A are not homeomorphie with each other. Indeed it is interesting to 
note that U contains ecaclly 4 distinct Iypes of continua. These are (1) 
continua homeomorphic with M, (2) continua homeomorphic with ares of 
elements of Œ both of whose end elements are ordinary points, (3) continua 
homeomorphic with such ares both of whose end elements are cells of C, and 
(1) continua homeomorphic with such ares one end element of which is a 
point and the other a cell of C. That these are all possible types follows at 
once with the aid of the lemma in this section. It should be remarked, how- 
ever, that although every continuum having property 2) contains at least 
four, one can construct continua having properties 1)--7) and which contain 
more than four types of continua—indeed containing infinitely many. 

Thus we have shown that M has properties 1), 2), 3), 5), 6), and 7). 
That M also has property 4), although immediately deducible from the con- 
struction of M, follows also from the results in the next section concerning 
continua in general which have properties 1) and 2). 


5. General theorems on continua having property 2). Let M be any 
plane continuum having property 2), and let G he any collection of mutually 
exclusive subcontinua of M. Since each element of G separates the plane, 
it follows by a theorem of Kuratowski’s * that if @ is uncountable, it contains 
a continuum A’ no proper subset of which separates the plane: but since K 
contains a proper subcontinuum N, this is contrary to the fact that every 
subcontinuum of M separates the plane. Hence 4 must be countable, and 
thus we have the following theorem: 


THEOREM 1. If every subeantinuum oat a plane continuum M separates 


the plane, then M coniams no uneonntahle collection of mutually erelweirn 
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boundary of two domains and which, therefore, has properties 1) and 2). 
Now since, by Theorem 1, K contains no indecomposable continuum, and 
since no continuum whatever is the sum of a finite or countable number of 
continua of condensation of itself, it follows that K is not the sum of a finite 
or countable number of indecomposable continua and continua of condensa- 
tion of K. Therefore, by results due to Kuratowski,* K may be decomposed 
upper semi-continuously into a collection G of mutually exclusive elements 
(continua or points) with respect to which K is a simple closed curve. By 
Theorem 1, all save a countable number of the elements of G must be points. 
And clearly each element of @ which is a point is local separating point of M 
and is a point of ordinary order 2 of 1%. Thus we have the following theorem: 


THEOREM 2. If K is a plane bounded continuum which is the common 
boundary of two domains and every subcontinuum of K separates the plane, 
then K admits of upper semi-continuous decomposition into a collection G 
of elements, (continua or points) all save a countable number of which are 
points, and with respect to which M is a simple closed curve. All the “ point 
elements” of G are local separating points of K and are points of order 2 of K. 


Now if ¢ is any arc of elements of G, and T is the set of all points of K 
each of which belongs to some element of G in ż, then since, as is evident 
from Theorem 2, the continuum T has a cut point whereas K does not, then 
K and T cannot be homeomorphic. Thus every continuum M having property 
2) also has property 6). Indeed, we may state the following theorem: 


THEOREM 3. Every plane continuum which separates the plane con- 
lains two continua which are not homeomorphic with each other. 


For if this is not so, then M must be homeomorphic with each of its 
subcontinua. And as M separates the plane, then + every subcontinuum of M 
must separate the plane, and thus Jf must have property 2). But then, as 
shown above, M contains two continua K and 7’ which are not homeomorphie 
with Af, contrary to supposition. 


Vienna, DECEMBER, 1929. 


* “Sur la structure des frontières communes à deux régions,” Fundamenta Mathe- 
maticae, Vol. 12 (1928), pp, 20-42. 
f See Brouwer, Mathematische Annalen, Vol. 72 (1912), p. 422. 


On Continuous Curves and the Jordan Curve 
Theorem.! 
By Leo ZIPPIN. 


We shall show that a continuous curve f which satisfies the Jordan Curve 
Theorem § non-vacuously © is homeomorphie with the complement on a simple 


closed surface of a closed and totally disconnected (possibly vacuous) point 
set. Such surfaces we have previously introduced (J. M. T.) and called 
cylinder-trees: they represent a generalisation of the simple closed surface 
and of the number-plane. We shall consider further characterisations of 
them, equivalent in the presence of the continuous curve spaces to the postula- 
` tion of the Jordan Curve Theorem, and achieve in particular a considerable 
reduction of R. L. Moore’s axiom-system, 31, for the number-plane. | 


1. We shall have need of two general theorems. 


THEOREM 1. Jf a continuum G* not a continuous curve is a subset of 
a continuous curve J*, then G* has a subcontinuum G which is not a con- 
tinuous curve such that G is a subset of a maximal cyclic curve J of J*.}} 

We shall content ourselves with an indication of the proof.ff By the 


+ Presented to the American Mathematical Society, August 30, 1929. 

tA metric, locally compact, connected, and connected im kleinen space: for de- 
finitions of these terms the reader is referred to Hausdorff’s “ Mengenlehre,” 1927. 

§ If K is a simple closed curve of a space 8, then S—-K is the sum of two con- 
nected sets without common point such that K is the boundary of each of them. 

{That is, contains at least one simple closed curve. Compare §9 of my paper 
(J. M. T.): “A Study of Continuous Curves and their Relation to the Janiszewski- 
Mullikin Theorem,” Transactions of the American Mathematical Society, Vol. 31 
(1929), pp. 744-770. 

| (F. A.): “On the Foundations of Plane Analysis Situs,” Transactions of the 
American Mathematical Society, Vol. 17 (1916), pp. 131-164. 

77 For definitions and theorems relating to cyclicly connected continuous curves 
the reader is referred to the interesting papers of G. T. Whyburn: “ Cyclicly Con- 
nected Continuous Curves,” Proceedings of the National Academy of Sciences, Vol. 13 
(1927), pp. 31-38 (C. C.) and “Concerning the Structure of a Continuous Curve,” 
American Journal of Mathematics, Vol. 60 (1928), pp. 167-194 (C. 5.). The theorems 
of these papers which we shall use are valid in continuous curve spaces, as we have 
defined them above. 

tt Although, the author is not acquainted with any previous statement of the 
shove theorem if seems fo him to he innlied in sny peoof of the snflieieney condition 
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theorem that a continuum M, of a continuous curve J* is a subset of a con- 
tinuous curve M*, of J* whose upper distance from Ma may be supposed 
less than any preassigned e, it is possible to replace the continua (Mn) of G* 
(of the Moore-Wilder lemma) by independent arcs (Ln) of J* with the same 
sequential continuum of condensation Ma, each arc Ln having at least two 
points in common with the corresponding M„. By methods of (C. C.) it is 
possible to show that infinitely many of these arcs have subarcs in common 
with a maximal cyclic curve J of J*, and that infinitely many of the continua 
of (Mha) as well as Ma have a subcontinuum of points on J. The product 
of a maximal cyclic curve J of J* and a continuum G* of J*, if it consists 
of more than a single point, is a continuum G. Since @ contains subcontinua 
of infinitely many of the continua of (Mn) as well as of Ma, it is readily 
shown that G cannot be connected im kleinen. 


THEOREM 2. If B is a compact subset of a continuous curve S such 
that the maximal connected subsets of B are points or arcs, and no inner 
point of any arc b of B is a limit point of B— b, then there exists an acyclic 
continuous curve V of S which contains B. 


Let B” be the set of points of B which are either components of B or 
are endpoints of arcs of B. Then B* is closed and totally disconnected since 
no inner point of an are of B can be a limit point of B*. There is an 
acyclic continuous curve V* of S which contains B*.t Then T=V*-B 
is closed and connected, since V* has at least one point in common with each 
component of B. Suppose that any subcontinuum G of T fails to be con- 
nected im kleinen: then @ contains a continuum M of points at which it 
fails to be connected im kleinen. Suppose that any point m of M fails to 
be a point of B. Then in some neighborhood of m, G is locally identical 
with a subcontinuum of V* and necessarily connected im kleinen at m, since 
V* is an acyclic continuous curve. If, on the other hand, every point of M 
is a point of B, then M being a continuum of points of B is a subare of B. 
Let m’ be an inner point of the arc M. There is a neighborhood U’ of m’ 
such that B-U» C M. If w fails to be a point of V*, then in some neigh- 
horhood of m’, @ is locally identical with M and therefore connected im 
kleinen at m’. If m’ is a point of V*, let U*m be a neighborhood of m’ 
such that any point of M - U*„' can be joined to m’ by a subare of M Um’. 
Let Um be a neighborhood of m” such that any point of V*- Um can be 
joined to m’ by an arc of V*-U*m. It is readily seen that any point of 


7 (J. M. T.) Theorem 1. 
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Golwa van be joined to m’ by an are or Gt Um. Then (r is a continuous 
curve. Let V be a continuum of T irreducible about B. Then V is a con- 
tinuous curve. If V contains any simple closed curve K, a point g of W 
is not a limit point of B and there is an are Q of A no point of which 
belongs to B. Since the are Q contains at least one non-cutpoint of V, 
it readily follows that V is not irreducibly connected about B. Then V is 
an acyclic continuous curve. 


2. We assume that a continuous curve S has the following properties: 
(A) S contains al leasi one simple closed curve. 

(B) if Lis an are of a simple closed curve of X, then S — L is connected. 
(C) if K is a simple closed curve of S, then S— K is not connected. 


Since § contains at least one simple closed curve it contains a maximal 
cyclic curve J, and if $ is not J then there exists on J a point æ which is 
a cutpoint of 8. Then s belongs to a simple closed curve of J and this 
contains an arc L containing æ such that 8 -— L is not connected. Therefore 
S must have the further property: 


(D) S is eycliely connected. We have shown previously ł that (B, C, D) 
imply that a continuous curve has the property: 


(E) If K is a simple closed curve of S, S—K is the sum of two mazi- 
mally connected sets (K-domains) such that K is the complete boundary of 
each of these. And, further, the property: 


(F) If K ts a simple closed curve of Sand M is either of its K-domains 
(domains relative to K}, and <amb> f is an open arc of M whose endpoints 
are on K, then M—<amb> is the sum of two maximally connected sets 
which are domains relative lo K + <amb>, such that one of these has the 
simple closed curve ao,bma for ils boundary and the other has for its boundary 
the simple closed curve ao.bma, where 0, and 02 are any points of K separating 
a and b. It will be remarked that (A, E) imply (B, C) so that (A, E) and 
(A. B. C) are equivalent: § therefore the spaces which we are eonsiderimir 
may properly he termed Jordan Curve Theorem spaces. 
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2.1. We shall show that if J* is a continuous curve of 8, D” an open 
connected subset of $— J*, and GĦ a continuum of J*- D”, then G* is a 
continuous curve. 

If D” is not a maximally connected subset of S—J* it is contained in 
a J*-domain D*, and it is seen that @* CJ*-D*, If G* is not a continuous 
curve, by Theorem 1 it contains a continuum @ not a continuous curve such 
that G is a subset of a maximal cyclic curve J of J”. Since J is a subset 
of J*, S—J contains a maximal connected subset D such that D* CD; 
and further @CJ-D. If every pair of points of G disconnects G, 
G is a simple closed curve. Then we may suppose that there is at least 
one pair of points x and y of G such that G—(#-+y) is connected. 
There is in J a simple closed curve K which contains x and y. We shall 
show that any other point z of @ separates G between x and y. If z does 
not belong to the simple closed curve K, it is a point of a K-domain, M. 
Since D is a J-domain and z is a limit point of D, DC M. Since no point 
of J is a cut point, there is an are hzk such that <hzk> C M andh+kCKk. 
If h and k separate x and y on K then, by (F), <Azk> divides M into two 
(4: + hzk)-domains such that one of these has the boundary hzkah and the 
other the boundary hzkyh. Then since these are simple closed curves of J, 
D must lie entirely within one of the subdomains of M, and either z or y 
fails to be a limit point of D. Then k and k cannot separate x and y on K, 
and there is a simple closed curve K’ == wzyz’x (where 2’ is an arbitrary point 
on the other zy-arc of K’) of J.t Let N be that K’-domain which con- 
tains D. If any point of J is not a point of K’+N, J— K’ cannot be 
connected and N -J is an open subset of J —K’. Then N-J is the sum of 
components of J— K’ (or it is vacuous in which case G is a sub continuum 
of K’ and therefore a continuous curve) and J= K -+ N-J is a continuous 
curve.[ Let u be any point of N-J and v a point of J not in K’+N-J. 
There is in J a simple closed curve (wv) and therefore an arc huk such 
that <huk> C N and h+k CK’, h and k being distinct. Then, since no 
point of K’ can separate any two points of K’ nor separate a point of K’ 
from a point of N-J, it is seen that J’ is cyclicly connected. Suppose 
J’ —(a-+-y) is connected: then it contains an are 22’, and this has a last 
point h’ on <xzy> and a first point k’ thereafter on <zxz’y> and an open 
subare <h’k’> of N. Since A’ and W separate x and y on K’ it is seen (by 
the argument above for h and k) that either x or y fails to be a limit point 


IE zC K, then K =K. 
t See Remark to lemma of (J. M. T.). 
SEJCE+N.J, J =d. 
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of D. Then it follows that J” —(s + y) cannot be connected. Since G is a 
continuum of J’, and G—(a#-+ y) is connected, G—(x-+y) belongs to a 
single component of J’—(x-++y) and this component plus 2 and y is a 
continuous curve J” such that J”—(z -+ y) is connected. If J” contains 
any point of <zz7’y> we are led to contradiction by the argument on A’ and K’. 
If the point z does not separate x and y in J”, there is an are zy of J” — z. 
This arc has a last point m on gz —z (of K’) and a first point n thereafter 
on yz—z. The subare mn having its endpoints only on szy, and no point 
in common with <z2’y> since (<ax2’y>)-J”==0, has its endpoints only in 
common with K’. Since mnC J’, <mn> CN. If the point m is not the 
point z, the points m and n separate x and z on K’, and (as above) either 
x or 2 fails to be a limit point of D. Similarly, the point n cannot fail to 
be the point y. Then mn is an arc xy, such that <sy C N. Where 2” is 
an arbitrary point of this arc, there is a simple closed curve z2’yzx of J”. 
But it can be shown that z+ y separates z and z” in J” precisely as it was 
shown that x + y separated z and 2’ in J’. Since J” —(s + y) is connected 
it follows that z must separate « and y in J”. Since J” D G, every point 
of @ other than x and y must separate x and y in G, and G is an arc. Then, 
in every event, G is a continuous curve, and therefore G* is a continuous 
curve. 


3. We shall prove that if C is the sum of a finite number of disjoint 
continuous curves of S and s is any point of C which is on the boundary 
of a domain D relative to O, then æ is accessible from D. For if x is not 
accessible from D it is readily shown + that there exists an e and a sequence 
(£n) of points converging to x, such that each point £n is contained in D- Ue t 
while no two points of this sequence can be joined by an are of D Use 
Then there exists an infinite set of arcs (zum) no two of which have any 
common point, such that each is a subarc of D, and each are except for its 
yn-point belongs to Use The set of arcs has a subsequence (zayn) with a 
sequential continuum of condensation T. From the connectivity im kleinen 
of D it follows that if a point of T -Use belongs to D two distinct points 
a’; and 2’, are on a subare of D-Us.. Then T-U.CC:D and since 
TC Üre while C is closed, T CC. Then 7 belongs to one of the continuous 
curves of C: call this F; then T is a continuous curve ($2.1) and contains 
an are vy such that sy- yC. Ue. Let pand q he points of ry distinct from 


f Compare R. L. Wilder: “ Concerning Continuous Curves,” Fundamenia Mathe- 
muticee, Vol. 7 (1975). Theorem I, nn. 312-345. 
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each other and from x and y. Let Up and U, be neighborhoods of p and q 
respectively such that Ue SG Uae Up + Ua + Up: Ua = 0, and 
(Up + Ua): (C — L)=0. By the cobnectivity im kleinen of P, there exist 
neighborhoods U”, and U”, such that any point of F- U", and P: Ug re- 
spectively can be joined to p and g respectively by an are of F: Up and I’: Ug 
respectively. There exist neighborhoods U”, and U”, such that any point of 
7", and U”, can be joined to p and g respectively by ares of U*p and U”, 
respectively. Since p and q are points of a sequential continu of condensa- 
tion of (2’ny/n), there is an arc a’xy’, which has a point p’ in U”, and a 
point g’ in U”. There is an arc p’p of U*, and this has a last point d on 
xy’, and a first point d thereafter on I’; the subarc dd’ belongs, clearly, 
to D: Uz. There is an are d'p of F- Up: this has a first point a on ay. 
Similarly there is an are ec'b, where ce’ — U C Ug: D, d being a point of F 
and c its only point on syr, and cb C F- Uy, b being its only point on zy. 
There is a subare ab of xy, and a subare cd of w’xy’x. Then ab + be + ce 
-+- cd + d + da is a simple closed curve K such that <c’edd’> C D- Us, 
and Cbadd C F -Use If any are a jy’; (7k) has a point in common with 
each of the K-domains, it has a point in common with K and this is neces- 
sarily a point of <c’cdd’>: then there is an arc a’j2, of D’ Uz Since this 
contradicts the construction of the original sequence (an), every are of 
(aufn), (154k), belongs to one or the other of the K-domains: let M be 
a K-domain which contains an infinite set (2 ay n) of the ares of (2’ny’n). 
Choose distinct points p”, p*, g*, q”, on <ab> in order: ap’p*q*q"b. It can 
be seen that there exist neighborhoods U,* and Ua such that: 


Ur [padebg* +(C —F)+ (8 — Use) + Ur] =0 
— Ue [¢’bedap* + (C0 —F)--(8 — Uae) + Ur]. 


Find neighborhoods U’, and U” as above for p and g. Then we can 
construct an are ad*d’e’c*b’ such that a’ and b are on ab in the order: 
dd; CM - Une, (dd — d*) + (b’c* — c*) CH, 
<d*d e C D+ Uae, and dc” belongs to an are 2” my’’m. Let a” be any 
point of <a’b’>. Since a” as well as p” are limit points of the sequential 
set (nyn) it is seen that there is an are 2”;y”; (754m) which has a 
point in each of the subdomains of M determined by the are <a’d’c’’b’y, 
since a” and p” separate a’ and b’ on K: property (F). Then g”;y”; has 
a point in common with the are a’d’”’c”b’ and this is necessarily a point of 
a d'ec*: there is an are mx”; in D’ Uz. This contradiction of our con- 
struction of the sequence (æn) proves that x is accessible from D. 

3.1. We shall show that no acyclic continuous curve T of S can dis- 
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connect S. Let T be an acyclic continuous curve of S and De and Py two 
distinct T-domains. Then F contains an acyclic continuous curve F” irre- 
ducible about (==7-D,: the endpoints of 7’ are a subset of G. It is seen 
that De is a T’-domain. Let D’, be that 7”-domain which contains Ay. Then 
T’ contains an acyclic continuous curve T” irreducible about G = T- D'y: 


W are a subset of G’. Since G and G’ separate S, they 


the endpoints of 7 
contain at least two points. Let p and 4 be two endpoints of T”. Then 
they are points of 7”, and being limit points of D'y which is a 7’-domain 
they are accessible from D'y. There is an are pyg, <py/q> C D'y Let 
ppag be the maximal are of T’ which contains pg: p and p, as well as 
g and q, are not necessarily distinct. Since p’ and 4 are endpoints of T’ 
and therefore points of G, they are accessible from Da. There is an are 
peg, <r gy C De Let M be that domain of N= p’2’y’qy’pp’ which 
contains <pq> of T”. Then M— <pq> == M, -+ Me, where M, and JMe are 
(K + pg)-domains and the boundary of MW, is py’qp while the boundary of 
Af, is pp’a’y’g. Since the point 2% of De does not belong to M, and the 
boundary of M, is a subset of 7” + D’,, it is seen that M, can contain no 
point of De. Then M, can contain no point of G. Suppose that M, 
contains a point z of 7”. Let z“pzz’ be any maximal are of 7” which contains 
z and p. This are in order from z to p has a first point z” on pg. If the 
are 2”z2’ has any point other than z” on pq it is seen that 7” contains a 
simple closed curve. Then 2’22”—-—2” C M, since (2’22” — 2”) : py’q=—=0; 
and z C M: but 2’ is an endpoint of T and therefore a point of G. Then 
AI, contains no point of T’ and therefore no point of T”. Similarly, Ma 
can contain no point of D’, and therefore no point of 7”. Then 
T”: (K4 M)= pq}. I£ T” is not the are py, T” has a point k in N, the 
K-domain distinct from M. Let kp be the arc of T” containing k and p: 
p or q is the first point which this arc has on K, and one of these points 
fails to be an endpoint of T”. Then T” is the are pq. But 8 — T” is 
not connected, while the are pq being a subset of a simple closed curve of $ 
cannot disconnect S. The contradiction shows that 8S T must be connected. 


3.2. Let C be a finite set of disjoint continuous curves of S such that 
PD, and Dy are distinct domains relative to C. Let G-=0:D,. and Jet 


roy 
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as in $ 3, the arc ad’dec’b and the simple closed curve K. Here, however, 
points of c’b—b and of da—-a although they belong to F may also be 
points of D. Since a and b are points of G’ they are accessible from Dz: 
there is an open arc <azb> of Dz. Let H be that domain of the simple 
closed curve azbe’cdd’a which contains <ab> of G’. Then H—<ab> is the 
sum of two domains M and N with the boundaries abe’cdd’a and azba re- 
spectively. It is seen that no point of N can be a point of D, and therefore 
no point of N can be a point of G” (compare § 3.1). Similarly no point 
of M can be a point of @. Then @-H=G’- (M + <abd> + N)= (ab). 
We can continue the argument of § 3, precisely as there, with the added con- 
dition on our neighborhoods Up and Ug that they are subsets of H, since 
now if c* and d* are taken as the first points of G” on the respective arcs 
c”q* and d’p* they must be points of <ab>, and the open are <a d” CD. 
Let fgh be any are of G’. Since f and h are accessible from Ds and 
from D, there is an open arc <frh> of Dae and an open are <fyh> of D: 
let K” be the simple closed curve fehyf, and let M” be that K”-domain 
which contains the arc <fghy. By methods we have several times used, it 
follows that no point of <fgh> is a limit point of @ — fgh. If then @ 
contains no simple closed curve, the maximal connected subsets of G” are 
points or arcs such that if g’ is an are of G’ no inner point of g’ is a limit 
point of G’—g’: that is, G’ is a set B described in Theorem 2. Then G’ 
is a subset of an acyclic continuous curve V of S which is irreducibly con- 
nected about it. Ifv and y are points of Dz and D respectively, G” separates 
S between z and y. Since x and y belong to some simple closed curve of 8, 
it is readily inferred from property (E) that v+ y cannot disconnect 8. 
Moreover x and y are not points of G’. Then there is an acyclic continuous 
curve V’ of S—(x-+y) which contains G’ + and, accordingly, separates § 
between x and y. But by $3.1 no acyclic continuous curve of S can dis- 
connect 8. Therefore GQ” must contain at least one simple closed curve J. 
Let J == achda, and let M be that J-domain which contains D. Since 
every point of G” is accessible from D there is an are ayb, <ayb> C M. 
If De has any point in M, Ds G M. In this case it is readily seen that Dz 
belongs to one of the subdomains of M determined by the arc <ay’b> and 
that either c or d fails to be a limit point of De. Since this is not possible, 
D,:M=0, and J separates S between Ds and D. If N is the J-domain 
which contains Dz, it is seen that N-D==0, and it follows that G’ = J. 


t By the argument of (J. M. T.), Theorem 2, the second paragraph: apply this 
argument to v and y, replacing O—«# by S—(a#+y). 
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3.3. If z and y are two points of S, and e is any preassigned positive 
number (we may suppose e less than the distance of x to y), there is a finite 
set C of continuous curves of S, e-separating x. Then there are two distinct 
C-domains, De and Dy. Then it follows, by § 3.2, that there is a simple 
closed curve J of C which separates x and y in 8. No point of J is at a 
distance from x greater than e, since J C O. Let H be that J-domain which 
contains z. There is an e, such that any point of S whose distance from v 
is not greater than e, can be joined to x by an are of H, and such that «, 
is less.than e/2. Let Jı be a simple closed curve which separates v and y, 
such that no point of J, is at a distance from x greater than «e, and let M, 
be that J,-domain which contains s. It is seen that HD Jı + H,. We can 
construct, inductively, a sequence of simple closed curves (J„) converging 
to x such that each curve of (Jn) separates x and y and such that if Hn 
is that J„-domain which contains z, then for every m, Hm D Jma + Ama. 


oo oo 
Then JI Hn > g; if J Hn > z’ distinct from æ, it is seen that every arc 
n=1 1 


xy of S must have at least one point in common with each of the simple 
closed curves of (Jn) and therefore it must contain the point æ to which 
these curves converge. Then x separates x’ and y in S: but no point of 8 


co 
is a cutpoint. Then J| H„ =z, and for any preassigned e there is a domain 
n=l 


Hmn containing x of diameter less than e: Jm e’-separates x in 8. 

It is now possible to show that S satisfies the Axioms 1-4 of R. L. 
Moores 31 (F. A.) as we have shown it in (J. M. T.) §§8 and 8.1 if 8 
is compact and in the last paragraph of § 11 if $ is locally compact. The 
Axioms 6 and 7 are established in (J. M. T.) on the basis of the Janiszewski- 
Mullikin Theorem. From the considerations of the preceding paragraphs of 
this paper we shall show that they are consequences of our assumptions 
(A, B, ©). Let z and z’ be any two points of a simple closed curve J of S, 
and let J’ be a simple closed curve of S e-separating x, where e may be 
supposed less than the distance of x to 2’, and arbitrarily small greater than 
zero. Since x is accessible from M, where M is either of the J-domains in S, 
there is an arc px such that pe— x belongs to M. This has a subare gz 
such that ge — x has no point in common with J’4+ J. Let CO=J’4+ J: 
gz- -x belongs to a C-domain P. Then D is a subset of a J-domain and, 
containing q, it belongs to M. Let s” be any point of that J’-domain which 
contains z’. Since D has æ for a limit point, D belongs to that J’-domain 
which contains x and since this does not contain 2’, z” cannot belong to D. 


Pie M. T.) 87. 
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Let GC D: then G contains a simple closed curve J” separating q from 
a” (by §3.2). Let D’ be that J”-domain which contains q: D’ 0D. I 
any point of J belongs to D’, there is an open are of points of J in D’ 
with distinct endpoints on J” and this are divides D’ into two subdomains 
such that D can belong to at most one of them: but then there are points 
of J” which fail to be limit points of D. Then, since x is a point of D, 
sC J”. In a sufficiently small neighborhood of x, C is locally identical 
with J: since J” C Ọ, there is on J” an are azb of J. There is an arc ab 
of J” — a: sine J” CEG CDCM—M4J, ab CM+J. Since 2’ is not 
a point of D, x is not a point of J”. Then a and b separate 2 and g’ on J, 
‘and the are ab of J” — x is an are of (J + M)—(2-+ 2’): then it has a 
subare a'b” such that a’ and 0’ are on J separating z and 2’, and <a’b’> CM. 
Since <a’b’> CC, and <ab’>-J=0, <a’b’> CJ’ and no point of <a’b’> is 
at a distance from x greater than e. Then we can construct the domains of 
§ 7.2 (J. M. T.) and it is a ready consequence of the existence of these 
domains that S satisfies Axioms 6 and 7 of 31. 

Then by § 8.2 of J. M. T. it follows that S if it is compact is a simple 
closed surface, and from the last paragraph of §11 and the succeeding sec- 
tions of Theorem 6 it follows that S if it is not compact is homeomorphic 
with the complement on a simple closed surface of a closed and totally dis- 
connected point set. We shall show, in a later paper, that the use of in- 
version in Theorem 6 is not essential, so that the restriction that the con- 
tinuous curves there treated be imbedded in Euclidean space of finite di- 
mension can be removed: the notions of compactness and non-compactness 
of this paper may replace, accordingly, the use of closed and boundedness 
and of closed and unboundedness of (J. M. T.). It may be remarked that 
the number-plane is characterised among the cylinder-trees (spaces homeo- 
morphic with the complement on a simple closed surface of a closed and 
totally disconnected, possibly vacuous, point set) by its non-compactness and 
the property that every simple closed curve determines in it one compact 
domain: to characterise the number-plane, therefore, it is not necessary even 
in (J. M. T.) to resort to inversion, as may be seen from the last paragraph 
of $11. 


Then we have established the following theorems: 


THEOREM 3. In order that a continuous curve S be a cylinder-tree it is 
sufficient that it satisfy non-vacuously the Jordan Curve Theorem. 


THEOREM 3’. In order that a continuous curve be a simple closed sur- 
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face it is sufficient that it satisfy non-vacuously the Jordan Curve Theorem, 
and be compact. 


Tusorea 3% In order that u continuous curve be a number-plane 
if is sufficienti that it satisfy the Jordan Curve Theorem nou-vacuously, that 
it be nol compact, and thai every simple closed subcurve determine in it a 
compucl domain. 


That these conditions are moreover necessary is obvious for Theorems 3’ 
and 3”, and a consequence for Theorem 3 of the fact that no closed and totally 
disconnected subset of the domains complementary to a simple closed curve 
on a simple closed surface can disconnect those domains. 

In these theorems, further, it is possible to replace the postulation of 
the Jordan Curve Theorem by the equivalent system (A, B, C) or by the 
system (D’, C) where B’ is the property that if L is an are of 8, then 
S$S— L is connected. It is readily seen that (B’, C) implies (A, B, C).} 


4. We shall show that a continuous curve © which has the property 
(D) of cyclic connectivity, and also has the property: (G) if K is a simple 
closed curve of S, every point of K is a limit point of S—K, and S—K 
is the sum of two connected sets without common point; satisfies the Jordan 
Curve Theorem. 


Let K be any simple closed curve of S. Then S— K = M -+ N, where 
Af and N are distinct K-domains. If the Jordan Curve Theorem is not satis- 
fied there is a point y of K which fails to be a limit point of one of the 
K-domains, say N. By (D), it is clear that N has at least two distinct 
limit points on K. Then there is an arc xyz of K such that z+ z GN, 
but <ryz>-N=0. By (G), <ayz) CM. 


4.1. We consider first the case that <ay’z>  M—=0, where cy’z is the 
other wz-are of K: zyz CN. For any point y” of zy’z it is possible to 
construct an are pg, <p> C N, p + q C zpy”qz = .ry’z, trom which it follows 
that no point of N separates æ and z in N. Since N is a continuous curve, 
there is a simple closed enrve A’ = rmemns C N. Let S -Ke=-1--Din 
-0. VW halonas to ove of the K’ 
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It is seen that D—(x + z) is connected: it contains an are yıy, with a last 
point, which we may suppose to be yı, on <ayi2> and a first point y> thereafter 
on <xY22>: it is understood that we are not here supposing accessibility, the 
points yı and yz having been in no previous way particularized. Then 
<yıy> CD. From the relation S — zyys =M + zyı + ye2+ (D —<yry2>) 
it is seen that the bracketed point set must be connected: else the simple 
closed curve zyzry2yi% fails to disconnect S into not more than two domains. 
There is an are pq, pC <ayı), q C <zyed, <p> C D — <yry2>. From the 
relation S— 2yıy2 = H + lywy + (D—yy>), it is seen that 
D—<y1y2> cannot be connected and has a maximally connected subset Az 
which has no limit point in <yı@y2>: otherwise zyit2z fails to separate S. 
If any other component (maximal connected subset) of D— <y:y2> fails to 
have a limit point in yı£yə, then S —zyiy22 has at least three components. 
If A, has no limit point in <y.z>, then S — zysyızyz has at least three com- 
ponents: one of these is Az, the other is M, and a third exists containing 
for example <zy2>. From S—ayiyor= H + lyy +(D— <yiy2>) it is 
seen that D— <y,y2> has a component A, such that Ag: <yizy2> = 0, and 
such that this is not true for any other component: then Acs#Az It 
Aa’ Y£ = 0, S—axy,y.2yx has at least three components. 

Since (pq)-(<yivy2>)-A 0 F(<yı2y2>)(pg), it follows that <pq> C A’, 
a component of D— yıy.> distinct from Az and from As. There is in D 
an arc joining a point of <pq> to a point of <yi1y2>: this has a last point h 
on <pg> and a first point X thereafter on <y,y2>. It is seen that hk — k C A’. 
Then Az: <yık> 5£0; otherwise S — zyızqghkysx has at least three compon-nt: 
(one of these is M, and another A,: a third contains, for example, <ysg>). 
If Az: <ysk> = 0, S— zyıkhpxysz has at least three components. Knowing 
that Az: <yex> 540 FA, <yiz>, we can deduce the existence of an arc rs, 
<rs> C Ag, rC <y>, sC <yıky), and an arc rs’, <1’s’> Az, 17 C C412, 
S C <yek>. 

Then Ag: <yos’> 0, or S— s’yızyszr’s’ has at least three components, 
and Az <sk> 0, or S — syızyslchpers has at least three components. Then 
there exist two arcs ad and be such that <ad> C A, and <be> C Az, and 
a, b, c, and d are points on <yiy2> in the order: yıabkedy.. There is an arc 
ra, <P> CA, 1” C <y, and 2 Ccady. There is an are r*z’, 
are) C Az, r* C <yyz>, and z C <cb>. Let K” be the simple closed curve 
ax’dez’ba and let U be that K”-domain which contains H: U D H + K’ 
+ <yıa> + <bke>'+ <dyss. I£ V is the other K”-domain, V C D — yıy.. 
If V- (ae’d'+- cb) = 0, V- K” C(ab + cd). Then S — baz’ ded’ r*zy.cphkb 
has at least three components. Since V contains no point of yıYy2 it cannot 
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contain points of both A, and A-, and in consequence a point of A, and 
of A, cannot both be limit points of V. Then from the relation above it 
follows also that no point of <az’b> can be a limit point of V. But in this 
case S—abz’cdr'r”’zyzyıa has at least three components. 

Then we have shown that for no simple closed curve K of $ can one of 
the K-domains have at most two limit points on K, and further that if there 
is an arc gyz of K such that <zyz>:N=0, «-+2CN, then at least one 
point y’ on the other rz-are of K is in M, where J and N are the respective 
K-domains. 


4.2. Returning to § 4, we can say that «<zy’z)> -MD y, and that <zy’z> 
contains moreover a point y* of N. Let us suppose that both z and z are 
accessible from N. In this case there is an are mıf’z, <sy”zy CN. From 
the relation S — ay’zy’2—= M -+ <ryz> + (V— <ay”’z>), it is seen that 
(N — <ıxy”z>) must be connected: for M + <ayz> is connected and no point 
of it is a limit point of (N — <ay"z>), nor is any point of (N — <ay’’z>) 
a limit point of M +<a2yz>. But from the relation S — syzy”z == M + <ry’z> 
+(N — <ay"z>) it is clear that CY —-<wvy’z>) cannot be connected: for 
<zyz> contains limit points both of Af and of N, and if N— <ay”z> is 
connected, <zy’z> has a limit point of it also and the right side of the above 
relation is a connected point set. Then if the Jordan Curve Theorem is 
to fail to be true in S, it follows that z and z cannot both be accessible from N. 


4.3. Suppose then that one of these points, say v, is accessible from N. 
Then the other is not. But then it can be shown, as in § 8, that z is a point 
of a continu of condensation T such that every point of T is a limit point 
of N. Since T is a subset of K, and moreover, since <ayz> N —=0, T is a 
subare of zy’z: T is an are tz. Then if /’ is any point whatever of <ta, 
there is a point t” of <P’z> and an are xt” such that <e! CN. 

We may assume that the point ¢” separates y and z on zyz. From 
S--ay"re=M + cry lS + (VY -- orl) it is seen that (N - - <rt) can- 
not be connected, and has a component which fails to have any point of 
Kcyt”’> for limit point. Tt is conceivable, however, that this domain fails, 
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<aizi> C Dı. Then N—<aaz,> has a component D'C D, such that 
D- <em> = 0, but D+ (2,23 4 0. This contradicts our choice of z, unless 
2ı—2; and this is not possible since z is supposed not accessible. Therefore 
zı is not accessible, and is seen to be a limit point of D,- <pı2ı>. We shall 
choose an are pz, % Cap, and pa C 912, and <top2> C Dy, subject to the 
following conditions: (1) pə is a point of D1-<p:z:> such that the diameter 
of the are poz, is less than e/2, where e is the diameter of the arc 9121; 
(2) if for some choice of p, subject to (1) and for some choice of vs on 
Dı: <zpı> (it is seen that this cannot be a vacuous set, since N is connected) 
there is an arc YePe, <®op2> C Dı, whose diameter is dẹ then that arc tpe 
which we choose shall have a diameter not exceeding de + e/2. We may 
express (2) in this form, thal we choose a particular arc from among the 
set (non-vacuous) of available arcs so that its diameter docs not exceed the 
lower limit of the diameters of the available ares by more than 2e: otherwise 
the choice of our arc is free (except as subject to (1)). i 

Then N — <z2:p:> has a domain D C D, such that D, -<zpıpe> = 0, 
but D: <po2>540. There is a point z; C De: paz C porn, Let xp; be an 
arc, £s C Pe, Ps C P22e, aps C De, such that: (1) the diameter of the are 
Pee is less than </4; (2)- the diameter of the arc 239; is at most ds'+ e/4, 
where d, is the lower limit of the diameters of the arcs (23ps) which satisfy 
(1). We construct, inductively, for every n, an arc LEnpn, a domain Dn, 
and a point zn. From the fact that Zm+ı either precedes zm on zy’z, or is 
identical with it, it follows that the set of points (z,) has a sequential 
limit 2’ which either precedes every point of (zn) or is identical with all 
but a finite number of them. It follows from (1) that 2’ is also the se- 
quential limit point of the set of points (pz). 

_ Suppose that infinitely many of the arcs (Pan) are of diameter greater 
than some e. Since O is locally compact, we may suppose € such that 
Uze is contained in a compact subset of S. Then if (punx’n) is the set 
of arcs of (Pan) each of diameter greater than €’, where we suppose this 
subsequence such that for every n, p/n C Ure, there is on each are in order 
from p’„ a first point g'a which is not contained in Uve. The set of arcs 
(p'ng’n) has a subsequence (p”ng’n) with a sequential continuum of con- 
densation 7." Since all but a finite number of the arcs of (p”„g”„) are 
contained in Dm for every m, it is seen that no point of <2pm-ıPmd + <Zmz> 
can be a limit point of T. If then x is not contained in Ure, T has no 
point in common with zy’z excepting 2’. Let ¢ be a point of T distinct 
from z. Then tC Dm, for every m: we choose ¢ moreover so that it is 
contained in Uye /z. There is a k such that p;z;, 7 > k, is of diameter not 
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exceeding dj ; € 4. where d) is the lower limit of the diameters of the 


“available ares (yey). 


Case 1: suppose fC pea (> k. There is a neighborhood Tr of f 
such that any point of Ue may he joined to £ by an are of Troy. Let U 
be any point of an are pqs, s > i, such that ’ C Ue There is an are t't 
in Usage : this has a last point i on the are <p”aq”s>. and a first point i” 
thereafter on pi). Since paqa- pa CDG, where Di is that one 
of the domains 72, which corresponds to the renumbered are pigi it follows 
that p70ll* is contained, except for its endpoints, in D”;. Say the domain 
D”; is the domain D,, that is, in the set (Da). Then it is seen that the arc 
p” corresponds to an are wyyiPr+1 of diameter less than e’/2: therefore the 
are rar Which was actually chosen should not have been of diameter 
greater than 3e/4. In this case we may conclude that not more than a finite 
number of the arcs 2,9" are of diameter greater than a preassigned e. 


Case 2: ¢ is not a point of any are spr Then ? is contained in Dy 
for every n. Let Ue be a neighborhood of ¢ as above. Again, if paqa 
and pig’; are arcs of (paqa) which have points t and s’ respectively 
in Un andi >s >k (as above), we can obtain the contradiction of Case 1. 

Then we may conclude that the ares Tapa have been so constructed that 
not more than a finite number of them are of diameter greater than any 
preassigned e. From this, and the construction of the ares gpa, it is readily 
seen that the sum of all of the arcs (zp„) is an acyclic continuous curve F 
whose points on zy’z consist of z, z, and the points of (pa). Then there is 
an are zz’ in this curve V which has no point other than x and z’ in common 
with zy’z, because the points of (pa) are endpoints of F. This are xz’, 
moreover, is contained in D, for every n. There is a component of N -- <rz’> 
which has no limit point in <r72’> and a limit point z” in <z’z>. It is seen 
that z” is a limit point of every Da. But for some n, points of z, must 
precede z”. Since this is impossible because the point z» is the last limit 
point which D, has on ay’z, it follows that 2” = 2’ == z, and z is accessible. 
Therefore. our assertion is proved, that if 7 is accessible and z is not, there 
De cary point Ne ot tz, pn ave raos hy aliii „oc Cres my CN end 
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p’ and q’ are two points of zy’z, there exists an are pq, such that pq C N, 
and p and q lie on zy’z in the order zpp’y’gg’z, and S — pq is not connected: 
there is a domain Dp C N. 


4,4, Moreover if z, say, is not accessible then æ cannot be a limit 
point of points of M-zy’z. For since a is not accessible there is an arc pq, 
where p may be the point z, such that <p> CN, p+ q C xyz—z, and 
S — <pq> contains a domain D which is a component of N — <pq>. Let 
m’ be a point of M-<gz>, and let m be a point of N -<m’zy> (such points 
exist, since x is not accessible). Then m is a limit point of a component 
of N —<pg> which has also a limit point m” on the are <py’q> of syz: 
i. e. there is only one domain of N — <pq> which fails to have a limit point 
on pyg—and in this case we have assumed that this domain has no limit 
point on <qz>. Then there is an arc mm” (we may suppose these points 
so chosen that they are accessible) such that <mm”> C N. If now mm” has 
a domain D’, i. e. if there is more than one component in S—<mm’), 
or differently expressed, if N —<mm’”» has a component D’ which, failing 
to have any limit point on the subare <m”m> of ay’z, has no limit point 
also on either of the arcs <zm”> or <me», then the simple closed curve 
pgmm’p, where <pg> is the arc of N and mm” as well as gm and m”p are 
subarcs of gyz, has at least three components. Then that domain D’ of 
N—<mm”> which has no limit point in <m’’m> of zy’z (such a domain 
exists from the existence of the point m’ on <mm’>) must have a limit point 
on <zm”> or <am)>, and arguing within this domain we can show that there 
is no point which is either a last accessible point, or limit point 2’ of last 
accessible points, so that the accessibility of æ must result. 


4.5. We shall construct in M a simple closed curve which fails to 
separate S: the construction will resemble in numerous details the pro- 
cedure of § 4.1. 

Since every point of <zy> as well as of <yz> on K (see § 4) is a limit 
point of M, it is readily seen that there exists an are hk, <hk> CM, 
h C <y>, k C <yz>. Then S — hayzkk=N + <hyk> + (If — <hk>), and 
it follows that <hyk> + (If — <hk>) is connected: in fact it is an (hay’zkh)- 
domain. Since y’ is a limit point of M, it is a limit point of (M — <hk)), 
therefore of <hyk> +(M — <hk>). There exists an are st, s C <hyk), 
t C <ay’2>, st C(M — <hk>): (st): (hk)=0. Since S — stes =N + <szt> 
+(M — <st>), there is a component A of (Jf—st) which has no limit 
point in <szé>, and A is the only such component: for if no such component 
exists, S — stxs is connected, and if more than one then there are in S — stas 
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at least three domains. If A C A + st, let pq be an are such that <pg> C N, 
pC <el, qC <tz>. If, now, N— <pq> has any component D such that 
DC D + pq, the simple closed curve stpgzs, where tp and gzs are arcs of K, 
has at least three domains. Then no such are pq exists, and either 2 or z 
must be accessible. If now æ, say, is accessible let vq be an are such that 
<ag> C N, q C <tz>, and N — <xq> has a domain D’ such that DCD + cq: 
then stegzs has three domains, and z also is accessible. But we have pre- 
viously shown that v and z cannot both be accessible. Therefore it follows 
that A has at least one limit point in <srt>. 

Since S — stzs = N + <sxt> + (JJ — <st>), it is seen that N — <st> 
has a component B, and only one, such that B-<sat} =0; it follows the 
argument above that B: <szt} sÆ 0, and it is clear that B and A are distinct. 
Moreover, since hk: st = 0 and therefore <hk> C(M — st») and has a limit 
point on both <szt> and <szt>, it is seen that M — <si> has at least one 
other component C. We shall show, however, that M — <st> cannot have 
more than the two components A and B. Suppose that no point of zs —s 
is a limit point of A. Then there is on <xt> a point =” such that 2”: A = 0. 
Let pq be an arc, <pqg> CN, p Caz, q C tz—i. Since AC A+ csia”, 
it is seen as in the foregoing paragraph that the component of N — <pq> 
which has no limit point in <ptg> cannot fail to have limit points in zp— p 
or in zg — q, and that in consequence both z and z must be accessible from N 
(for in the are pg, p may be æ or q may be z). Then (#s—s)-A540: 
suppose, however, that <zs>»-A—=0. If x is not a limit point of points 
of A: <tz>, it readily follows that 2 must be accessible from A. If x is a 
limit point of points of A+ <te> it follows that g is accessible from N (§ 4. 4) 
and then that z is accessible, since p may be x in the arc, above, pg. There- 
fore either x is accessible from A, or there is at least one point in A: Lst), 
and consequently a point 2’ C A’ <s> such that z” is accessible from A. 
It will be immaterial to the sequel whether the point =’ or œ is accessible 
from A, and therefore we shall write z’ with the understanding that 2’ is a 
point of zs—s, and may be «. 

By an entirely analogous argument there is a point z’ on zs— s such 
that 7 is accessible from B. Let a be any point of A-<st> such that there 
is an arc az’, <ax’> C A: the existence of such a point readily follows from 
this, that 4 -<s/> cannot be vacuous. Suppose that P- <ai> = 0: the simple 
clused curve asizaa has at least three domains, one of them N, the other #8, 
and a third containing <s, for example. Then there is a point b of 
B- <at> such that there is an are bz’, <br’ > CB. Let H be that (ba’tv/sub)- 
domain which does not contain N. Since S--- b2le’sab = N + <82> 
Ral a H awed CI h SR st EE ZA Thep h 
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then an arc fg of H, fg <biy—=f and fg-<sz’>==g. Then <fg> belongs 
to a component of M —<st>, and this component cannot be A. 


Case 1: Suppose <fg>C B. If A has no limit point in <ft>, the 
simple closed curve fgz’ta’sf has at least three components: then there is an 
are aka, <akay CA, aC <ft>, and wWk-aa’—k. Let H’ be that btz't- 
domain which does not contain N. Then H’ does not contain the arc tesz, 
or the arc sb, or the are zf: H’ C M— <st> and belongs to a component of 
Af — <st> which has no limit point in <sat>; and H’ C B— <bz’>. Since 
g is a limit point of B, therefore of B—<bz’, it follows that H’ is a 
proper subset of B — <bz’> and has at least one limit point in <bz’>. More- 
over, if H’- <a’t> == 0, the simple closed curve a’kx’sz’ba’ has at least three 
components, H, N, and a third which contains, for example, <a’sz’>. Then 
there is an are V'A, <h CH’, VCO <i>, and hC <bz’>. Let H” be 
that aka’b’hba-domain which does not contain N. Then H” contains no 
point of sxtzs + sa + gf + bfe + b’t: being a subset of M — <st> it belongs 
to a component of MW —<st>. Since every component of M — <st> other 
than A and B is maximally connected in S -—aka’b’hba and has at least one 
limit point in sztzs, no component other than A and B can have any point 
in H”. Then HC A + B, and since II”-<siy=0, H” belongs to A or 
H” belongs to B. In the first case the simple closed curve baka’b’hz’tz’sgfb 
has at least three components, and in the second the simple closed curve 


bhb’a' kat tz gf. 


Case 2: <fg> does not belong to B. Then <fg> is contained in a 
component C” of M —<st>, distinct from B and from A. As in Case 1, 
there is an are a’ka, <a’ka> CA, a C <ft>, d'k: s'a = k. If B has no limit 
point in <a’t>, the simple closed curve a’ka’tz’sa’ has at least three domains. 
Since <bz’> C B, there is an are bh, <b’h> CB, V’ Cca’td, h C <br). 
The simple closed curve aka’b’hba has no point in common with <fg> since 
this belongs to C’, and we arrive at a contradiction as in Case 1. 

Then we have shown that S satisfies the Jordan Curve Theorem, and 


S is a cylinder tree. We have the 


THEOREM 4. A necessary and sufficient condition that a continuous 
curve be a cylinder tree is that it be cyclicly connected and satisfy the 
property (G): if K is a simple closed curve of S, then every point of K 
is a limit point of S— K and S—K is the sum of precisely two components. 


5. We shall show that the Theorem 4 remains true if the condition of 
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eyclic connectivity be replaced by the weaker condition that $ contains at 
least one simple closed curve (property A). 

For if S contains a simple closed curve, it contains a maximal cyclic 
curve J. If any two points z and y of J are cut-points of S, and K is a 
simple closed curve of J containing x and y, it is seen that S— K has at 
least three components. Therefore J has at most a single cut-point x of 8. 
On our definition of a continuous curve, J—x is a continuous curve J’. 
If any point y of J’ is a cut-point of J’, and if K is a simple closed curve 
of J containing x and y, it is readily seen that S—-K contains at least 
three distinct components. Therefore J’ is cyclicly connected. If K’ is any 
simple closed curve of J’, every point of K’ being a limit point of S— XK’, 
but not a limit point of S— J’, is necessarily a limit point of J’ — K’; and, 
moreover, if J’-—K’ consists of more than two components it follows that 
S’ — K’ consists of more than two components. Then J’ has the properties 
(D) and (G) and by the theorem above is a cylinder tree. 

Let S’ be the simple closed surface such that J’ is homeomorphic with 
S’ — B, where B is a closed and totally disconnected point set. Since a of 
J is a limit point of J’, there is a sequence of points of J’ converging to z, 
and the corresponding points on S’ converge to a point 2’ of S’ which is 
necessarily a point 2’ of B. Moreover since J is locally compact, in a neigh- 
borhood of z every infinite set of points of J’ has a limit point— which may 
be x. Then in a neighborhood of x on 8°, every infinite set of points of 
S’— B has a limit point which may be 2’, but is not a point of B— g. 
If the homeomorphism be extended to z and «’, that is if x and 2’ be defined 
as corresponding points in this transformation, it follows that there exists a 
homeomorphism between J and 8’—(B—d’), and B—vw’ is totally dis- 
connected and closed. That is, J is a cylinder-tree. If then, K” is a simple 
closed curve of 8’ — (B — x) which contains 2’, it separates 8’ —(B—vz’) 
into two distinct components, and if K* is the corresponding simple closed 
curve of J, containing æ, J — K* is the sum of two distinct components. 
Then it follows that x cannot be a cut-point of S, or S—-K* contains at 
least three components. Then $ is also cyclicly connected, and is a cylinder 
tree. 


THEOREM 5. A necessary and sufficient condition that a continuous 
curve be a eylinder-tree is that it contain al least one simple closed curve 
and have the property G. 


6. Suppose now that S is any space satisfying the following Axioms: 
Axtom 1,4, and o of Si 
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Axiom 2’; a region is a connected set of points, not a single point. 

Axiom 3’: if is a point of S, S — {v is connected. 

Axiom 8’: If K is a simple closed curve of S, every point of K is a 
limit point of S—K, and S— K is the sum of two components at least 
one of which is compact. 

From the work of E. W. Chittenden + it follows that 9, satisfying 
Axioms 1 and 2’ is a metric separable space. From Axiom 3’ it follows 
that S is connected, and from Axiom 4 that $ is locally compact. From 
Axioms 1 and 2’ it follows, readily, that S is connected im kleinen; with 
Axiom 3’ that S is cyclicly connected. Axiom 5 asserts that $ is not compact, 
Axiom 8’ that every simple closed curve of S determines a compact domain, 
and that S has moreover the property Œ. Then $ is a cylinder tree, and 
moreover a number-plane. 

It is possible, in view of Theorem 5, to replace Axiom 3’ by either of 
the following Axioms: 

Axiom 3” § contains at least one simple closed curve. 

Axiom 3* if m is any are of 8, then at least one point of m fails to 
disconnect 8. 

We have, finally, the theorem: 


THEOREM 6. A necessary and sufficient condition that a space S be a 
number-plane is that it satisfy the Axioms, 1, 2’, 3’, 4, 5, and. 8. 
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The Linear Element of a Riemannian V, in Terms 
of the Christoffel Symbols of the Second Kind.” 


By W. C. GRAUSTEIN. 


1. Introduction. The problem of determining conditions necessary and 
sufficient that there exist a nonsingular quadratic differential] form in n 
variables zt, z*,- - -,a*: 


(1) ds? = gi;darda’, Jii = Jii 9 =| gu | 0, 


which has as its Christoffel symbols { A prescribed functions, I*;,, has 


been successfully treated in all its generality.t The solution obtained, though 
ostensibly the best possible for the unrestricted problem, is involved and fails 
to furnish conditions which can readily be expressed explicitly in terms of 
the given functions T’;r. 

It is the purpose of this paper to show that if n = 2, or if (1) is re- 
stricted to be the linear element of a Riemannian space of constant Rie- 
mannian curvature or, more generally, of an Einstein space, conditions of a 
very simple nature, expressed directly in terms of the given functions Ij, 
can be found. 

The general analytic problem has various geometric interpretations. The 
conditions sought are the conditions necessary and sufficient (a) that the 
functions Tt; be the Christoffel symbols of the second kind of a Riemannian 
space Vn; (b) that the differential equations : 

22% % 
oe +t, E a Lo, (v= 1, 2° n) 
be those of the geodesics of a Riemannian space Y„ and s be the arc of an 
arbitrary geodesic; (c) that the space V» with the coefficients of connection 
Tt; be a Riemannian space. 

We shall find it convenient to formulate our treatment and results in 

terms of the geometric language of the last of these interpretations. 


2. Preliminary Considerations. Since ee is symmetric in 7 and k. 
‘ 
necessary conditions on the functions fj, are 
Tij; => Tézy. 


= Prevenfoed da tho Seeiety Deesmhar 981096, 
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352 GRAUSTEIN: The Linear Element of a Riemannian Vy 


We assume henceforth that these conditions are always satisfied, i.e. that 
the connection I‘; is always symmetric. 

The curvature tensor of the space with the symmetrie connection Ij, 
namely 

Big = (87°; 1/02") — (00+ ;,/0x") + Til" — Pl yn, 

and its contraction, Bie == B*;,;, are the generalizations respectively of the 
Riemannian curvature tensor Rt; and the Ricci tensor Rj, of a Riemannian 
space. Since the tensor Ry; is symmetric, necessary conditions on It; are 
that the tensor B;; be symmetric. 

When B;; —=B;i, the projective curvature tensor of Weyl has the form 

Win == Br jer — [1/ (n —1)] (81° Bj, — 8° Bjn), 

and the relations 
(2) BinW" jut + Bri Win = BinBjnr + Bu; Bini, 
which will prove of use later, are readily established. 


3. A General Theorem. As the point of departure for the consideration 
of the general problem, we employ the well known proposition.” 


Lemma 1. A necessary and sufficient condition that the functions T*jx, 
symmetric in j and k, be the Christoffel symbols of the second kind of the 
diferential form (1) is that 
(8) ° Jije == 0, 
where the covariant differentiation is with respect to T*jx. 

I£ for giz we set 


Gij = ea, 
where $(z1, 22,- - -, æ”) is an invariant function, equations (3) become 
(4) Qj = 6,413, 


where œ,» is the gradient of the function ¢. 
If a tensor a;; satisfies equations of the form (4), it obviously satisfies 


equations of the form 


(5) Qij e == pris, 
where œp is a covariant vector. It also satisfies the equations 
(6) AinB jr + an;B"iri = 0, 


resulting from the conditions of compatibility, 
ij nt — hij, te = Gin DB" jei + anj Bina, 
of the equations (4). 


* Cf. Eisenhart, loc. cit., § 29. 





> 
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nversely, if a tensor a,, satisfies equations of the form (5) and also 
Conversely, if a t ‚ satisf juat f the f lal 
equations (6), it satisiies equations of the form (1). For, it eaj satisies (5), 
it satisfies the equations of compatibility of (5), which reduce to 
i ldnr-- bir) N, 
Hence, if aj; 340, os is the gradient of a function ddr —=d,., and o; 
satisfies (4). On the other hand. a ten»or aj; all of whose components are 
zero surely satisfies (1). 
Since equations (5) and (6) are equivalent to equations (4) and hence 
to equations (3), we conclude: 


Tarore 1. A necessary and sufficient condition that there exist a 
ensor gi; 340 satisfying equations (3) is that there erist a lensor a; 
! ga EO satisfying equal 3) is that dl l a le 30 
which salisfies ihe equalions 
(7) aj = Pilij; tnB" jr + nj B® int == 0, 
where br is a covariant veclor. Then dx is the gradient of a function o, and 
Qij; ce a;;, where 6 is an arbilrary conslant, satisfies (3). 

We have also: 


Lemma 2. A necessary and sufficient condition that equations (3) 
possess a solulion of Ihe form 


gi; == Plij, 
where ai; is a given lensor, 0, and p an invariant funclion, #£0, is that 
Qij satisfy equations (7). Then ox is the gradient of a function $ and 
Jij == Clis c£ 0, 

is the general solution of (3) of the prescribed form. 

The first set of equations (7). i.e. equations (5), may be replaced by 
the equivalent equations 

Urli Ui Qian = 9. 


In other words, equations (5) are to be thought of as demanding merely 
that aj; be equal to the product of a - ard some covariant vector d.—not one 
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of a Riemannian space V, is a multiple of the Ricci tensor R;;, provided that 
the curvature K of the space does not vanish identically. In fact, 


(8) gig =—(1/K) Bis, K#0. 


Hence, a space V2 with the symmetric connection I*;, is a Riemannian 
space of non-zero curvature if and only if Bi; == Bj; | Bi; | A 0, and equa- 
tions (3) have a solution of the form gi;=pBi;, p40. By Lemma 2, the 
last of the conditions is equivalent to 


Bij n= Bin, BiB" jn + Bry Bixr = 0. 
But the equations of the second of these sets are identically satisfied, by 


virtue of the relations (2) and the fact that the Weyl tensor W;,. vanishes 
identically when n == 2. 


THEOREM 2. A necessary and sufficient condition that a space V2 with 
symmetric connection T’; be a Riemannian space of non-zero curvature is 
that 

Bije = Bin Biyy= By, | Bis | AO. 
The fundamental tensor gi; can then be found by quadratures and is uniquely 
determined to within a constant factor. | 


By Lemma 2 and equations (8), we have 
giz = ce®B;;, == —(1/c)e®, c0. 


Hence, Bij, = 0 if and only if ¢,==0 or K = const. 


COROLLARY. A necessary and suficient condition that the gwen space be 

a Riemannian space of constant curvature, not zero, is that 
Bius ™= 0, Big By, | Bis | #0. 

5. Einstein Spaces, A Riemannian space Vn for which the Ricci tensor 
Ri; is a multiple p of the fundamental tensor gi; is known as an Einstein 
space. The multiplier p is necessarily equal to R/n, where R = g"/R;; is the 
scalar curvature of the space. Thus, an Einstein space of non-zero scalar 
curvature is completely characterized by the relations 


(9) gig = (n/B) Rij, Rz20. 
By an argument similar to that employed in the case n = 2, we arrive 
at the following result. 
THEOREM 3. A necessary and sufficient condition that a space Vn with 


the symmetric connection T*j, be an Einstein space of non-zero scalar curva- 
ture is that Bi; = Bj; | Bi | =Æ 0, and, 
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Biju == bnBis, BinW" jt + Bry Win = 0. 


The fundamental tensor gi; can then be found by quadratures and is uniquely 
determined to within a constant factor. 


We have, in fact, 
gij = ce Biz, R = (n/c)e®, cÆ 0. 


When B;;, = $2231; is replaced by Biz 0, the conditions become those 
under which the given space is an Einstein space of constant scalar curva- 
ture, not zero. The corollary thus obtained is, however, of importance only 
in the case n = 2, since every Einstein space for n > 2 is of constant scalar 
curvature. l 


6. Riemannian Spaces of Constant Curvature. When n > 2, the Rie- 
mannian curvature of a Riemannian space V„ is constant if and only if the 
Weyl tensor, formed for the moment in terms of R*j,. and Ri;, vanishes 
identically. But when n = 2, Wt;x: is always identically zero. Consequently, 
a necessary and sufficient condition that the Riemannian curvature of a 
Riemannian space V, be a point function (and hence, when n > 2, a con- 
stant) is that Wa, = 0. 

The Riemannian spaces V2 and the Riemannian spaces Vn, n > 2, of 
constant Riemannian curvature are Hinstein spaces. We have, in fact, in 
both cases, 


(10) gig = — [1/(n—1)K] Ri, 


provided the Riemannian curvature K is not zero. 
In light of these considerations, we conclude immediately, from Theo- 
rem 3: 


THEOREM 4. A necessary and sufficient condition that a space Vn with 
the symmetric connection I*;, be a Riemannian space whose Riemannian 
curvature is a point function, not zero, is that Bi; = Bj, | Bi; | 540, and 


Bij n= daBis, Wiii = 0. 
In this case, we have 
gu coBi;, K= — |1/(n—1)e] er, c0. 


Here, too, there is a corollary involving the replacement of the condition 
Rii == b-Bi; by Ria 0, but, as in the previons ease, the corollary haa 
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It is to be noted that Theorem 4 is a special case of Theorem 3 and 
Theorem 2 in turn a special case of Theorem 4.“ 


Y. Projectively Flat Spaces. The space Vn with the symmetric con- 
nection I%;, is called (absolutely) flat if its curvature tensor Btj; vanishes, 
i.e. if it is identical with a Riemannian space of zero Riemannian curvature. 
For reasons which we need not go into here, the space V„ is said to be 
projectively flat if it can be put into one-to-one point correspondence with 
a flat space so that to the paths of the one space correspond the paths of 
the other. ' 

The condition Wz: 0 of Theorem 4 is necessary and sufficient that 
the given space Vx be projectively flat when n> 2, and, when, n = 2, it 
imposes no restriction. | 

Furthermore, if a projectively flat space Vn» is Riemannian, it can be 
put into one-to-one point correspondence with a Riemannian space of con- 
stant (zero) Riemannian curvature so that geodesics correspond, and hence 
is itself of constant Riemannian curvature, by the theorem of Beltrami. 


THEOREM 5. A necessary and sufficient condition that a projectively flat 
space Vn with the symmetric connection Tt, be a Riemannian space of 
non-zero Riemannian curvature is that 


Bipn== bxBij, Bi; = Byi, | Bi; | 0. 


If the conditions Bijz.== drBi; are replaced by Bi; = 0, the theorem 
remains valid, for in this case the Riemannian space must be of constant 
Riemannian curvature for n = 2 as well as for n > 2. The alternative con- 
ditions are, however, more restrictive than the original ones.t 


HARVARD UNIVERSITY, 
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* The author is indebted to J. M. Thomas for pointing out that his original 
method of treatment, which was confined to the case n = 2, could be applied equally 
well, when 2 > 2, to projectively flat spaces. The present method of treatment, based 
on the general Theorem 1 and the relations (2), resulted from generalizing the original 
method so that it would apply also to the case in which (1) is assumed to be the 
linear element of an Einstein space. 

+ The alternative theorem is known; cf. Eisenhart, loc. cit. 


The Regular Components of Surface Transfor- 
mations. 


By Part Ac SMITH. 


On a closed surface which is subjected to a one-one continuous trans- 
formation into itself, there exists a certain closed invariant point set towards 
which the remaining points of the surface are carried when the transformation 
is indefinitely iterated. In a variety of cases, it is possible to determine on 
the surface certain open sets characterized by a property of “ uniform motion ” 
towards the invariant central set. ‘These so-called regular components were 
first considered and their structure studied by Birkhoff and Smith,* but only 
for the case in which the surface was topologically equivalent to a sphere; in 
this case the treatment is relatively simple since it is possible to avoid extensive 
reference to the facts and methods of surface topology. In the present study 
of regular components, we shall make virtually no restriction on the surface 
undergoing transformation save that it he closed. Regular components will 
be classified with regard to their connectivity and their motion under iteration. 
It will appear that the number of possible types of components is independent 
of the connectivity of the surface on which they exist. With one exception, 
each type of component found on a given surface may equally well exist on 
every other surface. Transformations which admit. regular components of the 
exceptional type are of very special structure; they are analyzed in some detail 
in the final section. 


1. Notation and definitions, We shall consistently denote by S a closed 
surface of arbitrary connectivity and orientability, and by T an arbitrary 
(1,1) continuous transformation of S into itself. 

In introducing certain definitions we shall require the use of a metric 
on 8. For definiteness we shall suppose § to be a suitably regular surface 
situated in a Euclidean space R, and to derive its metrie from that of Ra. 
The distance between the two points of S will be taken to mean the veadesic 
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subset of 8 which constitutes a simple closed curve in Rn, and a region on S 
will mean a connected subset of S, the points of which are inner points 
relative to 8. l 

A region on S which is homeomorphie to a region in a Euclidean plane, 
is a region of planar type. In particular, if a region R is homeomorphie to 
the plane region interior to a circle, R is simply connected, and if R is homeo- 
morphic to the region between two concentric circles, R is doubly connected. 
A doubly connected region on S whose boundary consists of two non- 
intersecting circuits will be called a ring. 

In recalling the following facts concerning the connectivity of regions on 
S, we are drawing freely on well established theorems of surface topology.* 

A necessary and sufficient condition that a region R on S be of planar 
type is that Æ shall be a proper subset of S, and that an arbitrary circuit « 
in R shall separate it into two regions; and a necessary and sufficient condition 
that R be simply connected is that for every choice of «, one of the two regions 
shall be a 2-cell. 

If R is doubly connected, there can of course be drawn in R a circuit 
which is not the boundary of a 2-cell contained in R. If R is of planar type, 
but not simply or doubly connected (t. e. is of “higher order of connec- 
tivity”), there can be drawn in R a pair of non-intersecting circuits neither 
of which bounds a 2-cell in Æ, and which together fail to bound a ring in B. 


2. We shall recall a few additional facts of surface topology preliminary 
to proving a useful lemma. 

Let U be a surface either closed or with boundary.t A fundamental 
topological invariant of U is its characteristic C(U) = %— a, -+ % where 
Zo %, and % are respectively the numbers of 0—, 1—, and 2-cells which 
form an arbitrary subdivision of U. If U possesses a boundary, then 
C(U) 51. In particular if C(U) = 1, then U (minus its boundary) is 
equivalent either to a 2-cell or to a Möbius strip; and if C(U)=0, U is a 
ring ($1). For all other types of surfaces with boundary, C(U) < 0. 

Suppose now that S be separated by means of a finite number of non- 
intersecting 2-sided circuits into two or more regions V+,---,V" IE we 
call U? the surface with boundary consisting of V? plus its boundary points, 
it is readily verified that 


C(S)= C(U*) ++ OCU"). 


* See, for example, Kerekjärtö, “ Vorlesungen über Topologie I.” 

+ A surface with boundary is homeomorphie to a closed surface from which there 
have been removed a finite number of 2-cells the boundaries of which are mutually 
exclusive. 
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Hence if & of the regions V+ are Möbius strips, the contribution of the corre- 
sponding U’s toward C(S) is k. Let us assume that none of the remaining 
n— k regions is a 2-cell or a ring. Then the contribution of the cor- 
responding U’s is S (n—k) and we have C(S) Sk—-(n—k) and 
n = 2k—C(S). Now the largest possible value % of k relative to all 
possible subdivisions of the type considered depends only on the connectivity 
index of S. Hence, under the assumption that no region of the subdivision 
is a ring or a 2-cell, we have that n = 7(S) == 2k’ — O (8) ; (8) depends only 
on the topological invariants of 8. Consequently, if a given $ be separated 
into more than 7(S) regions, one at least is a 2-cell or a ring. 
From this we readily prove the following 


Lemma. For a given 5, there can be determined an integer N > 1 such 
that of every set of N or more mutually exclusive 2-sided non-cell-bounding 
circuits on S (if any such exist), at least one pair bounds a ring on K. 


Proof. It is a simple exercise in surface topology to show that given an 
integer K > 1, there can be chosen an integer L such that every set of L or 
more mutually exclusive circuits of the stated type on S separate S into at 
least K regions. If in particular K =7(S8) + 1, one of the regions is a ring 
and the corresponding value for L may therefore be taken for N. 


It is clear that the smallest possible value N* of N for a given § is 
the same for every surface homeomorphic to S, and depends therefore only 
on the invariants of S. The explicit form of this dependence can easily be 
derived. It will be sufficient for our purposes, however, to point out that 
for a torus, N*==2; in fact, a torus is separated by every pair of non- 
intersecting non-cell-bounding circuits into two rings. 


3. Regular points. We shall now state briefly the essential definitions 
and theorems relative to the motion of points under indefinite iteration. For 
more completeness of detail, the paper referred to above (S.A.) may be 
consulted. 

Let Ta, 7'3,: © © be the successive powers of T(=T,) and T-a Tst °° 
those of the inverse T_,. If Z is an arbitrary point set on 8, we shall denote 
by En (n = = 1, + 2,:-: +) the transformed set T(E). 

Suppose that a given region o on S has the property that it is intersected 
by none of its images «+ + gs, 0.1, Cy Gz, `° . Then no two images of o 
can intersect. For if cp and og (p 4q) have points in common, so do e 
and on. Any region of type o on S is called a wandering region. and any 

eae eee E 
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wandering points constitutes an open set JV. The closed set M = S— W is 
non-null and consists of the non-wandering points of S ; M is invariant under 
T,—that is, M and T(M) are identical point sets (S. A., p. 351). 

An important property of wandering points is the following: if P is an 
arbitrary wandering point and (Pa, M) is the distance from Pa to M, then 
lim (Pam, M) =0 (S. A., p. 351), or, as we shall say, P converges toward M 


N->:00 
under indefinite iteration of T as well as T. 

We shall be interested in the motion of sets of wandering points, espe- 
cially as regards the uniformity of their convergence toward M. Suppose that 
a region o of wandering points has the property that there exists a positive 
integer h such that the set on 4+- on. 4+- © + (or on + o-r +' © e) is entirely 
contained in an arbitrarily small neighborhood V of M, h depending only on 
the choice of V. We shall call a point contained in such a region an 
w- (or &-) regular point; wandering points contained in no such region are 
w- (a-) wregular. 

Suppose that a closed set E consist entirely of œ- (@-) regular points. 
It follows from an application of the Heine-Borel theorem that for n = N 
each point of #,(#_,) is contained in an arbitrarily small neighborhood V 
of M, where N depends only on the choice of V. 

The totality of œ- («-) regular points, if any exist, constitutes an 
open set, any maximal connected subset of which we shall call an w- («-) 
regular component.” The image under T or Tı of an w- («-) regular com- 
ponent is again an w- (@-) regular component and from this it follows 
readily that a regular component ( is either a wandering region, or else there 
exists an integer k > 0 such that Cp and Cg are identical if y=q (mod k) 
and mutually exclusive if ps%q (mod k). We shall call regular components 
of the latter type periodic, of order k. It is our purpose to study the structure 
of components of both types. 


THEOREM 1. If the boundary p of a region R on S consists of w- 
regular points, and if for some inleger h > 0 the regions R, Ru Rex, ' + are 
mutually exclusive, then each point of R is w-regular. A similar theorem 
holds for the a-regular case. 


Proof. The regions in each of the h sequences 


Ri, Risi Risen, (t= 0, 1, Bez h — 1) 


* We shall frequently use the term “regular ” with reference to a point or com- 
ponent which is w- or a-regular or both. In all proofs, however, “regular” will mean 
w-regular for definiteness. 
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are mutually exclusive. Since the surface measure mS of 8 is finite (see $ 1), 
it follows that as n > «©, lim m Ri an =0 for t==0, 1,° > +k —1, and hence 
lim m&,« =O. Therefore, if e is an arbitrary positive number, each point of 
I. is within a distance < e from p. whenever n is greater than a suitably 
chosen positive integer N. Since the points of the closed set p are w-regular, 
each point of pa is within the distance e from JM, whenever n is greater than X, 
suitably chosen. Each point of R. is therefore within a distance of 2e from M 
whenever n > V+ K. It follows that all wandering points contained in J? 
are w-regular. 

The proof of the theorem will be complete if we show that each point of Æ 
is wandering. Suppose on the contrary that # contains points of Af. Then 
(5. A. theorem 4, p. 360.) R is intersected by infinitely many of its images 
Ri. Ra. Let one of these intersecting images be Rp, where p is chosen 
greater than N -+ K so that each point of Rp is within a distance Re from M. 
Now p is at a non-zero distance ô from M, and e being arbitrary, we may 
assume that 2e < 8 Hence Xp fails to meet p and is therefore entirely con- 
tained in X. We have then that R 2 Rp Rp > D Rip. But this is 
impossible, since Æ and Ryp are mutually exclusive. This completes the proof. 


THEOREM 2. If a component D (i. e., a maximal connected subsel) of 
S—M is a wandering region, then D is an œ- and a-regular component. 


The proof is similar to that of the preceding theorem. We have 
lim mD„=0. Hence, since the boundary of each D, is in M, the totality of 


m~>t 00 
points in any region contained in D is brought within and remains within an 
arbitrarily small distance of M on indefinite iteration of T or T. 


4. Generating Rings. Suppose there exists on S a ring r whose bound- 
ary circuits x and @ are transforms one of the other under a power of T,- say 
B =%m (m > 0). Suppose further that ris such that the rings r, vun Tam, °° 
are mutually exclusive. We shall call ra generating ring of order m. It is 
clear that the rings of the sequence 
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THEOREM 3. Neither circuit of the boundary of a generating ring can 
be entirely contained in a regular component C of wandering type. 


Suppose on the contrary that a-+-am is the boundary of a generating 
ring r and that « is contained in C. Then since the points of « and am are 
regular, so are those of r by theorem 1, and 7 therefore contains no boundary 
points of C or Cy. Hence r is contained in C since « is, and also in Cm since 
am is. But this is impossible, because C and Cm are mutually exclusive. 


THEOREM 4. If 8 is not a torus and if there is on S a sequence of 
mutually excluswe circuits of the type a, Ox, Gx, `> some pair of which 
bounds a ring on S, then there exists a generating ring on S, one of whose 
boundary circuits is a. 

The theorem holds also if S is a torus, provided a is the boundary of a 
2-cell on ©. 


Proof. Suppose that am and am (p< q) bound a ring. Then « and 
Gm, m = (q — p)k, bound a ring r. 

There are several cases to be considered. In the first place, if the rings 
T, Tm, Tom,’ ` * are mutually exclusive, r is the desired generating ring. 

Next, suppose that r and rm are mutually exclusive while rom and 
Tom (@ < b) overlap. Let 4 > 1 be the smallest integer such that r and rim 
overlap. The mutually exclusive rings r, tm, ` ` ' T(a-1)m together with their 
boundaries may be considered as constituting a tube the two ends of which 
overlap on the addition of frm. Thus a torus is formed which must be identical 
with S and on which g is non-cell-bounding. This situation is contrary to the 
hypothesis and the case under consideration is therefore not possible. 

Suppose finally that r and rm overlap. Since æ, «m, and G2» are mutually 
exclusive, this can happen in only two ways: 


(a) One of the two rings is contained in the other. 
(b) The two rings have in common a ring s, a proper part of both and 
bounded by &m and Gem (i. e., the outer edges of the rings overlap). 


Case (b} however is not possible, for the rings s, r—s, and tm— s 
taken together constitute a torus which must be identical with S and on 
which « is non-cell-bounding, contrary to hypothesis. 

This leaves only case (a). Assume, say, that r contains rm. Then also 


(1) Tm fon >? 
Let p be the ring r— (rm + %m). From the relation p Œ r, we have 
(2) pGr, pm C fm * 
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From (1) and (2), each ring of the sequence pm, pam,‘ > is contained in Tm 
and therefore fails to intersect p. Hence the rings p, pom, pam,‘ * * are mutually 
exclusive, for if pram and pzum intersect, so do p and pizv-ze)m- Therefore, since’ 
the boundary of p is œ -+ Gm, p is the desired generating ring. This com- 
pletes the proof of the theorem. 


5. The connectwity of the regular components. 


THEOREM 5. A regular component is a region of planar type. 


Let C be a regular component and « an arbitrary circuit in C. We must 
show (§ 1) that C is separated by «. 

Let us assume the contrary and suppose first that « is two-sided. If r is 
a small are crossing æ at Q, the two end-points of r can be joined by a second 
are contained in C and intersecting neither « nor r. Thus we obtain a circuit 
8 contained in Ọ, crossing « at Q, and having no other point in common 
with «. Clearly, both « and £ are non-cell-bounding on S. 

Since the points of æ are w-regular, the successive images 0%, G2,° ` 
converge uniformly (§ 3) toward M. Since the closed set «æ -4- is at a non- 
zero distance from M, a positive integer K can be chosen such that a» fails 
to meet æ -+ 8 for each n= K. The circuits &%, a,‘ + - are mutually ex- 
clusive. For if ax and agr (p < q) intersect, so do « and «(q — p)g which 
is impossible by the choice of K. Moreover, these circuits are all non-cell 
bounding and two-sided, since « is. Hence by the lemma (§ 2) two circuits, 
Say Amz and Gx (m <n) can be chosen which bound a ring on S. Hence 
& and %n-myx bound a ring, say R. Now if we trace a complete circuit on ß 
in the proper sense, we shall enter R by crossing « at Q; but on leaving R, 
we cannot again cross « and therefore 8 crosses &m-nız Which is impossible. 
This disposes of the case where « is assumed to be two-sided. 

If æ is one-sided, so are the circuits a, %,: ++. However, the reasoning 
above which led to the integer K still applies and we have therefore an infinite 
sequence &, arg, Mex,‘ " of mutually exclusive one-sided circuits. But this 
is impossible, since there can exist on S at most N mutually exclusive one- 
sided circuits, where N is finite and depends only on the invariants of S. 
This completes the proof. 

We shall say that a regular component of ( is simple, if every circuit 
in C is the boundary of a 2-cell on S. 


TirEorEm 6. + simple regular component of wandering type is simply 
connected, 


Let € be such a component, and F its boundary. Also let = be an 
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arbitrary circuit in C and A a 2-cell with boundary «. To demonstrate the 
theorem it will be sufficient to show that A is contained in C (§ 1). 

° Suppose this were not the case. Then A contains points of T and each 
of these is either irregular or non-wandering. It follows then from theorem 1 
that A cannot be wandering. Let h be a positive integer such that A and An 
intersect. Since « and a, fail to intersect, one of the following situations 
holds: 


(a) One of the cells A, A; together with its boundary is contained in the 
other. 

(b) The part common to A and An is a ring bounded by a + ay. 

We shall first consider the case (a). Suppose for example that 
AD Artar Then we have A 0A, An: +, and if we call r the 
ring A —(A;-+ on), the images 7, 7%, Tən’ * " are mutually exclusive. The 
boundary of r is «+ ær and hence 7 is a generating ring, one of whose 
boundary circuits, namely a, is in ©. This is impossible by theorem 3. 

(b) In this case, A and An together cover S, and $ is equivalent to a 
sphere. The cells A, and Az, overlap just as A and A» do, and it is readily 
seen that the cells A and A therefore overlap in such a way that one is 
contained in the other. Thus we are reduced to the case (a) with A replaced 
- by 2h. This completes the proof. 


THEOREM 7. If S is not a torus, every regular component of wandering 
type on 8 is simple. 

For, let C be such a component. If C is not simple, a circuit « can be 
chosen in O which fails to bound a cell on S. The mutually exclusive non- 
cell-bounding circuits a, a1, Œz °° are two-sided since C is of planar type 
(theorem 5). Hence by the lemma (§2), there exist integers a and b 
(0<a<b) such that «a and # bound a ring on 8. Hence by theorem 4 
there exists a generating ring one of whose boundary circuits is «. But since 
a is in O, we have a contradiction to theorem 3. 


THEOREM 8. Ona surface which is not a torus, every regular component 
of wandering type is simply connected. 


This is a consequence of theorems 6 and 7. 


THEOREM 9. A regular component which contains at least one boundary 
circuit of a generating ring r is doubly connected. 


We shall show in fact that C is identical with the doubly connected limit 
region 


x E a 7 t i + vor rn ryy PS ` wae 
SMICH: The Rigueur Gin paren S Oo Surf Trarsjormal tns, 309 


R= pnt: i + ra Ea 
where 4 is the order of r($ 4). 

Let the boundary of r be a -1- a where one of these circuits, which we 
may assume to be g, is contained in (. Also let the boundary of R be pt + p? 
where p* and p? are respectively the continua toward which the sequences rr, 
To,’ © e and ra, Taom * Converge. 

Assuming definitely that C is w-regular, we have immediately that ! CM. 
For, an arbitrary point Q is a limit point of a sequence QM, Q, >> of 
points suitably chosen on the respective circuits a, Æ} °°. These circuits 
however converge uniformly toward M (83) and it follows that Q is a point 
of M. 

Next, the points of p? which are not contained in M, if any exist, are 
w-irregular. For, let P be such a point and e a neighborhood of P chosen 
so small that it contains no points of M. Now oR converges toward p! 
in iteration of Ta, whereas the points P, Pr, Par,‘ ' * are all on p’. Hence 
the successive images o, on,’ > tend to stretch across the region k, and 
must therefore, from a certain rank ou, all intersect the circuit & which is at 
a non-zero distance from JM. Hence vo does not converge uniformly toward M 
on iteration of T and P is therefore w-irregular. 

It follows that although C contains points of R, for example «, C con- 
tains no boundary points of R. Hence CC R. 

We have finally to show that RCC. It follows from theorem 1 that 
the points of 7” and hence of every image of 7’ are w-regular. Thus E consists 
only of w-regular points and since some points of R are in C (e. g. a), Bis 
entirely contained in C. This completes the proof. 


THEOREM 10. Every regular component is at most doubly connected. 


Let O be a regular component and x an arbitrary circuit in C; by 
theorem 5, æ is two-sided. If g is the boundary of a 2-cell contained in C, 
then C ix simply connected (§ 1); in the contrary case C is doubly connected 
as we proceed to prove. 

Suppose that z is not the boundary of a cell contained in C. Since 
z consists of a reanlar points and i at a non-zero distance rom M.a positive 
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contained in C, it contains points which are not w-regular, namely, boundary 
points of C. Hence by theorem 1, the cells A, Ay, Aoy,- +: cannot be mu- 
tually exclusive. Suppose then that Aay and Avy intersect. Then one of 
these cells together with its boundary is contained in the other, or else the 
part common to Aey and Ay is a ring. In either case Gay + ay is the 
boundary of a ring on S. Since æ is cell-bounding, theorem 4 is applicable 
even when S is a torus with the result that there exists a generating ring 
on $ one of whose boundary circuits is æ. Hence by theorem 9, C is doubly 
connected. 

There remains the case in which « is non-cell-bounding. Then ay, &n, '' 
are non-cell-bounding and also two-sided. Hence by the lemma (§ 2) a pair 
of these circuits can be chosen which bounds a ring on S. If g is not a torus, 
theorem 4 is again applicable and then, as above, theorem 9, with the result 
that C is doubly connected. 

In the excepted case, « may be assumed to bound a cell on S, as we shall 
show, and then we are reduced to the case already treated. For assume S 
to be a torus. Then if every circuit « which fails to bound a cell in C, also 
fails to bound a cell on K, C is at most doubly connected. To prove this, 
suppose that C is neither simply nor doubly connected. Then there exists 
in C ($1) a pair of non-intersecting circuits 8 and y neither of which is 
the boundary of a cell in C, and such that 8 + y is not the boundary of a ring 
in C. By assumption, 8 and y are non-cell-bounding on S aid hence (§ 2) 
separate S into two rings, r! and 7°, and both of these contain boundary 
points of C. Let 6 and y be joined by a simple are in C. A suitably chosen 
sub-arc r will connect ß and y and will be entirely contained in r! or r?, say r!. 
On making a cut along r, 7 is reduced to a simply connected region r* which 
contains boundary points of C and whose boundary is contained in O. On 
tracing a curve in 7* close to its boundary we obtain a circuit which fails 
to bound a cell in C, but bounds a cell on S. This contradiction completes 
the proof of the theorem. 


6. Transformations of a Torus. We have seen that regular components 
of wandering type are simply connected if $ is not a torus. On a torus, 
however, such components may actually be doubly connected. For example 
let S be a circular torus and 6 and & its angular co-ordinates. It is possible 
to define a transformation ¢ of the circle ¢ = 0 into itself which admits a 
regular component (arc segment) of wandering type.t If each circle ¢ 


+ For a detailed description of such a transformation, see Birkoff, “ Quelques 
Théorémes sur le Mouvement des Systèmes dynamiques,” Bulletin de la Société Mathé- 
matiques de France, Vol. 40, p. 16. i 
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== const. be subjected to a transformation congruent to t, we have a trans- 
formation T of the desired type. The regular components are wandering 
rings bounded by circles of the type 6 == const. 

Not only is the existence of regular components of the type under con- 
sideration restricted to surfaces of special type, but their existence implies 
a certain speciality in the structure of T itself as we shall show. In the 
remaining paragraphs we shall assume that S is a torus and that T admits 
regular components of doubly connected wandering type. We shall denote 
by D an arbitrarily chosen one of these components. 


I. The closed set E == — D contains no invariant or periodic points of 
continua. 

Suppose on the contrary that Æ does contain a periodic continuum, é say, 
of order h. By theorem 6, D is non-simple and hence there exists in D a 
circuit æ which is non-cell-bounding; æ fails to meet é, and é being invariant 
under Te each image «m %1,° `- fails to meet & The mutually exclusive 
circuits æ and &, separate 5 into two rings (§ 2) p and c, one of which, say p, 
fails to contain points of £; hence each of the rings pn, pon, ` * fails to contain 
points of £. 

The rings p and pr are mutually exclusive. For suppose they intersect; 
then one is contained in the other, or else the edges along « and 2, respec- 
tively overlap. But this latter situation is impossible, since p and pr taken 
together would cover S, whereas neither p nor pa contains points of € In the 
former case, we are led by the reasoning in the proof of theorem 4, case (a), 
to the existence of a generating ring on S, one of whose boundary circuits is 
a. This contradicts theorem 3. 

Thus p and pr fail to intersect. Moreover, p is intersected by none of its 
images pn, per’ °°. For on adding successive rings to p, we build a tube 
and at no stage will the two ends overlap for otherwise a finite number of 
rings would cover S, whereas none of them contains points of é Hence p is 
a generating ring which again contradicts theorem 3. This completes the 
proof. 

Since D itself contains no invariant or periodic points, we have as a 
corollary that there are no invariant or periodic points whatever on 8. 


IL T admits no regular components of wandering type. 

For suppose the regular component Z is periodic. Since E is at most 
doubly connected, its boundary consists of two continua (which mar inter- 
eect). These continua are contained in S D and hoth are invariant or 


periodic, Which is iaipussivle by I. 
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Let æ continue to represent an arbitrary non-cell-bounding circuit in C 
and let Q” be an arbitrarily chosen point on &n (n = 1, 2,:--). A limit 
point of the sequence Q+, Q*,- > - belongs necessarily to M on account of the 
uniform manner in which æ converges toward M on indefinite iteration of T 
(§3). Let L be the totality of the limit points obtained from all possible 
sequences of the type Q*, Q?,- - - ; L is clearly a closed invariant subset of M. 
Moreover, L is independent of the choice of D and a; in fact L is identical 
with M as will presently appear. 

Let E be an arbitrary component of the open set S—-L; clearly £E, 
like D, is either wandering or periodic. 

A 2-cell B on S whose boundary B is in E cannot contain boundary 
points of E. For suppose B contains a boundary point Q. Let Q*, Q?,: °° 
be a point sequence of points which has Q for a limit point and which is 
of the type which determines L. Infinitely many points of this sequence are 
in B, and the corresponding circuits of the sequence a, %,° - +, since they are 
non-cell-bounding, all intersect 8. Hence on £ there is at least one point 
of L, which is impossible. 

By a similar argument, L is perfect. For suppose that Q is a point 
of L and B an arbitrary 2-cell containing Q. Then on the boundary of B 
there is at least one point of L, and hence Q is a limit point of L. 

The set L is nowhere dense. For suppose that L contains an inner 
point P. Let T be that maximal connected subset of inner points of L which 
contains P. Since F contains only non-wandering points, it is intersected 
by some of its images, one of which, say, is Fa. But since F is maximal, 
we have F= F. Thus F together with its boundary is a periodic continuum 
in S — D which is impossible by I. 

Since the boundary of E is in M, it follows by theorem 2, § 3, that E 
is an w- and a-regular component. 

We are now prepared to show that Z is identical with M. Since LG M, 
it remains only to show that M CL. Suppose on the contrary that there is 
a point P of M which is not in L, Then P is contained in one of the com- 
ponefits of S—-L, say in H. But this is impossible, for by the preceding 
paragraph, H contains no non-wandering points. 

Finally, we shall show that each regular component is identical with a 
component of S—L. 

Let C be an arbitrary regular component. Then there exists a com- 
ponent F of S—M such that CC F. But since M = L, P is also a com- 
ponent of S— L and therefore is a regular component, as we have shown. 
It follows that C cannot be a proper part of F and hence C = F. 
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The preceding result is interestirg for the following reason: since C 
is identical with a component of S- L, the boundary of C consists only of 
non-wandering points. Hence T admits no irregular points. 

We now summarize the results of this section in the following 


THEOREM, If T admits a regular component of doubly connected wan- 
dering type, then (a) S is a torus; (b) M is a perfect nowhere dense sel 
which contains no invariant or periodic continua; (e) T admits no invariant 
or periodic points; (d) T admits no irregular points; (e) the regular com- 
ponents of T are both œ- and a-regular and there are none of periodic type. 


A surface transformation T with these properties is in a sense analogous 
to a transformation of a simple closed curve with rotation number * incom- 
mensurable with 27 and non-wandering points constituting a perfect nowhere 
dense set. It is possible in fact to attach a unique rotation number to 7 
itself, as we shall indicate. Let æ be an arbitrary non-cell-bounding circuit 
in C. Any two circuits of the sequence 


ae Gr, a, Gy" .. 


separate S into two rings and these circuits can therefore be ordered cyclically 
on S. Now let 8*, 6?,- + - be an infinite sequence of mutually exclusive arcs 
on a circle ø, so chosen that the set e — 38? is perfect and nowhere dense. 
By establishing a (1,1) correspondence /I between the circuits &; and the 
ares ôf in such a way as to preserve order, a transformation of the set 38° 
into itself is induced by T, and this transformation extends by continuity 
to the whole of ø; its rotation number A is incommensurable with 27. More- 
over A is independent of the choice of the correspondence M and is therefore 
characteristic of T. We shall not, however, carry this discussion into further 
detail. 


BARNARD COLLEGE, 
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Polygenic Functions of the Dual Variable 
W=Ut 4V. 


By Epwa E. KRAMER. 


It is the purpose of this paper to develop a theory analogous, and, roughly 
speaking, dual to Kasner’s recent theory of polygenic functions of z.* There 
seems to be no general principle of transference whereby the properties of 
the functions here considered could be directly inferred from the corresponding 
facts in the original theory. A summary of some of the results obtained 
below will serve to illustrate points of similarity and difference in the two 
theories. 

The first derivative of a polygenic function of z is represented by a 
congruence of circles. For functions of the dual variable we have a congruence 
of directed circles, or cycles. In the matter of the method of generation of 
these curves, the theories diverge. Kasner has found it appropriate, with this 
question in view, to speak of a congruence of clocks. It will be shown below 
that our derivative cycles are described in an entirely different way. ‘There 
is also some variation in the nature of the specialization of the congruences. 
For the second derivative we have as corresponding pictures, a line and a 
cycle, a curve of eighth order and a directed curve of sisih order. 


1. The First Derwatwe. Just as the conformal group is represented by 
the monogenic functions of the ordinary complex variable z ==% -+ ty, the 
equilong group f is represented by the monogenic functions of the dual 
variable 

w= u + jv, where 7? 0, 
u = tg (0/2), v =(p/2) sec? (8/2), 


* E. Kasner, “ Theory of Polygenie Functions,” Science, Vol. 66 (1927), pp. 581-582, 
and Proceedings of the National Academy of Sciences, Vol. 14 (1928), pp. 75-82; 
“Second Derivative of a Polygenie Function,” Transactions of the American Mathe- 
matical Society, October 1928; “Note on the Derivative Circular Congruence of a 
Polygenie Function,” Bulletin of the American Mathematical Society, Vol. 34 (1928), 
pp. 561-565; also L. Hofmann and E. Kasner, “ Homographie Circles or Clocks, with 
an Appendix on Polygenie Functions,” by E. Kasner, the same Bulletin, Vol. 34, pp. 
495-503. 

t We shall deal, in general. with directed curves, and refer to a directed circle 
as a cycle, and to a directed line as a ray, 

£G. Scheffers, “Isogonalkurven, Aquitangentialkurven, und Komplexe Zahlen,” 
Mathematische Annalen, 1905. 
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and 6 and p are oriented Hessian line co-ordinates. (If ¢ is the perpendicular 
from the origin O upon a given ray s, oriented relative to s as the positive 
X to the positive Y axis, then p is equal to the distance on ¢ from O to the 
intersection of s and ¢, and is positive or negative according as s indicates 
positive or negative rotation about O, and 6 is the angle made by £ with a 
fixed ray through O.) 


W == p (u, v)+ jy (u, v) is a monogenic function of w, or represents an 


equilong transformation if 


(1) gy = 0, pu = Yr, 


which are the analogue of the Cauchy-Riemann equations for functions of z. 

We give a definition of polygenic functions of w analogous to that which 
Kasner has given for polygenic functions of z. 

We shall call those functions W == ¢(u, v) -+ jy (u, v) polygenic, in which 
p and y are continuous, and have continuous partial derivatives in the region 
considered, but do not necessarily satisfy the equations (1). 

The limit of the ratio AW/Aw depends, in general, not only on the ray 
u + jv, but also on the point in the ray through which the neighboring ray 
passes as it approaches coincidence with the given ray. Thus the derivative 
aW/dw has, in general, infinitely many values for a given ray, unless equa- 
tions (1) are satisfied, when there is a unique value. 

Now 

dW/dw = [du + jpu + 0’ (poH fe) ]/ + jr’) 
= du + po + at bu) — vu]. 


Let «+ 78 = dW/dw. Then 


(2) a= pu -H Vo Baht (po — ou)— th. 
Eliminating v’ between these two equations, we have 
(3) B = (pipu — pupo) /be + [ (Wo + bu) /bola —(1/ br) 0, 


the equation of a cycle.” If (A, B) is the center, and C the radius 
A =( pupu — pupo + 1)/o, 
(4) B=(pu + We) /pr 
C == (Qufu "Duo 1) / $e. 
To each ray of the plane corresponds, in general, a cycle. To the ©? rays 


correspond, in general, oo? cycles. 


The abuve WUsh bis “ns duwu wail) iL we -0. 


* The equation of a cycle in the coordinate system used here is » = @ + bu + eu’. 
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If ¢y=0 and ġu= ww, that is, if the function is monogenic, we have 
the ray 


a == hy, B = Yu. 


Otherwise we have the two points at infinity whose equation is 


hupe — (p +ou) a + g =Q. 


If u= — yw, that is, if the transformation represented by W is in- 
direct equilong, these are the points at infinity «= Æ du. 

These conditions may be satisfied for special rays only. For such rays, 
_ then, the derivative cycle will degenerate into a ray or a point at infinity. 
If the conditions are identically satisfied, this is true for all rays. 

The following theorems deal with special cases: 


I. The congruence of cycles will become a congruence of points if 


duly — popu = — 1; 
that is, if the Jacobian of $ and y is equal to — 1. 


II. The centers of the cycles will lie on the y-axis if the Jacobian of 
¢ and y is equal to 1. 


Ill. The centers of the cycles will lie on the. z-axis if ¢u==— yv, 
so that $ = xv Y= — xu; that is, W = xy — jxu, where x is an arbitrary 
function of u and v. 


IV. The œ? cycles will reduce to ©! with a common center at the 
origin if both the conditions given in II and III are satisfied. 


V. If we require that the congruence be such as to include the reverse 
cycle to each one of the set (and hence to become a congruence of circles) 
we find that this cannot occur unless the congruence is one of points, which 
is the condition in I. 


VI. Two polygenic functions J JF and ¢-+ jy are related as follows, 
if for each ray of the plane the derivative cycles for the two functions are 
oppesite cycles of the same circle: 


(Dy + Vy) /Bo= (bu + Wo) / pos 
(OV, — Dy Vy) / = 1/ pu; 
1/®, = (hopu Se Pupo) /®»- 


The last two equations are equivalent to the condition that the Jacobians 
be reciprocal. 
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VII. If the cycles are to be tangent to w== 0, the Jacobian of ¢ and wy 
must vanish. 


VIII. If the cycles are to be tangent to any fixed ray (a, b) the func- 
tion must satisfy 


popu — pupo + a lyo + bu)— a = ben. 


IX. If the ©” cycles are to reduce to the oo! cycles tangent to w == 0 
at the origin, the Jacobian must vanish, and in addition 


bu = — Yo. 
X. The condition that all the centers lie at a fixed point is 


popu — pupo + 1 = ad», Yo -F by = bev. 


XI. The congruence will reduce to a single cycle if 


Popu — pupo — 1 = adr, Popu — pupo + 1= bhe But Yo = Chv, 


By Fiedler’s method of projection * a congruence of cycles corresponds 
to a real surface. Then the derivative of a polygenic function can be repre- 
sented by a surface, which will be a plane when 


(a +b) (pipu — Guy) + a— b + elpu + Yo) + doo = 0, 


where a, b, c, d are constants. 
We reword the above theorems as follows: 


Y. The derivative surface of a polygenic function will be the plane 
z = Q if the Jacobian of $ and y is equal to — 1. 


IV. The derivative surface will be the plane 2==0 if the Jacobian is 
equal to 1. 


IT’. The surface will be the plane y=0 if u = — yv. 


Iv’. The derivative will be represented by the Y axis if both conditions 
given in Il’ and III’ are satisfied. 


VI’. If the derivative surfaces of two polygenic functions are to be 
obtainable from one another by reflection in the XY plane, the conditions 
of VI must be satisfied. 


VIT. The plane «-++2—0 represents the derivative of a polygenic 
function with vanishing Jacobian. 


Teller, Zal Taye pte Tot Boome the Cr te isa ce erdinates Gb toe est. 
and ( the radius of a eyele. then x: cl, ys - B, z=(. 
12 
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IX’. If in addition to the vanishing of the Jacobian, we have ¢u = Un 
the derivative is represented by the line 


y = 0, z = — T. 


X’. If the conditions of X are satisfied, the derivative is represented 
by the line 
T == a, y =b. 


XT. The conditions of XI will give a point as the picture of the de- 
rivative. 

We shall next examine the method of description of the derivative cycle. 

From equation (2) for « it is evident that the change in @ is proportional 
to the change in v’, the ratio of the rates of change being equal to ¢». 

Let (6, p) be Hessian co-ordinates of the ray (a, 8). As v’ varies, 
that is, as the point of approach moves along the given ray in the (u, v) 
plane, the point of contact of the ray (a, 8) moves along the derivative cycle, 
and the ratio of the rates of the two points is expressed by 


(1/0) dv’ /do, 


where C has the value given above. 

If we assume that the distribution of points on the ray in the (u, v) plane 
is uniform, then the absolute value of this ratio may be called the density 
of points on the derivative cycle. Representing this quantity by ô we have 


(5) 8 = se0?30/2 | popu — pupo — 1 |. 


Thus the distribution of points on the derivative cycle will be uniform 
only if 6 is constant, which will occur only when the derivative cycle de- 
generates into a single ray or two points at infinity, (that is, if dy—0). If 


dy 0 and Puyo — Popu Æ — |1, 


then as v increases from — © to — du/du to + œ, the point of contact on 
the derivative cycle moves from the position 6 = — w to 0 == 0 to 0 = vr, and 
è varies from oo to (1/2) | popu — upv — 1| to œ, assuming equal values 
at points of the derivative cycle symmetrical with respect to the horizontal 
diameter. 


2. The Second Derivatwe. Let o= o, + foz represent the second de- 
rivative of the polygenic function W = ẹ -+ jy. Then 


(6) o =(Wan + 20’War + 0? Wo) / O + jo’)? + 0 (We — ja) /(1 + je), 


and hence 
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0; = guy 7 20 Bun + eb + tpr, 
(7) T = Puu + RU (due es puu) + (der — tour) 
— - 20% dren + V” (Yo — pu ~- 3hr). 
The second derivative of a polygenie function will thus depend, in general, 
not only on the ray for which the derivative is taken, but on v’ and v” as well. 
It will be independent of t” only when 


dy Er 0 and Pu = Wr, 
that is. only when the function is monogenic. 


The second derivative can be expressed as a function of v’ and r, the 
radius of curvature, by the substitution 


a” = 2 (r 4 ue’ —1r)/(1+ u?) 


in the above expression. We have 


Cı = Puu —[2prr/ (1 + u*) J 
+ 2{buv + [up/w] + pov? + [Roer/ C + v*) J, 
(8) o2 = puu F [2 (pu — be) t/ (1 + u) | 
+ 2{Yuv— puu + [u (yo — pu) + 300/1 +H) 
+ (voy — Aduv Zu [Gude/ (1 + u*) ] y”? 
— pm? + [2 (Wo — pu — 3hr) r/ (1 + W)]. 

If we fix v’ and allow r to vary, that is, if we fix a ray in the (u, v) plane, 
and a point on the ray, and allow a neighboring ray to approach the given ray 
along different tangent cycles, we find that the values which the second de- 
rivative assumes may be plotted as a cycle. For, if we eliminate r between 
the equations (8) we obtain 
(9) Cs =U + be, 


where a and b are functions of u, v and the partial derivatives. 

This is a cycle tangent to the reverse Y axis. 

From the equations (8) we see that the change in o, is proportional to 
the change nr. As r varies the cycle (9) is generated in a manner similar 
to that explained for the first derivative cycle above. 

Now if we let 2 vary we have 2! evcles tangent to the reverse }° axis 
whose centers Jie on a curve 
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If in (8) we hold r constant and allow v’ to vary, that is, if we consider 
the co? values of the second derivative for a given ray as this ray is approached 
along elements of the same curvature, then we have as the picture of the 
second derivative the curve represented by (8) if we regard v’ as parameter. 

In general, this curve (non-oriented) is one of the sith order. If 
pw = 0, this curve becomes a cycle. 


3. Linear Fractional Polygenic Functions. By a linear fractional poly- 
genic transformation we shall mean one of the set of oo*° transformations 


(10) W =(Aw + BO+C)/Dw+ ET + PF), 


where the constants are dual numbers. 
This set of transformations is of interest, since it includes the Laguerre 
Group as a sub-group. It has also the sub-group 
(11) 
U = (au + bv + ¢)/(du + ev +f), 
V = (gu + hv + k)/ (du + ew + f). 


It will reduce to the former group if 
B= E=0 or A=D-=(, 
It will reduce to the latter if 
D/E = E/D = P/F. 


The group (11) will transform cycles tangent to the reverse y-axis into 
cycles, but will transform other cycles into curves of higher order. 
The set (10) also includes the group 


(12) W = aw +b +c, 


which converts cycles into cycles. 
All invariants under (12) are combinations of 


vr, where n = 4. 


Further discussion of these transformations and invariants will be pub- 
lished elsewhere. 


Trinomial Curves and Monomial Groups.” 
By R. M. WINGER. 


1. Introduction. Maschke } has considered a particular class of mono- 
mial collineation groups in the ternary domain, namely groups generated 
by the two substitutions 


SEEN r 
T =Y y =z, 2 = p, 
z = az, af = by, Z == C2, 


where a, b, c are roots of unity and abe == 1. These restrictions exclude even 
monomial groups requiring more than two generators, as well as those with 
two generators one of which is a homology whose period is a multiple of 3. 
Furthermore any of Maschke’s groups can be enlarged by adding as a generator 
a homology (of period greater than 2) having a vertex and opposite side of 
the fixed triangle for center and axis. Skinner { has extended the study to 
a larger class of monomial groups, viz. those containing only elements of 
determinant +1. 

Both authors, however, exclude the interesting groups that leave in- 
variant the trinomial curves z” + y” + 2” = 0. These curves have received 
attention at the hands of numerous writers.§ But the group aspect of the 
curves has been neglected except for a few particular cases. From this point 
of view Berzolari | has treated the projective lemniscate (n ==— 2) whose 
associated group is the ternary octahedral @s4. The quartic case has been 
studied by Dyck.|| Snyder “* notices the case n == 5 in his study of quintic 
curves invariant under linear transformations. Tappan tf gives the gen- 
erators of the group for the sextic, while Musselman {{ discusses the group 
and curve briefly. Finally the author fff has discussed in considerable detail 


* Read before the American Mathematical Society, December 28, 1927. 

+ American Journal of Mathematics, Vol. 17 (1895), p. 168. 

ł Ibid., Vol. 25 (1903), p. 17. 

§ For references, see Loria, Spezielle Algebraische und Transzendente Ebenen 
Kurven, Vol. 1, p. 328 ff. 

(Istituto Lomhardo, Rendiconti, Ser, 2, Vol. 37 (1804), pp. 277, 304. 

| Mathematische Annalen, Vol. 17 (1880), p. 510. 

#2 Amcrican Journal of Mathcmatics, Vol. 30 (1908), p. 7. 

tt Ibid., Vol. 37 (1915), p. 320. 

tt Thid , Vol. 49 (1927), p 355. 

SE Véholes Methewotical Jovinel, Vol. 29 (T1628), pp. 876-400, Muth, Pisserte nas, 
Gicisen (1890), devotes some space to the equianharmonic¢ cubie, n =- 3. 
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the cases n == + 3 which are invariants of the monomial subgroup Gs, of the 
ternary Hesse group. The generalization of the principal results of that paper 
is the present objective. 

The purpose of the paper is thus twofold: the analysis of the group 
and an investigation of trinomial curves for an arbitrary integral value of n. 
The invariant configuration of the group is described and the relation of 
invariant curves thereto is pictured. The complete system of invariants of 
the group is obtained and several constructions of conjugate sets of points 
on individual curves of the systems are explained. A quadratic inversion is 
introduced which proves to be an effective auxilliary weapon to the collinea- 
tion group. In conclusion some generalizations to n-space are sketched. 

Broadly speaking we find that the geometry of the group and the in- 
variant curves differs according as n is odd or even and again according to 
the classification of n in the residue system with respect to the modulus 3. 
This provides a natural basis for subdividing the curves into species. 


2. The Structure of the Group. If we consider the substitutions on the 
variables which leave unaltered the curve 


gs” -+ y” + gh = 0, na positive integer, 


they must be either permutations of the letters or permutations of the letters 
multiplied by an nth root of unity.* All such substitutions give rise to 
collineations which can be generated by the following set 


5 T R W 


= €e& 2 Y EX 
y ely x x y 
z= z y 2 2, e = stm, 


For T and R in combination effect all permutations of the letters, while 
products of powers of S and W have the effect of multiplying the letters 
by the nth roots of unity in all possible ways. 

We suppose throughout that the variables are homogeneous projective 
co-ordinates, that the transformed variables are primed, and that multiplica- 
tion if from left to right. The vertices of the triangle of reference opposite 
the sides 2, y, z, respectively, we shall denote by u, v, w. We shall at pleasure 
refer to the individual collineations of the group as “ elements.” An element 
of period two, i. e. a harmonic homology, we shall call a “ reflexion.” 

We observe first that the order of the group is 6n?. For there are n? 


* There is an exception in the case of the conic which may admit still other types 
of substitutions, 
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projectively distinct collineations which do not disturb the order or the 
variables, viz. 


(1) ecr, Y dy Zo d3 ER ey hE iy 


These na? elements form a subgroup whose generators are S and W. Now 
T and £ generate a dihedral subgroup of order 6, the products of whose 
elements by the xn? elements (1) aggregate a total of the 6x? projectively 
distinct collineations. It follows that the elements of the group fall into 
six sets of n” each, corresponding to the six permutations of the variables. Or, 


The group is in (n?, 1) isomorphism with (a) the permutation group 
on three letters, (bh) the dihedral group of order 6 generated by T and R. 


The dihedral (re is thus a factor group of the whole group. The invariant 
subgroup corresponding to the identical clement of the factor group is that 
generated by S and W. This group is also Abelian since it comprises all 
those elements which do not permute the letters. IIenceforth we shall denote 
the Abelian invariant subgroup, consisting of the elements (1), by G Fur- 
ther by G&T, for example, we shall mean the n? elements formed by multiplying 
each element of G by T. Then the six sets of n? elements of our group may 
be represented symbolically as follows: 


(2) G GT GT? 
GR GTR GT’R 
or 
(3) SIE KWIT SiWET? 
S*W*R S WETR Seri, (i, ==1,:+-,0). 


To find the element of the factor group to which the n? elements represented 
by any symbol in (2) correspond, we have merely to replace the “G” in 
that symhol by 1. Or if we replace hy 1 the multipliers of any collineation 
of the entire group we shall obtain that clement of the factor group to which 
the collineation corresponds. 

The triangle of reference obviously is fixed under the group: all the 
elements of the suhgroup (r leave cach vertex rived: the elements GT and 


G15 permute the vertices eyclieally while the remaining elements leave onn 


s : 3 3 ä + BAER 3 
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These homologies,—and indeed all elements of G, excepting the identity, 
are of period n if n is prime. When n is even there is one reflexion in each 
set of n— 1. 

Again, § and R generate a dihedral subgroup of order 2n. The n re- 
flexions of this group belong to the set GR. Their centers lie on the z-axis 
and their axes are concurrent at the opposite vertex. Therefore, 


The group includes three dihedral subgroups of order 2n, each having 
a vertex and opposite side of the fixed triangle as invariant point-line. Fur- 
ther the group contains 3n reflexions whose centers lie in sets of n on the 
sides of the fixed triangle and whose axes, in sets of n, meet at the vertices. 


There is a difference in the dihedral groups according as n is odd or 
even. When n is odd, the axes of reflexion are conjugate and the centers 
do not lie on the axes. On the other hand when n is even, the axes divide 
into two conjugate sets, say é, and é of n/2. And each center lies on an 
axis: the centers associated with é; lie on the axes é when n/2 is odd, and 
on &; when n/2 is even. In any case the equation of the axes of reflexion is 


(y" — 2") (2° — a") (a” — y") = 0 
and the co-ordinates of the centers are 
(0, ê, = 1), (eê, — 1, 0), (— 1, 0, et), 


The multiple isomorphism implies the existence of several subgroups, 
corresponding to the subgroups of the factor group. Thus the elements of 
the first row of the table (2) (or (3)) constitute a second invariant sub- 
group, generated by S, T, W, corresponding to the cyclic Gs of the factor 
group. This group is of order 3n? and comprises those elements which effect 
the cyclic advance (gyz) of the variables, multiplied by roots of unity. It is 
easily verified that the elements of this group, not contained in G, are all of 
period three and that the square of each element GT’ is an element GT? and 
vice versa. Hence 

The group contains In? elements of period 3, which belong in nè cyche 
subgroups Gs. 

These subgroups, as we shall prove in the next section, are all conjugate 
when n is not a multiple of 3. When n is a multiple of 3, they form two 
conjugate sets, containing respectively one-third and two-thirds of the groups. 

We have now accounted for half the elements of the group. We have 
also noted 3n reflexions belonging to the other half GT’/R. The remaining 
elements of this second-half are all of even period since they correspond to 
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elements ol period two in the factor group, but the precise periods depend 
on the factorability of n. 

The elements corresponding to each of the reflexions of the factor group, 
together with the elements of (r, form a subgroup of order 24°. Thus the 
elements (ri, corresponding to R, are GWEFR, tk = 1,:-+,n. The square 
of each of these is some homology of Œ. For example the collineation S'W#R 
and its square are respectively 


(4) ety, af = Atr, a! == az. 
(5) uv = ez, y = ey, a! =z. 


When k =n, (4) represents the 3n reflexions of the dihedral Gen generated 
by S and R. 

When k = 1, the homology (5) is of period n whence (4) is of period Rn. 
If now p of the nth roots of unity are primitive, then the number of collinea- 
tions of period 2n in GH is np, for with each value of i (=1,:-:-,%) can 
be combined p values of k. Each collineation of period 2n generates a cyclic 
subgroup Gen, of order 2n. The n even powers of a generator of such a sub- 
group are homologies belonging to G, but the odd powers are all included 
in the set GR. The number of cyclic Gen’s, however, depends on the nature 
of n. 

n, odd. Wach Ge, contains p elements of period 2n, since there are p 
primitive 2n-th roots of unity. Accordingly there are n cyclic Gen’s generated 
by the elements of period 2n in GR. The odd powers of these generators are 
all distinct and comprise all the elements GR. Similar statements hold for 
the sets GTR and GT?R. ence 


The group contains 3n cyclic subgroups Gen, of order Rn when n is odd. 
Half the elements of these groups are homologies (including the identity) 
from G while the other half comprise all the 3n? elements corresponding to 
the elements of period two in the factor group. 


The wth power of any generator of cach of these Gan’s is one of the 3a 
reilexions. 

n, ern, Dinge there dre wow Yy Paitiutive a-ti roots, catal Cent Goa: 
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shall have in the whole group 32 cyclic subgroups of order n, whose elements 
(not contained in @) comprise the remaining half of the 3n? elements 
GT/R, 7=1, 2, 3. But if n/2 is even and n/4 is odd, there will be np/2 
elements of period n in GR, p of which will be contained in each Gy. The 
whole group then will possess 3n/2 cyclic Gws, whose elements (exclusive 
of those in G) comprise one-fourth of the elements @7T/R. The remaining 
fourth of these elements are distributed equally in 3n cyclic groups of order 
n/2. For there are 3np/2 elements in GTR of period n/2, and p/2 of these 
occur in each Gny2. And so for any even n— we remove the factor 2 repeatedly 
until the remaining factor is odd. Hence 


If n is even and n/R* is the first odd number in the sequence n, n/2, 
n/2°,- > +, the 3n? elements GTIR are distributed as follows: 


3n?/2 among 3n/2 cyclic groups of order 2n; 
I3n?/R? among 3n/2 cyclic groups of order n; 
3n?/2? among 8n/2 cyclic groups of order n/2; 


3n?/2“ among 3n/2 cyclic groups of order n/2°? ; 
In?/R* among 3n cyclic groups of order n/2™1. 


Half of the elements of each of these cyclic subgroups (the even powers 
of the generators) are homologies from G, while the odd powers of the 
generators are elements GT’R. Each of the 3n cyclic groups of order n/2*+ 
contains one of the 3n reflexions. Note that the number of groups of the 
several orders is equal except the last which is double that of the others. In 
particular, if n — 2%, the last set of groups are the 3n cyclic groups of order 
two generated by the 3n reflexions. 


3. Special Sets. The special sets of conjugate points and lines under 
the group are compounded of the fixed points and lines of the individual 
collineations, presenting themselves in dual configurations. Now every ele- 
ment of G leaves unaltered each vertex and side of the triangle of reference, 
while each homology of course leaves unaltered every point on one side of 
the triangle. 

The fixed points of the n? cyclic @,’s, comprising (besides the identity) 
the elements GT’ (j = 1, 2) aggregate 3n?. The axes of reflexion meet by 
threes at n? of these points,—aside from the vertices of the reference triangle. 
Thus for all values of i, j=1,: > +, n the point (eĉ, €, 1) lies on the three 
axes. 

y— z = 0, etz — t = 0, dg — ty = 0, 


WINGER: Trinvadel Curves ond Monomial Groups. 383 


And obviously only one axis from each vertex can contain any particular point. 
When i= j, which happens n times, the point lies on the axis s- -y =U. 
Evidently the axes are treated symmetrically. Hence, neglecting the inter- 
sections at the vertices of the reference triangle, 


The 3n azes of reflexion meet by threes at n? points, n of the points 
lying on cach azis. 
Euch of the n? points is the fixed point of a dihedral subgroup la. 


For in addition to a cyclic Gs, each is fixed under three reflexions the pro- 
duct of any two of which generate the cyclic Gs. The three centers of these 
reflexions lie on a line, the fixed line of ihe dihedral Gs. The n? fixed lines 
of the dihedral groups are dual to the n? fixed points while the centers of 
reflexion are dual to the axes, hence 


The 3n centers of reflexion lie in sets of n on the sides of the reference 
triangle and by threes on n? lines, n of the lines meeling at each center. 


The generator of the cyclic subgroup G, of the dihedral Ge which has 
the fixed point (eĉ, €, 1) may be written 


(6) g = Athy, y = iz, z7 = ft. 
The two additional fixed points of the Gs are 
(7) (wet, wef, 1) and (wet, we’, 1), wo? = 1, 


If n is not a multiple of 3 the co-ordinates (other than 1) of these points 
are 3n-th roots of unity but not n-th roots. And if i, j range over the values 
of 1,---,n, we get n? cyclic Ggs, each of which has for fixed points one of 
the n? points, and two of a second set of 2n? points. Furthermore, it is 
obvious from the form of the co-ordinates that both aggregates of points are 
(special) conjugate sets. If, however, n is a multiple of 3, we get only 27/3 
cyclic Ggs by varying i and j, whose fixed points comprise the n? points. In 
this case we have three dihedral Ges, one associated with each vertex of a 
triangle of fixed points, and having a common invariant subgroup Gs- 
Tn any case the generators of the u” evelie G?s may be written 


r d r 


Int r ©" " e. “ur, ae i. 
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The fixed points and lines of each of the n? cyclic Ggs form a self-polar 
triangle with respect to the invariant triangle of the whole group. 


Suppose now that n== 0, mod 3. Then if 7+ j = 0, mod 3, (8) repre- 
sents the n?/3 cyclic Gs’s whose fixed points comprise the set of n? points. 
If +-++ 7540, mod 3, (8) represents the 2n?/3 cyclic @3’s whose fixed points 
aggregate An?. The co-ordinates of the 2n” fixed points as a set may be 
written 
(10) (301, 2, 1), Cae le 1), 


where & is an integer, there being n? points represented by each expression. 
All these numbers 7° are 3n-th roots of unity which are not n-th roots. The 
co-ordinates of the 2n? points may thus be written in the form 


(11) (ein, efy?, 1), (ein?, en, 1), j=l. + yn, 


from which it is apparent that they constitute a special conjugate set. We 
may summarize as follows: 

The 3n? fixed points of the n? cyclic subgroups Ga divide into two special 
conjugate sets of n? and An? points respectwely. If n=&0, mod 3, the cyclic 
groups are conjugate, each having for fixed points one of the former and two 
of the latter. But if n==0, mod 3, the groups themselves divide, one-third 
and two-thirds into conjugate sets, the fixed points of one being the n? points 
and those of the other the An? points. The In? fixed lines form dual con- 
figurations. 


The square of each element GTIR, 7 = 1, 2, 3, is a homology of @ (or the 
identity). The fixed points of each of the cyclic groups Gr (r > 2) generated 
by them, accordingly, are a vertex of the triangle of reference and two points 
on the opposite axis. For example, the fixed points of the group generated 
by S‘W*R [equations (4)] which lie on the z-axis are (€t, + «2, 0). These 
obviously are cut out by the lines 22° — y?"—=0. But half of the points 
are centers of the n reflexions included among the elements in question. The 
centers lie on the lines g” +- y” = 0 when n is odd, on g” — y"==0 when n 
is even. Since the sides of the triangle of reference are treated symmetrically, 
we conclude: 


. Each element GT’R, j = 1, 2, 3, leaves fixed one vertex of the invariant 
triangle of the group. The residual fixed points of the elements make up two 
special sets of 3n conjugate points, lying on the sides of the invariant triangle 
and cut out by the two special dual sets of conjugate lines,” 


* Dual to the sets of points not to each other. 
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WEP (e+ at) (a + y= 0, (y*— 2%) er) )—0. 


One set of 3n points are centers of reflexion, which are cut out by the 
first set of lines when n is odd, by the second set of lines (axes) when n is 
even. This completes the enumeration of special sets of conjugate points— 
except the obvious sets on the axes of homology and reflexion—which we collect 
for convenience of reference. 

1°. One set of 3, vertices of the invariant triangle; 

2°. A set of 3n, centers of reflexion, cut out of the sides of the invariant 
triangle by H (s + y")==0, when n is odd, by I(a2*—y")—0, when n is 
even; * 

3°. A counter set of 3n, cut from the sides of the invariant triangle 
by H(z” — y”)== 0, when n is odd, by IL(z” + y”)= 0 when n is even; 

4°, One set of n?, intersections of the axes of reflexion aside from the 
vertices of the invariant triangle ; 

5°. One set of 2n?, comprising with the n? points the fixed points of 
the n? cyclic G,’s; 

6°. co! sets of 6n, lying on the sides of the invariant triangle, each fixed 
under a homology of period n; 

7°. oo! sets of 3n?, lying on the axes of reflexion. 

The duals of these are the special sets of conjugate lines, all other points 
and lines belonging to general conjugate sets. 


4. The Complete System of Invariants. By the same argument used 
in the case of the cubic ł it is proved that the complete system of invariants 
of our group consists of the four forms 


Ss: g” -+ y” + gn 
Se! yrz” -+ ghar + gry” 
i M: syz 
Man: (y"— 2") (2" — a") (a — y”). 


These forms are connected by the syzygy 





(12) — (IIan) 2 == 278," + 45,3 + Ag ts. — Si Se" 18518283, 
where s = xz”y"2”. Another obvious invariant is 
Wya: (Y° -H at) (er Lo) (ar d- ya) sis- a. 


* By H(en + yn) we mean the product of three terms of the type within the 
parentheses, 
$ Wiper. Tohoku Mathematical Journel, Vol. 29 11928). 83. 
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These forms are associated with the covariant system of the binary cubic 
whose roots are x, y”, 2”: 


(13) $8 — Sl? +- Sat — sg. 


Thus ——(IIsn)*, being the square of the product of differences of the roots, 
is the discriminant A of the cubic,—a fact which leads at once to the 
syzygy (12). l 

There is an interesting connection between (a) the covariant system of 
the cubic, (b) the invariants of the group, and (c) the invariants of the 
inversion 


(14) x = 1/r, y = 1/y, g == 1/2. 
The Hessian H and cubicovariant Os, of the cubic are respectively 


H: (352 — 81?) t? + (S182 — 983) t + (33,83 — 82”), 
Oaai (— Rs; + 98182 — 28,8) t + (98,83 + Sı?s2 — 682?) #? 
+ (— 63183 -+ 98283 + $1827) t + (9818283 — 2783” — 282°). 


The binary inversion {’=1/t has the same effect on the cubic and its co- 
variants as the ternary inversion (14): the coefficients are interchanged in 
pairs, first with last, second with next to last, ete. Thus the fundamental 
forms sı and sa are interchanged while the systems of lines Ign and Uaw 
and the pencil of curves 8152 — As; are invariant. 

The inversion (14) also leaves invariant as a whole the special set of 
n? points and interchanges in pairs the set of 2n? points (10). 

We shall now take up the properties of the fundamental invariants. 
First we observe that the curve sı has n hyperosculation points on each side 
of the invariant triangle, whose n tangents meet at the opposite vertex. The 
points are the centers of reflexion when n is odd and the counter sets of 
an when n is even. In both cases the equation of the 3n tangents is Ign’ = 0. 

The hyperosculation points absorb all of the flexes and %n(n—2) (n—3) 
double lines. There remain 14n?(n— 2) (n— 3) double lines. Again 


Each of the 3n axes of reflexion cuts the curve in n points whose (simple) 
tangents meet at the corresponding center. 


The points and lines are special conjugate sets of 3n?. Finally 


The 2n? points are the complete intersections of the fundamental in- 
variants 8, and Sa. 


This is proved either by solving simultaneously the equations of the 
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curves or by substituting the co-ordinates (10) of the points already found. 
We have found three special sets of points on the curve, all other points 
occurring In general sets, 

We shall now prove two general theorems on curves admitting homologies. 


1°. Jf a curve is invariant under a homology of period k, the rth polar 
(r < k) of the center of the homology is composite, contuining the axis as a 
(k — r)-fold factor. 

Let the homology be 


r =T, Y =y, z’ == 0z, 6 = 1. 
Then the equation of the curve is of the form 


fo + fiz ao fo2?* + faz" ata 0, 


where f; are binary forms in 2 and y. The rth polar of the center (0, 0, 1) 
of the homology contains the factor z*". 


2°. If a curve of order n admits a homology of period n, the first polar 
of any point on the axis of homology breaks up into n— 1 lines which meet 
at the center. 
For the multiplier of z in the homology is e, hence the equation of the 
curve may be written 
gt obs rm (z, y)= 0, 


where f is a binary form of order n. And the polar of any point (a, b, 0) 
on the axis of homology is a binary form in z and y of order n — 1, which 
represents a complex of n—— 1 lines on the center. 

Theorem 2°, applied to the curve s,, yields the theorem: 


The contacts of tangents from an arbitrary point on a side of the in- 
variant triangle fall in sels of n on n—1 lines which meet at the apposite 
veriler.” 


From the inverse relation of s; and sẹ we infer at once: 


’ 
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and d3n(n—1)(n—2)/2 double lines in addition to the normal quota. 
Accordingly the Plücker numbers of the curve are as follows: 

Order, 2n; Class, n(n +1); Genus, %a(n—1)(n— 2); Number of 
flexes, 0 *; Number of double lines, tAn? (n — 1). 


Then intersections of each axis of reflexion, aside from those at a multiple 
point, are contacts of simple tangents from the corresponding center, the 
aggregate of such points forming a special conjugate set of In”. 


The curve s like s, has but three special sets of points, including the 
common set of 2n? points. The 2n? points deserve special attention. We 
distinguish three cases according as the residue of n with respect to the 
modulus 3 is 0, 1 or 2. 

Suppose first that is of the form 3k. Then we saw, § 3, that the 2n? 
points comprise the fixed points (9) of the 2n?/3 cyclic groups (8), 1+ 7360, 
mod 3. Under the restrictions imposed we find that the three points (9) 
are the vertices of a Poncelet triangle alike for the curves sı and sz. In fact, 
denoting the points in the order written by 1, 2, 3, and by (123) indicating 
that the tangents at the points respectively pass through 2, 3, 1, then the 
symbol for the triangle on s, is (123). when i+ 7 has the form 3k -+ 1, and 
(132) when +++ f has the form 34+ 2. On s the symbols for the triangle 
are interchanged under the respective hypotheses. The sides of the triangles 
are naturally the special sets of 2n? lines on the two curves. Thus 


If n is a multiple of 3, the curves sı and sz have a common system of 
an?/3 Poncelet triangles, each the fixed triangle of a cyclic Gs, whose vertices 
and sides in the aggregate comprise respectively the special sets of An? con- 
jugate points and lines, 


If n is not a multiple of 3, the fixed points of the n? cyclic G,’s are 
(eĉ, €, 1), (wet, wef, 1), (wet, we’, 1) i, j=l 'n 


For a given i, j, the first is an n? point while the other two belong to the 
set of 2n? points. Again, the first is the unique fixed point and the others 
a conjugate pair of the allied dihedral G,. The tangents to s, at (wet, we’, 1) 
and (wet, we’, 1) are respectively w"leiz +0" ?eiy+z=0 and wt %erty 
+ w™Jesy + z= 0. These pass through (eĉ, €, 1) if n=3k +2. But if 
n = 3k -+ 1, they both reduce to 


'* Except when n=2. The curve is then the projective lemniscate, having three 
bifleenodes. When n is an even number greater than 2, the branches at the multiple 
points are sometimes called flexes but properly ‘speaking they are higher singularities. 
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(15) eit-eiy+2=0, 


which is thus a double line. This situation is just reversed for the curve se: 
(15) is a double line when n = 3%k +2; but if n= 3k +1, the tangents at 
the 2n? points meet in pairs at the n? points. Hence, the n? cyclic G,’s being 
conjugate, 


If n is of the form 3k +1, the special set of n? lines (15) are double 
lines of sı with contacts at the special set of An? points (cut out by s2). The 
special set of An? lines are tangent to se at the An? points and meet in pairs 
at the n? points,—the polars of the n? lines with respect to the invariant 
triangle of the group. When n is of the form 3k + 2, the rôles of sı and sz 
are interchanged. 


We are now in a position to enumerate the double lines which meet at 
the centers of reflexions, the tangents from a center being either simple, with 
contacts on the axis, or double lines. 

The double lines of sı n, odd. Each center is a hyperosculation point, 
whose tangent is equivalent to n simple tangents. There are also n simple 
tangents with contacts on the corresponding axis. The remaining tangents 
combine into (n?—3n)/2 double lines. When n is of the form 3% or 
3k -+ 2, these double lines are all distinct. We have then accounted for 
%n’(n—3) of the double lines, leaving 14n?(n— 8)(n—5). If n is of 
the form 3% +1, we have just seen that the n? lines (15) are double lines. 
And since each contains three centers of reflexion, each has been counted three 
times in the above enumeration. Thus while the number of double lines 
meeting at each center is not affected, the total number involved is reduced 
to Yan?{3n — 13), leaving Yan? (n? — 8n +19) unaccounted for. 

n, even. The centers are not on the curve, so each carries n simple 
tangents with contacts on the axis, and n(n — 2) double lines in addition. 
Again when n is of the form 3% or 3k -+ 2, these double lines are all different 
so that Yan?(n — 2) (n — 6) remain. But if n is of the form 3% +1, the 
n? lines are double lines and each is counted three times, leaving an? (n — 4)? 
unaccounted for. 

We have accounted for all the double tangents of the quartic, quintic 
and sextic cases, For higher values of n, those which remain fall into general 
conjugate sets, the number under the appropriate hypotheses in cach case, 
being a multiple of 62°. Finally, in consequence of theorem 2° of this sec- 
tion. we may say 
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invariant triangle of the group, while the contacis of each set dwide into 
two sets of n lying on lines through the opposite vertices. 


The double lines of s2. n, odd. The tangent at each branch of a multiple 
point passes through a center of reflexion and is equivalent to n simple tan- 
gents from the center. From each center also run n simple tangents with 
contacts on the axis. The remaining tangents unite to form double lines. 
If n is of the form 3% or 3k + 1, there remain Yan’(n —1)— Yn? (n — 1) 
== Wn? (n — 1) (n — 3). I, however, n is of the form 3k + 2, the n? lines 
are double lines and each is counted three times since it contains three of 
the centers. In this case the number of residual double lines is 
Ian? (n? — 4n + 7). 

n, even. The tangents at the multiple points are not on the centers of 
reflexion. Thus each center carries » simple tangents with contacts on its 
axis, and in addition Yan? double lines. If n == 3% or 34 +1, there remain 
Lon? (n — 4). But if n= 3k + 2, on removing duplicates occasioned by the 
triple counting of the n? lines, we are left with on? (n — 2)”. 

We have completely accounted for the double lines of se when n == 2, 3, 4. 
In all other cases, the residual double lines belong in general conjugate sets, 
the formula for the number in each case representing a multiple of 6n°. 


5. The Construction of Conjugate Sets. The Configuration of a General 
Set of 6n Conjugale Points. An arbitrary point P of the plane is carried 
by the homology a’ == g, y = y, z = ez, into n points of a line through the 
center w. Let this line be Var+y=0. The homology 2’ =g, y = «y, 
z’ == z will carry the line into a set of n lines, az” + y” = 0, each of which 
contains n points conjugate to P. These lines in turn are transformed by 
the reflexion 2’ = y, y = x, 2’ = z, into a second set of n, z” + ay” = 0, each 
containing n points conjugate to P. Now by a similar process we get two 
sets of lines from each of the other vertices, each line containing n points 
conjugate to P. We thus have 6n lines, 2m on each vertex of the reference 
triangle, and each carries n points—aggregating 6%°— which form a general 
conjugate set under the group. 

Since these lines as a whole are invariant under the group they must 
be expressible in terms of the complete system. Such a set of 6n lines, which 
we shall call Ag, is 


(16) Ae ==(ay" + 2%) (y" + az”) (az* + 2") (2° + aa) (av" + y") (2 + ay") 
== QË ( 84°87 — 28,°s3 — 282? + 45,5283 — $3") 
+ a° (a? + 1) (se? + 353° + 8,383 — 5818283) 
+ a(a? + 1) ? (818283 = 383”) + (a? -}- 1) 583? = 0, 
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For an arbitrary value of the parameter «, the lines of the system are 
distinct. But when a ==- 1, the lines are the axes of reflexion repeated aud 
Ag reduces to —(II;,)" or A. Again when a == 1, (16) represents the counter 
set of 3a lines repeated, or A, — (Ign). 

We have not yet fully described the configuration of a general set of 
conjugate points. The n? points on the lines wy” + 2" == 0 are invariant as 
a whole under the two homologies above, hence they lie in sets of n on v 
lines through each of the vertices v aud w of the triangle of reference. Thus 
we have a sel of n? points and 3n lines, n lines meeting al each verler. Each 
line contains n of the points and each point lies on three of the lines. The 
points therefore comprise the complete intersections of lhe lines aside from 
the vertices of lhe reference triangle. A general conjugale set consists of 
six such sels of n? points, one set on the lines corresponding lo each factor 
in (16). 

The system of lines A, mutually intersect in 12x? points which in general 
belong in two special sets of 3n?, lying on the system A-a. Exceptions occur 
when a= 1, or — 1 as already noted and also when a=—o (or —vw?’), 
as will appear later. 

A, is also an invariant of the inversion (14). Indeed under the in- 
version each term (function of s;) in (16) goes into itself. Each, however, 
can be built up out of the simpler invariants of the inversion, s.* + s1383 == 0, 
and the members of the pencil 8,82 + As; == 0. 

We shall now consider the problem of the construction of sets of con- 
jugate points on the fundamental invariants s, and se, utilizing the principle 
that invariant curves meet in sets of conjugate points. 

A second composite invariant is 


(17) Ke = (cy"2" -+ g2n) (deren + yr) Cen"y” -+ 2°”) 
= Cs? + (¢ + 1)? + 0518 [es -— 38(¢ + 1)s] [== O. 


Each factor in the parentheses represents a system of double contact conies, 
belonging to the pencil invariant under a dihedral Gen, whose fixed point-line 
is a vertex and opposite side of the triangle of reference. 

The system. of conics AY cut each other in Ga(8e 1) points. all but 
9° of which coincide at the vertices of the reference triangle. Those ve- 
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(18) (a? — a + 1)°s;? +a? (a — 1) 75.3 = 0 
and 
(19) (c+ 1)%sg? + cs’ = 0. 


Thence it appears that the system of lines Ag as well as the system of conics 
Ke cut s, in the same points as the pencil of invariant curves 


(20) s3? F As = 0 * 
(21) A= ala —1)’/(a —a-+1)’=c/(c+1)°. 


The correspondence between the curves of the pencil (20) and the sets 
of lines A, is one-to-three and not one-to-six as a first glance at relation (21) 
suggests. For reciprocal values of a determine the same set of lines. Like- 
wise the correspondence between the curves of the pencil and the systems of 
conics K. is one-to-three in virtue of (21). 

Now observing that when s, = 0, A reduces to 27s? + 48.3 = 0, we see 
that the curve (20) cuts s, in the same points as A when A= 4/27. We have 
therefore the interesting result: 


All sets of conjugate points on Sı, whether special or general, are the 
complete intersections of the curve with (a) the systems of lines Ag, (b) the 
systems of conics Ke, and (c) the pencil of curves (20). 


The special sets are cut out by special curves as follows: 


When the curves Ag, Ke, (20) cut out 
jamie (hyperosculation points) 2"; 
ee (the 2n? points)’; 

A= 4/27, (the 3n? points)?; 


where the exponents indicate the multiplicity of intersection. General con- 
jugate sets are cut out by single members of the pencil (20) but by triple 
sets of lines and conics because of the multiple correspondence. Some ex- 
ceptions, however, occur in the case of special sets. When à= œœ, there is 
a single set of lines, viz. «= — w, or —w’, cutting out the 2n? points, one 
line from each vertex of the reference triangle passing through each of the 
points. When A = 0, there are two systems of lines cutting out the hyper- 
osculation points for when a == 0 or co, the lines reduce to s3”, whereas when 
a= 1, the lines become the hyperosculation tangents repeated. Again, when 
à = 4/27, we have from (21) [(a + 1) (a — 2) (2a —1)]’—= 0, whence there 


* It should be noted that this pencil is composite when n = 0, mod 3. 
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are two sets of lines, namely, a==— 1 and a =? (or 1/2). We saw that 
Aı=A. We observe now that Az — A == 95,?5,?, hence A, cuts s, and sz in 
the same points as A. Or, the system of lines A, intersect in pairs at the 
special set of 3n? points both of sı and sa. 

A single set of conics Ky and Kı respectively cut out the hyperoseulation 
points and the 2n? points. Each conic of the set K, contains 2n of the 2n? 
points while each of the points is on three of the conics. But when A = 4/27, 
c= Ya, Ya, — 4 and there are two systems of conics. Two conics of the set K1;. 
cut s, at each of the 3n? points, whereas one conic of the set K_, touches sı 
at each of the points. Furthermore, we find 8Ki;.—A=58,7(5_7 — 28,583) 
== 8,2 (y?nz2m 4 g2ng2n 1 y2ny2n). hence the remaining intersections of the 
system Kı,. with the axes of reflexion fall on a curve of the type s of double 
the order. 

A second solution of the problem, involving the special sets symmetrically, 
is not without interest. We may regard each special set of points as com- 
posed of 6n?, each point counted 2, 3 or 2n times. Then recalling that these 
special sets of points are cut out by A, s: and s,*, and taking J for a para- 
meter, we have the result: 


All sets of conjugate points on s, are determined by the system of curves 
(22) J : J—1: 1=— 275.2 : A: 45,3.* 

The construction of conjugate sets on sz is entirely analogous. We should 
naturally seek a pencil of curves of order 3n. However, the systems of lines 
Ag and conics Ke are still available, for half of the intersections with se 


fall at the multiple points, leaving in general 6n? free intersections. We 
shall state the results at once: 


All sets of conjugate points on S», both special and general, are cut out by 
(a) the systems of lines Aa, (b) the systems of conics Ke, (c) the pencil of 
curves 


(23) 83 + Asè == 0,+ 
the parameters satisfying the relations 
(24) A= @ (a — 1)?/ (a — a + 1)? = ¢?/ (e +- 1): 
When the several curves cut out 
A= 0, (the three multiple puints)°"; 
= o, (the 2n? points)’; 
A = 4/27, (the 3n? points)*. 


"CE Dyrk, loe. ci, OLS 
t The pencil is composite when » is a multiple of 3. 
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The correspondence between the curves of the pencil (23) on the one 
hand and the systems of lines and conics on the other is one-to-three in 
general but exceptions oceur in the case of special sets. When A == 4/27, 
there are but two systems of conics for then c=2, 2, — 1/4. The system 
K> pass two and two through the 3n? points, each conic containing 2n of the 
points. The remaining intersections of these conics with axes of reflexion fall 
on a curve like s, but of twice the order, for 


K: —i= Sg” (s?— 282) == So? (22% -- y?” -+ 225), 


Each conic of the set K-1/4 touches s: at n of the 3n? points. 
Again, all sets of conjugate points on sa are determined by the pencils 


(25) J: J — I 5 1 = — 27s,” : A: 451385, 


where the points cut out by ss appear as extraneous in each set, the pencils 
being of order 6n. 

The inverse pencils of invariant curves s,” + Ase = 0 and s3? + Asis3 = 0 
contain numerous members with intersecting geometrical properties as ex- 
emplified by the rather extensive discussion for the case n = 3.* 


6. Extension to Higher Spaces. Many of the properties of the group 
and its invariants are susceptible of immediate generalization. Thus in space 
Sr of r dimensions we should be concerned with the monomial group that 
leaves invariant the variety 


(26) Lo" + g” + Kor -+ woe a 4 Tr’ = 0. 
The order of the group is (r +1) !n”, comprising the elements 
(27) ern, Br == hti t, de, TRE E apes E 


combined with those of the group of order (r-+ 1)! which permutes the 
variables in all possible ways. The group is thus in (n”, 1) isomorphism with 
the permutation group Geo, !onr-—-1 letters, —a fact which supplies a key 
to its essential structure. The n” elemenis (27) constitute an invariant 
Abelian subgroup which corresponds to the identity in the multiple iso- 
morphism. 

The associated binary form is now of order r +1: 


(28) pt — git ti Hl ret HI 1) ora 0, 


* Winger, loc. cit, §6. There is one curve of each system on the n? points, 
viz. A == — 3. This curve in each pencil is composite: 
g? — 3s. = (wa" + wry” + 2") (wir? + wy" + 2") 
and the other is the inverse of this. 
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whose roots are dot, 1° 9,07%. The complete system of invariants of the 
group comprises the r elementary symmetric functions of the roots of (28), 
Sy, 827° 7,8, together with the product of the variables wur, + or," and 
the difference product 





U == ( To” ENN Uy") (ay = Po”) (tot ro Xa” ER ( 25" oe 2) 
at ee vo") (2: n. Ls") ee (x1 heat) Tr”) 
(ro" z”) se (£a ct ay) 


. . . 


("r1 R Tr”) x 


The square of II is the discriminant of the binary form, an identity which 
implies a syzygy among the fundamental forms. Every invariant as well as 
each coefficient of every covariant of the binary form is an invariant of the 
group. Indeed from each such invariant of the group can be derived a family 
of invariants by inserting a parameter in every term. 

The inversion 
(29) gi = 1/x;, i= 0,1, r 


has the same effect on the form (28) as the binary inversion ¢’==1/t. Thus 
the pairs of invariants si, Sri, are interchanged. Accordingly we may con- 
struct invariants of the inversion by forming isobaric expressions such as 


(30) 8iSr-in 4 ASi Sr-is 


where A is a parameter. Such invariants of the inversion can also be con- 
structed from the coefficients of every invariant of the binary form. In 
particular, if any covariant of the binary form (including the form itself) 
is of even order, the middle coefficient is an invariant of the inversion. Again, 
every Invariant of the binary form is an invariant of the inversion. In fact, 
II, the square root of the discriminant of the binary form, is an invariant 
of the inversion. Thus the interrelation between the covariant system of 
the binary form and the invariants of the group and the inversion, noted in 
the plane, carries on to higher dimensions. 

The collineation group in S, effects on each of the r + 1 reference spaces 
N, a eollineation group of the type in question for the next lower space 


Wwe a ae BE brbtrete bos Fore t + . : th) Sky be 4 t t 
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In S: the group is in (n*, 1) isomorphism with the octahedral @,..” The 
elements of the Abelian invariant subgroup are given by (27) when r==3. 
The binary form (28) now reduces to the quartic 


(31) t* st? + 831? — szt + 54 
The fundamental invariants are the surfaces 


IMs: %o% Hos 
Ss: Eo” - 21” F La" -H Ta” 
S2: LoL” F LoT F LoT” + LLa + C La” -H Bata” 
Sa! Lo La La” F Lo L La” F LoLa Lg” + L1 La Ta” 
Men: (2o— T1”) (&o"— Ba") (Lo"— Bg”) (21”— L”) (£1 23") (22 — £3"), 


of which obviously IL is the tetrahedron of reference, while Ig, represents 
a system of 6n planes, passing in sets of n through the edges of the tetra- 
hedron. 

The inversion z? —1/2;, t= 0, 1, 2, 3 interchanges the surfaces s; and 
Ss but leaves sz unaltered. Other invariants of the inversion are: the system 
of planes HMen, the two invariants of the binary quartic, the middle term in 
the Hessian and the sextic covariant of the quartic. The intersections of sz 
with the surfaces sı and ss are a pair of space curves invariant under the 
group but interchanged by the inversion. The intersection of s, and s, how- 
ever is a curve invariant alike under the group and the inversion. The refer- 
ence planes cut the surface sı and sz respectively in sets of four curves of the 
types z”. y” -+ 2” and y%z™ -+ zg” -+ ay", Each curve, of course, is in- 
variant under the ternary group in its plane, while the four curves in either 
set are a conjugate set under the quaternary group. 

In this section we have sketched in very rough outline the problem for 
the higher spaces. A systematic investigation of the group and its invariants 
for an arbitrary value of n even in S would doubtless yield much of interest 
alike for geometry and group theory. 


UNIVERSITY OF WASHINGTON. 


*For a treatment of this group when n == 6, see Musselman, loc. cit. 


Plane Involutions of Order Three or Four. 
By F. R. SHARPE. 


1. In “The problem of Plane Involutions of Order ¢ > 2, * the fol- 
lowing general method of constructing families of involutions was given. 
Let | C | = a0, + a202 = 0 be a pencil of curves of genus p. Construct 
a system of curves | © | -+ | C'| which contains | C | with a residual | C | and 
such that a curve Cs of |C |+] | meets a curve of |C | in ¢ variable 
points. The equations yı= 0:0, y = 0,0, Ya = Cs define an involution of 
order ¢ from which a family of involutions can be derived if the dimensions 
Roof |C|+|C|>2. The cases in which R = 2 were not considered. It 
will be shown that they lead to new involutions, particularly if t= 93 or 4. 


2. I£ two systems |C | and |O | having i variable intersections, are 
of grade (number of variable intersections) n, ñ, genus p, p and vitual dimen- 
sion y,y then for |C|+|C|, N=n+a+2%, P=p+p+i—1, 
R=r-+r-+i 

The pencil |C | is of vitual dimension — p +1 -+n and grade n if 
n= p of its simple basis points are not basis points of |O |+|] and 
i=t—n. The dimension of | C | must be 0. The dimension of | O | + | C | 
is therefore 2 =(— p + 1 +n)+ 0 +(t— n). Hence p= t— 1. Moreover 
P= p + p + t—n— 1, and V= t when the y points in which C; meets 
C are included in the basis points. For a regular system R == N —P +1 
and the super abundance s = R —(N — P + 1). Hence s =y =P 4 1—t 
=p 4 ğ— n. 


3. Let ¿= 3 so that p= 2. With the pencil C,: A?12B we find 


KE Ic] |o|+|¢| 
C4: A?8B3C Cs: A8B C,: A°8B?38C2D 
C4: A?9B3C C3:9B . C,: A?9B?3C3D 
C4: A?B10C C,: AB?10C Cs: A®B?10C?3D 
Ca: A?7B3C2D Os: A?7 B30 Cio: AST B38 C°2D4E 
C4: APID2C 07: A29 B20 C11: 459 B?2C7°4D 
Ca: A? B8C2DE C,: A? B°8C?2D Cy: ASB 8C82 DERI 
0a: A711 BC 07: A11B?C Cy: AP11B?C?6D 
04: A?8B2CDE Cio: A8B?RC?D Cy: ASB RCD EG. 


“FL R. Sharpe, American Journal of Mathematics, Vol. 50 (1928), pp. 627 600, 
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Thus in the first case n= 1, p= 1, P=4, y=2 and similarly for 


the others. 


With the pencil 06: 84?BB’CC’ we find 


[c] 
06:24°6B?CC’D 
C6: A?TB?CC’DD’ 
C6: A27B°CC’D 
06:84°00’DD’ 


Cz: 


Cy 
Cs 
Cs 


1c | 

2A 

:AC 

: TBCD 
:840?0’DD’ 


With the pencil Cr: A?10B? 


C7: A®2B°8C? 
Cr: A?9B?C* 


Cı 
Cs 


: 2B 
: 9B 


With the pencil Cy: 84°2B?C 


Cy: 2456B°2C072D 
Co: ABODE 
Cy: APTBPRC" 
Co: 642 B32 CD 
With Dis: A®9 Bt 
013: A®9B* 


Ci: 


Cs 
Cs 
Co 


Cs: 


2A 

BCE 

: TBRC 
:6A?2B2C02D 


9B 


If t==4, p= 3. With the pencil C,:164 


ic | 
C,: A11B3C 
0,:A14B 
0,:AB14C 
Ca: TAGB38C 
C4: 64A9B 
Cr: 1142B3C 
C4: A8B502D 
C4: 10A5B 


and similarly for the other pencils of genus 3. 


CORNELL UNIVERSITY, 


IC | 

: A?11B 

: A®14B 

: A4B214C 
: TA®6B 
:64°9B 
:114A?2B 

: A?SB?5C 
: 10A75B 


[el+1¢| 
Cr: 24°6B°C0’DE 
0r: A®7B°0°C’DD’2E 
Cs: A?7B°C"DPO’2E 
0,0:84°0°0’2D?D’*4E 


Cs: 4°2B?8C?2D 
C19: 4°9.B?C?3.D 


O10:2A*6B?RC?DAF 
Cp: 4®7B’C?.D’E?3F 
O12: A®7B’R0®?2D 
Cis: 642 B'RC'D’4E 


Cis: A59B’3C 


Iei+lel 
Cs: A®11B°304D 
Os: At14B°50 
Cr: A5B®14026D 
Cr: 7A°6B?306D 
Cr: 6429.B°6C 
Cy: 11422 B®307D 
Ci: A*8B°50°RDYE 
C11: 10458270 


A Special Prepared System for two Quadratics 
in N Variables. 


By J. WILLIAMSON. 


Introduction. A complete system of concomitants for two quadratics in 
n variables is a system of concomitants, in terms of which every rational 
integral concomitant of the two quadratics may be expressed rationally and 
integrally. The existence of such a finite complete system is a particular case 
of Gordan’s general theorem.* There are three possible types of complete 
systems, 
G == G (a, r, U1) Us, * °°» Uno, T); 
H = H (a, t, £i, Zo’ © +5 Un-1) En); 


K = K (a, Ps Wy, Te," 3 Wnty 2); 


where each contains coefficients a, r of the two quadratic ground forms, the 
u; denote plane co-ordinates, z and x; denote point co-ordinates, and m; denote 
compound co-ordinates. From a geometrical point of view the K system is 
the most important, but also it is the largest and the most difficult to de- 
termine. This K system is known for the cases n == 2,} n = 3,f and n == 4.§ 
The number of irreducible concomitants for the cases n == 2, n = 3, and 
n= 4 are 6, 20 and 122 respectively. For the cases n= 2 and n= 3, the 
system is strictly irreducible and thus the complete system in these two cases 
is also the minimum system.T 

This system K is not the most general system, since such a system would 
contain other sets of variables pi. oi,: + <, all cogredient to mi. But hy 
Clebsch’s theorem || all concomitants involving such sets of variables pi, oi, 
ete. can be deduced from the K system by polarization, if to the system K is 
added the actual concomitant of the field, the determinant of X (see $1). 


® Grace and Young, Algebra of Invariants, Chap. 6. 

+ Grace and Young, loc. cit., page 161. 

“Grace and Yeung, for it. pp. 280 286, 

ST W. Tunbul, “The Simultaneait. Sy-tem of Two Quadratie Quaternary 
: ; = > 
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The G system has been determined * and in a joint paper by H. W. 
Turnbull and the author,t a complete system is found, when the co-ordinates 
mı (or pi) are decomposed into their components u or g. 

In this paper we are interested in the K system and, though no complete 
system is determined in the general case, a distinct step is made in that 
direction. If every concomitant of the two quadratics may be expressed as 
a product of symbolic factors, where each symbol occurs an even number of 
times in each product and distinguishing marks on equivalent symbols may 
be neglected, the totality of such factors is said to form a prepared system 
for the two quadratics. We determine here a prepared system, in terms of 
which every concomitant, multiplied by a suitable invariant factor, may be 
expressed. This system is comparatively simple and consists of 2" — 1 factors. 
In obtaining a prepared system, in terms of which every concomitant, without 
being multiplied by an invariant factor, may be expressed new factors must 
be introduced, when n = 4. The number of such new factors is 1, 8, and 
52, for the cases n == 4, 5, and 6 respectively. It is hoped that these results 
will be published later. 


1. Co-ordinate Systems. Let (u)—=(ulu?---u") denote a set of n 
independent variables and suppose that (u) represents hyperplane co-ordinates 
in a space of n— 1 dimensions. If (w)=(%), (us),' ' +, (Un) are n sets 
of cogredient variables, such that the sets (w;) are linearly independent, we 
have an n-rowed square matrix 

U= | ui ll 
such that the determinant of U is different from zero; i.e. 
(1) D=|U|40. 
A complete co-ordinate system for this space of n —1 dimensions is given by 
ar = (Uruz ` * Ur) (r= 1,2,--+-+,n—1), 
where mr denotes the set of n!/r!(n—vr)! determinants formed from the 


first r columns of U. If 
X= || 2, Il 


is the n-rowed square matrix, whose elements x;/ are the co-factors of the 
elements u®!-/ in D, then by Jacobi’s Ratio Theorem 


a+l-i 
* H. W. Turnbull, “ The Irreducible Concomitants of Two Quadratics in n Varia- 
bles,” The Transactions of the Cambridge Philosophical Society, Vol. 21, No. 8 (July, 
1909), pp, 197-240. 
+H. W. Turnbull and J. Williamson, “Further Invariant Theory of Two Quad- 
raties in n Variables,” Proceedings of the Royal Society of Edinburgh, Vol. 50, Part I, 
No. 2 (1929-30), pp. 8-25. 
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Tr = (uuz » 0. Ur) = Drri-n (21% . æ: En-r) = Drti-tgy, +, 


where Pn-r is the set of n\/r!(n—r) ! determinants formed form the first 
n— r columns of X. Hence we have the two dual co-ordinate systems: * 


(u)= m =D? "pas, 
(Uru) = T = D’rm., 


(ud en Un-2) = Taz s= Dipa 
(UU: * * Un-1) = tar = (21) = (2), 
and finally 
|X |= Dr. 
2. Notation. Let 


(2) = lr’ = bg? = Cy? = + rue. 
» 9 


n 
be the symbolic forms of two quadratics in n variables, where as == 3) aii. 
{=l 


Further let A; = B; = C; denote a matrix of n rows and % columns formed 
by i equivalent symbols of f, and R: == S; = T; a matrix of n rows and 
4 columns formed by 7 equivalent symbols of g. We then say that A; or Ri 
is of currency i. If, also, Xy denotes a matrix of n rows and k columns formed 
by k sets of variables cogredient with (s), and U, a similar matrix formed 
by k sets of cogredient variables, each contragredient to the set (x), we may 
denote the ordinary determinantal bracket factor by 


(A; RyUx) (G-+jthkh—=—n 120,720,420). 


We shall however require other types of bracket factors: I. Compound Inner 
Products; II. Generalised Outer Products; III. Generalised Compound Inner 
Products. 


I. Compound Inner Products. The Compound inner product 


(3) (AiR; | Zins) (+ j=n,i20,j>0) 
is a determinant of i -+ j rows and columns and is equal to 
(4) andy" rw + + | =I E Aaby’ + + Tew t, 
where A= ab: < +, Ry rs: ++, Nag rye: zw. For example 
a a, 
(ab | ary) Ä p. b, | = eby- -Valiy 


"bor a more aetorled account ot dual en-ordmafle -y -fem-, seo Turabull, © io 
terminants, Matrices and Invariants,” pp. 86-88. 
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The determinantal permutation indicated by X, + in (4) is often written 


doby + + Few: * “or (a| è) (b |4): -e (r{ż) (s| ù): > > 


where the dots mean that the letters beneath them must be permuted in every 
possible way, a change in sign being made with each transposition. If 


i -+ 3 = nin (3), 
(AiR; | Xn)—= (AiR; ) | Za |, 


and if i+ j= 1, this inner product reduces to the ordinary simple inner 
product (a| g)= as or (b| s}= bs. Since the inner product (3) is a de- 
terminant, it may be expanded by Laplacian developments in various ways. 
In fact, 

(AB; | Xi¥s)—=(As | Xs) (By | Vs)—= (4: | Xi) (Bs | V5), 
where again the dots indicate a series of (1-+ 7)! /s!7! terms obtained by 
interchanging the symbols of A; with those of R; in every possible way (or 


else those of X, with those of Y;). Once again each interchange is accom- 
panied by a change of sign. For example, : 


(abe | ayz)—=(ab | ay) (è | 2)—(ab | dy) Ce | 2), 
= (ab | ay) (e | z)—(ac | ay) (b | 2)—(cb | zy) (al 2), 
—(ab | æy) (c | 2) —(ab | xz) (e | y)— (ab | zy) (e | 2). 


It should be noted, that the dot notation does not mean that the symbols 
appearing in the same bracket factor should be interchanged.* Moreover 


(5) (Aif; | Dini = Dr-*-3-1 (A Ryarn-i-j) 7 
II. Generalised Outer Products. The generalised outer product 


(6) (Aik; | Xx) (@+j2n, b=t+j—n) 


is defined as (Bn-;R;) (Cx | Xz) where B„-;C»= A; and the dots indicate a 
series of 1! /k!(n —j)! terms. By the elementary fundamental identities, 


(BnsR;) (Ox | Xx) = (Aini) (TeX), where Tau: = Rj. 
The simplest type of such a factor is 
(7) (AiRni-it) = (AiaRnari) de (1=2, 3, sa SEE ~t- t), 


where A; = Aint. 


III. Generalised Compound Inner Products. 


* Turnbull, loc. eit., pp. 83 sq. 


for two Quadratics in N Variables. 403 


If for brevity in (7) we denote (AiRnis-iv) symbolically by is, we can 
form a third type of factor, a generalised compound inner product, which is 
defined in a manner analogous to the definition of a compound inner product. 
The generalised compound inner product (ij...&|«y---z) is a determi- 
nant of m rows and columns, where m is the number of symbols 1, 7,- © <, k. 
It is equal to 


| isfy lin © he = (i | 2) (G l) e (e|2). 


3. Determination of a Prepared System. By the fundamental theorem 
of invariants, every concomitant T of the two quadratics (2) can be repre- 
sented as a sum of terms, where each term is a product of factors of the 
types (didz: + du), (did + "dimn-;), and dz, together with D, and each 
symbol d represents a symbol of f or g and must occur exactly twice in every 
product. But by (5) 


(8) D” (ddz - 3 -dn)= | X | (did ' . dn) = (didz ' r ` da | £), 
and 
(9) D*-t-1 (d də Na dinn-i)= (dide Be di | pi). 


Hence if M be any such term of T, 
(10) . DM =K, 


where K is a product of factors of the types on the right of equations (8) 
and (9) and & is the total number of variables æ; distinct from x, which 
occur in M. We now prove: 


Lemma I. If K has the equivalent symbols a, b,:' ',c, i in number, 
convolved together as A; in the same factor, the complementary symbols 
a,b,‘ > -, c appearing in K may also be convolved together as Aj. 


Since every factor occurring in K is a compound inner product, wé 
may write, 
K=3(Ai | Xi) Ady ns CN. 


As a, b, + *,¢ are equivalent symbols, by permuting them determinantally 
we get 
i! E = 3(4;|¥:) (4: | Fi) X, where Yi==(ay- + +z). 


This proves the lemma. We apply the lemma successively for the cases 1 = n, 
n— 1, etc. and finally have the result: 


Ponta Th, Ehe Sgarra BEE es eee ay DER 


| ee w 
hae 


a sum of terms, where each term is a product of factors of the two types 
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(Ai | Yı), (Ry | Y;) and each symbol Ai, Ry occurs exactly twice in each 
product. 


Further, if K has the factor (An | Xn) or (Rn | Xn), K has the invariant 
factor (An | Xn)? or (Rn | Xn)’, or else is zero, since there are only n sets 
of variables (x). In either case we say that X is reducible. 

Now two quadratics in n variables have the n -+ 1 invariants 


(11) (AiRn+)? (i=0,1,; +, n), 
which form a complete system of invariants," and m quadratic covariants: 
the two original quadratics a2”, Ts? and the n — 2 

(12) (Ain it)? (t= 2,3, + °,%—1) 
defined by (7). Let us denote the quadratic covariants symbolically by 127 


and nz? for ay? and T° respectively, and by is? for (AiRau-iz)? (t= 2,3,°°°, 
n — 1). We require the following lemma: 


Lemma III. The generalised inner product 
4+h-1 
Gi + lit, ,i+ k| Xen) = IL (Asus) (AisnRnss-i | Xen) 
together with additional terms. 


For, if s=0 and Aim = Ardi,t 
(AiBn-+) (AuBi-sUn-iso-) 
= (Bis Rai) (Ai nin) hm = (Bi-s-1U 01tRn-i) (AiaBiUn+xt), 


SaR (AT I (Bi-s-tÜ sst Rai) Ta; 


= (Bi-sÅsRn-i) (rianih -+ 3 (Bis-tA ostBn-i) (A iste nites) 


where AiB == Arm. In all but the first term the currency of A; has been 
increased at the expense of the currency of B;_,, which is less than or equal 
to that of A;. By (5) we may change the variables throughout and write 


(13) (AiBn+) (AxBi-s | Kies) =(Bi-sAsPn+) (Aras | Xir-s) 


* Turnbull, loc. cit., page 304, 

} Turnbull and Williamson, “The Minimum System of Two Quadraties in n Varia- 
bles,” Proceedings of the Royal Society of Edinburgh, Vol. 45, Part 2 (1924-25), 
pp. 149-165. 

To avoid confusion a bar is sometimes used in place of a dot to denote 
determinantal permutations. 
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mod increased currency. We use = to denote “equal to except for terms, 
which may be neglected,” and the words following mod to indicate why these 
terms may be neglected. We proceed to prove lemma III by induction, as- 
suming its truth for the value k. Hence, if 


Lem (epi e,i k, tt ke-i | Xrm) 
by hypothesis 


ished = ws 
L= It (AjRn-j) (Ai-sRas-+) (BimBn-i) (Arnab | Xue), 
i= 
t+k-1 2 = z = 
= II (A;Rn-;) (Ai-1Bns1-1) (Bi-ıAmıEnir) (Barz | Xr) by (13), 
It 


irk-1 z= — 
= I (A;Ra-;) (BisRns-+) (Arsen) (Bare | Lez) 


mod increased currency of R„..-ı by transferring A;., from the second to the 
third factor. Accordingly 


L= II (AsBn-s) (BisBnea-t) (Bers | Zu). 
In addition a 
(ii + 1 | cy) =(Ai+Bnénr) (BiSn+) (4b | zy), 
=(AiSn-+) (Bi-rRnit) (Bo | £y) ` 
by putting k= 1 in the previous work. Hence the proof by induction is 
complete except wheni=1lori+k=n. But, ifi==1, the term (A: ıRau-i) 
disappears and by an otherwise similar proof 


k-1 
(14) (1, 2, vi, ; k | Xr) = U (AiRn-i) (Ar | Xr), 
and similarily 
k-1 
(15) (n,n—1,''',n—k-+1|X,)= U (Rini) (Rx | Xx). 


Though not necessary at this stage, it is important to notice for future ap- 
plications that the terms neglected in lemma III have all had their currency 


raised. 
It follows from lemma [II that, if K be multiplied by the invariant 


k-1 
factor TI (A:Rni)? for every factor (Ar | Ar) (Ar | Yz) occurring in it and 
il 


RL 
by II (RiAn-i)? for every factor (Ry | Xr) (Rx | Yu) occurring in it, and if 
471 
IT denote this total invariant factor, IK can be expressed as a sum of terms, 
where each term is a prodnet of factors of the types (1, 2.5 + +. #1 Xr) and 
ee 2 


(oa 4 1 . ; faye ME Daye alae E te 


1t 


406 WILLIAMSON: A Special Prepared System 


symbol a, b,- +, r, 8: * + occurring in K by a symbol į occurring in IK. 
We can therefore convolve the variables back again exactly as they were 
originally convolved in K and have the final result: 


The concomitant IK == ZN, where N is a product of factors of the type 
(i, j,°° +, k| pm) and each symbol i, 7,---, k must occur exactly twice 
in each product. 


But each N == 31;Gi, where I; is an invariant factor composed of powers 
of Dj ==(A;Rn.;)*, and Gi is a concomitant involving the symbols Ai, Bj 
convolved in pairs. Hence, if we determine the complete system for the G, 
we have determined a system in terms of which every concomitant of the 
two quadratics, if multiplied by an invariant factor composed of powers 
of D; (t==1, 2,- > +, n— 1), can be expressed. 


Order in which the concomitants Gi are considered. Let mi; denote the 
number of pairs of symbols A; occurring in G; and vi; the number of symbols 
R; occurring in G;. We consider G, before G2, if Gi is of less total degree 
in the coefficients of the two quadraties (2). But, if G, and Ge are of the 
same degree in the coefficients of the two quadratics, we consider G, before 
Go, if 

Pa, isk == Mo, iky Vi isle = Vo, iske (pe 2,°+ +, n 
and 
Pui > Bois Vui È voei, OF v3 D Vai; Pri L Hoi 


In other words, G, is considered before G2, if the currency of G, is greater 
than the currency of Ga. l 

That this is a legitimate procedure follows from the fact, that each G: 
may be treated as a concomitant K and may therefore be expressed in terms 
of the symbols 7, j, +, k, in which the symbols At, Em convolved in Gi 
will also be convolved. For a similar reason, if in @; a new convolution of 
symbols A or Æ is made, the complementary symbols may also be convolved 
together. Finally, if An or Rn appears in Gi, An? or Ra? is a factor of Gi; 
and G; is said to be reducible. 

As a direct consequence of the order in which the concomitants G; are 
considered, we may use formulae (14), (15) and lemma III in determining 
the Gj, since in lemma III the neglected terms are all of greater currency. 


Bracket Factors with equivalent symbols. If © denote a convolution of 
symbols i, j,- +, k and ® a similar convolution, while no symbol i occurs 
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in ® equivalent to a symbol j occurring in ® and no symbol in @ is a symbol 
successive to one in ®, we may write 


(O® ,p)=(0 | X)(@ |) 


without disturbing the invariant factors Dj, which may have been introduced 
hy (14) and (15). Hence in considering factors with equivalent symbols 
we need only consider factors of the one type 


Git itket s,m) X) (i<ts,mSith). 


If the symbols £, s, m are not successive integers, we may break the factor 
up again into a series of products of factors without disturbing the invariant 
factors D;. Therefore all factors involving equivalent symbols may be reduced 
to the type 


Feier en 
(GSt;itkZi+s), 


where of course the variables p have been decomposed. Writing for 7 its value 
(A:Rar-i) we see that T involves a convolution of 


k+i+s4+1—k+s+2 


equivalent symbols æ. Since Ai is the symbol A of greatest currency ap- 
pearing in Z and since none of the symbols R have been disturbed, if 
k+s+2>%1+k, the currency of the resulting G: has been increased. 
Hence, according to our scheme of order, G; is reducible, if G; contain the 
factor T, in which s +2 >i. We now consider the case in which s +- 21. 
If I denote ihe invariant factors, which appear in T by lemma III, 


T=l(A:ıRan-i) (Bint) (Ari Bas | Krasta )o 
= I (Bss i-2-0ftni1i) (Btn) (Arsısı2 | Arne) 
mod increased currency by (13), since i--lL2s+1. But n+1--i 
=n4+1- ¢ and by transferring B.. from the first to the secend factor 
yes displace waren ar EN one way vr Topas the ETI To yi p 5 Th: SEEE aay 


` 
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are interchanged, the invariant factors D; will not be disturbed. We have 
now proved the theorem: 


THEOREM I. Every concomitant K of the two quadratics (2) is re- 
ducible or else, if multiplied by an invariant factor, composed of powers of 


(AiBni)? (1= 1, 2,- +--+, n— 1), is a sum of terms, where each term is a 
product of the symbolic factors is, (tj | pa), (ijk | ps),° © +, (ijk -om | pas), 
(12: +--+) where i, j, k, m= 1, 2,--++,n, and each symbol i occurs an even 


number of times in each product, while no equivalent symbols occur in the 
same factor. If the concomitant K is reducible, K=IJ, where I is an 
invariant factor composed of powers of (An)? and (En) and J is not 
reducible. 


Since the variables are now convolved back again into the form p;, we 
may replace the variables p by the variables =, thus removing the powers of D, 
with which we originally multiplied the concomitants. In fact, since the 
co-ordinates are homogeneous, it is immaterial which set of variables is used, 
as long as the variables are properly convolved. Henceforward we shall drop 
the variables and write (17) for (Was), (ijk) for (tjkas) ete. 


4. Identities. If Im, Jm, Km ete. denote convolutions of m symbols 


i, j, k, -> the following identities exist: 
ifitj+k=t+r+m, 
( (Lid Ku) (LT Mim) = (Lid jarKn-r) (TiK Mm) (k>r), 
(16) = (ii) (Kr Mm) (k =r), 
| ==() (k < r) “ 


For, if the variables are taken as p, in transferring J; to the first factor we 
cannot displace any of the variables, since otherwise the second factor would 
be zero. But, fi + j +k=i+r+m—1, 


(LiF Ku) (LI Mn) (Li jor Krr) (iK Mm) + LI jor Kir) (Li Kam 


a7) (k >r—1), 
== (1;J jr) (1:8 +41) (k et Aue: 1), 
== 0 (k <r— 1). 


The two terms in this identity occur, because one of the variables in the first 
factor can be displaced. Other identities exist, when i+j+k<i+r+m—1, 
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but they disturb the proper convolution of the variables. These identities (16) 
and (17) are true whether the variables p or = are used.” 


5. Principle of Duality. Let K be a concomitant I (ij: > +k). Then, 
if 7’, 7’,- ++, kW are the symbols complementary to i, j,---, k, that is, if 
(uj: > +k) (7+ - +i’) involves each of the symbols 1, %,° ' ', n once and 
only once, (47° - +k) and (t7: - +k’) are said to be dual factors. With this 
notation, H(i: - -&)IL(#j’- +k) involves all the symbols 1, 2,--°, n 
exactly m times if there are m factors in K. If m is even, all the symbols 
occur an even number of times and therefore IL(#7’- - +k’) is also a con- 
comitant. But, if m is odd (12---n)M(?’/’: +K) is a concomitant. Hence 
from a concomitant K we can form a dual concomitant by writing the dual 
factor of each factor in K and multiplying by the factor (12---n), if the 
number of factors in K is odd. If we consider identity (16) and write the 
dual of each factor in it, we get, 


(TUI) TI) = (LK Mm) (TI tor Kerr) 


where (TMmJ jr Kali) (12° + -n), and this new identity permutes exactly 
the same symbols as did the original one. Similarly there is an identity dual 
to (17) acting on the same symbols as (17). Hence we have the important 
lemma: i 


Lemma IV. Corresponding to any identity there is a dual identity 
operating on the same symbols. 


Since, if ¿ and j are successive integers and ij is convolved an even number 
of times in a concomitant, an identity separating i and 7 cannot be used. 
without disturbing the invariant factors, we must now prove a further lemma. 


Lemma V. If K and K’ are dual concomitants, the symbols i and j are 
convolved an even or an odd number of times in K according as they are 
convolved an even or an odd number of times in K. 


Let the symbols i and j occur alone in m and r factors of K respectively, 
the symbols 7, 7 occur together in ¢ factors of K, and neither of the symbols 
i or j occur in q factors of K. Then the total number of factors in K is 
m+r+t+g=s Since +m and t+r are both even, s += 
gtmttitr-+-t—g mod 2,org t~s mod 2. Hener 


¿== q mod 2, if s is even, 
e>~g-+1 mod 2, if s is odd. 


y 


* Turnbull, loc. cit., pp. 92 sq. 
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But if s is even, q is the number of factors in K’ containing both i and j, 
while, if s is odd, g -++ 1 is the number of factors in K’ containing both i and 
j, Since, if s is odd, in determining K’ from K we introduce the factor 
(12° --n). Accordingly this proves our lemma. 


6. Incompleteness of the Prepared System. We should like to determine 
a prepared system, in terms of which every concomitant can be expressed, 
without being multiplied by an invariant factor. To do this, we must see, 
- if ever in convolving the variables to give the factors -(i7---k) we have 
broken up a convolution of successive symbols. This is the case for n > 3, 
and accordingly we must introduce other more complicated factor types. With 
the introduction of these new factor types, once we have found a complete 
system for the concomitants multiplied by invariant factors, we may remove 
the invariant factors from each concomitant and so obtain the actual com- 
plete system, provided that no identity is used, which disturbs a convolution 
of two successive symbols, if that convolution occurs an even number of times 
in a concomitant. These new factor types are of the nature 


or in other words combinations of simple bracket factors, in which successive 
symbols are implicitly convolved. The dual of such a factor is obtained by 
taking the duals of the component bracket factors and permuting the same 
symbols. Accordingly, if one of these new factor types is counted as equiva- 
lent to q simple factors, where q is the number of component factors in the 
new factor type, the dual of a concomitant K containing such a factor can be 
written down as in $4. Further the introduction of these new factor types 
does not vitiate the proof of lemma V, since any symbols implicitly convolved 
in K will also be implicitly convolved in K’. Hence from a list of irreducible 
concomitants we can immediately write down a list of the dual irreducible 
concomitants. ; 

Since the concomitants f and g enter symmetrically into the discussion, 
the actual labour of determining the irreducible concomitants can be shortened 
still further. Two factors, concomitants or identities are said to be similar, 
if the first can be derived from the second by writing »-+-1—di for every 
symbol i that occurs. From the symmetry mentioned above, it follows im- 
mediately that, if a concomitant is reducible, so is the concomitant similar to it. 


1. Applications of the General Theory to the Cases n = 2 and 3. Com- 
plete System for Two Quadratics in 2 Variables. In this case n= 2 and we 
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require two variables, only one of which occurs explicitly. It is obvious that 
the prepared system consists of the three simple factors: 


Ts == äss 2a = Tes (12) = (ar) . 
The prepared system then consists of six forms: 


three invariants (A2)*, (R2)*, (ar)?; 
three covariants 1z”, 2.7, (12) 1222. 


In addition there is the actual concomitant of the field D=(uv).* 


Complete System for Two Quadratics in 3 Variables. In this case n = 3 
and we require two co-ordinates z and u—(ay). The prepared system con- 
sists of the seven simple factors: 


loz, 3912, %—=(ARz)—(aR)b»—(bR)a,, 
(12)—(aR) (Au), = (82)==(rA) (Ru), = (18) = (aru), 
(123)—=(aR) (Ar), 


where A and R are written for A, and R, respectively. The complete system 
consists of 20 forms: 


four invariants (A;)*, (Ar)?, (aR)?, (Rs)? 
. four covariants ls”, 257, 327, (123)1222323 
four contravariants (12)?, (23)°, (13)?, (23) (31) (12); 
eight mixed forms (123) (23) 1s, (123) (12) 3, (tj) teje, (123) (ij) (th) is, 


where t, 7, k= 1, 2, 3 and is47k. In addition there is the actual con- 
comitant of the field D=(wvw). The actual concomitants are obtained from 
the above list by dropping the invariant factors, e. g. (23)?—=(rA)?(Ru)? 
gives the actual concomitant (Ru)?.} 


Determination of the Complete System. No new types of bracket factors 
are necessary, since the only chance of 12 or 23 being separated would be in 
the formation of the factor (123). But, as in (123) both 12, and 23 are 
convolved, no invariant factor would be disturbed. Accordingly the prepared 
system is that quoted above. 


Covariants. If the factor (123) does not occur, the only possibilities 
are the squares of the factors i, ((-= 1, 2,3). If the factor (123) does occur, 
the only possibility is (123) 122232. 


PENN Ste eee Ne det beter ree ee Shh A SG, a 


4 Wettzeubock, fue. eit, Cnap., 2, page 61, 
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Contravariants. By the principle of duality we obtain the contravariants 
immediately from the list of covariants. 


Mixed Concomitants. If the factor (123) does not occur, by analogy 
with binary forms the only possibilities are the three forms (1/)tsje (i, j = 
1, 2, 3). From these we obtain the dual forms (123) (kj) (ki)ke (4, j, k= 
1,2, 3). If the factor (123) occurs, we may have the forms 


(123) (23)1., (123)(21)32, (123) (13) 2e, 


of which the last can be expressed in terms of the other two. It is obvious 
that three u factors cannot occur, since then we would have the concomitant 


(123) (12) (23) (31) 1.203» 


and this has the concomitant factor (13)1.3.. Hence we have obtained the 
complete list of irreducible concomitants. 

Similar methods have been employed to find the complete system for 
the case when n == 4.* When n= 5 and 6, an actual prepared system has 
been found by these methods, but the work is too long to be reproduced here. 


Tun JoHNS HOPKINS UNIVERSITY. 


* J, Williamson, “ The Complete System of Two Quarternary Quadratics,” American 


Journal of Mathematics, Vol. 51, No. 4 (October, 1929). In this paper Theorem 1 
is proved solely for the case n = 4, 


On Algebraic Inversive Invariants. 
By Frank Morey and Boyp ©. PATTERSON. 


Introduction. The invariant theory of the inversive group has been 
investigated by Kasner * most thoroughly. His mode of approach was by 
the study of “the theory of algebraic curves upon a proper quadric surface, 
with respect to those properties which are unaltered by the group of collinea- 
tions transforming the quadric into itself” When the quadric is a sphere 
this group of collineations affects the points on the sphere in the same way 
as the group of inversions upon the sphere; and by an inversion of the sphere 
into a plane the geometry of the above mentioned theory of algebraic curves 
reduces to the inversive geometry of the plane. 

It is the purpose of this paper to present new methods for calculating 
the algebraic invariants of curves under the inversive group. In particular, 
the invariants and covariants of the biquadratic are obtained. The method 
employed rests on the inversive significance of the equation of a curve given 
in circular coordinates. A bilinear equation represents a circle or a straight 
line (inversively equivalent to a circle) or two points, images in the plane 
considered. The biquadratic equation includes all circles which, with a 
circle, determine four points. Thus the curves otherwise called the conics, 
circular cubics, bicircular quartics, Cartesians, and Cassinians are all, in- 
versively, biquadratics. 

It is worthy of note that the methods presented may easily be generalized ; 
and the results of the application of this method to the bilinear and bicubic 
forms are given. 

In Section 4 an application of the results obtained for the general 
biquadratic is made to the Neuberg curve of a triangle. Sometimes called 
the Neuberg cubic (projectively speaking), from our point of view it is a 
biquadratic through infinity. 

1. Concomitants of the biquadratic. We write the equation of the 
biquadratic 
(1.1) (Geet? + 2010 + doo) Z + 2 (tiat? + Bare + a0) 

-- (aT? + Zaar + 090) = 0 
in circular coördinates with complex coefficients, = X—iY representing 

* Edward Kasner, “The Invariant Theory of the Inversion Group: Geometry 

upo o Qnadrie Surface,” Transactions of the Amertonn sietRemaliat mocicey, Vol, 7 


(1900), p. 430. 
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a point of the complex plane and &=X — iY its reflexion in the axis of 
reals, i. e. its conjugate. An equation f(e, Z)=0 represents a real curve 
only when it is self-conjugate. Hence we impose the condition that dij = ays 
from which it follows that ai; is real. The coördinates may be modified by 
a real factor; thus we speak of the form itself as the curve. 

In the sequel we shall frequently write the left member of (1.1) in 
the following matrix form: 


1 Boo for Ao2 
(1.1) RE | Aro Ar aie 
T? eo er Q22- 


By the notation f == Cmn we shall indicate that f is a form of degree m in 
the coefficients and of degree n in each of the variables v and 7. Equation 
(1.1) gives points on the biquadratic; a more general form of the equation 
is obtained by replacing Z by 9. It is known from the general theory that 
an equation f(x, Ẹğ)==0 does not represent a curve, since it is not self- 
conjugate, but rather associates with every point x of the plane certain 
points y. These points y are called image points of x with respect to the 
curve. In the case at hand we notice that for a given x we have a quadratic 
in y —hence two images y. 

It can be shown with little difficulty that a Ciz==0 is transformed into 
a curve of the same type under transformations of the kind y= az + £ 
(a proportion or homology) and z—1/% (an inversion in the base circle). 
Since the group of inversions consists of homologies and inversions in the 
unit circle, it follows that the type of the curve is left unaltered by the 
transformations of the inversive group 


(1.2) y=(as +b)/ (cr +4), z= 1/9. 
The form Cız of the curve has therefore an inversive invariant significance. 
Furthermore the determinant of the coefficients is invariant under inversions. 


That is, if C12 = 0 is transformed into Ci: = 0 by a transformation (1. 2) 
the expression 


Qoo Qoi flog 
I, = dıo dıı aie 
dao Q21 (sa 


is, to within a constant factor, equal to the similar expression I’; of C’te. 
In fact I’; =(MM)*I3, M= ad— bc being the modulus of the transforma- 
tion. We note that the above matrix is an Hermitian matrix since ij = dji. 
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Knowing I; to be an invariant of Cy. we may calculate other invariants 
as follows. Writing down the invariant J, of the pencil of biquadraties 


Cie + EP k, real 


and expanding in powers of k, we have invariants of the system appearing 
as coefficients of the various powers of k. If now P should be a degenerate 
biquadratic, say a point z taken four times, 


P s=(¢ — z)*(— ž)? = 0, 


we find the coefficients of % to be invariants of the system Oi: +kP if z is 
considered a constant or covariants of Cas if z is taken to be a variable. The 
invariant of the pencil Ciz + kP reduces to 


kCo2 + I. 


The coefficient of & is a covariant of the original form of degree two in the 
coefficients a;;—it is the first evectant * of Ciz. Changing the variable from 
z to x, the matrix form of Css is 


1 x a? 
Ass d Aoi Axo 
Axe An Axo 
Aoz “Agi Aoo 


a 8 S 
NW 


where Ai; is the minor of aj in Is} We notice the binomial coefficients- 

to be lacking in the C2. although they were present in Cy. If now we form 

the first evectant of the pencil C22 + kP we find it to be precisely I,Ch.. 

This reciprocal relation between the two forms Ci: and C22 leads us to speak 

of Ca, as the reciprocal of Ci. 
The invariants of the system 


Cre + koe 


will be invariants of the form C,.. We obtain these invariants as coefficients 
of powers of k in the expansion of the following determinant which is the 
invariant J; of the pencil Cis + &C22: 


Goo + kÁss alo -+ kata lo thaw | 
Rilro + keia diy, + kelaa Rila + kA 10 zu isi + 2141 oh" + Ik + 4/5. 
Arg + kdor Raa + Alor Ane + bA gy 





* Cf Selm, Modern Higher Algebra. nd edition FI8G61. p. 105. 
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The values of these new invariants are: 
Ia = 20731 + Aole + Aaotoz — Zlot — Raoir 
4 == A’ + 8A oA 22 + 8Ao2Aa0 TI 4Ayodız cs? 4A oA." 
The covariants are obtained as coefficients of the powers of k in the 
development of the bordered determinant: 


0 g? — 24x 1 
& Got KAse 
— JË u 411 + kA : 
1 u fale ie jones g tek Avo 


= — IOak? — (12012 — 2032) k — AC a. 3 
The covariants Cız and Co. are the original form and its reciprocal. The 
third, a Css, is as follows: 


Usa 1 2% g’ 





1 | Zoo Xor %oa 
QE | Qio %ıı Xia 
Z? | Geo Sor Aag 


where the coefficients «;; have the following values: 

Coo = Aza ( do2đ20 — 0711) + litat — @* 12020 — G? 21402. 
G12 = dos (Ay 2021 = 41022) + Qoz (A1o@e2 = 11021) — Oye (trotz == a?i) . 
Con = loo (Aoatles — @712)— Wording + Raoıdııdız — loli. 

2011 = Aor (A1adzo ass (41021) + oe (dotz — 11029 )— Alıı (Giota = ai) 

—~ Boo (drile Fo Gy 2021) + ao (drollas == Azıdıı) . 

Zor == Boo (dođi — Ml) lor (azto: — 0733) + Ato (Gord12 — artoz). 
Zoo = Qoo (Ao2G29 — A11) — Bong + Ri 410811 — A? 19002 
ig = Ay. 

It is known that a biquadratic curve is its own inverse with respect to 
any one of its four Jacobian or “director” circles. Inversion with respect 
to an intersection of any two of these circles (which are orthogonal) sends 
the curve into a biquadratic symmetrically placed with respect to two per- 
pendicular lines. Taking these lines as coördinate axes, the equation of the 
biquadratic assumes the normal form: 


Oia = k (28 + 1) F Aa? +) + dyed. 
The normal forms of the other covariants and invariants are: 
Cas = ru(z’ + 1)— Ap(a? + 22) + (RK? — AA eë, 
Onn = K (A? — p?) (4 1) + ARE) (2° 42) — uhe AM 2p) a8, 
L= È + + By? Tg = ple mA), LSA + By? l + A?). 


* Kasner, loc. cit., p. 479, gives the invariants J, J, K. In terms of the above, 
I = — I, dJ = 2I,, 4K = If — I 
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The above normal forms rule out the conics as special biquadratics. They 
suffice, however, to calculate important relations between the invariants. 
Writing C22 with binomial coefficients as in (1.17) we have the following 
relations between the invariants J of this form and the invariants I of Cye: 
8J: = L, 4J = I,?, RJ 4 = Ip Ia. 
Repeating the process on the reciprocal of Cz. and indicating by K the 
invariants of this form, we have 
(1.3) 16K:—=32J= IsI, 64K;= 16J ?— Ist, 256K = 128J J= IsI. 
Foci. The image equation of the general bi-n-ic associates with any 
point z of the plane n image points y. By definition a focus of the curve 
is a point z which has two coincident images. Writing the biquadratic Cie 
in the form 
(aT? + Zaat + dao) Y? l 
-+ 2 (ara? + 2a + Ay) ¥ + (aot? + 2002 + do) == 0 
and requiring the discriminant of this quadratic in % to vanish makes evi- 
dent the fact that Cı = 0 has four foci. The foci of the normal form are 
-given by the quartic 
ger + 1)+ (ne? + A? — 4y?) a? = 0. 
Writing the biquadratic as a quadratic in x and requiring its discriminant 
to vanish gives four points y as foci which are identical to the four roots of Q. 
The projective invariants and covariants of Q are: 
ge = PA? + 34°, ga = A (PX — 4°), where 6A == x? + X? — 4p’; 
A= 928 ar 2795" 
= { (1/4) ar +A + Bp) (x + A— 2u) (k — A+ Bp) (— « + A+ 2) J, 
H = cA (zt + 1) + (KR? — 8.4?) 2’, S = kA (Rd? — 9A*) (2° — er), 
where the subscripts of A indicate its degree in the coefficients of C12; H is 
the Hessian and 5 the sextic covariant. Foci invert into foci, hence we 
expect the above invariants of Q to be expressible in terms of the inversive 
invariants of Cie. In fact we have 
1292 = 412? — 3L, 216g; = 81, + 5413? — 91,1, 
Ara (1/64) (12212 — I? — 1081;* — 321313? + 861.1;21,). 
The foci of Cz. are given by 
Q mm + Ap? (at + 1)--- (C/A) (8? -- A — HAN). 
Between Q, Q’, and H there exists the relation 
Q = —(1:/6)Q + H. 
Q Ahon ione e the pomi ef gemte nQ -aT snd tho invprianls af Q 


may be expressed in terms ot the invariants of Q,* In iacı 


“ Salmon, loc. cit., p. 177. 
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369s = Io? go — 181393 + 392", 
(1. 4) 2169's = — 12°gs + Ig — 29293 + 54g? — 92°, 
7 256A 54 — I*A, u 168’ = IS. 


In addition we have the identity 
4H? — pA Q? + g + 2 = 0, 
and the invariants gz and 9, expressed in terms of g’, and g's: 
32],%g5 Im I2g', _— 94. 32],9'; 12%. 3g’? 
83I gs = — 4g’ + 3g E — 8? 3g 2g + 8° 23°? — į 8ga. 
Two Biquadratics. We close this section with a word concerning the 


simultaneous invariants of two biquadraties Ciz and Ciz with coefficients ai; 
and b:; respectively. Forming the pencil 


Cre + kOe 


and calculating the invariants corresponding to I» Is, and I, of Cis, we 
obtain other invariants involving the coefficients of both forms. For future 
reference we give here the bilinear or apolar invariant of the two forms: 


In = 4011011 + @oodas + Ge2boo + Qzodoa + Go2be0 
-= 2 (Ar00r12 + diabigo + torbi + 21091). 
2. Invariants of circles. Applying the method of the preceding section 

to the bilinear forms 

Cii = uL + Qot + AË -+ Goo 

O’ = Burtt + Bois + Lio + Boo 
gives us the invariant 

I = Ggo%11 — Kroo, 

of the single form, and 


J = 41B 00 — Roıßıo — Kıoßoı + Rooßı1; 

the simultaneous invariant of the two forms. 

Geometrically interpreted, Cı == 0 is a circle which is a point when 
I= 0. The vanishing of J is the condition that the two circles be orthogonal. 

If the four circles 

fa = Oy LL 4 ot F Xot + Moo, fo = Buns? -+ But + Bıo® + Boos 

f. 3 == yug + Your + Yıot + Yoo, fs == ĝ EË + Bot + Biot + Soo, 
have a common orthogonal circle 

f = ht + dot + lio + doo 

then J (frf) = 0 (k= 1, 2, 3, 4). 
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Eliminating ai; from these four equations gives us the invariant condition 
that fx have a common orthogonal circle: 
Zir Xor X10 Xoo 
K= Bir Bor Bio Boo 0. 
Yıı Yoı Yıo Yoo 
811 Sox 810 800 
Two circles C,,; = 0 and C’;, =0 have one absolute invariant, 
J?/II = 4cos’6 or 4 cosh?s, 
where @ is the angle when the circles intersect; ö is the hyperbolic distance 
(measured from the common inverse points) when they do not. Hence two 
circles are tangent when 
| J 21 
| al’ J 

3. Interpretations of the invariants of Cy. Before entering upon the 
subject of this section we define several circles * intimately connected with 
the biquadratic Cı» The equations for the most part will be given in the 
normal form. . 

(a) The conjugate point x of a point z with respect to O12 is the har- 
monic conjugate of z with respect to the image points of z. It is given by 
the equation 

(x2? + A)we + 2pz(e +2) Hk + AZ?) = 0. 
(8) The bipolar circle C’ of a point z with respect to Cia is the locus 
of double points of the one-to-one correspondence 
(KZ + A)aa + a(g + Z) (e + 2) +(x + 19%) 
determined by polarizing the image equation of Cy, with respect to z and % 
simultaneously. Its equation is 
CY == (x2d + pje + (àz + 2) ae + (AZ + uz) -+ (k + eZ) = 0. 

We note that the conjugate point of z is the inverse of z with respect to C’. 

(y) The bipolar circle C, of a circle C with respect to Ciz is the locus 
“of points whose bipolar circles are orthogonal to C. If the circle C has 
the equation 

O = QT + Gt + Zif + &oo = 0 
the equation of its bipolar circle is 
Cy == (aup + Sook) TE — (tow + Aro) E 
—-( Sop + AA) Ë + (aK + Loupe) = 0. 





‘See Kasner, foe. cit, pp. 482, 48a for defmitions in quaternary tone,  Promudv 
for circle we should write bilinear curve. 
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(8) The anti-bipolar * circle Oz of a circle C with respect to Ois is the 
circle orthogonal to the bipolar circles of all points on C. The bipolar circle 
of the anti-bipolar circle is the original circle. Hence the equation of the 
anti-bipolar circle of C is 

Cn == (A? — a?) (ook — Ore) CE + (x? — pl?) (corp, — O10A) T 

+ (x? — a?) (Qio — Mord) Z + (A? — p?) (aii — Goop) = 0. 

(e) When C reduces to a point z we have the anti-bipolar circle 0” 

of z with respect to Cı». Its equation is 
OM = (A? — p) (2% — po) E + (x? — u?) (Az — pt) E 
F (r? — p?) (AZ — pz) E + (A? — a?) (x — pad) = 0. 

A geometrical interpretation of the covariants is obtained by the ap- 
plication of the results of Section 2 to the bipolar circles Py. and Px. of a 
point with respect to Ci. and Cez respectively. Since I( P22) = (13/4) C12, 
Cı = 0 is the locus of points whose bipolar circles with respect to Cs are 
degenerate. Also Cıa = 0 is the original biquadratic and the bipolar circle 
with respect to C12 of each point on it passes through that point. I(Piz)== C22, 
hence C2 = 0 is the locus of points whose bipolar circles with respect to Cie 
are degenerate. Finally, Oss == 0 is the locus of a point whose anti-bipolar 
circle with respect to Ci. passes through it. 

Calculating the bilinear or apolar + invariant of the biquadraties Ch», 
C22, and Cz. gives the following facts: 

In (O12012) = RI, Iia (Co2C'22) = I,/4, 

In (C120 on) == 31s, In (C12C 52) = In? — I. 
Hence J, = 0 is the condition that the biquadratic is self-apolar. J,;==0 is 
the condition that the biquadratic is apolar to its reciprocal curve Co.. And 
when J,==0 the covariant curve C22 is self-apolar. We give here another 
interpretation of the vanishing of J;. 

Writing Cı: == 0 as an image equation and polarizing with respect to x 
and % defines a one-to-one correspondence between two points æ and y: 
[@20%, + Goi(% + 21)-+ deo] 9t [lrt + dur (2 + 21) + dio] (9 + 91) 

+ [aotz + to (T + 21) + doo] = 0. 
Now the condition that there be a neutral pair, i. e., a pair of points x and 2 
for which y is arbitrary, is that the three equations 


Qil, + iy (E F T1) + Gio = 0 (i= 0, 1, 2) 


have a solution, that is I, == 0. 

*J. L. Coolidge, Treatise on the Circle and the Sphere, Oxford (1916), p. 211, 
calls this the auto-polar circle. 

f Kasner, loc. cit., p. 471. 
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I == 0 is the condition that Cis has a neutral pair. Neutral pairs m 
the above sense are characteristic of Cassinians aad their inverses. 

We have defined a focus as a point whose images with respect to Caie: 
are coincident. A biquadratie will have a double point if two foci coincide 
and the double point then absorbs the foci. Three coincident foci give the 
biquadratie a cusp. From the invariants of Q (Section 1) we have: 

Cy.= =0 is a nodal biquadratie when Ap =0. A nodal biquadratic is a 
central conie or the inverse of a central conic. The conic is an ellipse if the 
node is isolated, an hyperbola if the node is an ordinary double point. 

Ci2==0 is a cuspidal biquadratic when 4M4 S° = 0, for ge ==0 and 
gs=0. A cuspidal biquadratic is a parabola or the inverse of a parabola. 

Ci: = 0 has two nodes and degenerates into a pair of circles when S = 0. 
For then @ has two pairs of double roots and IT is, to a constant multiple, 
the same as Q; hence the Jacobian S of H and Q vanishes identically. 

The relations (1.3) and (1.4) give us corresponding results concerning 
the reciprocal curve Cze = 0 and make the reciprocity of Cy, and Cee even 
more striking. 

4. The Neuberg curve of a triangle.* Given three points i, Ge, ts, 
their Neuberg curve is defined to be the locus of a point a, such that, if Ai; 
is the square of the distance hetween a; and «aj, 


AssA14 A23 + Ada 1 
N == Asides Ası + Asa 1 = 0. 
Aı2Aga Aıa + As4 1 


The Neuberg curve has the property that the isogonal conjugate with 
respect to the triangle a,asa, of each point on the curve also lies on the curve 
and their join is parallel to the Euler line of the triangle. This definition 
of the curve enables us to derive its equation in circular codrdinates. For 
we can take the vertices of the triangle on the unit circle, say, 4, fa, fs, and 
choose the axes so that the axis of imaginaries goes through the orthocenter. 
With this choice the cireumcenter of the triangle is the origin and the ortho- 
center 4% = l, + le + tg is a pure imaginary, say s, == 2pi where p is real 
and positive. ‘The transformation of isovenal conjugates for this triane]e is 


-- aos 


` "t * te. 
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If the join of a pair of isogonal conjugates z, y is to be parallel to the 
Euler line we must have 


(t—y)/(€—9)= —-1. 
The locus of isogonal conjugates x, y satisfying 

CY + StH = 2pt, Ë+ Y+ 2y/ss—— Api, B+ E=—Y TY 
is the Neuberg curve of the triangle titats. Eliminating 1, y, Y, from these 
three equations, we find the locus to be 
(4.1) Z2- wd? +4 a/sy + sa? — 2(1 + pi/sa)e — 2(1 — piss) # = 0. 
We notice that the Neuberg curve is a biquadratic through infinity. (That 
this equation is the same as A” == 0 may be shown by direct substitution of 
t; for a; and of x for a4). 

A third characterization of the Neuberg curve is: The locus of points æ 
whose image triangle with respect to the triangle tıtst, is perspective to titata. 
The equation of the curve in circular codrdinates may also be derived from 
this definition. 

It has been shown that the Neuberg curve is a symmetrical relation on 
five points,* and the property mentioned in the preceding paragraph tells 
what it is. Take any one of the five points, say a, and its three inverse 
points with respect to the three circles determined by a2%3a5, o30%5, and 
Z125. Call these inverse points fi, B2, Bs, respectively. The distinctive 
property of the five points &,' '',œs is that the circles 18105, %B2%s, 
%383%5, have in addition to « a second common point, i.e. they are coaxal. 

The Neuberg curve therefore is the locus of a point a, having the above 
relation with respect to four special points. The symmetry of A’ —0 in its 
inverted form shows that what is true inversively of one of the points is true 
of the others. Before we attempt to characterize these points inversively, 
i.e. by means of inversive invariants and covariants, we put them into a more 
convenient position by inverting with respect to one of them, say a;. The 
four points now become the vertices of a triangle, which we call ti, te, ts, 
and the infinite point of the plane; and the equation of the curve is (4.1) 
which we shall indicate hereafter by Cha. 

Applying the results of Section 1 we have the covariants 





Cre 1 Rx g? 

I 0 Al 1 00/85) 1/5; 
28 — (1 — pise) 0 1/2 
z 83 1/2 0 


* Frank Morley, “Note on Neuberg’s Cubic Curve,” American Mathematical 
Monthly, Vol. 32 (1925), p. 407. 
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Cs 1 T g? 
ı eUe A Ae 
£ (ss + pt) —i ~— 1/285 
g? — (1 — piss) /2 — 83/2 — 1/4 
C30 1 22 x? 
1 ®y(p* — 1) py (p/ss — t) 0 
2z py (pss +?) — y/R — piy/R 
2 0 piy/2 — y/2 


where s is a complex number of absolute value unity and has been written, 
when convenient, cos$ +- tsin ġ =y + ic; p = amp s; and hence 
Zio = 83 — 1/5, Ry == S3 + 1/ss. 
The invariants of the Neuberg curve are 
IL=3 +2, L=—y L=9-+ 18p0 + 4p. 
It is evident that the covariant curve 
(4. 2) O = Cs + RIO 22 = 0 
cuts the Neuberg curve Os at infinity which is one of the four special points 
under consideration. The same covariant must therefore pick out of Cy, the 
remaining three points t, ia, ts of this special set. That such is the case may 
be easily verified. However the covariant has eight points in common with 
C12 so that the original tetrad determines a second tetrad. Writing C12 
and the covariant C as quadratics in Z and calculating their eliminant we 
have the eight common points of Cız and C given as roots of the following 
equation of the eighth degree: 
2? — Bpis! + pisze" + (8p? + 7) sast — 4s, (6pt— p?s,)x° 

— 485 (5piss + 4p? — 2p%is,) x? — 883? (Rp? + 1 — p°ts3) e 

+ 485? (Rpt + p*ss)— 0, 
where the leading coefficient is zero since infinity is a root. Knowing tı, te, ts 
to be roots, the above eliminant contains the factor 

g? — 2pia® — 2pisgu — Ss. 
The remaining factor 
gt + Apisse? + 85,0 — Sa (Spt + 4p7s3) 
has as roots the second tetrad. This tetrad consists of the incenter e, and 
the three centers of the escribed circles, Cı, Ca, €s, of the triangle titats. In 
terms of the ?’s we have 
lo == Ti — T2 + T3, ei = 7, F To — Ta; 
Ca == — Ti — T2 — Ta, Ca == — Ti -H To F Tos 


Vere Ti wes (ast yet 


kek BLUE EY AND LALLERSUN. UT ALJEUTULIC LWVETSIWE LTWWUGTTLATLLS, 


We object to (4.2) on the ground that it is not homogeneous in the 
coefficients of C12. An homogeneous relation is obtained as follows: It may 
easily be verified that the following non-homogeneous relatien exists among 
the invariants of Oiz, viz. 

(4. 3) LI? — 61? + 91,? —I, + 1,2 =0. 


By inserting proper powers of — 2I3Ce2/C32 which is of degree two in the 
coefficients and by (4.2) is equal to 1, the relation (4.3) may be made 
homogeneous. We have then, after simplifying, 

Te? {Ls0% 32 + 1212lsC 32022 + 3613’C 20722 + S73 (La — I") C822} = 0. 

The part included in brackets is of degree 13 in the coefficients of Ci. 
and of degree 6 in each of the variables. This covariant may cut out of Oiz 
twenty-four points in three sets of two tetrads each, for it breaks up into 
three biquadratie factors of the type of (4.2). Whether these three sets are 
all real, or one real and two complex is yet to be determined. 

5. Invariants of the bicubic. In conclusion we record the results ob- 
tained by applying the method of Section 1 to the bicubic. We have the 
bicubic 





Cis 1 3x 3g? g? 

1 Boo flor o2 dog 
BE | Gio Gir aiz dis 
32° | ao ex Aaa Gas 
x UEY dsı Ase (iss 


and its reciprocal form 





Oza i T g? z? 
1 Ass Ass A 31 Aso 


Z | Ass Asa Azı Aso 
gz? Ais Ais Aar Ato 
7’ Aos Ava Ao Ago. 
The expansion of the determinant of the pencil 
Crs + ECs, 
as to powers of k, we find to be 
Lekt + RLIzk® + I,(181; + I) hk? + 181,I2k + 817, 
where the invariant I, is the determinant of the coefficients of C13 and 
I, = (Qoottas = Qozđzo)} — 3 (Eoıdaa = Agadaı ) — 3 (Arollzs = Arg20) 
+ 9 (aiil — lelli). 
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An Extension of Brahmagupta’s Theorem. 
Br A. W. RicHEson. 


The question of cyclic polygons early attracted the attention of mathe- 
maticians. As early as 625 A. D. we find Brahmagupta, a Hindoo mathe- 
matician, working with the cyclic quadrangle.* About 1782 Lhuilier gave 
a formula for the radius of the circumcircle of an inscribed quadrangle in 
terms of the four sides, for both the convex and the crossed cases.} It is the 
purpose of this paper to study first the inscribed quadrangle and then to 
consider other polygons, and in particular the inscribed pentagon. 


1. Distances under Inversions. Two points P and P’ collinear with a 
given point O are said to be inverse points with respect to the point O if the 
product 

OP: OP’ =K 
where K is a real constant, O. is the center, and K the constant of inversion. 
Given the inverse points Po, Pı, Pa > + + in the plane, let us denote by Ajj 
the absolute distances of the points P; and P;. Under an inversion with 
respect to the point O as a center the distance Airs becomes 


KNX i2/N o1 A o2- 


Accordingly a function of the distances which contains each suffix the same 
number of times merely acquires a factor under an inversion, that is to say, 
it is a relative invariant. Consequently for four points any one of the eight 
expressions 


A?oı Ags Asa Asa E No2 Asa Aga Ais TE A os Ası Ane Aoa E Aoa Ana Avs Ası 
is a relative invariant under inversions. 
Since equations of the type 
OP? T MOP;? F HOR + +K=0 
are equations of eireles, then 
M1 Ans Asa Age E Me Asa Agr Aa & Pare Ast Aqg Aes TE Aps Ài: Ags Agi == 0, 


? Kango, OLR | Putes Metle a aa TU ha poate: Cua van ie Tl, PR 
rinhi, De Ca "Asa w tue Quadinatoal, Bulterin of the Watbewetie! 


Association of America, Vol. 29, p. 32. 
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where p denotes the variable point and the Xs the absolute distances from 
the points, is the equation of a circle. 

Attached to four points in the plane there is a system of eight circles 
obtained by considering the arrangement of the positive and the negative 
signs in 


4 
D Api Aes Ase Age E = 0. 
This system of circles may be classified as follows: 


(1) When all the signs are positive, one nullipartite circle. This is the 
standard case. 

(2) When two signs are positive and two negative, three unipartite cir- 
cles, the Jacobian circles of the four points. 

(3) When one sign is positive and three negative, four null or point 
circles, 


In a paper in the Proceedings of the London Mathematical Society, R. 
Russell * considers seven of this system, the three unipartite or Jacobian 
circles and the four null or point circles. However, he failed to take into 
consideration the nullipartite circle. 

I propose to determine the radii of this system of circles, and to con- 
sider what happens when the four points are on a circle. 


2. The Standard Case. The equation of the circle in the standard case is 
Ap Ans Asa Ase + Az Ass Nai Ais + Anz Aaa Ar2 Azs + Aa Are Azs Asx N 0 


where the A’s denote the absolute distances from the points and p is the varia- 
ble point. In order to calculate the radius it is convenient to make a slight 
change in notation. Let x be the variable point p, 


C= M e = Xo 
b = Ms f = àsa 
A = Ass d= Às 


Then the expression for the circle becomes 


| s — z: | *aef + | £ — zz | *bdf -+ | z- z | "ede + | = — ay | “abe = 0 


which may be written 


(1) (w—a,) (2—3, )aef -+ (2 — 23) (Z — ta) bdf + (2 — t4) (E — &) cde 
+ (a — z4) (@—#,)abe = 0. 


* Russell, R., “ Geometry on the Quartic,” Proceedings of the London Mathematical 
Society, Vol. 19 (1889), p. 56. 
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Expanding and collecting the terms of (1) we will be able to compute the 
center and radius of this circle in terms of the six distances a, b, c, d, e and f 
by equating the coefficients of (1) with those of the self conjugate equation 
of the circle 


ar? + Ha + a + 8 =0, 
where the center y==— a,/a and the radius 
R? = (a4, — aß) /o’. 
In this way we have the center 


y=(— a) /& =(aefzı + dfdx, + cdezs + abcz,)/ (aef + bfd + ede + abc) 
which recalls the theorem that the centroid of four points is the sum of the 
products of the four points and their respective weights divided by the weights 
of the four points. 

In a similar manner the radius is found to be 
(2) BY = (ad, — ap)/er | 
== — Rabedef(ad + cf + be)/(aef + bfd + cde + abe)’. 

This is the radius of the standard case of the circle and applies with change 
of sign to any one of the system of eight circles. 


3. The Jacobian Circle. In order to obtain one of the Jacobian circles 
from 


4 
2 Api Anz Ags Age E = 0 


it is necessary to change the sign of one of the A’s, say Ais, from positive to 
negative. We may then write 


(3) A’pı Anz Asa Asa — A? pe Asa Ası Ara A ps Ası Arz Avs — A’ pa Aaa Avg Agi = 0. 
If this circle is on the point 1 then 
— Ayo Aga Aar Aıs 4 A713 Ası Aag Ave — A a Ars Avs Asi = 0. 
This says that the point 1 is on the Jacobian eirele if 
re: 


Likewise for the points 2, 3 and 4 the same condition holds true. That is, 
the Jacobian circle is the circumcircle of the four points in the above order 
if —AroAsa + Agza — Maea == 0. This is a known condition that four 
points be on p eirele in the order 1,2, 3, 1, 


5 ince Ass in 
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4 

Di Apı AgsAgsda E == 0 
was replaced by b and its sign changed to obtain the Jacobian circle, we must 
likewise change the sign of 6 in the expression (2) above for the radius of 
the standard case to obtain the radius of the Jacobian circle. Hence we 
may write l 


(4) R? = 2abedef (ad + cf — be) / (aef — bfd + cde — abc)? 


for the radius of the Jacobian circle. But this value of the radius is in- 
determinate. For the condition that four points be on a circle is that 
ad +- ef — be = 0 or that aef — bfd + cde — abc =0. This is only one con- 
dition since the one implies the other. 

In order to obtain the limit of this indeterminate expression (4) let us 
consider Cayley’s relation connecting the mutual distances of any four points 
in the plane. In determinant * form it is as follows: 


0 1 1 1 1 

1 0 Ayo? Ais Au? 

1 àn? Ass” Aaa? =Q 
1 ER, Asa des” 

1 Au” Asa? Ass” 0 


Expanding and replacing the As by a, b, c, d, e and f we may write this in 
the form 
a?d?(d? — g? —P) + aa (a? aapa ec) be? (e? — d2 — f?) 
ae b2e2(b2 en BE aa a?) A ef? (f? — e — d?) + ef? (e gt) 
+ aef? +- b?f?d? + c?d?e? + a?b?e? == 0. 
Now it is possible to express the left hand side in the form 
(ad + of + be) {2ad(a* + d*)-+ 2be(b? + e) + zef (e+ f?) 
6 
— (ad + cf + be) Xa} + (aef + bfd + cde + abc)? 


which is of the form gaz + gay where g == ad + cf + be and gg = aef + bfd 
+ cde + abe. From this we see that when g: = 0, 


92/95? = — 1/[Rad(a? + d?) + 2be(b? +- e) + 2ef(c? + f?) J 
and (2) becomes 
R? = abcdef/ Š ad(a? + d?). 
Changing the sign of b, we have for the points 1, 2, 3, 4 on a circle (in this 


order) 


* Oayley’s Collected Works, Vol. I, p. 3; Salmon, Conic Sections, p. 134. 
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R? == — abcdef/[ad(a?+ d?)— be(b?-+- e?) + cf + f*) ]. 
The two diagonals 6 and e may be expressed in terms of the other four 
distances * as 
° = (ad + cf) (af + ed)/(ae + df) 
and 


e? = (ad + cf) (ac + df)/ (af + cd). 


When these two relations are substituted in the expression for the radius 
above, it readily reduces to * 


(4°) BR’ =(ae + df) (ad + cf) (af + cd) /(s —a) (s — e) (s—d) (s—f), 
where 2s=a+c-+d-+f. This gives the radius of the cireumcircle of the 
four points in terms of the four distances a, c, d and f when the points are in 
the order 21, %2, Ya, 4. l 

In order to obtain an expression for the radius of the Jacobian circle 
when the points are in the order a, z2, Za %s, that is when the quadrangle 
formed by the four distances a, c, d and f is crossed, it is necessary to change 
the sign of one of the sides, say f, in equation (4). The radius then 
reduces to 

R? = (ac — df) (ad — cf) (ed — af) /s(s —a — f) (s — c — f) (s — d — f), 
where 2s==a-+e+-d+f. 

4, The Inscribed Hexagon. In the above sections the radius of the 
eireumcirele of the quadrangle was calculated in terms of the four distances 
connecting the points for two cases, the convex quadrangle and the crossed 
quadrangle. In this and the following sections we shall consider other in- 
scribed polygons, in particular the hexagon and the pentagon. For the hexagon 
we shall take the convex hexagon as the standard case. 

We may think of the hexagon as made up of two quadrangles with a 
common side; i. e. the two quadrangles abex and defe where x is the common 
side. From section (3) we have two equations for the cireumcircle of the 
two quadrangles 


(5) Ree braten | 
a (at+b+c—z)(b+ctze—a)(e+r+a—b)(eta+b—c) 
an 


(6) R= (de + fz) (df -+|- ex) (dc +- ef) 





(dt+e+f—s)(e+f+c—4d)(f+a+d—e)(e@+d+e—fy 
These two equations must coexist if the hexagon is inscribed in the circle. 
Wenm farther write the eanality 


* Hobson, Plane Trigonometry (Fifth Edition), p. 206. 
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(A) (ab + cx) (ac + bx) (az + bc) 
(a+6b-+¢—2)(b+e+2—a)(ec+2+a—))(a+a+6— 
er te MOOI IE) MOP STE 2 en 
(d+ e+f—a) (0 +f +2—d ETETE @Fdpe— 


This is an equation of the seventh degree in z and on eliminating 2 from 
equations (5) and (6) above we will obtain an equation of the seventh 
degree in A? of the type 


(7) Ad“ + AR? + Ag}? + Ag he + Au R® 
+ Asas Bt + Ash? + A = 0 


where the A’s are numerical constants and the «’s are some function of the 
sides a, b, c, d, e, f. Simplifying the two equations and clearing of fractions 
we have 


(8) Rat + aber? + Ta?b? + ee + 7c? — 2B? (a? + b? e) ]a? 
+ abe(a*b?c?— 8R?) a + [a?b?c’”— 2K? (a*b?-+- a?c?-+ 6c?) 
+ Rd + of + f*)] =0. 
and 
(8) Rat + defe + [de + PEP + e?f? — 2h?(d? + e? + f?) |x? 
+ def (Pef — 8R?)x + [d’e’f? — 2h? (de? + d?f? + ef?) 


+ R?(d* + e* + f*)] =0. 

If we set 

og = abe Sz = def 

Zab? == a?b? + ac? + b2c? Sd’? = d?e? + df? + ef 

Sat = at + bt + ct Idt =d te + ft 
equations (8) and (8’) can be expressed in the condensed form 
(9) Beat + 030° + (30b? — IR Xa)? 

+ (03° — 8R?o3) £ + (03? — AR?Za?b? + R’Zat) = 0 
and 
(9) R’zt + sat? + (Ad?e? — RR?3d?)r? 


-H (83° — 8R?s;) x + (53? — RR IP e? + R’Idt) == 0 


and x can be eliminated from equations (9) and (9°) by Bezout’s method of 
elimination.* This will give us a determinant of the fourth order and the 
seventh degree in R?. We shall designate this determination by As: 


* Salmon, Higher Algebra, p. 81. 
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(Ss Ze 03), 
(Zde — IR Id? — %a7b? + AR?2a?), 
(së — 8R?s, — 03° + 8R?e), 
(s3? — 2R?Zd?e? + R?2d! — 03? + 2R?Za?b? — R?Za*), 
R?[3d?e? — IR?2d? — Iah? + 2R*3a"], 
R?[s3 — 8R?s; — 03° + 8R?o;] 
++ 03 [3d?e? — AR?3d?] — sa [Zab — 2R*3 a7], 
F? (s; — 2R?2d?e? + RIP — 053? + 2R*3a°b? — R?3a*) 
+03 (83? — 8R?s;) — 83 (03° — 8R?o;), 
03 (83? — IRI d?e? 4 R?2dt)— s; (05? — 2R?3ab? -+ R?Zat), 
R? (s33 — 8R?s; — 03° + 8R?o;), 
R? (83 — AR?Zd?e? + R?2d* — o? + 2h? 3a7b? — R?2a') 
~l- 03 (83? — 8R?s3)—83 (03? — 8R?oz), 
03 (53? — IRS d?e? + R?3d*)— s; (03? — 2R23a2? -+ R?3a*) 
+ (3a?b?— AR?3a?) (s,°— 8R?s,)— (3d?e2— 2R?3d?*) (05° — 8R?s,), 
(Za?b? — AR?Za?) (s — AR?Id?e? + R?2d*) 
— (03? — 2R*3a7b? + B?Za*) (Zd?e? — 2R?2d?), 
R? (8, — IR IP e + Rd — os” + 2R?Za?b? — Rat) 
03 (83? — IRIRE? + RIIG) — 85 (03? — 2R*3a7b? + R?Za*) 
(Zab? — 2R?3a”) (s — IId e + R?2d*) 
— (03? — 2h? Zab? + R?Zat) (SPee — 2h*3d?) 
(03? — 8R?o;) (83? — AR?Zd?e? + R?2d*) 
— (83? — 8R?s3) (03? — 2R?3a7b? + R?2a*) 
Let us prove the following theorem: 
THEOREM. The product, Ri? Rz? Rz?" + : Rr, of the seven roots of R? 
gwen by equation (7) after eliminating x from equations (9) and (97) 
above is 


A, = 


K Il 6b=&/Mlezbzctatssn 


where K is a numerical constant and with the agreement that there shall be 
an odd number of negative signs in the factors of the denominator. 

Let us examine the two coefficients Ào&%o and A7% in equation (7) above. 
From equations (5) and (6) R? can become infinite when z=a-+-b+ec 
and x = d -+e + f, that is, when at least one factor of the denominators of 
both (5) and (6) is zero. Hence R? is infinite if a+b+ce—d+e+f 
or a+b+c—d-—-e—f=(). But since there are four factors in each 
denominator, for each faetop of one there are four factors that wo with if. 


This is the only way in which R? can becume infinite since f° is not imine 


16 
when v is infinite. Hence vn =à, TI (a+b zetdxtexf). 
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Now let us examine A,«, in equation (7). From equations (5) and (6) 
R? can become zero if ab + cx == 0 and de + fr=0. That is, R? will become 
zero if abf — dec = 0 ; but since there are three factors in each numerator 
of (5) and (6), for each factor of the one there are three factors that go 
with it. Hence we have the product 


Tl (abf — dec). 


However on examining equation (7) in 2, that is 


16 
AT (abede tf) RY +--+ -+Aa,—0, 


9 
we find that each term should be of degree thirty, while Il (abf — dec) is of 
degree twenty-seven, hence there is a missing factor. If == œ, R? will be 
zero, That is (abc — def) is zero and the missing factor is found, and we 


10 
have àr% = A; I [| (abe — def) ; this is of degree thirty which is correct. Equa- 
tion (7) may be written 


ER ai: 


The product of the seven roots of R? is given by A-&,/Ao&. Hence we have 


10 16 
Ry’: R? Rè- R?—=K ]llabe—def)/IIa zb zcetdrtertf) 


and the theorem is proved. 


5. The Inscribed Pentagon. The same argument that was applied to 
the hexagon in the above section may be applied to the pentagon. Instead of . 
two quadrangles with a common side inscribed in a circle we will have one 
quadrangle and a triangle having a common side to form the pentagon. That 
is the pentagon abcde is formed by the quadrangle abca and the triangle dex 
where x is the common side. 

The radius of the circumcirele of the pentagon is given by the equations 





(io) As eb Dee) 

a (a+b+e—a)(b Fe +2—a)(ce +2 +a—b)(e ta +b— 
an 
(10°) R? Ea der? 


(d+ e +g)(e +2—d)(e +d—e)(d+e—x) 


These two equations must coexist if the pentagon is inscribed in the circle and 
likewise an equality exist similar to (A) for the hexagon in the above section. 
This is an equation of the seventh degree in x and on eliminating = from 
equations (10) and (10’) we will obtain an equation of the seventh degree 
in R? of the type 
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(11) Aoo kt + Agh? -+ Asahi?” + Asa]? + Du -+ Ardır = 0, 


where the A’s are numerical constants and the 2’s are some functions of the 
sides a, b, c, d, e. 

The process of eliminating z irom the two equations (10) and (10°) 
is similar to that of the hexagon but since the pentagon may be obtained 
directly from the hexagon by making one of its sides, say f, zero, it is not 
necessary to go through the elimination. On making f=0 the determinant 
A, reduces to a determinant, which we shall designate by A, of the same 
order and degree in R? as Ag. The determinant A, is as follows: 


u; 
(Zd?e? — IId — Zab + 2R Ze), 
(— 05° + 8Ros), 
(— 03? — RR?Zd?e? + R?2d* + RR Zab — R?Zat), 
BR? (Zd?e? — RRIP — ab? + AR?2u?), 
R’(— a3” + SRo) + o3(3d?e? — 2R?3d?), 
R?(— 2R?Zd?e? + R?2d! — 05? + 2R?Za?b? — R’Za*), 
03 (— AR?3d?e? + R?2d*), 
Rh? (— 03° + 8R’o3), 
R (— 2R?3d?e? + RPAC — o + 287 3a°b? — R’Zat), 
o (— RRIP Ee + R*3d*)—(3d?e? — AR?2d?) (03? — 88s), 
(Zu?b? — 2R*3a?) (— 2R?Sd?e? + R?2d*) 
— (03? — AR?Za?b? + R?2at) (3d?e? — 2R?2d?), 
R?(— Rade? + R?3d* — 03? + 2R?2a?b? — R?2a*) | 
o3(— 2R?2d?e? + Rd") 
(Zab? — 2R?Za?) (— AR?Zd?e? + B?3d*) 
— (035° -- IRIE + Rat) (Id?e? — 2R?d?) 
(03° — 8R?os) (— RR?Zd’e? + R?2d!) 


Let us prove a corresponding theorem for the pentagon as was proved 
for the hexagon. 


A; == 


THEOREM. The product, Ry’: R: R3: ©- R7, of the seven roots of R°, 
given by equations (11) after eliminating œ trom equations (10) and (10°), is 


wr i 


pisi n tif ter in (in) pol tà p wo. er y u’ 
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of (10) and (10°) are zero. Hence a-+6+c—d—e-==0, But since there 
are four factors in each denominator, for each factor of the one there are 
four factors that go with it. This is the only way in which R? can become 
infinite since R? is not infinite when v is infinite. Hence 


aver (atrbtetd+e). 
Now let us examine A,«,. From equations (10) and (10’) R? can become 
zero if ab-++ca==-0 and either d=0 or e==0. That is to say Ara, 
==7(abede)", where x must be determined by examining equation (11) 
in R. We find that each term is of degree thirty and p must be 6. Equation 
(11) may be written 


Ao TL (ab + ct d+e)RY +--+ -+ Ar(abcde) = 0. 
Since the product of the seven roots of R? is given by A7%/Xo% we have 


16 
R,?-R.?- Rs: + - RP = K (abede)*/ TT (at+bteotrds e). 


To determine the constant K we will consider the special case of the 
regular convex pentagon where a=b=—c—d=e. The equations giving 
the radius of the eircumcirele are 


(12) R? = a3 (x + a)?/ (æ -+ a)’ (8a — s) = a?/ (da — x) 
or z = — a and 
(17°) R? == ate? / (2a + x) (2a — x) 2’ at/ (4a? — x) 


or z=0. From (12) above 
== (3aR? — a?) /R?. 
Substituting this value of z in (12°) we obtain an equation of the second 
degree in R 
BR — 5a?R? + at = 0. 


(13) |. R = [5 +(5)%a?]/10. 
It should be noticed above that for z == 0 in (12) that 
(13°) R? = 03/3 


five times, since z was taken out of the two equations (12) and (17°) five 
times as a factor. Equation (13) gives two values of R? while (137) gives 
five values which make up the total of seven values as shown by the general 
equation in 2°. 

To determine the constant K required in the expression for the product 
of the seven roots of R? we have only to multiply these seven values together 


R? Rè Rz? Re = (1/5) (1/3) ®a*, 
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a 


Hence K=(1/5) (1/3)° and the expression for the product of the seven 
roots of R? is 


16 
(1/5) (1/3)® (abede)*/ TI (@+b+ctd+e), 
and the theorem is proved. 


6. The equation of the Seventh Degree in R?. To consider the general 
case of the pentagon where no two of the sides are equal we will center our 
attention on the determinant A;==0 obtained by eliminating x from equa- 
tions (10) and (10’) in sec. 5 above. Upon expansion this determinant 
gives an equation of the type 


(14) Au + ABR? + And le + Asa RS 

+ Asda h® + Astsh* + Asdel?? -+ Ara, == 0, 
where the A’s are constants and the «’s are some function of the sides a, b, 
c, d, e. Instead of expanding A; == 0 in full let us examine several of the 
coefficients of equation (14). We have already found in sec. 5 that 


Aoo = Ao Il (@atb+ertd+e) and r,a,=(abede)®. 
The coefficients «4, &, % can be obtained in terms of the symmetric functions 
of the squares of the sides a, b, c, d, e of the pentagon by a partial expansion 
of A;. Thus, if we set 


5 10 10 5 
Seid, oda, I = SD EE, S, == Dd ab? d?, Ss == a7b? ed’ e?, 
these coefficients are as follows: 


Gr == Ds’, Xg == IE (294 -+ 25183 +- 282"), Qs == Ks (485528; + 849301 ng 4847), 
Xa == 285292 + S;8.483 -} Sat + 2878,* — 8,780? — 48,3 — 2828,82. 


Substituting these values for the a’s we may write equation (14) as 


16 


Ilezb+c#dte)R"+:-- 

+ (285782 + 855483 + St + 28.7814 — S282” — 4848 — 25,75,837) R® 

+- Ss (485825, + 84835, — 48,7) R* 

+ S5?(284 + 28,83 + 25,7) R? + 85% = 0. 
If one of the sides, say e, of the pentagon is made zero then Ss which is the 
product of the squares of the five sides becomes zero. Hence each of the 
coeflicients &, & and a; becomes zero and g, that is the coefficient of R°, 
reduces to 4 

{H (P — ed) y’. 

The remaining coefficients æ, and a, are known in terms of Si, S2, Sa and S4 


1,7% r i 4 5 a 1 ` 
rootindo oya The Yeal Cuban vr DE potan Leddcus (0 


436 RICHESON: An Extension of Brahmagupta’s Theorem. 


16 3 
Il (a:b c+ d)RY +--+ {TI (a? — ed) PR = 0, 
which is 


4 3 4 8 

[Klee + b = c + d)R?— I] (ab + cd) {II (a +b tc d)R?— [I] (ab — cd)}]: 
The first factor of this product when set equal to zero is the equation for the 
radius of the circumcircle of a convex quadrangle with sides a, b, c, d and 
the second factor when set equal to zero is likewise the equation for the radius 
of the eircumeircle of a crossed quadrangle with the same sides a, b, c, d. 


Y. The Seven Circumeireles. We have already seen that the general 
equation for the pentagon obtained by eliminating x from equations (10) 
and (10’) is of the seventh degree in R?. That is to say with five rods 
a, b, c, d, e, which when jointed form a convex pentagon inscribed in a circle 
we may be able to obtain six other pentagons by forming all possible crossed 
pentagons with the same five rods. To obtain the seven pentagons and their 
circumeircles it is assumed that the five rods a, b, c, d, e are of lengths 
a, a+ a, a+, a-+y, @+ respectively where « 8, y and ö are small 
compared with a and «=@B>y 58. Let us consider some facts con- 
cerning these pentagons and their circumcircles. These circles are drawn 
with the sides of the pentagons in their order of length and we obtain the 
convex pentagon, two pentagons with one crossing similar to Fig. 1, three 
pentagons with two crossings similar to Fig. 2, and one with five crossings 
similar to Fig. 3. Of the seven circumeireles no two of them have equal 
radii. Further if we change the order of the sides we will obtain the same 
number of pentagons inscribed in the same circles with the same radii 
Ri, Ra’ +, Re However, there may be a difference in the number of 
pentagons with one and two crossings. It is also evident that the maximum 
number of crossings for the pentagon is five while it is impossible to obtain 
three or four crossings. 


8. The Inscribed (2n-+-1)-gon. Let us consider the general case of the 
inscribed polygon of (2n +1) sides. The (2n + 1)-gon may be built up of 
two polygons of (n + 1) and (n + 2) sides having one side, say v, in common. 
Then two equations for the radius of the circumeircle of the type of (10) 
and (10’) of sec. 5 can be written which must coexist if the polygons are 
inscribed in a circle. ` Eliminating x the common side from these two equa- 
tions we obtain an equation in R? of degree 


14 (2n +1) Co) — Q2n-1 $ 


* Dr. F. Morley, Lectures at the Johns Hopkins University, 1927-28. 
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This expression gives the number of polygons formed by (2n -+ 1) jointed 
rods when the (2n +1) jointed rods for the convex case form an inscribed 
(2n + 1)-gon. Equally well this expression gives the number of circles with 


radii R,, Ra,‘ + +, Rony: in which these polygons are inscribed. Further it is 
easy to show that the series 
(L) nta (FT) +a) wa 7 


has exactly this expression for its sum. 


Fra. 1. Fic. 2. Fig. 3. 


Let us examine a few special cases, say when m= 2, 3, 4; i.e. when 
2n -+ 1 = 5, 7, 9. Series (L) gives for these cases the following: 


(M) n=, wm+t+1—5, 2+5—7; 
(N) n== 38, 2n+1—% 3+ 2(7)+ 21—388; 
(0) n=4, 2n+1—9, 4+3(9)+2(36)-+84 = 187. 


Expressions (M), (N) and (O) give the number of polygons formed by five, 
seven and nine jointed rods. Equally well these expressions give the number 
of circles in which these polygons are inscribed. In a similar manner we 
might extend this to (2n +1) jointed rods. 

Let us consider the numbers given by the last term in the left hand 
side of the expressions (M), (N) and (O), that is the numbers 5, 21 and 84. 
These are the number of times that each of the (2n + 1)-gons degenerate into 
an equilateral triangle when all the sides are equal.’ In see. 5 above we 
saw that in the case of the regular pentagon we obtained two inscribed 
pentagons, the regular convex and the regular star pentagon, and the de- 
generate case of the equilateral triangle five times over. For the heptagon 
the number of degenerate cases is 21, while for the 9-gon it is 84. 

Let us examime each of these cases and see how this comes about, bne 
case of the pentagon resolves itself into this: with five rods of equal length 
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labelled 1, 2, 3, 4, 5 forming a regular convex pentagon, how many distinct 
equilateral triangles can we form with these five rods? The answer is five. 
This may be -accomplished as follows: bring sides 1 and 2 of the pentagon 
together until an angle of 60° is formed, these two sides are two of the sides, 
A and B, of the equilateral triangle. Now fold sides 3, 4 and 5 of the 
pentagon together forming the third side. C of the triangle. This will give 
one of the triangles. Continue this procedure by taking two adjacent sides 
of the pentagon to form two sides of the triangle and in this manner we will 
form five distinct triangles as shown below. 


Sides of triangle A B C 
Sides of pentagon 1 . 2 345 
2 3 451 
3 4 512 
4 5 123 
5 1 234 


In the above we took the regular convex pentagon but the same results 
would have been obtained with the.regular crossed or star pentagon. 

For the heptagon we have the same problem. With seven rods of equal 
length labelled 1, 2, 3, 4, 5, 6, 7 how many distinct equilateral triangles can 
he formed? The answer is 21; this agrees with the number given by ex- 
pression (N) above. They are as follows: 


A B. C 

1 2 34.567 

7 1 23456 
123 456 7 
712 345 6 
1234 56 7 
7123 45 G 


There are seven distinct triangles in each group which makes a total of 
twenty-one. 

In a similar manner we can obtain eighty-four distinct equilateral tri- 
angles with nine labelled rods of equal length. We might extend this process 
2n + 1 


on to polygons of (2n + 1) equal sides where we would obtain ( pee 


equilateral triangles. 


A Generalization of the Weddle Surface, of its 
Cremona Group, and of its Parametric Ex- 
pression in Terms of Hyperelliptic 
Theta Functions. 

By ARTHUR B. COBLE. 


1. Introduction. The two surfaces of greatest interest which occur in 
the study of the hyperelliptic theta functions of genus two are the two quartic 
surfaces discovered respectively by Weddle and by Kummer. The simplest 
definition of the Kummer surface with 16 nodes is transcendental—the coördi- 
nates of a point on the surface are proportional to theta functions of order 
two and like characteristic. The simplest definition of the Weddle surface 
with 6 nodes is projective—the surface is the locus of nodes of quadrics on 
six given points. These are the nodes of the locus. The most natural ex- 
tension of the Kummer surface or 2-way is to the Kummer p-way, a variety, 
K,"®, of order m(p) in a linear space, Svep), of dimension v(p), where 


(1) v(p)—=2?— 1, m(p)= plan. 


The coördinates of a point on K, are proportional to theta functions of order 
two, of like characteristic, and of genus p (i.e. functions of p variables), This 
extension has been made by Wirtinger (for references cf.1 pp. 94-109). On 
the other hand a natural extension of the Weddle surface is not immediately 
apparent, either in its projective definition or in such transcendental defini- 
tions as have been given. 

The author has indicated? very briefly an extension which is based on 
the connection between a point of the Weddle surface and a projectively 
canonical form of the plane curve of genus two, the nodal planar quartic 
curve. It is the purpose of this article to elaborate this indication, and to 
study the generalized Weddle manifold Wp in the linear space Sp- in part 
for a general value of p, but with greater particularity for p==3. The 
canonical plane curve is the hyperelliptic urve H,?** of order p + 2, genus p, 
and with a p-fold point (cf.2 pp. 125-135). A fundamental difference between 
Kp and Wp is to be noted. The manifold K, depends upon the p(p !- 1), 
moduli of the general theta function while W, depends upon the 2p—1 
moduli of the hvperelliptie theta functions which are particular cases of 
ie adelicn theta fonctions defined by tho clevheate entvo of genus p with 


LESTE 
ao 
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3p — 3 moduli. Whether there exists a type of manifold W, for the more 
general manifold Kp is an open question. It is certain however that the 
peculiarities of the hyperelliptic K, are more easily studied as a birational 
transform of the W, we are about to discuss than as a particular case of the 
K, with general moduli. 

The Weddle surface is invariant under an abelian Cremona group Gs: of 
type (1, 1, 1, 1, 1) which contains a particular element, or G2, for which 
every point of W, is invariant. The factor group of Gs, with respect to 
this invariant G2 is a gis. The permutations of the points of W, under this 
gıs are precisely those effected by adding the 16 half-periods to the arguments 
U1, Ue of a point of the surface when the coördinates of the point are expressed 
in terms of theta functions. In $1 we discuss the extension of this group, 
an abelian G=: of type (1, 1,:--:,1) in a space Sy. For n= 2 this 
group has been noted by Autonne (ê p. 103) ; for n = 3, by Kantor (?p. 213). 
The group is defined by n + 3 points. When n is odd, it contains a particular 
element, or G2, distinguished from the others by the fact that it involves 
all n- 3 of the points symmetrically as F-points (fundamental or singular 
points) of the transformation. For n > 4 this element, and the additional 
regular transformation, 


(2) ze’ = 1 (i=0,1,---+,2), 


are the only types of Cremona transformation defined symmetrically by a 
finite number of F-points (*II, p. 369). When n—2p—1 this element 
has a manifold of fixed points of dimension p which we define to be Wp. 
When Wp in S2p-1 is projected from one of the 2p + 2 F-points upon a Wy in 
Sop2, the Wy’ is invariant under the Gy" of this Sa (n==2p—2). The 
latter group is simply isomorphic with the group of the addition of the 2%” 
half-periods of the functions of genus p. 

In § 2 a point of W, is related to a type of planar hyperelliptic curve 
H? with p-fold point at O and branch points of its unique linear series 
gı? at T1,° *,Tape. Projective conditions on the branch points and O, 
expressed in terms of theta functions, are translated to W, to obtain the 
parametric expressions for the codrdinates of a point on W, in terms of theta 
functions, analogous to those given by Schottky for the Weddle surface 
(°;7 pp. 122-124). 

The projective situation in S2)1 then implies the existence of certain 
three-term relations connecting theta products. Such relations are immediate 
consequences of the general theory only in the case of small values of p. 
A systematic application of available three-term relations to geometric mani- 
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folds has been made by Schottky. These comprise products of genus two, 
and the Weddle surface (+ pp. 122-124) ; products of genus three with Ui, Uz, Us 
subject to #(w)== 0, and Cayley’s dianodal surface (+ pp. 181-184) ; modular 
products (i.e. products of even thetas for zero arguments) of genus three, 
and the planar quartic curve (* pp. 173-177); modular products of genus 
four when #(0)==0, and the space sextic of genus four on a quadrie cone 
(* pp. 268-271) ; and modular products of genus four, and the ten nodes of 
a Cayley symmetroid (* pp. 273-276). To these cases treated by Schottky 
we are adding in $3 the hyperelliptic types. A mapping of Wp upon the 
hyperelliptic Kummer manifold K, is immediately apparent. 

In § 4 the particular case, p= 3, is developed in greater detail. Prop- 
erties of the manifolds, W in Ss and W in Sa of orders 19 and 10 re- 
spectively, are derived. On W in S, there appears a notable surface of 
order 11 with seven triple points, which is intimately related to the Weddle 

surface. 


$1 
THE CREMONA Go"? IN Sa. 


2. The F-spaces of regular transformations in S,. An F-point of a 
Cremona transformation of order m in Sn, 


(3) 4% xi’ = i (x)= (dir)” (i= 0,: ` n), 


is a point f common to all the members, ¢; = 0, which define the homaloidal 
system. The correspondent of f under the transformation is indeterminate. 
The manifold common to the loci, ġ; == 0, must be made up of irreducible 
manifolds of various dimensions which are called the F-loci of T. These 
F-loci may meet in various loci of smaller dimension each of which is to be 
included among the F-loci of T. When we speak of a point on an F-locus 
of T it will be understood that the F-locus is irreducible and that the point 
is a generic point of it. No analysis of the nature and relative situation of 
these F-loci for transformations in higher space has been made and we pursue 
the matter only so far as is necessary for our immediate purpose. 

Let f be any F-point, say a multiple point of order k on the generic 
member of the homaloidal system. It is a linear condition on the system 
that the members pass through / in such wise that a generic direction at f 
he ou a member of the system. This linear condition on the system & corre- 
6. camera on abe fo, 5.7" > 0. end ia satisfied by all the 


1 


S. on a definite point z’ which thus correspond, or a dive. oco m 


Spunta wo a IL. 
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If y is a point on an Sn-ı which is not on f and the direction at f is that 
of the line fy, the coördinates of the point 2’ are 


(4) vi! =(pif)" "(piy)". 


Thus as y runs over the œ%-1 points of Sa-ı(4) the point 2’ may run over 
a manifold P of dimension n— 1. In this case f is an F-point of the first 
kind, and P is the principal manifold or P-locus of the first kind which 
corresponds to it. The number of such F-points is necessarily finite. Other- 
wise two generic lines in the space 2’ would correspond to two algebraic curves 
in the space 2 which would have different directions at an infinite number 
of common points. These F-points of the first kind are in general isolated 
from each other, though naturally, in particular cases, either coalescences may 
occur, or they may be located on one or more F-loci of higher dimension. The 
P-locus is the map of the Sn1(y) by the linear system 

i 


(EYE 0. 


gM 


i 


It may happen however that the mapping just mentioned is singular in 
that as y runs over S,-1(y) the point x’ runs over a manifold M of dimension 
n—1—r. Then f is an F-point of the (r+ 1)-th kind and the directions 
about f correspond only to the points of M. If f is generic on an F-locus, Fr, 
of dimension r, then, as f runs over F», either the manifold M may run over 
a system co” which makes up a P-locus of dimension n — 1 of the (r +1)-th 
kind, or the manifold M may remain fixed and itself constitute an Fn-r-ı-locus 
of the inverse transformation 7-1. It is this latter case only which occurs in 
regular transformations. We disregard the possibility that M may vary within 
the limits œ” and «9°, and prove that 


(5) The regular transformations T in Sn have, and are determined by, 
a finite number of F-points of the first kind. They have also a finite number 
of F-Ioci of the (r-+-1)-th kind (r =1,: + +,n—2), which are determined 
by the F-poinis of the first kind. An F,-locus of the (r+ 1)-th kind of T 
is paired with an Pa-r-ı-locus of the (n—r)-th kind of T in such a way 
that the directions about each point of Fr correspond to all the points of Pa-r-ı 
under T, and vice versa. 


A regular transformation of order n in 8, is by definition a transforma- 
tion of the involutorial type (2) (when x, 2 are in the same Sn) preceded 
or followed by a collineation. Hence the projective properties of this type 
can be deduced from the type (2). A regular transformation in Sn is a 
product of regular transformations of order n. In forming such regular pro- 
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ducts ST as we shall have occasion to use, the isolated F-points of T are 
placed in part at the isolated F-points of S-! and, for the rest, in general 
position. The theory of the isolated F-points and the P-loci of the first kind 
of such regular transformations is developed in (*II 884, 5). We first 
prove (5) for the simple type (2) in the form 


(6) wes = Th (2s) /01 RERA 
j=0 


The members of the homaloidal system contain the n -+ 1 isolated F-points 
at the vertices of the reference (n + 1)-edron to the multiplicity n — 1, the 
("1) Frs joining any two of the vertices to the multiplicity n — 2,- +; 
in general the (71) Fps joining any r + 1 of the vertices to the multiplicity 
n-—r— i (r=0, >, n— R3). Let x, t't, %, 0,0,°°°',0 bea 
generic F-point on one of these Fps. A generic direction at this F-point on 
the line zy is determined by infinitesimal e in 


(7?) To + EYo, Ze i vy + er, EY rats mi > EY n. 


The transform of this by (6), after factoring out e71, then setting «—=0 
and removing the further factor Toti’ + + @rYrai° * * Yn; 18 


(8) 0, 0,» - "s0, 1/Yrsa, i "5 1/Yn. 


Thus as y runs over any Sp-1, not on the F-point, the point, which corresponds 
to the direction from F on F, to y, runs over the F„.r-ı-locus determined by 
the n— r vertices complementary to the r+ 1 which determine F,, and this 
quite irrespective of the choice of F on Fr. Hence opposite F, and Fn-r+ of 
the reference (n + 1)-edron correspond as in (5). In particular the point 
F, and opposite Sn. are isolated F-point and corresponding P-locus of (2). 

When (2) is preceded or followed by a collineation the resulting trans- 
formation T of order n has n + 1 isolated F-points which form one (n -+ 1) 
edron, and their (n +1) P-loci form a dual (n -+ 1)-edron whose vertices, 
paired with those of the other, are the isolated F-points of 7-1. Then (5) 
holds as before except that opposite F, and Fn-r-1 are in different (n -+ 1)- 
edrons. 

Ina product of transformations T of order n the F-loci of the product 
must arise from F-loci of the parvicuar factors, If a manifold M, is con- 
verted, by applying the first X factors, into an L,-locus of the (+ 1)-th 

‘or thie factor converts it into an Fn-r-a which is in general transformed 
by oaia tem mio aa. Then M,, Mara are F-loei paired as in 
IN Tt. as factors are applied, oie a OMe pe W? then de 


ave ordinary images under the product. di however n is co. ote c= 
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n—r—1, or r=(n—1)/2, a particular examination is necessary to see 
whether Mr, M,’ are F-loci. If they turn out to be F-loci they are paired as 
in (5). Hence (5) applies to all regular transformations. 

We shall use from time to time two properties of the transformation (2) 
whose restatement for the general regular transformation of order is obvious. 
These are: 


(9) A linear space Sri. on F, which meets the opposite Fnr- m y 18 
transformed by (2) into a linear space 8’, on Fr which meets Fn-r- in yf 

The transformation (2°) between y, y! in Fa-r-ı is of the type (2) and order 
n—r—1 with (n—r)-edron composed of the isolated F-points of (2) in 
Far- The transformation between point = in Sra and point « in D'ran is 
a regular transformation of order r+ 1 whose r-+2 isolated F-points in 
Sr consist of the r +- 1 F-points of (2) in Fy and y; and whose r + 2 isolated 
inverse F-points in Sr consist of the r +1 F-points of (2) in F, and y. 


For, let an Ss; on the F, used in connection with (7) and (8) be de- 


fined by the equations &4/Arı =" "= Zn/Àn = k. It meets the opposite 
Fa-r-ı in the point y == 0," *,0, Ars sAn. This Sra is transformed by 
(2) into the S'ma defined by Arita =" "Ann = 1/k, which meets Fa-r-ı 


in the point y == 0,- + -,0, 1/Arsu,* + +, 1/An, which proves the first property. 
From this point of view the transformation (2) in S, has been called the 
dilation of the transformation (2’) in Par (° pp. 256-258). When Sra 
is fixed by the choice of Amas * *, Àn, a point z on Sr, has codrdinates in Sn 
Loy Zu * °, Ur, krt © t, kàn, and coördinates in Sra, Zo Zu‘ °° 2 Tr k. 
Its image in (2) has coördinates in Sa, 1/0, 1/21" © +, 1/ar, 1/kArıy" o 
1/kàn, and coördinates in S'ma, 1/to, 1/t1,: + +, Var, 1/k, which proves the 
second property. Thus the transformation (2) in S, appears as the product 
of subsidiary transformations of similar type in Sp_r-. and Sri. 


3. The group G: defined by a set, P”as of n+3 points in Su 
Let Pı, D2" * `, Pais be the individual points of P*a, They are on a iique 
rational norm-curve, NV”, in Sy. If ¢ is a parameter on N” these pain are 
determined by t == tı, ta, * * `, tna respectively. Let li; Wj=1,:: +, %~ 3) 
be the involutorial transformation of type (2) which interchanges pi, ? and 
which has isolated F-points at the remaining n + 1 points of Pma. I F'ese 
n + 1 points are the reference (n + 1)-edron and pi, p; are y, 2 resp eCuely 
the equations of /;; are 
(10) TiTi = yızı (i= 0, + 7 7: 


The group generated by these (*33) involutions J:; is characterized as fO- Ans: 
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(11) The group generated by the involutions Ini, contains 2"? ingolutorial 
elements Ti... (E==0, 1,- °°, (n+ 2)/2 if n is even; l=0, 1,- °°, 
(n+ 3)/2 if n is odd) where t, t2,° ++, %21 are any 21 numbers selected 
from 1,---,n-+3. This G: ts abelian of type (1, 1,--°,1) and the 
law of multiplication is 


Lisie.. cin’ Liria. «dom = hide. 2. dem ERS da Tike. . . Kons 


2 


where k;,' > `, kan are the numbers found in one but not in both of the sels 
a'c cia and ji‘ "Tem: The order of the subscripts in In...im ts not 
material. 


Thus islig = Liglie == Ing, Tıalsa == Isle, = Iiga, etc. Given this law 
of multiplication, the elements are necessarily involutorial and the number of 
elements is CP) +- (3) +: -= 2, In order to prove the law it is 
necessary to be able to define the individual elements. This may be done most 
conveniently by introducing the principal loci or P-loci of the set of points 
Passe The P-loci of Pn, are the P-loci which correspond to directions about 
the isolated F-points p:1,* ' +, Pn+s Under any regular transformation T whose 
isolated F-points are all included in the set Pn: Since T is generated by 
elements of type Ji,:,, all P-loci of the set P"„,s are obtained by applying these 
generating clements to the sets of directions at points p and by repeating 
the application to the new P-loci as they arise. The P-loci are all comprised 
in the aggregate, 


‘ : ee fe AD as Kg eat 2 eerie ge E 
(12) Wiga. e boner = (1,® i 1 Lae l naa) R-1 


(1z%ıkH+lizn+3), 


where the symbol on the right indicates a manifold of dimension n — 1, and 
order &, with multiple points of order k— 1 at pi,,° + +, Pina and of order k at 
Pina" °°» Ping Included in the aggregate is 

(13) Ti, 7 ( at) ii 

which represents the set of directions at p;i. That this P-locus, ma... ima 
exists and is uniquely determined by the given order and multiplicities will 
be clear in the sequel where it appears that it can be transformed into the 
unique linear space on n given points. The rule for transforming these 
P-loci by the generating involutions is as follows: 


(14) The P-locus wi,... in, is transformed by the involution I;,;, into the 
P-locus Ti... ie provided that in the aggregate of subscripts, i: °+* tora jij2y 
like subscripts cancel. 
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Because of the symmetry of = in (12) in the two complementary sets 
of indices it is sufficient to verify (14) for the three cases Iisten Lismaimo 
and Linstee Under Linin m becomes f 


re . ee 1 ae ae .. le nk 
from which, due to the given multiplicities of m at the F-points of linia 
the linear spaces mijitu for j= 1, - +, 2%k—1 must each factor k— 1 
times, and the linear spaces wijisin,, for j= 2k + 2,--°,%-+3 must each 
factor k times. The order of the residual factor is k— 1 =nk 
—(k—1) (2k —1)— k(n + 3 — 2k —1); The multiplicity of the factor a” 
Piv” ` "Pins i8 (1 —1)k— (b—1) (2h —2) —k(n— 2h + 2) =k -£ 2; 
and the multiplicity at Pia" " "> Pins is (n— 1)k— (k— 1) (?k —1) 

— k(n—2k+1)=k—1. Hence the image of mi... io. IS Wir... tna OF 
Wiz... ioatorinn according to the rule (14), provided there is a unique mani- 
fold of this type. The second and third cases can be verified similarly if in 
the second case account is taken also of the interchange of Pin, And Pima 
Thus by a sequence of properly chosen involutions J;,;,, m can be transformed 
into miti Which, as a linear space on Pig’ ', Pima exists and is unique. 
Hence v exists and is unique. 

A product of involutions I;,;,, or general member of the group (11), is 
defined when the P-loci corresponding to its isolated F-points, pi,° ° +, Pass, 
are given; i.e., if the images of the P-loci wi, are given. Under the product 
Izl; according to the rule of (14), m, becomes m, and then rı23; me becomes 
mı and then r3; m; becomes miz and then mz; while m; (t= 4,° + -,%-+ 3) 
becomes zizg and then riss. Hence Jyol13 = Iıslız = Ios. Under the product 
Isls mi becomes mize and then rizza This result, symmetric in the two 
sets of indices, i = 1, 2, 3,4 and t= 5,- - -n + 3, shows that Zias = Isılıa 
== Isla" "— Ira. The continuation to complete the proof of (11) is 
obvious. 


(15) The general element Iiis... a Of Go? converts linear spaces into 
members of the homaloidal system 


> -DR-D. . Hl DM-D jmd + + “alla \ ET IC Ise 
(ù ey 2141 er ni " 


The P-locus of the isolated F-point pi, 18 wis...in 3 Of the isolated F-point 
Piira Bisher 

For, the theorem is true when 7=0 (the identity), and when i=1 
(a generating involution). Assuming that it is true for values of 7 up to 
and including k— 1, we find by actual multiplication that In... ima’ Tinaier 
has a homaloidal system of the form (15) for Z=k. If then Ji,... 4, is 


o 
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expressed as a product Iris" Tisu’... Liani the effect upon the sets of 
directions a; is obtained from the rule (14). 
Specific equations for the involution Ji,... in in terms of the P-loci can 


be given. If we choose as reference points, Din’ °°, Pias Dinu’ © "> Pina the 
reference spaces opposite these points are respectively iin" ` Tirgi 
iin © C Wiiging Then the image of mits, under Iri,... iz, is composed 


of the proper image of mits, which, according to (14), is ri... is, and of 
the P-loci of the n isolated F-points on maiss If the (n-+1) P-loci of 
the reference points are divided out, the equations of I;,...:,, take the form 


Wig... tor ‚ Wig... tartan 

W tyigts = I ; w tides = hig 

Titota tg , 9 Latag B i 3 
Wiyigty... tot Wistots... igriarsı 
Mi 4 Mi tart 
F, A B... tal-i m Pa ; 2 Bess talin 

T irigi T kis ’ T tatatnsg hing f . 

Wiytotg... tera Whyigta... tarina 


In order to obtain specific equations for the P-loci themselves we must 
observe that their geometric definitions as given in (12) in terms of the 
multiplicities at the points of P”, are too precise. For example, wi,... isa 
of order k with k-fold points at Pin" © +, Dims has k-fold points at all the 
points of the linear Sni1-2, on these given (n -+ 2—2k) k-fold points. Also 
if A” is the unique rational norm curve of order n on Pm, then m has 
(k— 1)-fold points not merely at Pis’ * *, Pix, but also at all points on Nr. 
This is a consequence of the following theorem in which the points 
Piv’ " "3 Pin Co not appear explicitly. 


(17) The P-locus wi... ing [0 < k = (n+ 2)/2] is the locus of the co*1 
linear spaces Sny which are (n+ 1— k)-secant to N”, and on the fixed 
group of n-+2—2k points, Pia" " "> Pings Which determines the k-fold 
locus Sprı-an of the P-locus. 

For, the spaces Sn, projected from Snis-ox, become spaces Sr... in Sox-2 
which are (k — 1)-secant to the unique N?%-2 on the projections of pis' °°, 
Pima According to the lemma (18) these spaces S;-2 make up the manifold 
of order k with (Æ— 1)-fold points at the projections of Pi,’ © *, Din. and 
the proof of (17) is complete. 


(18) In the space S22. the manifold of dimension 2k—3 and order k 
with (k-—1)-fold points at p1,° + +, pore: has (k—-1)-fold points all along 
the N®™* on the P2* 2, and is the locus of the Sx-2’s which are (k — 1)-secant 
to N°2, If the coefficients of a binary (2k —2)-ic are taken as codrdinates 
in Sox-2 and perfect powers represent points on N®*-2, the equation of this 
manifold is given by the vanishing of the canonizant of the binary (2h —2)-ic. 
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Let the binary (24 — 2)-ic be represented symbolically by 
(19) (ayt) 24-2 = (apt) 242 = (ast) 22 = + - -, 


We use only one-type of symbolic factor which, for two cogredient symbols, 
for two cogredient variables, and for contragredient symbol and variable, is 
to indicate respectively 


(20) (aiaj) == Ain j1 — lljo; (t4t;) == biotjn — titjo; 
(ait) = Giotjo + aiti 


The canonizant of the (24 — 2)-ic is, symbolically, 
(21) (4142)? (Q103)? (a203)? > > + (Gade)? 5 


and nonsymbolically, 


| yp Ar’ dk-1 
Ok-iđk* * * Üok-2 





The two-row minors of the determinant (22) of order & are of the form 
Qiisjsk — 044jQsse, and vanish when the (2k — 2)-ic is a perfect power. Hence 
the manifold (22) of order k has (k—1)-fold points on N?*?. The mani- 
fold of order & with (k—1)-fold points at p1,- ++, Peru is a P-locus in 
Se-2 and is uniquely determined. It must therefore coincide with (22). If 
the canonizant vanishes, the (24—-2)-ic can be represented as a sum of 
(k —1) perfect powers, and the point in S2x-2 represented by the (24 — 2)-ic 
is in the &%.. determined by the corresponding k — 1 points on N?*-?, 


(23) In the coördinate system in Sy with ‘reference to N” described in 
(18)-(20), the equation of the P-locus mi... ima 18 


(0:42)? (a1as)?(Q203)?* °° (42-10%)? (datina) 
u (artina) Que: (artina) rt (artin) = 0, 


where time’ ` °, tins are the parameters on N” Of Pimm’ °°? > Pime 

For, if, as in (17), a point of = is on an Siz which is (n + 1 — k)-secant 
to N”, the corresponding binary n-ie can be expressed as a sum of (n + 1 — k) 
perfect n-th powers of which n + 2 — 2k are the powers, (timat), t, (Einat)". 
The polar of (timat) © © (fimt) as to this n-ie is a (2k —2)-ic which can 
be expressed as a sum of perfect (2k —2)-th powers of the remaining k—1 
linear forms, whence the catalecticant of this polar vanishes. 


4, Conjugate sets of F-loci of G2 of ‘the jıh kind. The isolated 
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F-points and the P-loci of P'a, may be classed together as the F-loci of 
the first kind of G=. Of course a P-locus cannot be an actual F-locus of 
any element of G22, but it is conjugate to the isolated F-points under Gy" 
and for that reason may be classed with them. 

We shall define the k-th F-locus of G= of the j-th kind, 
ads OTA ton-jen [i < j < (n -+ 1)/2] to be, when j= k <= (n+ j F 1)/2, 
the locus of dimension n—7 which is described by the co? Sy3’s on 
Pingo’ °° Pins and on k— j variable points of N”; and when (j — 2)/2 
=k < j, the locus of dimension f —1 which is described by the ot-f-1 Sys 
OD Pip’ * * > Pimp and on f— k— i1 variable points of N”. Of especial 
simplicity are the cases k= j and k==7—1 for which the F-loci are linear 
spaces of respectively dimension n — f on Pipa’ °°» Ping and dimension 
j—1 on pi,’ * +, pi; These are corresponding F-loci under the element 
IDizaipa Of Gaa (cf. 2). Of interest also are the end cases in which the 
points of Pn, occur symmetrically. These occur, for k=}, when 2k—j 
= n -4 1 and the F-locus consists of the 04 §,.x’s which are (k — j)-secant 
to N”, and, for k < 7, when 24— j} —2 and the F-locus consists of the co4/? 
Sj-2)/2’8 which are (j/2)-secant to N”. Thus for 72 we have the norm- 
curve W” itself, i. e, m? == N". 

These F-loci are all of the same character as the P-loci, i.e. they are 
loci of muiti-secant spaces of N”. If we use the theorem of Castelnuovo 
(cf. ® p. 155) which states that the spaces S„-ı, m-secant to N”, make up 


n-m+l 
an u ) on which N” is a curve of multiplieity (#7); it is easy to 
show that 


(24) The F-locus mPa... imga (kJ), has the order G) the multi- 
plicity G) on the Sn- defined by Pigg jar’ °°» Ping and the multi- 
plicity (7) along N”. The F-locus, ti... impa (k <j), has the order 
(ee 1)> the multiplicity (Fi ,) on the Sejm defined by Pin’ * "Piano 
and the multiplicity (S773) along N”. 

For, in the first case, the F-locus is made up of the o%J Baxs on 
Sn-ox+j Which are further (k— 5)-secant to N”. Projected from the Sa-on,;, 
they become the o*/ $,,.,’s which are (k—-j)-secant to the projected 
N*-i-1, The latter locus has the order (=) and contains N%J-1 with 
multiplieity (Eh , which determine the order and multiplicities of the 
original locus. In the second case, the F-locus is made up of the o/f*1 
Ss on Sex-ju which are further (j —k—1)-secant to N”. Projected from 
Sox_j+1, they become the of*1 $,,,’s which are (7 —-k—1)-secant to the 
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projected Nw? The latter locus has the order (7%, and contains 
Nw ?ti-2 to the multiplicity (77). 

Equations, analogous to those of (23), of linear systems of manifolds of 
dimension z —— 1, whose base is a particular F-locus, can be given. We observe - 
that if a point of Sn lies in an Srs-ı which is (r-+s)-secant to N” at 
++ s points of which r are fixed at pu’ - +, pr, then the binary n-ic, (a,t)*, 
whose coefficients determine the point, can be expressed as a sum of r+s 
perfect n-th powers, r of which are (¢,t)",- - +, (trt)”. The polar (n —r)-ic, 
(atı) + - + (Qtr) (a,t)"", can therefore be expressed as a sum of s perfect 
(n—r)-tn powers. If then (at)”"® is an arbitrary binary form of the 
order indicated, the polar 2s-ic, (a,%)"7-°8(a,t1) © + (@itr) (aıt)?®, can be 
expressed as a sum of s perfect 2s-th powers, and its catalecticant vanishes 
for all values of the coefficients a. Naturally we must have r -+ 23s = n. The 
locus of such Sr4s-1’8 is then defined by the linear system of manifolds of 
order s + 1 [i. e., degree s -+ 1 in the coefficients of (a,¢)"], 


(25) (a102)? (0103)? (dots)? * * * (deter)? (Gray) 28> + + (ep)? 28. 
(aıtı) ne (atr) m (aast) ER (ssitr) = 0, 


i.e. the coefficients of the combinations of degree s-+-1 of the coefficients 
of (at)”"2s are themselves members of a linear system which has for its 
base the locus of the (r +4 s)-secant spaces. On applying this to the F-loci 
(24) we find that 


(26) For r=n—2k+ +1, s=k— j, and I, hin" t's bine 
the F-locus, tP i... imge (k SJ), is defined by the linear system (25) "in 
which the coefficients of (at)"*-?8 ==(at)i-! are the parameters; the F-locus 
WP i inga (k < F), is similarly defined when r = 2k — 7 + 2, s = j—k—I, 
trys ts te bint Ep and (a) = lat). 


The number of F-loci of the j-th kind is either the number of even, or 
the number of odd, combinations of n + 3 things; and thus is always 2”*2, 
except when n is odd and 7=(n + 1)/2. In this case the 2”*? types coalesce 
in pairs into 2”*! types (see table at the end of this section). That they 
form a conjugate set under G."* is a consequence of the theorem: 


(27) The F-locus, ai... iss is transformed by Ij,... jg, into the F-locus, 
TP... impel... ja Where in the result like subscripts are to be deleted. 


It is sufficient to prove that the behavior of the F-loci is as stated in 
(27) for the generating involutions alone. We also have noted already that 
the linear F-loci for k == j —1 and k = j are interchanged, i. e., that 7%, . i, 
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is transformed by I:,.i,, into i, ... ija and vice versa. We have to prove 
further only that, for kj, (a) Pi... imga is transformed by Lin, j.in-s 
into Pina; and that (b) Pi... imge is transformed by 
Tigers to ws... nu; as well as that, for k <j, (0) u. tapa 
is transformed by Lig, peinga to Pr... deep; and that (A) was... iapa 
is transformed by Tage jéex-s2 Into m. tony 

In the case (a) both the original and transformed F-loci are made up 
of linear spaces on the Snomj+ determined by the n—2k-+-j7 points 
Din jo’ "Ping According to (9) it is sufficient to prove the theorem for 
the projections of the F-loci from Sn-2w+j-1 Thus the proof for case (a) is 
reduced to the proof for case (a’): in S2x.; to prove that the œ% S,.;’s on 
Pin, and k— j variable points of N?*J is transformed by Lig, j.oio4-j.9 into 
the ook? 84.78 ON Pimpa and k— 5 variable points of N?*J, Similarly 
case (b) is reduced to case (b’): in Səx-jn to prove that the w* I Sy j,.’s 
ON Piz Pimpa and k— j variable points of N?* J++ is transformed by 
Lis jaiox-s4 Into the oft Ss on k—j-+1 variable points of Ni, 
Similar projections for cases (c) and (d) convert them into cases (c’) and 
(a) which arise from cases (a’) and (b’) by setting k=n—k and 
j=n—j-+1. If now in case (a’) we set 2h—7=-n and k—j=r, and 
in case (b’) we set 2h —j + 1 = n and k— } + 1 =r they read as follows: 
Case (a”): in Sa to prove that the œ” S,’s on pn and r variable points 
of N” is transformed by Ins2,nz3 Into the coo” S;’s on pase and r variable points 
of Nr; case (b”): in Sa to prove that the or! S,’s on Para, Pare and r— 1 
variable points of N” is transformed by Insenig Into the of Srs on r 
variable points of N”. Thus the proof of (27) for the entire set of values 
of k is made to depend on the proof for the extreme value of k only and for 
the extreme generating involution Ina. The proof for case (a”) can he 
carried through precisely like the proof for case (b”) which we proceed to give. 

In case (b”) let Mzr-ı be the manifold described by the wo” r-secant 
Srs’s of N”, and MM’. that described by the oo7-! (r + 1)-secant 87’s of N” 
ON Priz; Pues The involution Ini2n43 has isolated F-points at p1,- © +, pas. 
Let g be any set of n— 2r of these n+ 1 F-points, say Pı,’ °°, Pa-er, in 
an Sy-2r1- If this Sy-2r1 be joined to each point of Mar-ı, and to each point 
of Mər, by an Sn-2r, the loci which thus arise are the two P-loci of, 
respectively, the ©” Sy.’S ON pi,°* *, Pn-er and r variable points of Nr, 
and the oof? Sys ON iy" * ", Pn-2r; Pnse, Png and r—1 variable points 
on N”, i. e., the P-loci mu-era,..., nes ANA Mn-arsı,.... ns According to (14) 
these two P-loci are interchanged by Ini2,nıs. If we prove that Marı is the 
complete intersection of the various P-loci obtained from the Cs) choices 
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of the set g, and that M’z..ı is a similar complete intersection, then these 
two complete intersections are interchanged by Insz,n.s. We examine the case 
of Mors first. Let x be any point of 8, on all the-P-loci determined by Mar.ı 
and the choice of the set g, and let æ be determined by the coefficients of the 
binary n-ic, (at)". Since x is on the particular P-locus given above, (at)” 
can be expressed in terms of the n-th powers 


(tit) *, Er (tn-2r-1t) (tn-art)", (sit), - ee (spt)*, 


Thus the polar of (tt) > + (tn-orst) as to (at)” is of order 2r-+ 1, and 
either tor is a root of the canonizant (of order r+1) of this polar, or the 
canonizant vanishes identically. But, as g varies, tnor can be replaced by 
tn-2r41° ° "sta, and the canonizant with these 2r +2 distinct roots must 
vanish identically. But (tt) > + (tn-2r-14) is any one of (mi 1) products 
which may be formed from (dit), +, (tnnt) and any form of order 
n — 2r—1 can be expressed linearly in terms of such products. If every 
polar of (at)” of order 2r -+ 1 can be expressed in terms of less than r +1 
(2r + 1)-th powers, then (at)” can be expressed in terms of less than r+ 1. 
n-th powers, and z is on Mar-ı. The proof that M'ər-ı is a complete inter- 
section can be carried through in the same fashion and the proof for case (b”) 
is complete. The analogous proof for case (a”) completes the proof of (27). 

The following tabular description of these F-loci in S2, Ss, 84, 8, will 
be useful both by way of illustration and in connection with the more detailed 
discussion later of the manifolds W, in S; and Wz in 584: 


j k No. Notation Description l a 
For Pe in Sa: 

1 0 5 7 "m; 

1 1 10 7123 Sı(45)?; 

1 2 1 712345 M,(1 wen? 5)?. 
For Ps? in 85: 

10 6 m “ur: 

1% 20 ma 3,(456)1; 

1 2 6 m... M,(1--- 562)? == §,’s on pe to points of N°; 

2 0 1 a?) N°’; i 

2 1 15 mP 8,(12)'; 

2 2 15 mw, 4 S,(56)?; 

2 3 1 a, oe N®; 


For P* in $8;: 


1 0 7 Tı P13 
1 1 35 T128 Ss (4567)?; - 
1 2 21 Rak M,(1--- 56777)? == §,’s on pep, to points of N+; 
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1 8 1 m... M (12+ - 7?) == bisecants of N*; 

2 0 1 a” N+; 

2 1 el a) 15 S,(12)*; 

2 2 35 he ee 82(567)?; , En 
2 8 7 ws ig M.(1:-++ 678)? == Sys on p: to points of N’. 


For P? in S83: 


1 0 8 Tı le 3 

1 1 56 7123 Sult 

1 2 86 Ti... M,(1: a Sa s on PePıPs to points of N’; 
1 3 8 71,..7 M,(1?--- 7785)* — S,’s on ps to two points OB; 
20 1 T” N*: 

ra 1 28 m?o 8,(12)}; 

2 2 70 a, 4 Ss (5678); , u 

2 8 28 w™,  Ms(l-:- 67783)? — 8,’s on pps to points of N; 

2 4 1 m.s M (18 ee of N°; 

3 1 8 or), M,(112---8)*==Sy’s on pı to points of N°; 

3 2 56 ar) 55 S_(123); 

3 3 56 wv), os 52(678)*; 

3 4 8 a ae M.(1:: 784) 4 91’ on ps to points of N”. 


The doubling up of the types for j==2 in 8, and for j=3 in &; is 
evident. This for odd spaces is an immediate consequence of the definition 
of the F-loci. 


5. The symmetrical element in G=: when n is odd. If n is odd, 
say 


(28) n -+ 3==2p-+ 2, 

the group contains the symmetrical element I,,2,..., 29.2 == J whose homaloidal 
system (cf. 15), 

(29) (12?@-D,- + + 2p en : 


contains all the points of La ae symmetrically. Under I the P-loci of the set 
of points are paired as follows: 


(3) Wi... dons Tiong... topes 


Since I is invariant in the abelian group these pairs are permuted by @,"* 
as entities. 

According to the definition (12) of the P-loci, and according to (17), 
(18), the product of the members of a pair (30) is a spread of order p with 
(p—1)-fold points at Pa and with the (p—2)-fold curve N?7-1, The 
pairs for which k==0 are somewhat exceptional. The member mi, the 
directions at Pı, is a spread of order 0 with multiplicity at i, of virtual 
order — 1. The complementary member, 7i,...io.., has at pi, a point of 
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order p, and has N??-! as a (p—1)-fold curve (cf. 18). ‘Thus in the linear 
system = of spreads of order p with (p— 1)-fold points Pie the appearance 
of pi, to multiplicity p in wiz... ign, IS the algebraic equivalent of the ap- 
pearance of the complementary member ri, 

According to (18) the linear system 3 will contain a one-parameter 
system of spreads with (g—1)-fold points all along the curve N??*. For, 
if ¢ is any point of N71, the locus of the oo?! $,.,’s which are p-secant to 
N*?-t and which pass through ¢ has the order p and the (p — 1)-fold curve 
N?r1, The equation of this one-parameter system with parameter é is, in 
the notation of (19),-- +, (23), 


(31) (a102)? (a143)? (Gots)? + + + (Qp-149)? (art) (dat) > + + (apt) = 0. 


When £ takes the particular values é, f2,- © -, tep.2, the products (30) for 
k = 0 and i,—1,-- -,2p + 2 are obtained. 

The system 3 is an invariant linear system under the generators Lii 
and therefore an invariant linear system under G», The one-parameter 
system (31) is characterized by the fact that it contains the F-locus of the 
second kind, N??-1, to a multiplicity one greater than the normal multiplicity 
for spreads of 3. But the system (31) also contains the F-locus of the second 
kind, w™® 9... pr, the or! §,.’s which are (p—1)-secant to N??}, 
simply, i.e., to a multiplicity one greater than the normal multiplicity for 
spreads of %. Hence 


(81a) The linear system 3 of spreads of order p with (p —1)-fold points 
at P2e-* invariant under Ga contains 2°? members which break up-in — 
the members of a pair (30). The F-loci of the second kind of G2." divide 
into 2°” pairs, each a pair of conjugates under I, 


(2). P (2), ; 
m ir... im T toned e o 72949 


The members of 3 which contain one of these pairs of F-loci of the second 
kind to a multiplicity one greater than the normal multiplicity of & for the 
pair constitute a linear system of dimension p which contains a non-linear 
system of dimension one and degree p. Each of these non-linear systems 
contains 2p +2 of the pairs (30) whose parameters are projective to the 
fundamental (2p + 2)-ic. Under I each member of 2 is invariant. Under 
the factor group of Gas with respect to I, a go”, the 22? pairs (30), and 
the 22? non-linear systems, are permuted regularly. ; 


We prove in the next section that I has a locus, W,, of fixed points. 


Anticipating this result for the moment we find the loci of fixed points of the 
various involutorial elements of @,"= for n odd or even. 
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6. The loci of fixed points of elements of G,"* We consider first 
the rather well-known cases, n = 2, n==3. For n = 2, the G in S, has 10 
elements of type Ji; and five of type lipa (4° + *,2=1,:°°,5). The 
F-loci are all of P-type, the five sets of directions w;, the ten lines mijt = pipm, 
and the conic missas. The quadratic involution J;; is non-perspective since 
Pi p; are not a line with any F-point. It has therefore four fixed points. 
The cubic involution Iijx: has, however, a cubic locus of fixed points. For, 
under Jijer = Tiger the line papi is transformed into papi whence every line 
of the pencil on pm is invariant. The line pip; is transformed into Ppi 
whence the three degenerate conics, and therefore all conics, on pi,* * +, pu 
are invariant. The conics of this pencil are projected, each into itself, from 
the center pm; and the locus of fixed points is generated by the pencil of 
conics, and the pencil of polar lines of pm. Thus the locus is a cubic curve 
on P;?, tangent at ym to aies4s, and on the diagonal triangle of pi,’ + ',‚ pu 

For n=3 and G with involutions Jij, Tijrı, La... the well known 
cubic invoiution /;; has 8 fixed points which divide into two tetrahedra which, 
with the F-tetrahedron, make up a desmic system. The involution Jes, has 
a curve of fixed points. For, under Jes, = Ji2l3, the pencil of planes on 
PPs is invariant in such wise that the plane on 9; (t—1,---+,4) is trans- 
formed into itself. Hence every plane E of the pencil is invariant, and in 
E Iyo34 is a quadratic transformation T with direct and inverse F-points at 
Ps, pe and with three corresponding pairs at the points where Æ cuts opposite 
edges of the tetrahedron, p.,- ' +, pa This tetrahedron cuts E in a four-line 
and the pencil of conic envelopes on the four lines determines at any point 
of E an involution of pairs of tangents which contains the pairs of lines to 
the opposite points mentioned. The two involutions at points ps and pe of E 
construct the quadratic transformation T on Æ. One conic of the pencil 
touches the line 9,96 and the third F-point is the meet of the two further 
tangents to this conic form ps, pe. The four fixed points of T are the meets 
of the two tangents at ps to the two conics of the pencil on ps with the two 
tangents at pe to the two conics on pe Hence the locus of fixed points of 
T1234 is cut by a variable plane E on psp. in a variable set of four points. 

Under Jie3, the net of lines on ps is invariant. Projecting from po, 
the points pi,‘ © ',ps pass into a P,? in Ss and Iss, in Sa determines the 
transformation Ji23, on the net of lines on ps. Hence under Isg, each line 
of a cubic cone with vertex at pe and on pı, ' *, ps is invariant. Similarly 
each line of a cubic cone with vertex at ps and on i,° ° *, Pa Pe is invariant. 
If æ is on both cones it is transformed by Iı23, both along the line Det, and 
along the line psz, and therefore is fixed. The curve of intersection of the 
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two cones, apart from the line pspo, is an oetavie curve with nodes at ps, De 
and on ?1,° '', pa This curve will project from either of its nodes into a 
doubly covered cubic curve. 

Finally, as is well known, the involution Jı2s46 = I interchanges the 
planes wı23 and raso, and therefore leaves each member of the web of quadrics 
on Pe? invariant. Thus / is the involution which interchanges the seventh 
and eighth base points of a net of quadrics on six given points, and its locus 
of fixed points is the locus of nodes of quadrics of the web, i.e., the Weddle 
surface We. 

The foregoing particular cases all illustrate the following theorem: 


(32) The element 1i,... ig, Of Go in Sn has a locus of fixed points of di- 
mension I—1, which, tf L> 2, is projected from the linear space Fn,z-zi 
determined bY Dinas’ ` `> Ping to a Weddle manifold Wi. in an Sar- which 
is covered 2°*8-21 times, 


For, in the first place, if Z==1, the regular transformation Iii, of order 
n has 2” fixed points which, for the canonical form (6), have coördinates 
+1, +i1,:-+-+,+1. When is odd these 2” fixed points divide into two 
symmetrical sets of 2-1 each according as the number of + signs in the 
coordinates is even or odd. 

In the general case let Ji,...i., be represented as the product 
utalia’ * ‘Lisa Each of these factors has F-points at Pima’ © "> Pins 
in Fn- Each factor, and therefore also J:,..,,,, transforms the linear 
system of spaces Enis-2ı On Fnsz-r into itself [ef. (9)]. If the points 
Pis’ "> Pig are projected from Fn:2-21 into a set qis’ " *, Qin In an Sars, 
the involution In... ,, in Ser- has a locus of fixed points, W:,. Hence, 
under 11,...%,; in Sn, o!! of the spaces E are fixed. If x is a fixed point 
of Ii,...%,, the space E on « must be fixed. Let E be a particular fixed 
space on Fn- on which J;,..,%,, effects the transformation T. This E is 
transformed by Int, into Eni» Eut is transformed by Ini into Er, ete; 
finally Eis sa is transformed by Ir... back into E. According to (9) 
these constituent transformations of E” into E” are regular and of order 
n + 3—2t, Hach has the fixed set, Pim’ ' "> Pina Of n -+ 3— 21 F-points. 
Hence the product T is a transformation of the same order n + 3 — 2] in F, 
which has a set of 28-2! fixed points, all of which project into the same 
point of Wr. 
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82 


A TRANSCENDENTAL DEFINITION OF Wp SUGGESTED BY THE PLANAR 
HYPERELLIPTIC CURVE. 


7. The manifold W, and the planar hyperelliptic curve H, The 
theory of the hyperelliptic plane curve, H,?*?, of order p + 2 and genus p 
with a p-fold point at O, under Jonquières transformation of the pencil of 
lines on O into itself is found in (! pp. 125-133). The curve possesses a gı?, 
cut out by the lines on O, whose branch points, 71,° * *, 129.2 are the contacts 
of tangents from O. We follow the exposition cited except that the branch 
point rı, which figures [cf. * p. 131 (1)] as the fixed lower limit of the 
p normal integrals of the first kind, is here replaced by 7epi2- 

The planar set of points, R?2p+3, consisting of 71,° * *,Tapı2 and O = Tania, 
satisfies p — 1 projective conditions [cf. * p. 127 (9)], and therefore depends 
upon (4p + 6)— 8 —(p — 1)= 3p — 1 absolute projective constants. On the 
other hand, it is well known that two curves Hp, whose 2p + 2 branch lines 
on O are projectively equivalent, are themselves birationally equivalent; and 
thus Hp depends on only 2p — 1 absolute birational constants. Two curves, 
Hp, Hy’ which are birationally equivalent, but not projectively equivalent, can 
be transformed into each other by a Cremona transformation of that par- 
ticular type known as a Jonquières transformation J [cf. 1 p. 128 (12)]. If 
on Hp a p-ad of points be chosen, J can always be determined so that this 
p-ad is converted into the p-fold point O’ of Hy. As this p-ad varies on Hp 
the co? curves H,’, all. projectively distinct but birationally equivalent, are 
obtained. We denote the parameters of the 2p + 2 branch lines of H, on O 
by tı, t2,° © +, t22 These may be regarded as fixed for the oo? curves Hy. 

The planar set of points, R?2p,s, is “ associated” with a set of 2p + 3 
points Es in a space Sep: in such wise that the points p1,° * *, Papı2, 
and © = pzp; of P correspond respectively to the points 71,° * -, Taps, 
and O = fps; Of Rdznıs (cf. 1 pp. 42-45). In Sep. the parameters of 
Pis’ °°, Pope On the rational norm-curve, N??-1, determined by them, are 
projective to the lines of the pencil in 8, from O to 1,° +, Təp2 
(cf. * p. 43 (c)). These parameters may therefore be taken to be ti," *' , topso. 
Thus as H, varies through the system of ©? curves H,’, the set P a4 associated 
with R’o5,, has a set of 2p + 2 points fixed at p.,° * *,P2m,2 and a variable 
point x which takes up ©? positions. We wish to prove that the locus of x 
is the manifold W,, the locus of fixed points of the element J = i2... opie 
of 5. 

The conditions on the planar set R2,,,, that its points be the branch points 
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and multiple point of an H, are the conditions that a Jonquiéres trans- 
formation JP*? of order p + 2 exist for which the ‘set is congruent to itself 
in the identical order. -In fact, if H, exists, the J?*? is precisely that Cremona 
involution which has Hp for a locus of fixed points. Moreover this J?** can 
be expressed as the product (cf. * p. 129), f 


(383) J™2 = Ao12(12) ' Aos4(84) ..... Ao,2per,ape2 (2p + 1, 2p + 2); 


where it is understood that Aoi. represents the quadratic involution with 
F-points at O, 1, ra, and with ‘respective corresponding P-loci, rire, Ore, Orr; 
and that (12) represents the permutation of 1, 72. Thus 'Aoi2(12) represents 
the perspective quadratic involution for which every line on O is fixed. 

If R*op.3 is congruent to a set of points R’op,, under Agi (ef. + p. 10), 
its associated set P3?* is congruent to a set of points P221 under the regular 
transformation A34,..., aps Of order 2p—~ 1 in Sap. (cË. + p. 40 and p. 45 (8)) 
with F-points at ps, * *, Pops2. Also the transposition (12) of rı rz entails 
the transposition of pı, po in Sop1. Hence to the transformation Ao12(12) 
in 83 there corresponds in Səp-ı the element Iis of the group Gar. If R?ap:3 
is self-congruent in the identical order under the product- (33), then Pr 


is self-congruent in the identical order under I == Irala ' + * Dopp; 1 &, 
x of the set Por) is a fixed point of I. Conversely, if æ is a fixed point of 
I= he’ + enpm the set P ae is self-congruent under I, and in 8, the 


associated set R?,nıs is self-congruent under the product (83). Hence 
(J?**)? is a collineation which may be taken to be the identity, since only 
projective distinctions are being observed. Then J”? is involutorial, and has 
a curve Hp of fixed points for which R2p,, is the set of branch points and the 
multiple point. Hence 


(34) The locus of fixed points of the element I of Go (n=2p—1) isa 
manifold Wp of dimension p determined by the set Poa of points whose 
parameters on their norm-curve N?1 are ti, ++, top. As x varies on Wp 
the set ER x is associated with the sets R’?zpıs of branch points 
and multiple point of the œ? projectively distinct hyperelliptic curves Hy 


which have a fundamental (2p + 2)-tc with roots projective to tı: > > , tops 


The p— 1 projective conditions on the planar set R?:ps determined by 
Hp lead to geometric properties of the point z on Wp which are just suff- 
cient to confine it to Wp. For example, if p= 2, r1,-  ',r, are on a conic. 
But 71,° ‚re are associated with the projection of .,---,.6 from æ on 
the Weddle surface. Hence these projected points are likewise on a conic; 
i.e, @ is the vertex of a quadric cone on P1,' ' ',2e (ef. + p. 184). H 
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p= 3, 1,°°*,7 and O are the base points of a pencil of cubics 
(* p. 127 (9)), and if three of the nine points are on a line, the comple- 
mentary six are on a conic. Hence conics map the plane on a Veronese 
surface, V2*, and map the nine points, Ry", upon the associated Po? in Ss 
They also map the pencil of cubics on Rọ? into a pencil of normal elliptic 
sexties, 2°, on Pa”, which pencil describes V2*. Thus a point z of W, forms 
with P,” the set of nine base points of oo! E®s; whereas a generic point of 
Ss together with Pa? is on a unique # (cf. 7 pp. 16-18). The 72% is the locus 
of nodes of a cubic spread 7,°; and thus there is isolated at x a particular 
member of the linear system 3 of (31a). The corresponding particular 
member, in the case p = 2, is the nodal quadric on Pe? with node at x on Wa. 


8. The loci on WW, which correspond to discriminant conditions on 
the planar set R°sps. If Re..3 is subjected to a projective condition, not 
dependent on the p—-1 conditions which it already satisfies, the associated 
set DA in Sep-1 is also subjected to an additional projective condition. This 
additional condition may fall, as we shall see, upon the points of Po?) alone; 
but in general it will also involve the point x of Wp and will, for 
given aan, confine z to a locus on Wp, of dimension p— 1. 

It is clear that those conditions on R*2p,3, which are most intimately 
related to the theory of the set under Cremona transformation, will be of 
greatest importance. Such are the “ discriminant conditions ” of the set R?ap+3 
(cf. * p. 42). They are the conjugates under Cremona transformation of the 
condition that some two points of the set coincide. Nevertheless, in forming 
these conjugates, we use, not the general Cremona transformation with 
F-points in the set Rep,2, but rather the Jonquières types with center at O 
and simple points in the set 71,: °°, Tap. For it is only these latter types 
which convert an H, into an Hy. Thus we apply to these conditions only a 
sequence of quadratic transformations A or,r,. 

Under these circumstances we find (ef. 7 p. 130) two conjugate sets of 
discriminant conditions. The first set arises from the coincidence of r; and rj, 
and is composed of (p-+1)(2p-+1) pairs of conditions, &;=0 and 
8(Orir;)1 == 0, which indicate respectively that +; and r; coincide, and that 
O,7ri,7; are on a line. Then either Hy acquires a node at r; = r;, or the line 
(Orir;)* factors out from Hp; and the genus p is reduced. 

The second conjugate set arises from a coincidence of r; and O, which 
occurs when one of the p branches at O has a flex-point at O. The conjugates 
of this are of the form (Ofri + + Tars)! =0 (k=—1,0,- +, p9—1) 
which represents the condition that there exists a curve of order & + 1 with 
k-fold point at O and on 24-+- 3, rather than only 24 -+ 2, of the branch 
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points; except that, for k=—-1, it represents the coincidence of O and 7. 
Then (ef. * p. 130 (17)). 


(35) The set R*2g,3 under Jonquières transformation has a conjugate set of 
221 discriminant conditions which divide into R? pairs, 


8(O¥r, + + + Tora) t= 0, 8(OP Arge + t Topa) PTT = 0 
(k == — 1, 0,° 3 ,‚p—]), 


either of which implies the other. 


In fact, if one condition of a pair is satisfied, the existence of the Jon- 
quiéres involution J?*? defined by Hp implies that the other condition of the 
pair must also be satisfied. j 

We now translate these discriminant conditions on 2,3 to the corre- 
sponding discriminant conditions on the associated set P??1 in zp. This 
is accomplished by observing that if two points of the one set coalesce, the 
corresponding two points of the associated set also coalesce; and that to the 
quadratic perspective element Aorr, (12) in the plane there corresponds in 
Sep-1 the element Tiz of the group Gaa (cf. + p. 45 (8), (9)). If then, in 
Fop.3, rı and O coincide while, in I pı and æ coincide, we find, by 
applying the corresponding elements Aur,r,(23) and Iss, that 8(rirers)1 = 0 
implies that x on Wp is on the P-locus m12,- Indeed the coincidence of x 
with pı means that x is on the P-locus ~, and a; is transformed by Iss into 
23 (cf. (14)). Continuing in this way we find that 


(36) The 2° pairs of discriminant conditions (35) imply for the associated 
set a that « of Wp is on the section of Wy by either one of the pair of 
P-Ioci 


1,2, 646 2k483 Weltt4,..., 22+2* 


That each P-locus of a pair cuts W, in the same manifold is immediately 
evident from the fact that W, is a locus of fixed points under J, and that the 
two P-loci are interchanged by J (cf. (31a)). 

Reverting to the first type of discriminant condition on R2əp,s, we observe 
that 8;;== 0 implies in Sz,.ı the coincidence of pi, pj; i.e. a double root of 
the fundamental (2p + 2)-ic which determines the set Pa on the norm- 
curve Net, Also 8(Or:r;)* = 0 implies that all of the 2p +2 points p 
except Pi, p; are on an Sep». Hence N??-1 must degenerate into an N?r-2 
containing 2p of the points, and into the line pip; which must meet N?r-2 
in a point p. On N??? the fundamental (2p-+ 2)-ic consists of the 2p 
points and of p counted twice. These special cases of lower genus are not 
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considered further as we assume throughout that the fundamental (2p + 2)-ie 
has distinct roots. 


9. The equations in terms of theta functions of the sections of Wp 
by the P-loci of P271, We recall some parts of the transcendental theory 
of H, as given in (* pp. 131-133) with the single change that the common 
lower limit 7, of the normal integrals of the first kind attached to Lp is here 
replaced by 7api2- 

If u=wu,°° ',ü, denote the sums of the respective normal integrals 
of the first kind with upper limits at a p-ad’ of points on Hp, then in general 
the p-ad determines u, '' `, Up and conversely. The superposed p-ad, the 
correspondent of the given p-ad in the gı? on Hp, then determines —w. The 
given p-ad and the superposed p-ad determine the same projective form of Hp, 
being interchanged by any Cremona involution (cf. * p. 126 (7)) which 
effects on Hp the involution whose pairs are in g,?. 

The co? projectively distinct curves Hy’ which are birationally equivalent 
to Hp are distinguished by the choice of the p-ad of points on Hp which passes 
into the multiple point on Hy. Thus the œ? points of Wp (cf. (34)) can 
be named by the sets of values + u, each determined by a p-ad of points on 
H, (or by its superposed p-ad). 

The P-curves of the planar set R?2ps which correspond under Jonquières 
transformation to directions at O are 27+! in number, and divide into 22? 
pairs (cf. * p. 129 (15), (16)), 


(37) L(t," i "5 Tore)» Lp-x-ı (Varia; ' s t, Top) 
(k = —1,0,° i ®), 


where Ly is a curve of order k+1 with a k-fold point at O and on 
Ti," © ',Toxse, and L- is the set of directions at O. The two curves of a pair 
cut out on Hp the same additional p-ad, whose parameters w’ are related to u, 
the parameters of the p-ad at O, by the equations (ef. p. 132 (7)): 


(38) v=u+ Pie... ve == U + Pauss,..., 2p+2) 


where P,.,...,2; is a half-period of the hyperelliptic theta functions in the 

basis notation. Since the p-ad at O is converted into the p-ad on Lr by the 

Jonquières transformation Anız(12) ++ + Ao,skesme(2ke + 1, 2+ 2), the 

point z on Wp, which corresponds to the p-ad at O, is converted into the 

point 2’, which corresponds to the p-ad on Lr, by the element Iy2- + + Ian, 2m2 

= Iıa..., akı2 OL Go". This element effects on W, the same transformation 
apse. Hence 
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(39) If the points x of Wp are determined transcendentally by the value 

systems + U == + U’ * +, Up, the factor group gœ of Gae under I 

(cf. (81a)) effects on Wp the transformations expressed by the group (38) 
of additive half-periods. 


With the proper half periods represented as in (38). by the sets of 
2k +2, or the complementary set of 2(p— k) (k=0,1,-++,p—1), in- 
dices selected from 2p +2 indices, the 2°? odd and even theta functions of 
the first order are represented in this basis notation by the sets of p + 1 — 2k, 
or the complementary sets of p + 1-+ 2%, indices; i. e., they are 


(40) Dan, prt-2e(%) = Dpro-on,..., apse (U) 
[k = 0,1, >, (p+ 1)/2]. 


They are even or odd according as k is even or odd. If then p is odd there 
is a function 0(u)== Ù,2,..., 2p42(u) which is even or odd according as p==3 
or 1 (mod. 4). The hyperelliptic thetas differ from the general thetas in that 
all of the even functions (40), for which k£ 0, vanish for the zero argument 
(cf. è pp. 456-464). 


In (* p. 133) there is given a proof that the satisfaction of one of the 
2°” distinct discriminant conditions (35) entails the vanishing of a theta 
function for the arguments u of the p-ad at O on Hp. According to (36) 
these are also the conditions that v on Wp lie on a P-locus of the set Paz We 
can therefore state at once that 


(41) If pis even, the condition that s on Wy with parameters u is on the 
P-locus w1,2,.,., 2k+3, OT OM Moksa,...,apı2 18 


On... kes (u)= Dorit, a.n, 2p2 (u)= 0. 
If p is odd, the condition that x is on the same pair of P-loci is 
Dokita., 2p+1 (u) = ds, wee 248, 2042 (u) = 0. 


16. A provisional parametric representation of W,. In giving a para- 
metric representation of Wp by means of the hyperelliptic theta functions, 
it would suffice to give the section of W, by 2p linear spaces which form a 
2p-edron in Sep. But greater symmetry is obtained by giving the sections 
cut out by all the linear spaces on 2p — 1 points of the set Bas: These are 
the sections of Wp by the P-loci mitais (i, io a = 1,°-° ',2p +2). Accord- 
ing to (41) the parameters u of a generic point on this section constitute 
a zero of 4 definite theta function. But this particular linear section is 
characterized also by the fact that it passes through all the points of P - 
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except the points Pis Pi» pix This behavior of the section is naturally in- 
dicated by the fact that its parametric representation contains factors which 
vanish when those discriminant conditions are satisfied, which imply a co- 
incidence of x with a point p other than the three mentioned. ‘The cases, 
p even, p odd, have somewhat different behavior. 

When p is even, the directions at the points of P2?-) are those of mi, and, 
according to (41), these are determined by ®, (u)= 0. If then we set 


(42) p even: Wirigig == Dinsiots . T/ DO: DiD iss 
U == 04,01," dan 


we have a parametric representation of a p-way (u) in terms of theta pro- 
ducts of order 2p and characteristic zero, which has the same behavior as Wp. 

When p is odd, the index 2p+2 is isolated. The directions at 
Diy’ ** Peper are determined respectively by Öp (U)= 0, + +, Popstope2 (U) 
= 0, while the directions at pope are determined by (u)—=0. The generic 
point on the section 7:,,i.,29.2 is determined by 3iy,(u)—= 0. The generic point 
on the section iin, (i; >£ 2p + 2) is determined by ¥i,,i.,i,2712(4)== 0. The 
parametric representation is then 


p odd: Th, 12,2942 “= Pista , TI / OF, apri 29425 
(43) Riztoig == Bizivis 2p+2 ° II/ Diop2 0%, ops20 is, 2p+25 


Tl = DÒ on:2¥2, 2010 aie Ponst,2p+2° 


Again the p-way is given in terms of functions of order 2p and characteristic 
zero. 

In order to prove that the representations (42) and (43) are precisely 
those of the p-way, Wp, it is necessary to prove first that the functions to 
which the linear P-loci are equated satisfy the same linear relations as the 
P-loci. Secondly the coefficients of the linear relations satisfied by these 
functions must be such that the linear P-loci define a set of points projective 
to Pir’. Thirdly the new functions which arise when w is replaced by 
u -+ Pız (Piz a half period) must have a rational representation in terms of 
the originai functions which is precisely that of the involution Is of the 
Cremona G2. The p-way will then necessarily be a locus of fixed points 
of the symmetrical element [1 .,,, op of Ger, and will coincide with Wp. 
These three requirements are disposed of in the following section. 
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§3 
TRANSCENDENTAL DEFINITION OF WW. 


11. Three-term hyperelliptic theta relations. We divide the 2p + 2 
indices of the basis notation into complementary sets of four, a, b, c, d; and 
of 29—2, ir" "fan. If to the argument of any one of the 27? odd and 
even theta functions of the first order we add the half period Popca, this 
function is converted, to within an outstanding exponential factor, into an- 
other one of the set, such that the product of the two is a theta function of 
second order and characteristic abcd. Of these 2771 products half are even 
and half are odd. Of the 22V odd (or even) products only 2?! are linearly 
independent (! p. 56 (9)). 


The odd products have the following typical forms: 


p = 2k: Vista eee ters linie woe dog-obed (s =< 1, noth te 3 k) > 
park+1: Bats... torre igig... tnnabed: 


The theorem which we wish to prove reads as follows: 
(44) Any three of the following four products are linearly related: 
(a) peven: BPisigin le NM tate dies 


(b) p odd: Das Digisttss Prats irietatss Mi Vi Digigh iisisti} 
(c) P odd: Die Pigtss Digi Piia Digu binip OG tsigtaic 


(ta, ° dl. +, 2p--+ 2). 


For, any 2m1 + 1 of the 2?) odd (or even) products must satisfy at 
least one linear relation, R = 0, with constant coefficients which are not all 
zero. If the 27-1 + 1 products can be arranged in a certain sequence, and if 
to each product, beginning with the first and continuing up to a certain 
point, there can be assigned a half period such that the product does not 
vanish for its assigned half period whereas the succeeding functions vanish 
for the half period, then there must exist a relation among the products to 
which such half periods have not been assigned. For, the substitution of the 
first half period in R==0 yields a zero in every term except the first, whence 
the coefficient of the first function is zero. Similarly by substituting the 
second half period in the simplified relation we find that the second function 
cannot appear, etc. We recall that the half period Pa,... a, substituted in the 
function Ŷg,... g, (u) yields Ed... .asßı...8,(0), where E is a non-vanishing 
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exponentiai; and that du,...außı...&(0)=0 except when the indices 
G,' * *@181° °° Bi, with repeated indices deleted, number p-+1. 

When p= 2k we divide the 2p-+-2 indices into three complementary 
sets t’ * *,4o%-13 Jus’ " ‘5 Jari; @ b,c d; and form the following sequence 
of products: 


Bi, eee bey ot Pty one doy gcbd 5 On, ... 1.00 ene top-gacd 3 
Bi, ares igual; 2. tonbed 5 Di, ... iab «+ e 20-4000 > 
DistoaPigtebed 3 Dr ¢,4-0c0 3 


OP ved, OyPacd, ODana- 


It is to be understood that Ôi... io,.c0%,... t-sdea Tepresents the aggregate of 
products for the ( os) choices of u,‘ > -i-z from the set %,° * "ira; — 
etc. The order of precedence in such an aggregate is not material. An 


aggregate on the right follows one on the left. The number of products is 


et} 
== (1 1)22— (1 — 1) 24 p 1 = QP 4. 


To this sequence of products we adjoin a sequence of half periods: 


P toperd 5 P toy 5 
P ign-siez-aigr-ıd 3 P tox-stox-gtenad > 
Piz. ia iap-103 Piz... top. 


one for each product except the last three. An inspection of the two sequences 
shows that each half period is not a zero of its corresponding product and is 
a zero of each later product. Hence the last three products are linearly 
related which, for a, b, c, d= ù,’ © +, t4, proves (44a). 

When p = 2k -+ 1 we divide the 2p + 2 indices into three complementary 
sets, t1,° " t,t; fst * *>Jex3 and a, b,c, d. The following sequence of pro- 
ducts and attached half periods serves the purpose: 


Bi, ... hoy ah, wae Tor ıdcd : Pings 
%, ... top.nh dO i, ++ toy-2f aed : P top-aterds® > 
Bi, eee tradi.. » dgx-gdod : P 4ox-gton-at oud > 


Dan... tahti... te ghracd : Dag PE PO Fe 


km 
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Dirigh DO ixtei aed : P ig... ojig) 
Üj ga imolis ur. jac : Pa; 

Djab jabea Pfeifen 
Ojad iabed 2 Pidde. db} 
Dinal joxded . P; ja... Ind 


Djab jbo, DiD jaci, TA 


Again the first products represent an aggregate determined by the choice 
the indices i, but the indices 7, a, b, c, d are fixed as given. Thus the nun 
of products is 


n DES oa wter) +a 1) +1 = 


The behavior of the products with respect to the attached half period: 
the same as before whence there exists a linear relation among the last tl 
which proves (44b). 

If, in the relations (44b), u is replaced by u + Piip the relations (4 
appear. 


12. Transcendental definition of Q"n,3, Wp, and w,’. We return 1 
consideration of the Ce) theta products of order 2p, Tiitsi which 
defined in (42), (48). There follows from (44) that 


(45) (a) Any three of the four functions, Tissin Tirigig Tiisio Titas 
linearly related. (b) Of the (3) functions Tisisis (ir t2, is = 1; +, k) ¢ 
k—2 are linearly independent. ‘A typical independent set is "it, Ti 
"s Rizigige 
For, if p is even, (45a) is an immediate consequence of (44a). If. 
odd, it is a consequence of (44b) or (44c) according as the index 2p + 


not, or is, included among 4,+-+,%. Then (45b) is true for k==4, 
we assume that it is true for values up to and including k—-1. Given t 
ii, in addition to wi, (== 3,°°+,4—1), ui, and similarly r 


(hj), can be obtained linearly. Hence r: s, can be obtained when r: 
is added to the set mitsis’ °°» Titino and (45b) is true for the valu 
From this there follows that 


(46) Of the (5) functions mii, only 2p are linearly independent. 
2p independent functions are equated to the homogeneous coördinates ı 
point x in Sop1, then for variable u this point x ranges over a variety w, 
Sop-1 of which the functions iz, define linear sections. Of the (Pest) f 
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tions mitia Which omit a fixed index i; (j =1,' *:, 2p +2) only p —1 
are independent. They determine linear sections of wp by spaces S2p-2 which 
are on a point qi, The function muis, defines the linear section of wp by 
the Ka-2 on all the points qi, except qis Jin Qt Similarly 2p—1 inde- 
pendent functions of the set tiis which omit the index 2p-+ 2 define a 
variety wy’, and 2p-+ 1 points gi, (44 =1,: + +, 2p + 1), in Sop-2, which is 
the projection of Wp and qi, in Sap. from the point gapı.- 


Equations (42), (43) are parametric equations of the variety wp. To 
obtain similar equations for wp we merely delete those linear spaces 7i,i,i, 
which contain the index 2p + 2. We have thus defined in Sz2p1 a set of 
2p-+ 2 points qi, and in Sep. a set of 2p + 1 points q’s,; i.e, in Sn a set 

Ras. For odd n the set is identified in 14 with the set of § 1 whose para- 
meters di,‘ ° *, topi2, on the N2?-1 containing the set, are projective to the 
roots of the fundamental (2p + 2)-ic which defines the functions. 


13. Transcendental equations of the P-loci of the set Q”,,; of wp and 
Wp. We seek expressions, corresponding to the mitsa of (42) and (48), for 
the sections of wp in pı by the entire system, 7i,... inn, Of P-loci of 


2p-1 . 
Qi. These are as follows: 


(47) When the coördinates x of a point of wp are taken in such wise that 
the linear sections are given by (42) and (43), then the section of wp by the 


È l Sa RUE 
P-loeus Ti... tox OF erste of order k, 1s given by 


p even: Ti... ton = Bi, eee tone” II®/ di, we Pores 
Pp odd: Wty... tee T Dope, ty une Take" IR/ Di, oper BP re ZI 29+2 5 
TWapız,iı... tog 7 di, wae tox” 4/90: opse ee Pin, 20426 


The proof is given here only for the more symmetric case when p is even. 
If in (44a) u is replaced by u + Pi, the three functions, 


(a) din di Paris iin 


appear as linearly related. Then, multiplying by I? and dividing by 
Dan 0,02, it appears that 


(b) Vi, re Ti 12/0; ee Dip WiytgtsWigigiss  WrylgtsMiotst 55 


are linearly related. Hence the first term must represent a quadric with 
nodes at gis” * `, Qie and simple points at qus* **, qus By virtue of the 
symmetry of this term in 4,- - -,%, and the consequent similar representa- 
tions, this quadric must have a simple point at qi, also and must coincide 
with the P-locus mi... Thus we find the well known linear projective 
relation connecting the algebraic spreads, 
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(e) Tiz... igs ThytghsTigigiss WiyigtsTigigtsy 


a relation which might have been obtained from the linear relation connecting 
Wizighsy Flrigip Tirigia by applying the involution J ii, defined by er 
By adding P;,... ia. to win (a) we find that 


(d) Vis ... fone’ ty sae tone Paistis one DE ... tone 
Piss rës topaY intats one Foner 


are linearly related. Multiplying by I?*? and dividing by 


9: ur Pispa 
the products, 
(e) Tiz... toner” [%, wes tone " I®/d;, re Fiscal, 


Wiytgis... tonsrTigtsi5... tomas Palais se. donaMtotsig... tone 


appear as related. On comparing this latter relation with the projective 
relation derived from (ce) by applying the involution Fis... iws Which connects 


(£) WAT a een tees 


Miriziz... topan ialatg .. toner 


we obtain the result (47) for p even. For, in these relations d and f, the 
coefficients of the last two terms must be such that, when in (d) the factor 
Dis... ima appears in the first term, then in (f) the factor mis... tma must 
appear in the first term, provided (47) is assumed for smaller values of &. 
The residual factors, Pz... ima and Th... ima are then uniquely determined 
and must also correspond. 

The similar statement for wp, the projection of wp from qop.2, in Sap-2 
with reference to the P-loci of ieee the projection of eaa from qepi2, 1S 
obtained by considering only the P-loci whose indices do not contain 2p + 2. 


14. Identification of the set Q”n,, with P”,,; of §2. We have found 
in 12 that mitis is the linear section of wp by the S2p-2 on all of the points 
of O72 except Qis Yi» is We wish to show that this set Q377} is projective 
to, and therefore, if we please, identical with the set Pita of §2. It is 
necessary oniy to prove that the parameters # of the points of Q on their 
norm-curve N’2?-1 are projective to the roots tı,* * -, tep.2 of the fundamental 
(2p -+ 2)-ie which defines the curve Hp”? of §2 birationally, and which 
defines the theta functions used both in § 2 and § 3. 

We denote by 
(48) (iriz © 2 " tw) 


the determinant of the coördinates of an ordered set of k points in an Su... 
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In particular, on an S; with non-homogeneous coördinate t, (hiz) is ta — bi. 
For certain products of such differences we use the notation: 
{itota * + +} = (iia) (tits) (iata) S 
(49) RR oe en Sa ge as 
{isin e © 5 jafar +} (jr) (izja) + + (aga) Caja) + 
The set Pr! of § 1 with parameters ti, * -, ¢zp.2 on N?Pr1 is associated 
with the set Ploy. of 29+ 2 points on S, with coördinates t’ - -, tops; 
whence 
(50) (ii * * * izp) = À" Cinta... toptopatopa” (tepsrtopee) » 
where e is + 1 or — 1 according as its indices are in an even or odd per- 
mutation from the natural order, and A is a factor of proportionality. 
If the reference system is so chosen that W27-1 takes the canonical form 
gı = a -i (i= 0,1,- -,2p— 1), then, 
(at * ia) = {ù> + * top} == A Ei... lepa (taps1t2p:2). 


(81) 


All of the even hyperelliptic theta functions of the first order vanish 
when u==0 except the functions #4,...4,,==Digg... tee Thomae?’ has 
proved that l 
(52) Ci... ipa = Cipa... tepa == Oty... tpa (0) 

== p [u ip) (ipe t iepa} 


where u is a factor of proportionality (cf. also Zariski, ® pp. 321 et seq.). 
These values enable us to determine the coefficients in the three-term relations 
(44) in terms of the differences of the roots bi, ° - *, teps2. In (44a), 


dt Add At, 
let u be Pisis... ipo Pitsid... Io Prisiahr.... ipa In turn. Then 
À2Cigisji ip fiihrt. -jpa + AsCighsfr... Sp-rCtrtads... Gp 0, ete., 
where in either term a minus sign may occur (cf. ® p. 240, VIII). But, 
according to (52), 
(53) 
ya. dpaChrtahs... ipa = N [ (tate) (tata) 1 [Cf + + a} {hens + t pa}? 
figs das fht e t joaki t + pa}. 
n being an undetermined fourth root of unity. Thus the identity is 
(54a) Add + ADi iit Ad, 
Ar = [ (isit) (iria) 1? (r, s, t= 1,2, 3). 


4/U COBLE: 4 Weneramzation of the hy edale DUTTACE, 


From 44(b) similar relations are derived: 


(54b) Abi, op+2Üizigi,,2pr2 + nAoDia op iists 2p+2 + of Ag iz, apr Diisi 2p+2 =a 0 3 
(54b’) B i, opiata + nB atin, ops20 iis + nB Vig, opt iin == 0 s 
(54b”) Bip, 2920414; + Baði, ops2¥ ints + y Beitia 2042 == 0, 


where B, is obtained from Ar by interchanging i, and izp2. Of these (b) is 
proved like (a); (b’) is obtained from (b) by adding Pi„zp+ to u and then 
interchanging i, and 2p + 2; and (b”) is obtained from (b’) by adding Pii 
to u. 

Let ziju be the theta function defined earlier with respect to the set 
Q2e-1; and set 


2p+2 R ; a 
Gig = miz’ {ijk}. 


Then all of the theta relations (54) take the typical form: 
(55) (His) G izisis + 7 (izita) iss + oi (ists) Girizia == 0 


where G'iisi is a linear space on all of the points of a: except Qis Jigs Gig 
With respect to the points Pa let Gataia be the linear space, 


(56) Gaira ™ €h... ina" (iat imot), 


on all of the points except Pn, Pi» Pis The linear spaces, thus projectively 
defined, satisfy the projective relations, 


(izisis a) tops2) (rts De izp) + (ight ran teps2) (ists a topt) 
+ (izlots 2.2 izpiz) (isis mE ap 7)= 0. 
These can be modified by using (56) and (50) to read: 
(57) (trta) Fagtgts + (tata) Fig, + (ista) Cr, = 0. 


Hence, according to (55) and (57), corresponding double ratios of four 
linear spaces on Q"n.g and P",,3 coincide to within fourth roots of unity; and 
the same is true of their respective associated sets, t,’,---,lop.2, and 
ty" +, tapp, on Sa But this can happen only if the fourth roots all are 
unity and the two linear sets are projective. For, if ti’, ts’, ts’ and tı, te, ts 
are each projected into 0, 1, co the coördinates of the remaining points are 
tf = qt G=4,- °°, 2p -+ 2), where the y’s are fourth roots of unity. Then 
also (0,1; 2/4, )—=»(0,1; tats) which, for generic t, ts, requires that 
n= n = s = 1. Since the linear sets are projective, their associated sets, 
"ns and P”nes, are also projective, and may be taken as superposed. Hence 
(58) The set of points Q is defined in 12 by the use of the functions Tiisis 
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has parameters on the unique norm-curve N” containing the set, which are 
projective to the roots t'>’, tapo (n == 2p—1), or to the roots t1,°°*, lapa 
(n= 2p — 2), of the fundamental (2p + 2)-ic which defines the functions. 
This set is projectively identical with the set Pns of 881, 2. 


We observe that the possible fourth roots of unity in the formulae (54) 
can be reduced, by the choice of the factor and the order of t, j, & in 
(59) Ge = mise {ijk}, 
to the square roots = 1 which occur in the projective relations (57). Un- 
fortunately the basis notation is not sufficiently precise-to distinguish between 
these signs (cf. + p. 86). But this difficulty can be removed by a transition, 
as in (59), to the projective form in which the signs of the expressions used 
depend only on the order of the points concerned. 


15. Identification of wp, w, with the Wp, W, of $2. Let the set of 
points defined by the linear spaces mitsa in (42), (43) be denoted now by 
Pns If they are expressed in terms of a coördinate x in Sy, then (42), 
(43) can be solved for x to obtain explicit expressions for these coördinates 
as theta functions of u of order 2p. As u varies, the point x, thus determined 
by u, runs over Wp We consider the relation between the two points z, z’ 
on Wp determined by u and w =u + Piz, The point =’ is determined by 
the linear expressions, miis Which arise when u in (42), (48) is replaced 
by w+ Pate Hence, in the case p even, which is the only one we consider 
in detail, typical values of the mitai, are: 


(a) pr’ iis = E Ùi e W/G Phista 

(b) pa’ igigt, = E Disisi, o WDD inicio 

( c) PT tnigt, = + Bizigi, 5 W/O Piit iit 

(d) panes = E Din.. © dd nii, 
Verde Vito 


From the following form of the equations (a) 
(a) PT inet, Fre (1/riizi,) ` WU, (r= 5 2p + 2), 


we see that 2’ is the image of x in the involutorial regular transformation of 
order 2p— 1 whose 2p F-points are at Pi‘ * *5 Pion If the factors in W 
with three indices are expressed in terms of the mitsa equations (a), (b), 
(c) become 


(a7) Pr iiei = + (Pudi IT > eig © * * Whytainga/Tintates 
(b”) PT iriais oe (4,0:,/IL) 22-2 " WietgtiWizigts ” * * Waytotionse 
(c”) Pr” igisis rn (Pidi n)? > TWiyigtsTlytgis’ © * Migigigpeor 


3 
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Thus linear spreads on pi, become spreads of order 2p—-1 on Pip and vice 
versa; whence the involution is the element Int, of Go"? (n==2p — 1). Since 
Iii, leaves wp unaltered and on wp is represented by wu’ ==u-+ Piz, then 
the symmetrical element I = Ii... tepa Of Go"? leaves wp unaltered and on Wp 
is represented by w =u + Pau... isa =u Hence wp is the locus of fixed 
points of 7 and coincides with Wp. The corresponding proof for the case p cdd 
can be formulated by a similar procedure. Hence 


(60) The equations (42), (43) furnish the parametric equations of the 
generalized Weddle manifold Wp in Sop. If only those equations (42), 
(43) which omit the index 2p + 2 in wii, are retained, they furnish the 
parametric equations of Wy’ in Sap-., the projection of Wp from Pope On Wp 
and Wy the equation of the involution Ii,...., is, in parametric form, 
w =u Pall 


16. Mapping of W, upon the generalized hyperelliptic Kummer mani- 
fold K,. We revert to the formulae (47) for the transcendental equations 
of the P-loci of r: and find that 


D P a F = 2, . -1. 
(61) P even: Wi... foraTionn ... topa T 0 iy.» bone 11? 3 
P odd: Wii... dapan ioro... topp 2242 T Pa woe tom, 2P42 " np, 


On the left we have the pairs (30) whose products are found in the linear 
system = of (81a). On the right we have, to within the factor of propor- 
tionality II?1, the squares of the 22? odd and even functions of the first order. 
Of these only 2? are linearly independent and an independent set may be taken 
to be coördinates of a point in the linear space Sz” For variable u this 
point runs over the manifold Kp, whence 


(62) The equations (61) represent a mapping of Wp upon Kp by means of 
the linear system X of spreads of order p with (p—1)-fold points at a 
The section of Wy by either member of a pair of P-loci is mapped upon the 
section of Kp by one of its 22? singular spaces. 


We inquire as to the behavior of the singular points of K, with reference 
to Wp As is known, these occur on Kp when u is a half period. With re- 
spect to Wp we observe that the F-locus of the p-th kind of P73, «®4,...4, 
= Pa... tape? Which is the linear space Sp. on Pin’ * *, Pip is cut by the 
system 3 in a system of p-ic spreads with (p — 1)-fold points at pi,,- + -, Pip 
But such a spread in Sp; is unique. Hence the entire space S,-ı is mapped 
upon a single point of K, which we proceed to identify with a singular point. 

Let the hyperelliptic curve Hp”? satisfy the p further projective con- 
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ditions that p -+ 2 of the branch points, fipo’ " "> "ia. are on a line L. Then 
the remaining p branch points are p flex-points at the p-fold point O, and 
the p-ad at O coincides with its superposed p-ad. Thus the parameters u of 
this p-ad must be a half period. When this situation arises, a number of 
the discriminant conditions are satisfied, and indeed, in many cases, are satis- 
fied in more than one way. 


Let the indices fı, j2,' ++ be drawn from ip,’ * *,tep2. Of the two 
alternative forms (35) of the same discriminant condition we shall choose 
that which has more indices 7 than indices i (i,,°°°,%). In 


Ok, ea * * a) #1 = 0 


this requires that k+b +3 >k—b. Also 1zk+b+3=p-+2 and 
0 2k—b =p. Hence 
b>— 38/2, b=k, b= p—k—l. 
This permits of arranging the 2°? distinct types of discriminant conditions 
in the order 
(a): b==—1; k=0,1,:-:+,p—1; 
(63) (b): b==b; k=—b),b+1,'+::,p—1—bD 
[p0 l (p —2)/2 or (p—1)/2]. 


The line L must factor from the curve implied by the condition since 
k+b+3=(k+1)+(b+2)>k+1. 


The remaining part must be a curve of order & with %-fold point at O and 
On Tis’ "Tin This part therefore consists of k—b fixed lines on O 
and b variable lines on O. Hence if b=-—-1, the discriminant condition 
is not satisfied, whereas if b > —1 it is satisfied in b-+ 1 linearly inde- 
pendent ways. 

The point x on Wp which corresponds to this Hp?*? with Tipao’ © "> Tienes 
on L must (cf. (36)) lie on all the linear P-loci 7;,;,;, [for b = 0, k =0 in 
(63b)], and therefore must be a point of the linear F-locus of the p-th kind 
rP... To the discriminant condition (OF + "east © + igb) t = 0 
there correspond the conditions that x lies on Ti... pns... ip and on 
Tieta... jozin... i» Lhe first of these two P-loci consists (cf. (17)) of 


the co* linear spaces Sopx-; which are (2p — k)-secant to N°?! at pp G 
PipsDingas’ °°; Pi, and at k variable points of N°?-1. If, of these & variable 
points, k—b are taken at Pis’ ' *, Pin, there must be co? of the spaces 


Sopr- on PP, ...:,,;, and thus 7” is a (b +1)-fold locus on m. The second 
of the two P-loci consists of the o?*? linear spaces Sp which are 
(p+ k+ 1)-secant to N°? at pjat t ts Pisno Phs” "> Pig, and at p—k—2 
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variable points of N27-1, None of these spaces S,.. can contain the further 
p + b— k points pı on +” whence the P-locus does not contain =’. Hence 


(64) The F-locus of the p-th kind, Pa... ip = TP tpa... top 8 @ (b + 1)- 
fold locus of the P-locus of the first kind Th... innsti... isp (0 and k chosen 
as in (63) ), and is not on the complementary P-locus. Thus it is a (b + 1)- 
fold locus on the corresponding product of the system (61). When x on Wp 
is also on x’, the p + 2 branch points, Vip -> Tipo Of Hp? are on a line. 


We have yet to identify this F-locus, #®;,...:,, with a particular half 
period. The following theorem (cf. ® p. 460) states the behavior of the 
hyperelliptic odd and even thetas with en to the half periods, when these 
are expressed in the basis notation. 


(65) If the two sets of indices in * -iz and fija: + + contain p-1 + ar 
indices which do not appear in both sets, then if r>0 the theta function 
Ojja © < Vanishes, together with its derivatives up to the order r — 2 inclusive, 
for the half period Pa... 4, 


The non-vanishing for r=0 is normal, i.e., is common to all theta 
functions, as well as the vanishing of the functions for r = 1; but the further 
evanescences are characteristic of the hyperelliptic functions. _ 

When p is even we have identified in (42) the P-locus rj... jugat... dua 
with the theta function %;,... zuaatı... iza By using the rule (65) we find that 
this function does not vanish for the half period P:,...4, if b = — 1 but 
does vanish for b = 0, b==1. For values b > 1 it vanishes together with its 
derivatives up to and including the order b— 1. Hence TP... ip is to be 
identified with the half period Pa...: By applying the operations (27) 
and (60) we find that the half period u= 0 is to be identified with the 
F-locus, x), the locus of the œ? Sip.2)/2’s on p/2 variable points of N?r, 

When p is odd, the P-locus rh... jimas... ip, 18 identified with 
Py... jemsi... temp If then the half period Pi,...i,,2p42 is identified with 
the F-locus, 7 ,..,:,, the behavior of the P-loci and the theta functions 
with respect to respectively the F-locus and the half period coincides with that 
just described. This ascribes to the improper half period, u = 0, the F-locus. 
m Papo the locus of oo 0/2 §(5.4)/o’8 ON Pope and (p— 1)/2 variable points 
of N?r1, Hence 


(66) The 27? half periods determine on Wp the 22? F-loci of the p-th kind 
as follows: 


(p). x com (P) . a 
p even: a‘? ta... Čoki2-p mP tona-p e o e dopı2 . Pi vee fonsa-p ’ 


. (p) u (p) » > 
P odd; x? ii... toxeaep a? topsaep oa» Topı2 : Pi, -e o Eoxse-p, 242° 


or 
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These F-loci are mapped as in (62) into the 27” singular points of Kp. 


The mapping (62) furnishes a purely algebraic definition of the Kummer 
manifold Kp since Wp itself is the locus of fixed points of a Cremona in- 
volution defined by Pee This algebraic definition suggests properties of Ky 
which may not readily appear from its transcendental definition. We ex- 
amine in (83) one such situation for p = 3. 


§ 4 
THE SPREAD Wz’ IN Sa 


17. Theta relations in the hyperelliptic case, p = 3. In the present 
case the functions are hyperelliptie when 0(0)== c= t12... 8 = 0. The three- 
term relations are obtained from those four-term relations connecting the 
four products of four pairs of odd functions in a Steiner complex [* p. 168, 
(3)]. With reference to the basis notation there are two types of Steiner 
complexes corresponding to the two types of half periods, Prs and Psers. In 
the second type the four pairs can be selected in two distinct ways so that 
three types of four-term relations exist which connect the functions indicated : 


Ar Pirs DorDoey Ode, Darbas; 
B è Postis Dada, Piola OscPrs 3 
C: D510 245 Palsas D560 re, Paros 


The coefficients of the functions in these relations are, to within a & sign: 


’. 7 
A’: CazarCasas; Caisrlzıas; Cızarbıaas, C1237C1238 5 
Fy . 
B’: Č2378Ĉ1478; C3i7aC2a78, CiezsCsa7s, CCre345 
7 . 
C’: CreseCga58y C3158Č2458, Csrıalasıs, Cse14C7e14- 


When c==0, Thomae’s values (52) of the cijz: enable us to express these 
coefficients in terms of the roots of the fundamental octavic as follows: 


A”: [{284}{156}]*/?, [{314}{256}]"2, [ {124} {356} 1", [{123} {456} ] 1/2; 
BY: [ (238) (14) ]*,  [ (81) (24) 17°, (12) (84) 177, 0; 
0”: [ (12) (34) (58) (67)]™2, [ (81) (24) (58) (67) 1”, 

[ (14) (23) (57) (68) J, [ (14) (23) (56) (78) ]/?. 


By adding a half period to u in these relations other relations of dif- 
ferent form are obtained. We are concerned primarily with the three-term 
relations obtained from B, B”. The three terms are symmetric with respect 
to a division of the indices, 1234, 5678; and the addition of Pızs. leaves each 
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term invariant. To secure typical results it is thus sufficient to add the half 
periods, Prs, Pas, Pas, Postee We secure the following five sets of three func- 
tions, each in a relation with coefficients B”: 


B1: Pashia Paas Viba; 
B2: Dosze¥ i478; VerzaV oara, DroreD sare 5 
B3: Dosastis, Derss ae, DrossD oe > 
B4: Paahi, Pros, Prose 5 
B5: ÜasrsÖsırs, PrersV oars, Deer. 


Since, for the odd value of p, the index 2p + 2 = 8 is isolated in the 
application we are about to make, the relations just mentioned yield others 
as follows: 


Bib: Passe} BeiDo8, D203 : (48); 

Beb: DrescPsase, Pros Ügası, Dr2670 3467 : (17) (826354) ; 
B3b: Piser0 145 VoserVo4, OesserU 4 : (48) > 

Be: Posast is, Di 345V 055 D1245 035 : (58) 3 

B3d: PresaPis, DoserD 125 Paso is : (81); 

B4b: Debre, Der oes rood : (48) (27) (16) (35) ; 
Böb:  PrescBease, vd, 2570 34575 Pioba : (71825463) . 


The substitution (in cycle form) on the right of each is that which converts 
Bi into the given form; and which therefore must be applied also to the 
coefficients B” to obtain the coefficients of the given terms. 

The three-term relations have been derived afresh to show their place 
in the relations among the non-hyperelliptic functions. Thy might have been 
obtained directly from (44b). 


18. The theta relations of 17 as projective relations in S,. The P-loci 


of the set P, in ope Misy Wiytotgn Tig... i9 and Tir... iz (% = 1, er 7) are 
defined in (47) in terms of the thetas: 
(67a) Min. vr Caner = Dat... é done ri UE si. In k=0, wi t, 3), 


H == Der Dez Dan Or. 


Three-term relations among products of these P-loci are then derived from 
the theta relations. We have noticed already in (59), (57) an example of 
a projective relation in S, which is obtained from a theta relation. We now 
extend the definition of Gitt in (59) to cover all the P-loci of P,* by setting 


(67b) Gay... ima ™ Th... taa" {a ° toe las }1/2, 


The factors, {ù - i1}, are defined in (49) in terms of the differences 
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(ij) of the roots ta t; (,7==1,---+,7) of the fundamental octavic. These 
differences are proportional to the quinary determinants formed from the 
coördinates of the points of P,* as in (50) ; specifically 
(67c) (at + as) A> ea... tigi, (tetr). 
In order that a relation involving these differences may be interpreted as a 
projective relation, it is necessary that a certain number (the same for each 
term) of the differences be interpreted as quinary determinants so that the 
terms may be homogeneous in each point of P,*; and that the products of 
the remaining differences in each term be homogeneous in each of the roots 
by," ",ts so that the ratios of the products are invariants, rational or 
irrational, of the octavic. An example is the transition from (57) to the 
preceding purely projective relation. 

We prove that the functions G satisfy the same system of relations as 
the projective expressions in (67d) and therefore may be identified with them. 


Gros == ie (45672) 
(674) Gi...s = + [ (23) (14) (24672) (186%) —(13) (24) (14672) (23672) ], 
Gi... = E [(23) (14) GisserGeaser —(13) (24) Gosse7 14567 | - 


Thus the respective degrees of Gies, Gi...5, and G:...7 in the coördinates of 
P74 are 


(000 1111), (2222244), (6666666). 


Multiply B3 in 17 by M/s’ + das to introduce the functions 7 in 
(67a) ; with coefficients B”, then insert the values @ from (67b); and multi- 
ply by {4; 123}'/? to remove the denominators. The resulting r-lation is 


(14) Gaga = (24) Gia + (34) Grice = 0. 


With the differences replaced by quinary determinants this is the projective 
relation satisfied by S.’s on Ps, Pe, Pr tO Pı, Po, ps respectively, and justifies 
the first formula of (67d). 


Again we multiply in Bë by T1?/d,g° - -d1927 to introduce the func- 
tions r, and after inserting the coefficients B” and the functions G, multiply 
by [{12347}/(12) (34) ]/2 to obtain 


(23) (14) GearGerz + (24) (13) GiarG2s7 + Gieser = 0. 


On interchanging 7 and 5, this is the second formula (67d). The deter- 
mination of the relative sign of the first two terms given in (67d) is based 
on the fact that the third term, Gi2s47 == pai2s4z, must represent a quadric 
with nodes at ps, ps and on pi,* * *, Pa Pr 


478 Coste: A Generalization of the Weddle Surface, 


Finally on multiplying B4 by I°/dse%os0778, and by 
l [{567}{1234567}/ (12) (34) ] "2, 
we convert it into the projective relation, 
(23) (14) Gissor@zasor —( 13) (24) Gesser@raser = + GorGi... 2, 
which is the third formula of (67d). We verify in a moment that 


(67e) Gresaser = + [ (14) (46) (63) (32) (25) (51) (13422) (13652) (42652) 
l (14) (42) (23) (36) (65) (51) (1346x) (18252) (46252) 
(14) (46) (65) (52) (23) (31) (15422) (1563) (42682) 
(13) (36) (64) (42) (25) (51) (14322) (14652) (32652) 
(13) (36) (65) (52) (24) (41) (15322) (15642) (32642) 
(13) (32) (24) (46) (65) (51) (14362) (14252) (8625z) ]. 


We complete the examination of the relations, B1,- --,B5, by multi- 
plying B1, B2 respectively by 


[{567; 1234} {567}2]1/2 113 /PseDosdre, 

[{7; 1284}]2/2 IP /dig: + Pus? 
to reduce them to 
(67£) Graser Gesse7 + Gasser @siser = Gs4507Gi2se7 = O, 
Gosr Graz = GaizGear + Gre Gaz = 0. 


The second of these two is the identity which arises when the determinants 
in the ordinary binary identity, (14) (23)-+-(24) (31)+ (34) (12)= 0, are 
expanded into the quinary domain by the insertion of 56z in each determinant 
according te the Clebsch principle of transference. The first is the form which 
the second takes when the Cremona involution Zs, is applied to it. A more 
direct proof is not immediate so that this identity is an example of the useful- 
ness of the thetas in a projective study of P;* and related loci. 
A similar example is furnished by B3e which yields 


(67g) (14) Gror@assor & (24) Goer Gaiser & (34) Gor Gizer = 0. 


The Cremona involution I,, applied to the second relation (67f) will produce 
an identity of this character. 

The transcription of the relations Blb,- --,B5b and B3d is not so 
direct and will be deferred until more information concerning W,’ is gained 
(ef. 19). We close this section with an examination of G,... in (67e), the 
interesting locus of the bisecants of the curve N* on ae (cf. 4, table). If 
in (67d) we take the quadrics in the form, 
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Gasser = (24132) (24562) (15) (86)— (24152) (24362) (13) (56), 
Goasor = (13242) (13562) (25) (46)—— (13252) (13462) (24) (56), 
Grosser — (14232) (14562) (25) (36) —(1425z) (14367) (23) (56), 
Gyasor = (23142) (23562) (15) (46)— (23152) (23462) (14) (56), 


then the combination, (23) (14) Gissez@e1s0r — (13) (24) @esserGisser contains 
the factor, Ger =(1234r). Indeed the only two terms of the combination, 
which do not contain this factor explicitly, cancel each other. The comple- 
mentary factor is the bracket in (67e). Each of the terms in G,..,7 involves 
one of the cyclic arrangements: 


146325, 142365, 146523, 136425, 136524, 132465. 


For each cycle the pairs of diagonals of the corresponding hexagon determine 
the quinary determinants. The six cycles may be described as the siz ways 
in which 126 can be inserted between 345 or vice versa. Thus there must 
be ten formally different equations (67e) of @ı...:; or 10.7 == 70 if also the 
exceptional position of p, be considered. 

It is evident from the given form that the cubic spread G,...; has 
nodes at Pı,' ` ', ps That it has a double point at p: is also easy to see. 
For, the second polar of p; is obtained by setting «=p, in each pair of 
terms in each of the six products of three quinary determinants. Then any 
determinant, e. g.(12342), appears twice with coefficients which cancel when 
(13567) is replaced by (24), etc. On account of the symmetry it is sufficient 
to verify this for (12342) alone. Since p; does not appear explicitly in the 
equation the locus must have a node at every point t = t, on N+, and there- 
fore must be the locus of bisecants of N*. 


19. Geometric properties of W,’. We have seen [cf. (66)] that the 
F-loci of the third kind of P in S, are contained on Ws. When Ws is 
projected from ps upon W in S, these F-loci of the third kind of P,5 are 
projected into the F-loci of the second kind of P,* (ef. 4, table). Hence Wy 
must contain these F-loci of the second kind of P;* for the values of the half 
periods as follows: 


u=0 © m?! N; 
‚= Pr; : T iita sam Sı (iria) 1 3 

U = Priririst, Eo mP heit = Sa (isigiz)}; 

u = Pis > Be = Cg Milli 7), 


Since W,’ is invariant under the Ges determined by P,* it must be a 
spread of order 5% with 3%-fold points at P;4. Moreover since the same pro- 
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jective set P,* can be obtained by the projection of a P5 in Ss which con- 
sists of P,° and any point ¢ on the N® determined by Pë and ps, the equation 
of W3 in S, can involve == ts only in the coefficients. Hence W, will be 
a member of a system (cot) determined by P;*. We shall find that this 
system is a pencil. 

The projective relations thus far obtained from the theta relations have 
been identities among the P-loci which were valid throughout the space. 
These could lead to no definition of W3. We consider then the further set 
Bib,: - -,Böb. In order to handle the functions 92, ° > -,8?;s, which do 
not disappear as in the earlier cases, we define two new sets of seven functions, 
Ha: e, Hi; Hy,- ‚Br, as follows: i 


H, = bas wT? - [{234567} (18)]"2, 


(68a) H = [1/828] - WI - [{1234567}{1; 234567} (18) ]1/2, 


where w is a function to be determined later. Hence 


H,Hy’ = (18) - Ww? - {1234567}, - >, H,H,’ =(78) - Uw? - {1234567}, 


(68b) (23) H,H,’ + (31) HH’ +(12) HH,’ =0. 


In terms of the functions H, H’ the later theta relations transcribe as follows: 


Bib: Guserdı = Geaserle + Gassers = 0; 
Bb: Gurte + GsaeGieeHls E Gas Oiss = 0; 
(68c) B3b: GossGesserHy’ Æ GaisG@siserfe” = Ginisa Hls =0; 
B4b: (57) Grau He (56) Grosser’ = Geh... Hs = 0; 
B5b: (57) GrerGsary + (56) GrooGsaeld 7’ = Grose Gasser s == 0. 


If B4b and Bdb are multiplied by H.H., they reduce by using (68b) to 
B4b’: (57) (68) Goga7ld 7 = (56) (78) Gissa He 


+ G@serGi... rH HsH:/USw{1; - 7} = 0, 
B5b’: (57) (68) Gior@sarH, + (56) (78) GrocGsael1 se 
+ Gyeser@saserH sH -H,/M Sw? {1- - - 7} =0. 


(68d) 


We write the identity B2b for the three combinations, 12,34; 18, 42; 
and 14,23, using the projective form except in the unknown Hs, He, H;. 
Thus 


+ (12562) (34562) Hy + (1257x) (345% a) Hs + (126%x) (34672) Hs == 0, 
+ (13562) (42562) H, + (13575) (42572) He + (13672) (48672) Hs = 0, 
+ (14562) (23562) H; + (14572) (2357x) He + (14672) (23672) Hs == 0. 
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[f these be added the terms in H; vanish due to the second identity (678). 
Jince H, and H, with significant factors gs, Û?rs could not remain, the 
rms containing them must also vanish due to the same identity, whence 
he ambiguous signs are alike in each column. Any two of the three identities 
hen serve to determine the ratios of Hs, He, Hr We shall set 


(12572) (84572) (12672) (34672) GseeG126 GsasGres 


Se) Hr= = 1852) (42572) (13672) (4267) |= | GazsGise Gas Cass 


== 








(his expression for //; determines the function w in (68a). For, if the 
(uinary determinants are replaced from (67a, b, d), H; takes the form 
(68f) H, = + ND? 876+ [ {123456} (78) PZ 


OasssPizes0 245801358 me Da4560 1580 24684 1306 


[ (14) (23) (56) (78) 2 Ba 








Jn comparing this with (68a) we find that 
8g) w = (Psie D 120V 245801358 + sase 12580 2408V 1368) /[ (14) (23) (56) (78) ]¥?. 


Ve recognize at once from (68e) that A, is the locus of points x such that 
15°" ",Pe are projected from the line p;x into six points on a conic; or, 
t is the locus of points x which are projected from p; into the points of a 
Veddle quartic surface with nodes at the projections of p1,° ' +, pe It is 
hus a Weddle quartic cone with 4-fold point at p, and double lines from 
7 to P1,° * +, pe It contains the remaining F-loci of the second kind and 
limension one simply [i. e., N* and the 15 lines 8; (u%)! (ir, t2 =1,--+, 6)]; 
md also contains F-loci of the second kind and dimension two; namely 0:3, 
nd the 15 planes 8, (Tits). 

The identity Blb brings out the significance of the factor w in the 
lefinition of the Weddle cones H. The two sextic spreads Guise,Hi and 
724507175 lie in a pencil with a basic 2-way of order 36. The quadries Gisser 
nd Gasser meet in Cy and 82(123)!; Gisser and Ha meet in C3 and §2(231)1, 
Jo (234)1,- + +, 82(237)1; Gasser and H, meet in C,3 and Sa(132)t, 8,(134)!, 
- +, §.(1387)1; and H, and He meet in 8,(123)!, 8,(124)},- - -, 8.(127)3 
nd a V2.4, Since the complete intersection of H, and H. is a 16-ie with 
-fold points at pı, pe and 4-fold points at ps,- + -,p;, Vol! must have triple 
oints at Pt. Since Gasss; Hs is a member of this pencil, 7,11 must also 
ie on Hs, and thus must lie on each of the seven Weddle cones. Also Hy, He 
ontain N+ and the line 8,(34)!. These not being on the 5 planes common 
o Hy, Hz must be on V.t!. On account of the symmetry of 7,11 with 
espect to the seven cones we may state that 


69) The seven Weddle quartic cones Hi with respectively vertices at pi 
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and double lines mp; meet in a surface Vtt with triple points at P,* and 
containing N+ and the 21 lines Si(ij)1. The surface Vat! is invariant under 
the Cremona Ges defined by Pt. The equation of this surface on Wg is 
w = 0 (cf. 68g). 


For, the Weddle cones, H, and H;, are each invariant under the involu- 
tions generated by Iiis (41, ta == 1, © ¢,5); whence V211, their common pari 
except for F-loci, is also invariant under these involutions. That Vz!! is on 
W is a consequence of the equation of W; we are about to derive. 

If in (68d) the third term of the two identities is eliminated, we find 
that 
(70) Ws == (57) (68) : [ GreserGaase7 G12347 ai GserGio7z gar Gs 65 7] H: 

. Æ (56) (78) , [ Gresez G4567 O12846 — GserGioeGsaeG1... 7] H= 0. 


This relation (70) is an identity in u but it is not a projective identity. 
For, the Ss, Gss: = 0, is a factor of the two of the terms but not a factor 
of the other two for variable ts. We observe that each of the brackets is of 
degree 10 in each point p' of P,* as well as of degree 10 in z. Hence the 
factors (57) (68), (56)(78) are to be interpreted in the binary domain as 
terms of a double ratio. Thus W; appears, as observed earlier, as a member 
of a pencil (for variable tg) defined by P34. 

The alternative forms of the function w of (68g) are. 105 in number. 
These arise from the 15 choices of the form of H; in (68e) which depend 
upon the division of the six indices into pairs (14) (23) (56) ; and from the 
7 choices of the index 7. 

The relations B3b play the same role in the determination of the func- ` 
tions H’ as the relations B2b in the determination of the H’s. Let B3b be 
written three times for the cyclic permutation of 4, 5, 6. The coexistence of 
the resulting three identities is a consequence of the identities (67g) with 
multipliers (47), (57), (67). Any two of the identities serve to determine 
the ratios of H,’, H.’, Hx. If we select the first two, an extraneous constant 
factor (67) appears, so that we set 


Gıss@ısser Giss@ıaser 
yia 67) Ay = + 
( ) ( ) ü Guss Gys467 Gyo5Gy2067 
That this projective form of H,’ coincides with the definition of H,’ in (68a) 
appears when the spreads @ are expressed in terms of the functions by means 
of (67a, b). The expression is 


(Y1b) (67) H? = = (67) - [04/828]: [1-95 2 7}8)]"2 
f (BoDys0isasVr2se = Ode das dısse)/ [(18) (23) (45) (67) ]Y2. 
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This value of H,’ coincides with that in (68a) except for the form of the 
function w. By equating two alternative forms of w in (68g), 


(Yssostr25ss¥ 13480 2468 + PrsssV esse sacs 1248) / [ (16) (23) (45) (78) J7 2 
= t (OsnzeP247s0 34680 2508 + O251803418Ü2488Ps568) / [ ( 18) (23) (45) (67) 12, 


we have an identity which, when u is replaced u -+ Pie, expresses the func- 
tion in (71b) as one of the alternative forms of w. Thus (71a) is a pro- 
jective definition of H,’. According to it the degrees of H,’ in the points 
Pıs* * ‘Pz are (3, 6, 6, 6, 6, 6, 6). 

Other forms of H, occur; e. g., the coefficient of H; in (70). We find, 
again by using (67a, b), that this coefficient is 


(12) (34) (56) - [14/070] [EL NEE). 
` (932012956013 — DeorePrarsV sare) /[ (12) (34) (56) (78) J1. 


By the same argument this is (12) (34)-(56) - H,’ whence 


Gi2sar GserG ..,7T 
Gy27G gar Gyaser@saser 


On replacing the coefficients of H; and H, in (70) by these values we find 
that 


(72) We? =(12) (34) - [ (57) (68) - (56) Hp Hy’ + (56) (78) - (57) HoH’). 


We observe that both terms, (56)H,;H,’ and (57)H.H.’, have degrees 
(9, 9, 9, 9, 8, 8, 8) ; and the factor (12) (34) raises all of these degrees to 10. 

The spread, Hy = 0, is a sextie spread with four-fold points at p1,°'', pe 
and double point at pz, which is on V.14. According to its transcendental 
definition (68a), these properties are sufficient to define it. The Weddle 
quartic cone H, is invariant under the Gsz whose involutions I;,... 4, do not 
contain the index 7. It has therefore but one conjugate under Gas The 
image of H, under /ı, is a sextic spread with double point at p;, 4-fold 
points at P1,° " +, pe and on V! which is invariant under Iı; [cf. (69)]. 
This image must coincide with H7. Hence each of the seven products HiH; 
is invariant under Ge. According to (68b) these seven products are in a 
pencil. We observe that when, in (72), ts = t = tr, Ws’ reduces to H,H,’. 
Hence 


(71e) (12) (34) (56) - H? = 


(73) Each of the seven Weddle cones H, is invariant under a G@sz in Ges 
and is conjugate under Ges, to a sextic spread H, with node at pı and 4-fold 
points at the other 6 points p. The seven products H,H,’ are in a pencil 
with parameters t= t:i. The spread W3 is in this pencil with parameter 
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t= ts. The pencil is that of order 10, which contains Vz!" as a double locus 
and the F-loci of the second kind of P;* as a simple locus. 


The base of the pencil, a surface of order 100, consists of V21! counted 
four times, of the seven cubic cones C3, and of the 35 planes Sa (tjk)? We 
say that the pencil contains the one-dimensional J’-loci as simple loci if it 
contains them to a multiplicity one greater than they must occur on spreads 
of order 10 with 6-fold points at P;*. Thus $,(12)! must be a double line 
of spreads of such a pencil. It is however a triple line on the pencil (70), 
and a like situation with respect to N* and the 21 lines $,(i7) must exist. 

We give finally a determination of sign for the spread Wz. 


(74) If the signs of H,, Hz, Hs and H,’, Hy, Hy are so chosen that the 
identity (68b) reads: 


(23) BH? + (31) H2Hy’ + (12) HH’ = 0, 
then the equation of W; can be written as 


| (23)HsHy (31)H.Hy (12)HsHs'|| o 








(23) (18) (31)(28) (12) (38) 


For, if t+ a + za =0 and Yo F Yı + ye 0, then TY — Ty = 
L2Yo — ToY2 == ToYı —Zıyo. Only with this disposition of the + signs could 
the three forms of W,’, as given in (72), coexist. 


20. The double surface V,11 of W3. Let L be a generic line of the 
Weddle quartic cone H, with vertex at 9. This is a fixed line of the in- 
volution Iıssıss Whose parametric equation on Wz and V™ is w = u +- Prs- 
The line L meets He in two points outside p which are points on V+! and 
double points on W,’, whence L meets V2! and W,’ only at these two points 
outside pz. These points must be interchanged by I,...6, since w =u + Prs 
has only 32 fixed points on W,” which are determined by the quarter periods, 
+ Prs/2. Since each point of V2.1 is on one line L, there follows that: 


(75) On Voll, invariant under Ges, the elements of Ges are generated by 
combining the involutions Lig (0 =1,: ++, 7) which respectively are the pro- 
jections of Vz!! into itself from pi. Under successive projections from the 
triple points a point u of V2 gwes rise to a closed set of 64 points conjugate 
under Ges The surface V211 is projected from any one of its triple points, 
say Pr, into a doubly covered Weddle quartic surface with fundamental sextic 
tu, +, ts; and the conjugate sets of 64 points on V2"! are projected into sets 
of 32 points on the Weddle of the type described by Baker © (cf. also Hudson,” 
p. 169). 
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This V1} is a particular case of a surface which occurs in connection 
with every set P”ns (m= 3) in Sy. The rational curve of order n+ 1 in 
Sn, R**4, with a node can be put into the unique canonical form, 


Lo = ("tl + 1,1) /2, Ti = Eguti-tt,t (i = 1, eR n). 


It has therefore n(n +2) constants. On P”ms there are 3 Rs with a 
node, since n(n + 2)—(n + 3)(n—1)=3. If x is the node of such an 
R™1, the R"*! is projected from æ into an N’”-1 on the projected set P’ , in 
Sn-ı. The cone of projection, K”1, has an (n — 1)-fold point at z. Since 
N’™-1 is on (n —1)(m-—2)/2 independent quadrics, X”! is contained on 
a system X (oo71+(r-1)(n-2)/2) of quadrics in Sa with a node at x. The system 
3 (co (mn-8)/2) of quadries in Sn on Pms and x is made up of 3’, and a 
system 2” (2-5) which does not contain K"-1. The system $” cuts Kr! 
in a linear system of curves L”, of dimension 2n — 5, order 2n — 2, and 
with an (n — 1)-fold point at x. The system L” contains R™Ys with node 
at x together with n — 3 arbitrary lines of K™*. It is two conditions on $” 
to contain such a line whence there are oo} H**1’s on Kl, which have a node 
at x and pass through P"»,3;. Thus the locus of the node « of the œ? nodal 
R”*V’s on Pn is a surface. Hence 


(76) Given P”n there exists a surface Vo, the locus of a point x: (a) 
from which Pns, projects into a set Pass in Sna on a norm-curve N*1; 
(b) which is the (n— 1)-fold point of a cone K"? of order n— 1 on Pass; 
and (c) which is the node of oo! of the rational curves R™* on Pass. This 
surface V2 is the complete intersection of the spreads Hi,... in. the locus 
Of Sn-s’S ON Pip’ © "> Ping to points x of the Weddle surface determined in 
S3’ by the projections of Pi» ' +, pig from the Sus ON Pigs’ © `, Pime The 
surface V.™ contains all the lines pip;, and the curve N" on Pns. It has 
(n —1)-fold points at P a, such that the tangent cone at pi, is the cone 
K™1 from pi, to the NW on the projections of Pis’ ` `, Ping: 


For n= 3 this theorem states the more fundamental properties of the 
Weddle surface; for n= 4 it gives additional properties of the surface 
vi 7,8, 


21. Mapping of W; upon the Kummer manifold X, in S,. We derive 
from the theta relations one such mapping without attempting to draw any 
geometric conclusions. The mapping is given by the equations: 
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(a) {Ls - -T}[EL- - 8} ]V2- drew - 98 
= [+(17){8; 234} {1; 56}H,--- 
+ (47) {8; 123} - (4; 56) Hs] @°ı...:;5 

(b) {1> - - 7} [ {123568} (47) ]1/2 - PISu -D?ar 

(77) = [= (16) (8; 28} - (15) Gaur - 
Tr (36) {8; 12} ý (35) Gy Hs] Grasse@ı...7;5 
(e) {1° - 73[(5678} {1234} ]Y2 - PUw - P5675 
= [+ (57) (68) i H: Gy2847 = (56) (78) i HoGh2ass | GserG1 FR 

(d) {1+ + - {2 + < 7} (18) Jen 92. = H,G... 
In these equations we have on the left the four types of theta squares, 92, 
Vu, D7 se78, 071g each multiplied by the factor Sw, and by a modular 
factor which varies somewhat from type to type. On the right the brackets 
properly interpreted represent projective loci. Thus in (a) the terms 
{1; 56}H, (15) (16)H,,: > +, {4; 56}H, are all of degrees (4, 4, 4, 4, 
3, 3, 3) in py," * +, pr respectively when (15) is replaced by (23467), ete., 
and of degree 4 in x; whereas the coefficients (17) {8; 234},- - +, (47) {8; 123} 
have ratios which are double ratios of the fundamental octavic. 

The equation (d) is a consequence of the definitions (67a, b), (68a). 

The-equation (c) is obtained from the identity B4b’ in (68d). The equation 
(b) is a transcription of one of the identities A in 17 which reads: 


[ {123} {856} ]3/2 G34, + [{238} {156} ]*/2DossePig  [ {138} {256} ]Y29 150028 
+ [{128}{356}] 20256038 E= 0. 
The equation (a) is a transcription of a five-term identity: 
120? Ey rss? + rss + Cissa == O. 
In this mapping system the factor G,..., appears throughout on the 
right. It has been introduced to make the system of order 10 with 6-fold 
points at P;*. If the involution /ı...s is applied to the system this ex- 


traneous factor would be reduced to @,—the directions at pr—and would dis- 
appear from the projective equations of the mapping system. 


85 
THE GENERALIZED WEDDLE, Ws, IN 8s. 
22. Hyperelliptic theta relations (p—= 3) as projective relations in 
Ss. We set, as in (47), 
It == rs mie Bra, 
(78a) 7843... to, Da wae lok i OOA ey stans 


Ti... ima = Ooty... tenn * Pf dei ° E "Daina 
(k= 0, 3; y= 1, T) 
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Then, as observed in (61), 


FOREN x BR: e 992, 
(78b) Why oo. topa Stora e.a 47T It? Dei, eee bons T 11? v doga... 170 


We pass from the functions ~ to the projective forms by setting 


(78c) Ga ... tone == Tii ... tons = {ù oe iotess }1/? > 

and pass from binary differences (i;i) to senary determinants in Ss ac- 
cording to 

(78d) (iia) == A eig... (ie We). 


Since Ou... in, = Psion... é is the significant factor both in Tsi... ig 
and in "iya...;, & number of alternative projective forms can be obtained 
from the same theta relation. Furthermore, in the projective situation, pg 
is no longer isolated, so that relations Bi, given as distinct in 17, may yield 
the same projective relation in S;. Thus we find from the relations of 17 
as indicated that: j 


B3, Bib: (14) Goss (24) Geis + (34) Giz = 0; 

B1, B2 : GasGas + GareGeas + GizsG sss = 0; 

B4, B5 : (14) (23) GzssGrss + (24) (13) Giss Goss ==" Gzs48 ; 
B4 : = (14) (23) GrsserGeaser = (24) (13) GisserG28567 = GserGi... t 


(78e) 


In these the binary determinants are to be replaced by senary determinants 
to secure homogeneity in each point of Pë. The first identity shows that 


Gios = + (456787) ; 


the third that Giesss is the quadric with nodal plane on Ps, Pe, pr and on 
Pi,’ * *, Pa Ps; the fourth that G,..., is the cubic spread with triple point 
at ps and double curve N®; and the second is a projective identity. They all 
can be obtained by the Clebsch transference principle from corresponding 
identities in S4. 

The degrees in the points of Pë, and in z, of Gros, Gioses, and Gi... 7 
are respectively 


(0001111131), (22222444;2), (66666669;3). 


Gaze Giss C425 Giss 


If we set 
GsasGize GeasGros 
Hr = + == 92,0? + Iw - [ {1238456} (78 1/2, 
e | GaoeGise Caos Gigs | ü u it 1 )] 
(788) 
Ham GaseGizs Gess Gis | = PR) 226 -w - [ {123458} (67) ]3/2, 
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where w is defined in (68g), the projective and the analytic expression for 
Hrs, Her are reconciled as before by the identity, 


(78g) B2b: ArsGsarGiez Hos GsasGi2e + Hse G@sasGi25 = 0. 


The degrees of Hz, in Pd and v are (22222244;4). From (7%8f) there 
follows that 


(78h) + HrsHss/ (78) (56) = + HosHrs/ (68) (75) = + HssHor/ (58) (67). 


In these equations the negative ratios of (78) (56), (68) (75), (58) (67) are 
to be considered as double ratios of the fundamental octavic. The equations 
are those of octavic spreads which contain Ws, though we shall find later 
sextic spreads on W;. 

We need not develop further projective relations as the more important 
properties of W, either have been obtained, or else can be inferred from the 
properties of its projection W,’. 


23. Geometric properties of W,. It is comparatively easy to determine 
the projective equations of the involution Z with locus of fixed points, Ws. If 
Diy‘ * *, Pe are taken as reference points; Gize,’ - ', Gers, as reference S,’s, 
a provisional form of I is 


ira = ki Gosase/Geosasezs,* * * , Gors == Ke Gresas/ Grosaszs- 

We determine the k; from the fact that 
(28) Girs + (18) Gars + (78) iz = 0, 
and (28) GesaseGisasezs = (18) GisaseGoaasezs + (78) Gasser Gr2aases == 0. 
A comparison of the first two terms shows that kı = + ko. Hence 
(79) The equations of ie involution I = I;...s are 
| Gre = + Crasese/Fasesersy* * y Gors + OramsChzusre. 
Thus W; is on all the sextic spreads with 4-fold points at Ps5 of the form 
GizeGisaseGosasezs + Gere GessseGisssers == 0. 
If this spread is recast into theta form, it becomes the identity, 
B,D 21D; b28 — BozF 1 Vogtrg == 0. 


This double translation of a theta function into G’s yields a number of types 
of sextic spreads on Ws of which we note the following: 
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GosaGiseGisarsGesers = Gısa@ess@asırs@isers = 0, 
(80) GrogG@ers@s4sGresas7s  G12678G1234s G sasrs == O, 
Goes GierGisasaGesas7 = Gres O 2or G28458457 == 0. 


(81) The variety Ws has the order 19. On it the points of Ps are 9-fold; 
the lines pip; and N5 are 3-fold; and the F-loci of the third kind of Ps5, the 
56 planes pi p; Pr, and the 8 cones K;* from respectively pi to the points of 
N, are simple loci. 


For, Ws is projected from ps into the 10-ic, W3’, with 6-fold points at 
P;* and triple lines pip; The directions at ps, determined by 9 = 0, become 
on IW,’ the 2-way cut out by the cubic locus of bisecants of the N* on Prt. 
This cuts W,’ in a 2-way of order 30 with 12-fold points at P;* from which 
the seven cubic cones C;? factor, leaving a 9-ic 2-way with triple points at Pr*. 
Hence ps is a 9-fold point on Ws and the order of W, is 19. 


W, is cut by the P-locus, G23, in a 2-way of order 19 with 9-fold points 
at Pa’ ', pe from which ten planes, pspspe, etc. factor leaving a 9-ic 2-way 
with triple points at p.,- °°, ps, and also with triple points at the three 
points where Giss is cut by the lines pipe, pips, pops. The complementary 
P-locus, Gasezs, must cut W in this same 9-ic 2-way whose transcendental 
equation is dass = 0. This quadric, Gassers, cuts Wa in a 38-ic 2-way from 
which there must separate the plane pipops twice, the 15 planes like pipop, 
each once, and the three cones like K,* each once, leaving the 9-ie 2-way with 
triple points at ps," * *, Ds. 

W, is cut by the P-locus, Gi...7, in a 57-ic 2-way with 18-fold points 
at Pu’ '', p and, normally, a 27-fold point at ps. This 57-ic consists of 
the 21 planes like pspipe, and the-seven cones like K,‘, and the cone K,8 
twice. On this 2-way ps has the multiplicity 36 corresponding to the fact 
that G,,..; contains at ps all the directions on IFs at the 9-fold point ps. 

We observe also that 


(82) Wes contains the surface V2‘ of (76), a 2-way of order 15 with 4-fold 
points at Pa. 


We return to the theorem (31a) concerning the linear system & of cubic 
spreads with nodes at P5. The system X contains a linear system 3, con- 
sisting of all the members of & which contain the F-locus of the second kind, 
a, _.g, the locus of bisecants of N5; or, which contain the paired F-locus 
of the second kind, N® =, to a multiplicity two, one greater than the 
normal multiplicity of 3. The system X, contains eight members, Goesasezs, 
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“+ *,Ghosaser, Which lie in a one-parameter cubic system with parameters 

= hy’ + *,¢s. The entire system Xs contains the eight F-loci of the third 
kind, Ki*,- > +, Kst. A member of 3% such as Giss° Gasere contains three of 
these only; namely,-K,*, Kst, Kt. Also an F-locus of the third kind of type 
a‘3)s0g is on three of the above eight members of 33; namely, Gas4s073,Qısasers; 
Gieaserae In mapping Ws upon the generalized Kummer 3-way, Ks, in 87 
by means of the system X, the Go... and GiosG,... become singular tangent 
spaces of K; and the F-loci of the third kind become the singular points of 
Ks Thus Kit, - +, Kt are mapped upon eight points in an S in S; which 
lie upon a cubic curve, the map of the cone K:*. Also Gas..." ",Ghı2...r 
are mapped upon eight S,’s containing this Ss, and projecting from this S, 
into eight planes of a cubic curve with parameters >, ts. Hence 
(cf. ? p. 310). 


(83) The Kummer 3-way in Kı with 64 singular points and 64 singular 
tangent spaces has, in the hyperelliptic case, an additional configuration of 
64 S's each with the following properties. An 8, is on 8 singular points 
which lie on a cubic space curve with parameters t== t, * > >, ts; and is on 
8 singular spaces which envelop a cubic space curve with parameters 
t= t, * -ts Each of the remaining 56 singular points (tangent spaces) 
is on three of the 8 singular tangent spaces (points). 


The existence of this self-dual configuration connected with X, is a con- 
sequence of the existence of the F-loci of the second kind, intermediate between 
those of the first and third kinds, in the space of the Weddle Ws. 


§ 6 
Tax HYPERELLIPTIO (p= 3) Form or THE CAYLEY DIANODE SurFace. 


24. Definition.and equation of the surface. A singular space of the 
Kummer $-way, K,7+, in 8; touches K, along a 2-way, M,1*. If the func- 
tions are not hyperelliptic, the M23" is the map of Cayley’s dianode surface, 
a sextic surface T' with triple points at seven points, P;°, in ordinary space, 
by its linear system of adjoint quartic surfaces [cf. * p. 187 (1)]. Schottky 
has given a parametric equation of the dianodal surface in terms of theta 
functions of order four for those values u which satisfy d(u)= 0 (ef.!p. 181). 
However, the situation is quite different in the hyperelliptic case. Since we 
hope to make in the future a closer study of the hyperelliptic Kummer mani- 
fold X, with the aid of the mappings indicated in this article, it seems perti- 
nent to develop here the peculiarities of Schottky’s representation in the 
hyperelliptie case. 
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The representation is based on the following theta relations of types A 
and O fef. (17)]: 
B(u)—=0; 
[ {238} {156} ]2/2 Pareis & [ {318} {256} ]2/? Dearedos 
+ [ {128} {3856} ] dor ds: == 0; 
(84a) [ (12) (34) (58) (67) ]Y2d2 014 = [ (14) (23) (57) (68) dor dasıs 
+ [ (14) (23) (56) (78) ]?/2 DrecePoaca == 05 
[ {234} {856} ]1/2 uarsdıs  [ {438} {256} 2 Orpardaa 
= [ {428} {356} ]*/? Disa 34 = 0. 


The functions introduced by Schottky are 


i = Dyes WER Üs; 
Pijn = din disd jetra ; 


(84b) Pij = Qi; : TWD ig/Pjs 5 
Pijki = Ümnos ' II? /Û mens Dos; 
P =, I? 


lupi yO Sl es De 
We convert some of these into projective forms by setting 


Grog = + Pani + {123}/[ {8 ; 123} {4567}]2, 
Gyo = + Py 2+ {184567} {34567} /[ {2384567} {8 ; 184567} (23) ]172. 


The first relation (84a) then yields 
{2347} Gar = {3147} Goar = {1247} Gar = 0. 


(84c) 


This shows, in the customary way, that the functions (123 are linear sections 
of a theta manifold in S by planes on the points Pı, po, Ps respectively of 
a set P,3. Moreover the coefficients of the relations are such that the P,3 
is on a norm-curve N? with parameters /,,---+,t;,. If N3 is taken as 


neh, mel, mel 5-1, then 


(844) Gis = + (142), {2347} = + (2347). 


With this transition to projective quaternary determinants the second 
relation (84a) becomes 


Gs,2 = Ggs5eGga7 (1357) (1346) — Gos Gage (1356) (1347) 
=(13)2{13; 4567} | GeseGsar (57) (46)— G3517@34 (56) (47) ]. 
The first expression for Gs, is purely projective, and shows that Gs, is a 


quadric with node at ps and simple points at Pa, Ps, Pe, Pr. From the sym- 
metry of its definition in (84c), the quadrie Gs, must pass through p, also. 


(84e) 
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But since in the present case P,3 is on N3, Gs,. must contain N%, and therefore 
also the point pa Thus it must differ from Gs, by a constant factor only, 
and we find at once from the second form of Gs, in (84e) that 


(84f) (2357) (2346) Geo & (1357) (1346) Gs, = 0. 
If this projective identity is recast into transcendental form it becomes 


(84g) [(82) (31) ] ests  [ (81) (23) 1? Dardoe == 0, 


which is the form the identity B4b in 17 takes when 0(u)= 0. 
In order to give Gs, in (84e) a specific sign we shall write 


Gyr = (1472) 
(84h) Gs. = W (3; 145672), 


and agree that corresponding functions shall arise from the latter by even 
permutations of the arguments 1,: ,7,2. Thus W(s; 123456)= = Ga,z 
is the Weddie quartic surface with nodes at pı' *',pe and is to be taken 
with the specific sign which arises when the permutation, (27) (32), is applied 
to Gz. in (84e). The function } is an alternating function of its last six 
arguments. 

The third of the relations (84a) can be recast into 


Posse * {83 17} {2817} {2356} {235617} /[ {12345678} {147} P2 
== + (8137) GeseGe,4 + (8127) GosoGs, e 


The right member is purely projective. Hence Posse is a cubic surface with 
nodes at po, Ps, Ps, Ps and on pr, pr; but also on pa since (2,4, Gs, are also 
on py. When P,3 is on N? there is a pencil of such surfaces (the image of 
a pencil of planes under a regular cubic transformation). If ps is taken on 
N? with parameter t= ts, the binary factors (81) and (82) separate from 
(8137) and (8127) leaving ti, as the linear parameter of the pencil. 

The identical relations (* p. 183) among the functions now lead in part 
to projective identities. For example, the first one, P.2P2,3P3,1 = P21P1,3P3,2, 
reduces by the use of (84b, c) to Gi2Ge3G@s1-= = GeiGisGs,2, which, ac- 
cording to (82f), is an identity. But the second relation, 


(85a) Po, aP 124P a867 — PaP 128P 3567 = 0, 
is converted by the use of (84c, e, i) into the projective relation, 


(85b) 5 == Ga, aiza [ (1278) Gast s,s E (1268) GaseGz,s | 
= Gaa Gaos [ (1278) Gast e,4 IE (1268) GasoGz,4 | =l. 


(84i) 


This is a relation of the sixth order, an identity in u for values subject to 
Y(u)== 0, but not an identity in æ for all positions of ps on N3; and therefore 
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is the equation of the sextic surface whose parametric equations are furnished 
by (84c). For variable ps == ts on N3, the factors (81), (82) separate from 
(1278) and (1268), so that the sextic surface is a member of a pencil with 
linear parameter ts. The degrees of each term of the equation in pu’ °°, Ps, x 
are 6, 6, 4, 4, 5, 6, 6, 1, 6. 

On isolating the parameter, (1278) : (1268), of the pencil it reads: 


(85c) S = (1278) [Gs,4Go,s GiesGasz $ Gas Go,4GirsG's57] 
= (1268) (G5,44:,sGrerGase E Gs,2Gz,4G123Gs56] = 0. 


Each term is quadratic in Gi,; and therefore the pencil contains N® doubly. 
Each term contains G4, or Gs, and therefore the pencil contains the line pps. 
It must therefore contain each of the 21 lines pip; Each of the two terms 
of the first member of the pencil contains explicitly all of the 21 lines which 
are ON Pe, Ps, Pr as well as the lines pipe, psp7, leaving for examination only 
the lines from pı, pe to ps, pr. With the definition of sign in (84e, h) we 
find, when æ is taken to be Api + Agps, that the term in A,%A.3 cancels in 
(85c) only when the ambiguous sign within the brackets is negative, or when 
the ambiguous sign outside the brackets in (85b) is negative. 

The same determination of sign permits of writing the more specific 
form of (84f): 


(85d) (2357) (2346) Gao + (1357) (1346) Gs, == 0. 


We use this relation to remove the factor Ge, = kGa,a from the first member 
of the pencil (85c). It -becomes, to within the factor — (1278) Ge. 
/ (6312) (6357), 


{ (6412) (6457) Gs,4GrosGasz + (6312) (6357) Gs3G1o2Gas7}. 
We prove that this brace is a Weddle surface as follows: replace Gs, and G4, 
in the brace by the values, 


Gaa == (6357) (6312) Gas: Faar — (6351) (6327) Gast 03213 
Gas rn (6457) (6412) Ger — (6452) (6417) Gastar 


If now the quaternary determinants are all expressed in terms of the binary 
differences the factor 


m == {6; 123457}2{34; 1257} (12) (57) 
can be removed. The two like products of four G’s then have further coeff- 


cients (51) (27), (25) (17) which coalesce into (57)(21). The brace then 
becomes 


Mm (12) (57) ' [— Gisa@ara@ 3570312 — Gr2sa@sra@ssı@sar + GiosGs73 Giza Gos |. 
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The first two terms in the bracket coalesce into GiosG@s7aGsseQerx1, and the 
bracket is therefore the Weddle quartic surface Gz,, with nodes at the points 
of P3 other than ps. Collecting all the terms, and passing to the second 
member of the pencil (85c) by interchanging 6,7 we find that 


(85e) S = (4567) [ (1278) (1246) Go4G@o,o + (1268) (1247) Gr, Go,7]. 


The facts concerning the surface S, and the pencil in which it lies, may 
now be summarized as follows: 


(86) The pencil of sextic surfaces 8 has triple points at P:?, has the double 
curve N® asymptotic on one sheet of the surface, and contains the 21 lines 
pip}. As ps with parameter t= ts runs along N°, the surface 8 for t= ti 
(i= 1,- :,7) degenerates into Gi jGai The equation of the surface is 
obtained from any determinant of this (or similar) matria, 


(45) (67) @s,s@es (46) (75) Ge,4Go,o (47) (56) Gran 
(85) (67) - (86) (75) (87) (56) 


in which the binary differences are to be interpreted as terms of double ratios. 
With the determinations of sign in (84e, h) the upper signs are to be chosen 
in (85b, c, e). l 

For, we see in (85e) that when ps = Pe, S becomes Ge,4Gz,e The cone 
Gea contains N°, and the Weddle surface Gz, contains N? as an asymptotic 
curve. We shall verify in the next section that the sum of the elements in 
the upper row of the given matrix is identically zero [cf. (8%e)'], and evi- 
dently this is true of the lower row also. The last determinant of the matrix 
reduces to (85e) with upper sign. Since § also admits similar representa- 
tions in terms of the other determinants, the three representations can coexist 
only for the given choice of signs. : 

We observe that the base curve of order 36 of the pencil consists of N3 
five-fold, and the 21 lines pip;. 


= 0, 


25. The surface S in a binary notation with reference to N3. We use 
that coördinate system in §; in which the coördinates of a point are the coeffi- 
cients of a binary cubic and perfect cubes are points on N°. The notation is 
that of Gordan (7° Part II, pp. 172-3) in which 

f= (ait)? = (at)? =: > + ; 
A = (ht)? Na he (A,t)2 ==: 
‘sis Q (ata) (date) (at) (ast)? —= (Qt)? = (Qi)? — 
R=(AA,)?; 
20? + Rf? + A3 s=0; and let also 
b= LEN LET TEE 
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The quaternary determinants then reduce to binary products as in 
(87b) zs Fe {123} ` (it) (ata) (aita) 3 (1234) == {1234}. 
The cone @3, in (84e), and the Weddle surface (2,3, are now 


Gy, = — {3; 14567}2(14567} - (At,)2/2, 


(87e) Ga, = c: {124567} - (kas) 8, 


where the numerical constant c need not be evaluated, and where (a,¢)® is 
the sextie with roots £,,° + +, ¢ excepting ts. 
We first prove that 


(67) ° (Abs)? (te) (ti) (kt)* +(75) + (Ate)? + (ety) (ets) (kt)* 

+-(56) : (At; )? 2 (kts) (kta) (kt) * =Q. 
For, the left member changes sign when any two of ts, te, t: are interchanged, 
and therefore contains the factor (56)(57)(67). The residual factor is a 
covariant of the cubic, of order 4 and degree 6, which cannot exist. 


If the identity be polarized with respect to ti, tz, ts, ts, it becomes by 
virtue of (87c), 


(8%e) (45) (67) Go,4Go,s + (46) (75) Go,sGo,o + (47) (56) CC, = 0. 


(874) 


We now prove the theorem: 


(88a) The pencil of sextic surfaces (86) may be defined as that pencil with 
triple points at P;? only on N®, whose members are individually invariant 
under the cubic Cremona involution J whose generic pair x, « is on a bisecant 
of N? and harmonic with the intersections of the bisecant. 


Under J the points represented by f and Q are interchanged and then 
(= § 149) 
f=Q, DRM, Q =—Rf?/t B= R/4. 


The P-surface of J is the quartic surface, R = 0, the locus of tangents of N3, 
on which N3 is a double doubly-asymptotic curve (cf. * p. 4). If J is to 
leave a sextic surface unaltered, it must transform the surface into itself 
multiplied by R3. The only independent covariants of f of degree 6 which 
acquire a factor R? are 

JAQ, RP, RA, Q? 
which are transformed to within the factor R3/8 into respectively 


—fAQ, 209°, Ra, Rf? 72. 
Hence RA, Rfi+2@%, Rft—2@2, fag 
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are transformed respectively into 
RA, Rf? + 2Q*, —(Rf —2Q?), — fag. 
Hence, replacing Rf? by using the syzygy (87a), 
(88h) Under J there are two systems of invariant sextic surfaces, namely, 
(Ra, a)? + (48, ß)® == 0, 
(JAQ, y)°® -+ (Q? + A’, 8) = 0, 
where the coefficients of (at)*, (Bt)®, (yt)8, (8t)? in the indicated apolarity 
invariants are the parameters of the systems. 

The coefficients of A contain N? simply, those of Q contain N? as a 
simple simply-asymptotic curve. Hence the first system contains N® as a 
triple curve. The second system, however, contains N® as a double simply- 
asymptotic curve. We wish to find the conditions on (yt)®, (8f)® that a 
surface of this second system may have a triple point at t == t. The part 
containing A®, which has the triple curve N®, may be dropped, and we have 
to examine 

(ary)? (a203)? (dey) (Gay) (dats)? (acas) (dey) (asy)? 

+ 4(a,02)? (data) (018) (a8)? (Ass)? (des) (a48) (a6)? = 0. 

The quadrie polar of the point (t,t) is obtained by setting four of the 
six symbols, dio, @i1 (in each of 15 ways) equal to t11, — t,o, leaving the other 
two as variable, and dividing by 15. The result is 

RL (ytr)* (aay) (ab)? + 2 (at)? (88,)°] > (a2tı)®/15. 
The factor, (astı)?, the oseulating plane of N? at tı, accounts for the fact 
that N3 is a simply-asymptotie curve. The vanishing of the bracket is the 
significant part of the condition on (y2)®, (8¢)° that the surface may have 
a triple point at tı. On replacing symbols a, by ¢ and factoring out (¢,¢)2, 
this condition on y, ô reduces to the identity, linear in ¢, 
(v6) (yt) + 2(841)9 > (tet) == 0. 

On setting ¢== t in this identity, (ylı)® = 0. 

Thus to secure triple points at P,3 we set 
(ot) = (tit) + + + (tt), 

(yt)? =(tst) > (ot)*, 
the ts remaining in y as a linear parameter. Then 
8(yt1)7 (yt) == {2345678 5 1} - (bit). 


In order to satisfy the above linear identity at P,3, the coefficients of (8t)® 
must satisfy the seven linear non-homogeneous equations, 


(88c) 
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16(81,)° = {1; 2345678}, - : - , 16 (8t:)€ = {7 ; 1234568}. 
Now 7(ot)®(otg)== 3(18) (tot) - + + (tzt), and %(ot,)®(otg)== {1; 2345678} 
== 16(8¢,)°, ete. Hence (8¢)® = 7 (ots) (ot) 8/16. 
(88d) With (yt)8 and (ot)? defined as in (88c) the pencil (for variable ts) 
of sextic surfaces, 
16 [fAQ, y]§ + 7 [407 + 4°, (ots) (ot) ®] = 0, 
has triple points at P23 only on N®; and each member is invariant under J. 
In order to complete the proof of (88a) it is necessary to show that the 
member of the pencil (88d) obtained by setting ts = t, is the product of the 
quadric cone on N with vertex at pa, and the Weddle with nodes at ps, ©, Pr, 
i. e., is ' 
(At,)? (fQ, a) = (At)? + (ka) [ef. (87c)]. 
When te= t, (yt)®—=(tt)2+ (at)8, (ots) (ot)® =(6(tt) - (art) (%1¢)5/7. 
The member of the pencil (88d) is then 
8[Ak, (tit)? (at)? + 3[4Q? + A®, (tit) > (outs) (at)? ]® 
= B[ {Al} a, (mt) °]° + 3[ {40% + AP}, (oats) (a)? ]> = 0, 
where subscripts ¢,?, tı indicate polarizations. The second polar form can be 
expanded as follows: 


{Ak} = (At)? + (kt) — 3 (Ak) (At) (kt) (et) * > (tat) /2 
+ 15(Ak)?(kt)4- (tt)?/28. 
The first term of this expansion contributes the desired product, 
8 (At,)? £ (ka) 6, 
The last term, involving a covariant, (Ak)2(kt)*, of order 4 and degree 6, 
vanishes identically. Since the last term does vanish identically, the middle 
term can be written as — 3{ (Ak) (At) (kt)5},, - (44) /2. But the transvectant 
(Ak) (At) (kt)>—=(A, Q)! 
= [F(A, 0) + Q (4, f)1]/2 = — (49? + 48) /4 
(ef. 13). Hence the member can be written as 
8(Ati)® + (ka) + 3[{4Q? + A®}1,- (dit), (ast) 8]° 
+ 31140? + AP}, (ati) (0t) 9] 5 = 0. 
In this the last two transvectants cancel and the proof is complete. 


We have not yet determined the geometric character of the point te = ps 
on the member of the pencil which it determines. This is as follows: 
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(89) Each member of the pencil of sextic surfaces S which is not degenerate 
has a pinch point at one point ps = ts on its double curve. 
For, if, in the quadric polar of (#,t)3 above, we replace ti, by ts, and 
omit the osculating plane of N°, 2{azt,)/15, the remaining factor, 
(yts)* (axy) (arts)? + 2 (arts)? (Bee) ®, 
becomes, due to the above determinations of y and ô, precisely ` 
{1234567 ; 8} - (ate). 
This also is the osculating plane of N® except at the triple points 
Beheben. 


Furthermore this part of the quadric polar of the generic point ¢ of N°, 
(yt) (ary) (ait)? + 2(a.t)%- (8t)6 = 0, reduces to (arts) (ait)? + (ot)? = 0 
which is the plane on ps and tangent to N° at t, i.e. the tangent plane at ¢ 
of the quadrie cone, Gs, on N? with vertex at ps. Hence 


(90 The surface S determined by ts == ps has a sheet passing through NS 
and tangent along N® to the quadric cone Gs with vertex at pe. 


26. Mapping of S upon the section of K, by a singular space. From 
(84b) there follows that 
II?» 9; = PııPiy 


(91) Tl? + Bs 548 == PiseP imno, 
TI? Fig = Pi 
(27 : el; g sT) 


The products P: ;P;; and PijxPimno have been converted into quartic surfaces 
on N® with nodes at P,3. We identify P; with a similar quartic surface in 
precisely the same way as in (t p. 183). With i= 7, P, is proportional to 


{238} (16) (17) GeG@r,1 = {818} (26) (27) Goer, + {128} (36) (37) Ga,e@z,s. 
If from this we eliminate G,,. and G,, by using [ef. 84(f)] 


(1734) (1756) Gz. = = (2784) (2756) Gz, 
(1724) (1756) G,,, = + (3724) (3756) Gr,2, 
there results 
Gr," [{234578} (23) Gie + {314578} (31) Gog + {124578} (12) Ga] = 0. 
On inserting the binary notation from (87c), this becomes 
(At;)? + [{238} - (At)? + {818} + (Atz)? + {128} - (Ats)?] = 0. 


Since from its definition P, must be symmetrical with respect to pu `, Po 
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the + signs must be such that the second factor of P, must be +{1%3} - (Ats)? 
whence 
(92) Py == h (At,)? . (Ats)?. 


Thus P;, the product of the two quadric cones, Gr, Gg on N? with vertices 
at p: and ps respectively, is in the linear system of quartic surfaces which con- 
tain N? and have nodes at PP. 

Quartie surfaces of this system are found in the system which contains 
N®, which is made up as follows: 
(93) (Af, 7)° + (FQ 8)% +-(A®, €)* + ER = 0. 
The last two terms comprise those surfaces which contain N° doubly so that 
we seek to determine the forms (yt)®, (8¢)® so that the system may have 
double points at t> © *, $r on N%. The polar plane of the point represented 
by (ét)? is (at,)? + (8t,)§ + 2 (atı)? (ay) (yt)? = 0. If this is to vanish for 
all points, (a¢)%, it must vanish identically when symbols a are replaced by 
variables ¢ from (ať )==(tt); i e, 


(tt) < (8t,)® — 2 (yt) (yt) = 0. 


For the particular value ?=t,, (ytı)®== 0, whence we introduce y and o as 
in (88c), and find as before that 4(8t)ë = 7 (ots) (ot)®. With these values 
of y and 8, the polar plane of a general point ¿ on N® has the equation, 
(at)? (ats) - (ot)? = 0. If ¢ is not at a point of P,®, this is the plane on ts 
containing the tangent at ¢, i.e. is the tangent plane of Gs at ¢; whereas if 
t is at ża, it is the osculating plane of N® at ¢. Hence 


(94) The linear system of theta squares, other than 8? (u)== 0, are repre- 
sented on 8 by the linear system of 0% quartic surfaces, 

ALAF?, (tet) > (ot) ]8 + TEQ, (ots) (ot)®]® + (A?, «)* + LR = 0, 
where (ot)? ==(t,t)- + + (trt), and where £ and the. coefficients of (et)* are 
the six non-homogeneous parameters of the system. This system contains N?®, 
touches G: along N*, and at ts = ps has for tangent plane the osculating 


plane of N®. The system maps S upon the section of the Kummer 3-way, Ks, 
in 87 by its singular tangent space, b(u)= 0. 


A projection of this section of K, from three of the singular points of X, 
upon the section, which is a sextic surface in ordinary space, is the subject 
of an elegant memoir by Humbert.”° This projection is thus a birational 
transform of the Cayley dianodal surface. It has of course a much lower 
degree of symmetry with respect to the theta functions than the Cayley surface. 
A further development of the properties of the surface of Humbert, in both 
the general and the hyperelliptic case, is given by L. Remy.*® 7 


URBANA, ILLINOIS. 
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On the Moduli of Algebraic Functions. 


By Francesco SEVERI. 
(Extract from a letter to Professor Oscar Zariski.) 


In your paper, published in this Journal, January 1930, pp. 150-170, 
you observe that the reasoning employed in sec. 5 of my article “ Sul Teorema 
di Esistenza di Riemann,” Rendiconti del Circolo Matematico di Palermo, 
(1922), proves that on a curve T of genus p(> 1), of general moduli, the 
two-fold of a generic gv', of any order v (necessarily = p/2 + 1), is non- 
special; but that the question remains whether this holds for any gv of I. 

I wish to show you that the above theorem is also valid if referred to 
any gv of T, and that the essential elements necessary to reach this conclusion 
are already contained in my quoted article and in my “ Vorlesungen über 
algebraische Geometrie,” to which that article refers. Your remark is at 
any rate opportune, since perhaps the deduction was too concise, and there- 
fore it will be useful to develop it with more details, as I now intend to do. 
In the sequel I use the notations of my article, and I explicitly remind you 
that the curves, which are considered below, are always supposed to be of 
genus p > 1. 

First of all a remark of a general character. Let H be an arbitrary 
irreducible system, co”, of curves C of genus p, and let H contain œ% (r < r) 
curves Co, constituting a system H” and enjoying a given property, which 
is not enjoyed by a generic O (a priori this property need not be invariant 
under birational transformations). Let the curves C birationally equivalent 
to a generic O be œ, and let the curves Ce of H’, which are birationally 
equivalent to a generic Co, be 0”. If 8 = è (this is the essential hypothesis !), 
then denoting by a, w the number of moduli of the variable curve O of H 
and of the variable curve Cy of H” respectively, we have evidently the fol- 
lowing relations: 


pe=t—8 ver—di<u—(—8), 


and hence the (',’s, as curves of H, are of special moduli. 
In our case, H is the irreducible system of the curves O, of order n + v 
and genus p, having two multiple points of orders v, n at P, Q respectively * 


* The integer n must satisfy the only condition that series g,1 exist on every 
curve of genus p. Accordingly we must have n => p/2 +1. 
>01 
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and d=(n— 1)» —1)— p distinct ordinary double points; H’ is the 
system of those curves Co of H, which enjoy the particular property, that 
the index of speciality | of the two-fold of the gv, cut out on a generic Co 
by the lines of the pencil Q, is greater than the index of speciality 1(= 0) 
of the two-fold of the similar gv", relative to a generic C; r = 2n-+2v-+- p—1; 
è = 2n + 2v—2p-+2-+7%. As far as & is concerned, I shall show later that 


(1) Y = 2n-+ Qw—2%+2+7, 
whence it follows that 


w <p—(¥ —8)S 3p —3—i. 


Hence, in the case of curves of general moduli (i == 0), the following theorem 
holds: 


On a curve of general moduli of genus p, the two-fold of any infinite linear 
series is non-special. 


For +> 0, the same reasoning, which leads to (1), with a few additional 
considerations, serves to prove that: 


On the most general curve of genus p, containing a gv’, v < p/2 + 1, without 
fied points, the two-fold of any series gv, without fixed points, has its 
index of speciality 1 > 0, 3p — 3 — i being the number of moduli on which 
that curve depends, 


Moreover it is known, as was shown by my assistant, Professor B. Segre,* 
and as you yourself found out again in your paper, that the number i for 
the above curve is i = p—2(v—1). 

You will observe that the above theorems also serve to reveal in general 
the exact significance of your remarks concerning a quite secondary and 
incidental assertion contained in the quoted paper by B. Segre. It is the 
same author, to whom I have communicated the present considerations, who 
has called my attention to it. In fact, if == p—2(v—1)-+o, with o > 0, 
the number of moduli on which the curve depends falls below 2p + 2v — 5 — o, 
in agreement with what you have verified in an example (o—=1) by a de- 
tailed and a delicate analysis. 

To derive (1), I shall prove in the first place that: 


1) Given an arbitrary curve T of genus p and assigned arbitrarily a 


* Mathematische Annalen, Vol. 100 (1928). 
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gv, without fixed points, on T and an integer n > %p +1; if furthermore 
H is the system, relative to the above values of n, v, p, then the curve Co 
of H, birationally equivalent to T, which is being constructed by starting 
from the above g»! and from a generic gn’ on T and by setting up a pro- 
jective correspondence between the groups of these series and the lines of 
the pencils Q, P, has the same point singularities as the generic curve C of H. 


2) The o== 2n -+ 2p— 2 tangents A, drawn from P and touching Co 
outside P, have, as in the case of a generic C, a two-point contact with Co 
(and hence are distinct). 

In fact, let us choose on T a complete gn”? and let us consider its pro- 
jective image L, which will be a curve of order n belonging to the space Sx-p 
and birationally equivalent to T. Since L does not possess multiple points," 
a generic pencil of hyperplanes cuts out on L a gn’ satisfying the required 
conditions. In fact, the ruled surface R, generated by the lines joining the 
pairs of points belonging to groups of the gv! (image on L of the gv’ on T), 
possesses d ==(n — 1) (v—1)—p distinct generators which meet a generic 
Sn-p-2, and these are neither on multiple points of the gv’, nor on sets of 
three or more points belonging to groups of the gv’. The first statement 
follows from the fact that the multiple points of the gyt are finite in number; 
the second statement is a consequence of the fact that no generator of R 
is on more than two points of L, since, if L possessed a trisecant, the y*?-', cut 
out on L by the hyperplanes through one of the three meet points, would 
possess a neutral pair, which is impossible, since its order n— 1 is greater 
than 2p.¢ If, in addition, we choose the Sp_p2 in such a manner, that it 
should not meet the virtual singular tangents of L, the gn’ cut out on L 
by the pencil on Sn-p-2 will also satisfy the condition of possessing double 
points only. 

If we now consider on T the gx? homologous to the gat just constructed 
on L, the groups of the gz’, gv’, which pass through a generic point of T, 
do not have other points in common, and two groups of gn’, gv’, which have 
more than one point in common, have in common two points only, which 
are distinct. Let G, @’ be two (generic) groups of gat, gv, which are made 
up of distinct points and have no points in common, and such that the 
n (and the v) groups of the gv’ (and of the gn'), which pass through the 
points of @ (and of G respectively), be distinct (and also, if desired, do not 


*See my Vorlesungen über algebraische Geometrie, Leipzig, Teubner (1921), 
p. 134, or also my Trattato di geometria algebrica, Bologna, Zanichelli (1926), p. 148. 
f Ibid. 
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contain multiple points). Let us set up a projectivity + between the groups 
of the ga! and the lines of the pencil P and a projectivity =’ between the 
groups of gv* and the lines of the pencil Q, in such a way that to the line PQ 
there correspond in r and in 7’ the groups G, G” respectively. The curve Co, 
the locus of intersections of pairs of lines on P, Q, which correspond in m, =’ 
to groups of gn’, gv* passing through a variable point on T, satisfies, as a 
member of the system H of the analogous curves C, the conditions 1), 2).* 
From 1) and 2) it follows, that the characteristic series of K, on Co, is 
complete. In fact, let 7’ be the index of speciality of the two-fold of the g.* 
cut out on Co by the lines of the pencil Q. Under this hypothesis, among 
the points of contact Af, of the o lines A, drawn through P and touching Co, 
there are e —7’—we shall call these points No—which impose independent 
conditions on the curves D passing through the double points of Co, so that 
the D’s which pass through the points N, contain all the points My. We 
denote by 2° the system of the curves D passing through the double points 
of Cy. The o—-7 tangents relative to the points N, will then impose 
o— i” (V Z ř) conditions on the C’s of H constrained to touch them, so 
that these C’s will form a system K of dimension 





(Qn + 2 + p —1)— le — i”) = —p+1+i”. 


The œ2”-#+i” curves of K, which are infinitely near to Co, are curves D of Y 
passing through the points N, and consequently through all the points Me. 
Hence the said curves of K cut out on Co, outside of fixed points, groups of 
the characteristic series of K, which series (completed, if necessary) has the 
dimension 2v—p-+7. Hence 


w—p til SQw—pti, Sr, 


and since i” = 7’, it follows that i” == 7. 

Reasoning as in section 5, we deduce that the curves of K (here, and 
also in the analogous cases considered below, we mean of course: of an 
irreducible part of Æ which contains Cy) touch the remaining ? lines A, and 
consequently X coincides with the system K, which has thus the dimension 
2*w—p+ti-+v. It follows that the characteristic series of K on Co, and 
hence also on a generic curve of K, is complete.+ 


* Cf. also in this connection my Vorlesungen, p. 100. 
+ Cf. the concluding remarks of this letter, which show that any curve satisfying 
the conditions 1), 2) belongs to only one irreducible system K. 
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The curves of K are birationally equivalent to C.* From this it follows 
that there exists on T an irreducible variety W of dimension 2 (v — 1)— pt 
of series gv*, and that the two-fold of a generic of these series has the index of 
speciality 7’. In fact, since the (complete) characteristic series of K on a 
generic curve C of the system has the dimension 2v—p-+7 and—conse- 
quently—the index of speciality 2’, it follows that 7’ is the index of speciality 
of the two-fold of the gy cut out on the above C by the lines through Q. 
To this gv! on C there corresponds a gv' on T. Thus with every C in K 
there is associated a gy? on T, and if two curves Cy, C2 of K are associated 
with the same g! on T, the groups of the gv”s cut out on Cy, C2 by the 
lines on Q correspond to each other in a projectivity, homologous groups 
being those, which ‘arise from one and the same group of the gy’ on T in 
the birational correspondences between T, C, and T, C2. Hence the distinct 
gv’’s on T, associated with the curves O of K, depend on 


(Qv—p+1+7)—3 =2(v—1)—p+? parameters. 


Now, considering that the g,”’s on T constitute an (irreducible) variety 
of dimension 2(n — 1)— p and that to every pair of series gn‘, gv’, assigned 
on T (such that gv is in W), there correspond œ° curves C birationally 
equivalent to Co and contained, as Co itself, "in the system H’, we arrive 
immediately at the formula (1). 

I now make some additional remarks which lead to the more expressive 
theorem relative to the case 1 > 0. I prove in the first place that: 


Any gv on a curve T of genus p, without fixed points, belongs to a unique 
complete (irreducible) variety of series of the same order. Consequently 
two such varieties cannot have in common other than series with fixed points. 


Let us denote by i the index of speciality of the two-fold of the gy! 
(i is not less than the greater of the two numbers 0, p — 2v + 2), and let 
Co be, as above, the curve constructed by means of this g+ and a generic gn! 
on T (n>2p-+1). We denote by N, the points of contact of o—i tan- 
gents A, drawn through P, with Co, which impose independent conditions on 
the curves of 8° constrained to contain them. The curves of H, which are 
infinitely near to Cy and which touch the above o — i lines in neighboring 
points of No, will then satisfy e — i independent conditions and will auto- 
matically touch the remaining lines A. Hence these curves constitute the 
neighborhood I of Cy in K. The curves of H, which touch one of the above 


*See my Vorlesungen, p. 340, where this statement is proved in an analogous 
case. The same reasoning holds also here. 
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o—i lines in a point of the neighborhood of the corresponding point No, 

constitute a linear analytical branch. The o —i linear regions of origin Co, 

which are thus obtained, possesss at Cy independent tangent spaces. This 

shows that the neighborhood J consists of only one linear branch of origin Co, 

whence the theorem follows. 
As a corollary we have the following theorem: 


If a gv’, without fixed points, on a T of genus p belongs to a complete 
(irreducible) variety W of series of the same order, and if W has the dimen- 
sion 2(v—1)— p +i, then the two-fold of gv' has the index of speciality i. 
In fact, the index of speciality of a generic gv! is 1, because the system K 
derived from a fixed generic gn' (n > 2p-++ 1) and the,variable gy’ in W, 
by fixing the projective correspondence between the groups of the 9" and the 
lines on P, is such that its characteristic series is complete. On the other 
hand, if Cy is the curve which corresponds to a particular gy’ without fixed 
points, the system of the curves C of H, which touch the lines A, is such 
that its characteristic series, on Cy, is complete. But by the previous theorem 
that part of this system, which contains Co, must necessarily coincide with K, 
and hence the theorem follows. It should be noticed that it also follows that 
in (1) the sign = holds. 

oe 
The proof of uniqueness, which makes use of the method of intersection of 
analytical branches, given by me in the “ Vorlesungen,” has a wider scope. 
It serves namely to prove, that when a continuous system K of plane curves O, 
of order m, is defined by certain linear conditions (such that the curves C 
satisfying these conditions only constitute a linear system % of dimension p) 
and by the condition that the C’s have d nodes and o simple contacts 
with a given curve A (which may also be reducible), then a curve Cy 
of K, which possesses d nodes and o simple contacts with A and on which 
moreover the characteristic series of K is complete, is the origin of a 
unique linear branch of the system. In fact, to say that the characteristic 
series of K on (Cy is complete, is the same as to say,* that the number 
o— ï (i= 0) of conditions, imposed on the adjoint curves of order m of Co 
by the o points of contact Mo of Cy with A, is equal to the number of con- 
ditions imposed by ø contacts with A on the curves of order m, possessing 
d ordinary double points and sufficiently near to Co. Moreover it is possible 
to determine o—1 of the points Mo—let us call them N,—, such that the 


* Cf. my Note, “Sulla teoria degl’integrali semplici di 1* specie appartenenti ad 
una superficie algebrica,” Rendiconti della R. Accademia dei Lincei, (1921), p. 297. 
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curves, which are near to Ce and which touch A in points near to the points 
No, should necessarily touch A in points which are near to the remaining 1 
points Me. Now, in the space Sp of the curves of 3 we have, that the 
elements near to Oo, which possess a double point in the neighborhood of 
a double point of Co, and the elements near to Co, which have a contact 
with A in the neighborhood of a point No, constitute as many linear branches 
of origin Cy and of dimension p— 1. Thus the totality of all curves of & 
near to Co is obtained as the intersection of d+ o— +t linear branches of 
origin Co the tangent hyperplanes of which at Co are linearly independent. 
Hence the intersection of these branches is one linear branch of dimension 
p— d— o + t, 

In the case in which A is the branch curve of a multiply covered plane, 
we are led to the following theorem : 


Given on an algebraic surface F two continuous systems of curves of the 
same order and with the same number of (variable or fived) nodes and such 
that the characteristic series of the systems on their respective generic curves 
are complete, the only curves which the two systems can have in common are 
those, which possess a larger number of double points, or those, on which the 
characteristic series is not complete. 


This theorem is found in my Note of 1916,” save the last alternative, 
which is omitted there, since at that time the proof of the completeness of 
the characteristic series of a complete continuous system (Enriques) had not 
yet encountered the objection which I later raised against it in the quoted 
Note of 1921. As you know, I have proved in the same paper, by trans- 
cendental methods, that on an algebraic surface F there always exist con- 
tinuous systems of curves the characteristic series of which is complete. How- 
ever, it would be of great importance to prove this theorem by algebro- 
geometric methods. It is necessary, for this purpose, to make a thorough 
study of complete continuous systems of plane curves in the definition of 
which also occur contact conditions. ‘These are the systems which, for the 
above purpose, are of most interest and for which it is not possible to affirm, 
at the present stage of our knowledge, that the characteristic series is com- 
plete, even if we deal with curves possessing ordinary double points only. 
The exception to Enriques’ theorem in regard to systems of curves with 
higher singularities is of less importance, because its bearing on the geometry 
of the surfaces is almost insignificant. In many cases (as you have shown 
in an interesting example in your paper) this exception can even be removed, 


* “Nuovi contributi alla teoria dei sistemi continui, ete.,” Ibid. (1916), p. 469. 
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by considering the system as the limit of a system with ordinary double points 
only and by properly modifying the definition of a characteristic series. 

I conclude with two theorems which follow immediately from the pre- 
ceding considerations: 


a) On a curve.T the gas (r Z1) without fixed points are distributed 
into a finite number of continuous systems, any two of which have in common 
In”’s with fixed points. 

b) On an algebraic surface F, of geometric genus py > 0, the generic 
curve of any linear irreducible system |O |, which contains partially the 
canonical system | K | of F, is of special moduli. 

In fact, if we ut C =K + D, we will have that |” |=|C+K]| 
== | D 4-2K | is the adjoint of |C |. Hence the series cut out on C by 


| 2K | is special, and consequently the generic C is of special moduli, since 
it contains a series | (C, K) | the two-fold of which is special. 


ROME, FEBRUARY 27, 1930. 
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KAPITEL I. ALLGEMEINE GRUNDLAGEN. 
A. EINLEITUNG. 


Im Anfang jeder mathematisch-logischen Untersuchung setzt man eine 
gewisse Menge von Kategorien voraus, die als ein Teil des irreduziblen Mini- 
mums von Kenntnis, womit man anzufangen hat, betrachtet werden sollen, 
Als solche Kategorien gelten gewöhnlich Aussagen und Aussagefunktionen 
von verschiedenen Ordnungen und Stufen. Diese Kategorien müssen weiter- 
hin nicht nur als rein formale Begriffe vorausgesetzt werden, sondern es muss 
zuweilen einen Sinn haben, dass ein gegebener Gegenstand zu dieser oder 
jener Kategorie gehört. Mit anderen Worten, sie müssen eine inhaltliche 
Eigenschaft besitzen, nämlich die, dass sie Kategorien sind; und so sind sie 
das, was ich schon nicht-formale Grundbegriffe genannt habe.t 


* Die Abschnitte C, D, E werden in Teil II erscheinen. 
ł In einer Abhandlung, “ An Analysis of Logical Substitution,” American Journal 
of Mathematics, Bd. 51 (Juli, 1929), S. 363-384. 
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Die mit diesen Kategorien verbundene vorausgesetzte Kenntnis reicht 
aber weit über diese Eigenschaft hinaus. In der Tat müssen wir neben den 
Kategorien auch gewisse Verknüpfungen annehmen—die natürlich wieder 
nicht-formale Grundbegriffe sind, indem sie Verfahren angeben, wonach zwei 
oder mehrere Gegenstände kombiniert werden können, um einen neuen Gegen- 
stand hervorzubringen. Unter diesen Verknüpfungen gehen uns hier alle 
Arten von Substitutionsprozessen an. Davon muss man die folgenden Eigen- 
schaften anfänglich erkennen: erstens diejenigen, welche uns die Möglichkeit 
eines Substitutionsprozesses kundgeben, wenn nur die betreffenden Gegen- 
stände zu gewissen Kategorien gehören; zweitens die, woraus wir unter Um- 
ständen schliessen, dass zwei verschiedene Substitutionsprozesse dasselbe Re- 
sultat liefern *; drittens diejenigen, welche die Kategorie des Ergebnisses 
bestimmen. Diese Kategorien, Verknüpfungen und Eigenschaften bilden 
daher eine vorausgesetzte Lehre von beachtenswerter Verwicklung; und diese 
Lehre möchte ich die Urlogik der betreffenden Theorie nennen. 

Trotz des fundamentalen Charakters dieser Urlogik für irgendeine 
existierende mathematische Theorie der Logik, haben doch einige der wichtigen 
Probleme schon in ihr ihren wesentlichen Ursprung. Ich betrachte hier die 
zwei folgenden: 


1) Die Vereinfachung der Grundlagen. Das Wesen dieses Problems 
scheint mir darin zu liegen, dass man die gesamte Mathematik und Logik 
auf ein Minimum von Urkenntnis aufbauen will; oder genauer, dass man sie 
in ihre Elemente zerlegen will, damit diese Urkenntnis mit schärfster Klar- 
heit und Deutlichkeit ausgeprägt wird. Aus diesem Grunde strebt jedermann 
vermutlich danach, die Anzahl der Grundbegriffe und Axiome zu vermindern; 
und zwar sind einige Logiker so weit in dieser Richtung gegangen, dass sie 
nicht davor zurückschrecken, Allgemeinheit, Vollständigkeit und sogar Exak- 
theit diesem Streben zu opfern. Allein für die Logik ist die Anzahl der 
Grundbegriffe und Axiome dieser Art eine Betrachtung von geringerer 
Wichtigheit. Denn was macht es eigentlich, dass wir zwei oder drei Grund- 
begriffe ausschalten, wenn schon in der Urlogik selbst unendlich viele Grund- 


* Vgl. Kapitel IT unten; auch für einfache Beispiele den Teil II meiner oben 
zitierten Abhandlung. 

12. B. müssen wir in den Principia Mathematica, Implikation und den bestimmten 
Artikel als Grundbegriffe entbehren. Die dort gegebenen Definitionen dieser Grund- 
begriffe führen zu den paradoxen Resultaten. In der Tat ist dort der König von 
Frankreich von dem König von Frankreich verschieden; und zwischen den zwei 
Aussagen: 1) “hätten alle Menschen drei Hände, so würde auch Bismarck drei 
Hände haben,” 2) “hätten alle Menschen drei Hände, so wäre der Mond aus grünem 
Käse aufgebaut,” wird kein Unterschied gemacht. 
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begriffe und Regeln, und zwar nicht formale, vorhanden sind? Die Verein- 
fachung der Grundlagen soll also mit der Vereinfachung der Urlogik be- 
ginnen. 


2) Die Beseitigung der Antinomien. Um uns die Verwandtschaft von 
diesen mit der Urlogik zu vergegenwärtigen, betrachten wir z. B. das Rus- 
sellsche Paradoxon, das in der folgenden Weise aufgefasst werden kann: 
F sei diejenige Eigenschaft von Eigenschaften, für welche 


F(e)=nicht #(6); 
dann it ` F(F)=nicht F(F). 


Behauptet man, dass F(F) eine Aussage sei, wo eine Aussage als etwas, das 
entweder wahr oder falsch ist, definiert wird, so hat man sofort einen Wider- 
spruch. Aber wir können den’ Widerspruch allerdings dadurch vermeiden, 
dass wir in Abrede stellen, dass F(F) zu der Kategorie der Aussagen, oder 
F selbst zu der der Eigenschaften gehöre. Gerade hier stossen wir auf einen 
Lehrsatz der Urlogik. Und zwar sind es diese Antinomien, die uns zwingen, 
eine entwickeltere Urlogik uns anzueignen, als sonst begreiflich wäre. Es mag 
also sein, dass ein tieferes Studium der Urlogik Licht in dieses dunkle 
Gebiet der Antinomien verbreiten wird. 

Diese Umstände haben mir die Anregung gegeben, jene Urlogik mathe- 
matisch zu behandeln. D. h. genauer: eine abstrakte oder formale Theorie 
aufzubauen, welche auf eine sehr einfache Urlogik gegründet wird, und durch 
welche die Fragen, die man in der gewöhnlichen anschaulichen Urlogik zu 
stellen pflegt, durch symbolische Beweisführung beantwortet werden können. 
In dieser Abhandlung beabsichtige ich eine solche Theorie zu begründen. 
Weil die betreffenden Fragen einen wesentlich kombinatorischen Charakter 
haben, habe ich die Theorie kombinatorische Logik genannt. 

Diese kombinatorische Logik wird wohl fähig sein als Grundlage einer 
abstrakten Theorie der gesamten Logik und Mathematik, einschliesslich Funk- 
tionen (Prädikaten, Relationen) von beliebig vielen Variablen, zu dienen. 
In der Tat bin ich der Ueberzeugung, dass eine solche Theorie durch Hinzu- 
fügen von endlich vielen formalen Grundbegriffen und Axiomen zu dem 
unten gegebenen Grundgerüst * gegründet werden kann. Weil in einer so 
eingerichteten Theorie das Grundgerüst überhaupt nur endlich viele Bestand- 
teile hat, und weil ferner die Regeln nur ungefähr denselben Grad von Zu- 





* Dieses Wort ist eine Uebersetzung der englischen Phrase “ primitive frame,” 
die ich in der oben erwähnten Abhandlung definiert habe. Es bedeutet die Gesamtheit 
der vorausgesetzten Grundbegriffe, Axiome und Regeln. 
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sammengesetztheit wie die wohlbekannte Schlussregel haben, so wird dabei 
ein wesentlicher Fortschritt gegen das erste oben erwähnte Problem erzielt. 
Was das zweite betrifft, kann ich zunächst darüber nichts aussagen. 


Das in dieser Abhandlung ausgeführte Problem ist doch nur ein Teil 
der kombinatorischen Logik überhaupt. Dieser Teil ist die Analysis der 
Substitutionsprozesse, formell betrachtet und abgesehen von den Kategorien, 
‘wozu die Gegenstände gehören; d. h. ich will die zweite der drei im zweiten 
Paragraphen erwähnten Arten von Eigenschaften untersuchen.” 

Der Weg zu dieser Analysis ist von M. Schönfinkel t angedeutet worden. 
Er versteht zunächst eine Funktion in einem etwas neuen Sinne, nämlich 
als eine Zuordnung eines Funktionswerts zu jedem Element eines Argument- 
bereiches, wo sowohl der Funktionswert, als auch das Argument eine Funk- 
tion sein kann. Er will dann eine Funktion von n Variablen (im gewöhn- 
lichen Sinne) als eine Funktion (im neuen Sinne) betrachten, deren Funk- 
tionswert für das Argument æ eine Funktion (im gewöhnlichen Sinne) von 
(n— 1) Variablen ist, und zwar diejenige, welche durch Einsetzung von g 
in die erste f Leerstelle der ursprünglichen Funktion entsteht. Mit dieser 
Auffassung verknüpft er die folgende Bezeichnungsweise. Leerstellen ge- 
braucht er nicht, sondern er bezeichnet Funktionen wie andere Dinge mit 
einfachen Buchstaben (oder Gruppen von Buchstaben). Den Funktionswert 
einer Funktion für ein gegebenes Argument bezeichnet er weiterhin damit, 
dass er das Zeichen für das Argument gleich rechts von dem für die Funktion 
geltenden schreibt. Zur Erläuterung dieser Ideen schreibe ich gleich unten 
links, einige Ableitungen von einer Funktion f, die wir im gewöhnlichen 
Sinne als eine Funktion von drei Variablen begreifen, und rechts dieselben 
Gegenstände in etwas anschaulicherer Schreibweise: 


f f(—1, —2, —s) 

fa f(z, Ti —2) 
(fa)y f(a, Y» —) 
((fe)y)z f(a, Y, 2) 


Schönfinkel setzt weiter fest, dass in einem Ausdruck wie * *(((fzı)22)23)‘ ° 
die die letzten Seiten mit umfassenden Klammern wegbleiben dürfen. 


* Die erste Art wird auch erledigt. In der Tat sind diese Eigenschaften nach 
den Betrachtungen von B 1 (unten). ganz trivial. 

+ Mathematische Annalen, Bd. 92 (1924), S. 305-316. 

{Es ist allerdings hier vorausgesetzt, dass die Leerstellen in einer durch ‘die 
Funktion selbst bestimmten Weise numeriert sind. Dieselbe Annahme liegt doch der 
Schönfinkelschen Darstellung zugrunde. Vgl. unten II, A. 


Curry: Grundlagen der kombinatorischen Logik. 513 


Um nun etwas allgemeinere Ausdrücke darzustellen, setzt er einige be- 
stimmte Funktionen fest. Diese möchte ich hier mit den Buchstaben J, K, 
B, C, S bezeichnen.“ Sie sind dadurch definiert, dass für beliebige Gegen- 
stände z, y, z die folgenden Definitionsregeln gelten: 


Iz = & 
Kay =g 
(1) Bayz = z (yz) 
Czyz = rzy 


Sayz = gza (yz). 


Vermöge dieser Funktionen ist er in der Lage, andere Ableitungen einer 
Funktion von drei Variabeln ohne Leerstelle darzustellen, etwa 


Cie fu T, —) 
C(BCf) xy f(y, —» ®) 
Big f(g(—)) 
u. s. w. In der Tat gilt nun der allgemeine Satz: Wenn irgendein logischer 
Ausdruck vorhanden ist, der aus gewissen Konstanten wi, U,‘ ' ‘Um und 


numerierten freien Variablen zusammengesetzt’ ist, so kann er in der Schön- 
finkelschen Schreibweise in der Form 


(2) Fui, Ug’ © -Um 


wo Y eine Zusammensetzung von nur J, K, B, C, $ ist, dargestellt werden. 
Diese Darstellung bedeutet, dass, wenn man nach (2) die Variablen in ihrer 
natürlichen Reihenfolge hinzufügt, und dann die Funktionen J, K u. s. w. 
durch die Definitionsregeln (1) eliminiert, der resultierende Ausdrück immer 
mit dem zuerst gegebenen identisch ist.—Dieser Satz ist von Schönfinkel 
nicht bewiesen, aber er enthält vom hier vorliegenden Gesichtspunkte aus 
das Wesen seiner Gedanken. Der Satz ist hier allerdings etwas roh dargelegt; 
genauere Sätze werden aber unten im formalen Teile streng bewiesen. 

Nun macht Schönfinkel Anspruch darauf, dass er die Begriffe Variable, 
Aussage und Aussagefunktion aus der Logik entfernt habe. In dieser 
Hinsicht sind aber folgende Betrachtungen zu bemerken. Erstens: das Y des 
eben dargelegten Satzes ist doch nicht eindeutig bestimmt; z.B. sind BCCf 
und Jf in dem Sinne identisch, dass sie denselben Ausdruck darstellen. Aber 
diese Identität ist keineswegs aus den Definitionsregeln zu beweisen; zu diesem 
Behuf muss man vielmehr die Variablen tatsächlich hinzufügen. Infolge- 


* Schönfinkel hat diese bzw. mit 7, 0, Z, T, 8 bezeichnet. 
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dessen sind doch die Variablen, obgleich sie in den Formeln selbst nicht 
erscheinen, mit allen ihren assoziierten Grundbegriffen noch unvermeidbar. 
Zweitens: Die Begriffe Aussage und Aussagefunktion sind auch nur scheinbar 
eliminiert. Denn jede Funktion hat ihren Argumentbereich, und wie definiert 
man diesen, wenn man jene Begriffe nicht versteht? Die allgemeinen Sätze 
der Logik gelten ja gewöhnlich nur, wenn die Variablen zu bestimmten 
Kategorien gehören. Z. B. ist der Satz von der Identität A— A, nur wahr, 
wenn A eine Aussage ist. Weil Schönfinkel keineswegs gezeigt hat, wie die 
Einführung jener Grundbegriffe zu vermeiden ist, und weil er sie nicht aus 
anderen definieren kann, so hat er seinen Anspruch nicht gerechtfertigt. 
Er hat in der Tat nur eine neue und unbequemere Schreibweise gewonnen. 

Jedoch führen diese Gedanken Schönfinkels zur Lösung des oben vor- 
gelegten Problems. Denn die Funktionen B, C, u. s. w. bilden die Elemente, 
in die die Substitutionsprozesse sich zerlegen lassen. (Ich werde nachher 
genau zeigen, wie der allgemeinste solche Prozess sich aus diesen Funktionen 
zusammensetzen lässt). Das Wesen des Problems liegt daher in den im 
ersten Teile des letzten Absatzes besprochenen Identitäten. Es lässt sich 
wohl auf die folgende Aufgabe zurückführen: das Grundgerüst so festzu- 
stellen, dass jede dieser Identitäten rein formal bewiesen werden kann. Diese 
Aufgabe wird unten vollständig gelöst,” und zwar so, dass 1) die Funktionen 
B,C,- + > nur als rein formale Begriffe auftreten, und 2) die Variablen in den 
formalen Beweisen nicht zu erscheinen brauchen. Der Beweis, dass jede 
solche Identität aus dem Grundgerüst ableitbar ist, macht das Hauptergebnis 
des zweiten Kapitels aus. Dort wird auch auseinandergesetzt, wie dies die 
Lösung des früheren Problems liefert. 

Diese Untersuchung habe ich immer in Rücksicht auf eine allgemeine 
Theorie der Logik durchgeführt. Dieses Ergebnis betrachte ich nur als eine 
Vorbereitung zu einer weiteren Theorie, die ich später fortzuführen hoffe. 


B. EINIGE PHILOSOPHISCHE BETRACHTUNGEN. 


Bevor ich zum Aufbau der formalen Theorie übergehe, möchte ich hier 
einige philosophische Vorbemerkungen darlegen, die für die Theorie mass- 
gebend gewesen sind. Diese betreffen die logische Auffassung, welche der 
Theorie vorangeht und durch die Ausdeutung der letzteren heranreift. Mit 
der formalen Theorie als solcher haben sie natürlich nichts zu tun; und der 
Leser, der sich nicht dafür interessiert, kann sie ruhig überspringen. 


* Einige Anfänge dazu befinden sich in meiner früheren Abhandlung. Die vor- 
liegende Behandlung ist allgemeiner und in sich vollständig; ich weise auf die frühere 
nur für gewisse Einzelheiten hin. 
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81. Sinnlose Begriffe. In der gewöhnlichen Logik kommen gewisse 
Gegenstände (Begriffe, Dinge) vor, die man als sinnlos zu titulieren pflegt. 
Ich möchte nun gerade fragen, was dies bedeutet. Man darf wohl behaupten, 
dass ein Wort oder ein Zeichen in bezug auf eine Sprache noch nicht de- 
finiert ist. Z. B. ist das Wort “cow” auf deutsch sinnlos, doch gelegentlich 
anf englisch sinnvoll. Aber in den vorhandenen Fällen sind es nicht Worte, 
sondern Begriffe, die sinnlos sein sollen. Z. B. behaupten Whitehead und 
Russell (und auch andere), dass #(&) für jedes $ bedeutungslos sei. Zu 
sagen, dass diese Behauptung nur das Zeichen $(¢) betrifft, heisst, die Frage 
zu umgehen; weil es doch erstens ein gedachtes Etwas gibt, das das Zeichen 
¢(¢) den Konventionen gemäss bedeuten mag, und zweitens, weil die 
Gründe, —nämlich das “Vicious Circle Principle” u. s. w. —, woraus die 
Behauptung entsteht, mit dem Zeichen gar nichts zu tun haben. Die Sinn- 
losigkeit scheint doch einen sachlichen Inhalt zu haben, aber welchen, lässt 
sich nicht sagen. 

Zunächst gibt es aber einen Sinn, worin alles Denkbare eine Bedeutung 
hat, nämlich als Begriff. Hier ist ein Begriff als irgendetwas zu verstehen, 
das identifiziert und von anderen Dingen unterschieden zu werden vermag.” 
Dann ist es allerdings unbedingt Unsinn zu sagen, dass etwas nicht als 
Begriff existiere; denn bevor man einen solchen Satz verstehen konnte, muss 
man sich die Sache als Begriff schon vorgestellt haben. Sogar die “ sinnlosen ” 
Gegenstände sind also Begriffe und haben als solche eine Bedeutung. 

Unter den Begriffen kommen aber einige vor, die “in sich widerspruchs- 
voll” sind. Solche sind das oben erwähnte F(F), die grösste Kardinalzahl, 
die kleinste undefinierbare Ordinalzahl, das kreisförmige Quadrat u. s. w. 
Diese Begriffe sollen wegen der Widersprüche bedeutungslos sein. Aber die 
Widersprüche liegen nicht in den Begriffen selbst, sondern in den Eigen- 
schaften, die man ihnen zuordnen möchte: z. B. führt das oben erwähnte 
F(F) zu einem Widerspruch nur dann, wenn man behauptet, dass es eine 
Aussage sei; die grösste Kardinalzahl nur dadurch, dass sie wirklich eine 
Kardinalzahl sei u. s. w. 

Betrachten wir nun die sinnlosen Gegenstände überhaupt. Bezieht sich 
nicht derselbe Gedanke auch auf sie? Ja, die Sinnlosigkeit dieser Begriffe 
besteht nur darin, dass es Eigenschaften gibt, die sie nicht besitzen. Und 
zwar, dürfte ich genauer sagen, dass sie den gewöhnlichen Kategorien nicht 


* Es ist wohl bemerkenswert, dass ein Begriff nach dieser Definition ein Gegen- 
stand und nicht ein Prozess des Denkens ist. Beispiele von Begriffen sind etwa 
Bismarck, Göttingen, Tier, Regenschirm, rot, Temperatur, Materie, Substanz, Kausali- 
tät, Etwas, Funktion, der König von Frankreich, die grösste Kardinalzahl u. s. w. 
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angehören. Diese Kategorien sind in der, Tat als etwa inhaltliche Grund- 
begriffe vorausgesetzt, und nichts wird betrachtet ausser was dazu gehört. 
Natürlich müssen Begriffe, die mit dem Wesen dieser Kategorien unverträg- 
liche Eigenschaften besitzen, als “sinnlos” aus der Theorie ausgeschlossen 
werden. Aber gerade in diesem Ausschliessen besteht ein Mangel. Die Auf- 
gabe der Logik ist die Erklärung des Denkens; wenn es von der Erklärung 
ausgeschlossenes Denken gibt, so ist sie fehlerhaft. Weiterhin sind es genau 
diese sinnlosen Begriffe, die zu Widersprüchen führen; wenn man sie aus- 
schliesst, so kann man wohl die Antinomien vermeiden, aber nie erklären. 
Dass etwas ein Begriff ist, ist das einzige Erfordernis, damit man das Ding 
in der Logik behandeln könne. 

Die Kategorie Begrifi—oder, wie ich sie nachher nennen werde, um 
gewisse Nebenbedeutungen zu vermeiden, Etwas,—ist daher die grundlegende 
Kategorie der Logik überhaupt. Diese Kategorie ist ein Begriff, und seine 
blosse Betrachtung ist doch in sich widerspruchsfrei. Aus diesen Gründen 
habe ich sie als Grundkategorie der Theorie vorausgesetzt. Daraus folgt eine 
wichtige Konsequenz: ich brauche mich nicht mehr, mindestens insofern als 
es die Einführung neuer Gegenstände in die Theorie betrifft, um die Defini- 
tionsbereiche von Funktionen zu kümmern. Wenn ich z. B. den Schön- 
finkelschen Funktionsbegriff als Grundverknüpfung-—und Schöfinkel hat 
schon gezeigt, dass dies allein notwendig ist—, voraussetze, so ist die 
Zusammensetzung von irgend zwei Begriffen, etwa f und v zu fx, wieder ein 
Begriff. Z. B. ist die Zusammensetzung des Königs von Frankreich mit der 
Aussage “der Mond ist aus grünem Käse aufgebaut,” ein Begriff, weil sie 
identifiziert und von anderen Dingen unterschieden zu werden vermag. Unter 
den so hergestellten Begriffen werden einige “sinnvoll,” andere “ sinnlos” 
sein; die Hauptaufgabe der kombinatorischen Logik ist wohl, diese zwei 
Arten zu unterscheiden.” 


82. Der Vorrang des Aussagenkalküls. In den heutigen logischen 
Theorien bildet der sog. Aussagenkalkül den Grundbestandteil. Ich möchte 
hier die vielleicht triviale Bemerkung darlegen, dass dieser Vorgang nicht 
notwendig ist. Natürlich beginnt die Logik mit Sätzen, die wir fähig sein 
müssen, zu verstehen. Aber daraus folgt ebensowenig, dass man mit der all- 
gemeinen Theorie von Aussagen anfangen muss, als aus der Tatsache, dass 
wir es im Aussagenkalkül mit gewissen Aussagefunktionen zu tun haben, 
folgt, dass wir mit Aussagefunktionen beginnen müssen. Weiterhin sind 


* Dabei wird die erste Art von Eigenschaften die ich in I A erwähnt habe, auf 
die Dritte zurückgeführt. 
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die Begriffe *“ Aussage” und “ Behauptung ” verschieden; dieser ist mit der 
Wahrheit eng verbunden, jener eine Kategorie von bloss betrachteten Etwasen. 
Was wir im Anfang verstehen müssen, ist erstens, dass die Sätze Behauptungen 
sind, und zweitens, dass sie sich vermöge der Regeln zu neuen Behauptungen 
umgestalten lassen. Was wir mit solchen einfachen Anidngen machen können, 
zeigt die hier gegebene Theorie an. 

Der Begriff von Behauptung muss natürlich als Grundbegriff angenommen 
werden und zwar als ein solcher, der in der formalen Theorie einem nicht 
formalen Begriffe entspricht. Diesen nicht formalen Begriff habe ich 
“Formel” genannt. 


$3. Unbeschrinkte Universalen. In Nummer 1 habe ich behauptet, dass 
der Begriff “ Etwas” als grundlegender Begriff angenommen werden dars. 
Ich behaupte nun ferner, dass es Eigenschaften gibt, die für jedes Etwas 
gelten. Gegen die Möglichkeit solcher Behauptungen steht aber das wohl- 
bekannte Verbot der nicht prädikativen Begriffsbildungen. Dieses Verbot 
hat im allgemeinen einen etwa pragmatischen Charakter, und lässt sich Zolg- 
lich nur dadurch widerlegen, dass man wirklich eine dem Verbot w:der- 
sprechende Theorie aufbauen kann. In den “ Principia Mathematica” wird 
aber dieses Prinzip in der Form des “ Vicious Circle Principle,’ a priori 
verteidigt. Das dortige Argument ist etwa dies: man könnte nichts über 
alle Aussagen behaupten, weil dadurch neue Aussagen erschaffen würden, 
und also es keine bestimmte Gesamtheit von Aussagen gäbe, die den Wirkung:- 
bereich der behaupteten Eigenschaft bildete. Ebensogut aber ist dieses 
Argument: man könnte nichts über alle Apfelsinen behaupten, weil jedes 
Jahr neue Apfelsinen erschaffen werden, und es also keine bestimmte Ge- 
samtheit von Apfelsinen gäbe u.s.w. u.s.w. In der Tat begreifen wir all- 
gemeine Urteile nicht in extenso, sondern in intenso—es gibt etwas im Wesen 
der betreffenden Eigenschaft, wovon wir schliessen können, dass sie für jedes 
Etwas gilt. Dieser Schluss setzt doch keine Gesamtheit voraus. Es fehlt daher 
diesem Einwand gegen die Möglichkeit unbeschränkter Universalen ein theo- 
retischer Grund. Infolgedessen mache ich die einfachere und naturgemässere 
Voraussetzung, dass es solche Universalen gibt; insbesondere, dass solche 
Eigenschaften wie das reflexive Gesetz der Gleichheit für jedes Etwas gelten. 

Wenn wir aber diese Annahme machen, so werden die Grundregeln der 
Theorie erheblich einfacher. Denn diese Regeln sind Universalen; wenn wir 
sie als unbeschränkte Universalen auffassen können, so brauchen wir keine 
Unterscheidungen zwischen verschiedenen Arten von Begriffen inbezug auf 
die Regeln zu machen. Eine ähnliche Vereinfachung betrifft das ganze 
Grundgerüst. 
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§ 4. Theorie und Metalheorie. Die letzte Betrachtung hat die Methode 
der Untersuchung zum Gegenstand. Weil die im Anfang vorausgesetzten 
Regeln sehr einfach sind, ist eine sehr lange Darlegung erforderlich, um 
diese Entwicklung ausführlich zu vervollständigen. Wir interessieren uns 
aber nur für die Möglichkeit einer solchen Darlegung. Ich gebe demgemäss, 
statt die Formeln eine nach der anderen auszuschreiben, hier eine Reihe von 
Sätzen an, worin ich zeige, dass bestimmte Arten von Etwasen immer 
Formeln sind. Diese Sätze gehören eigentlich zu der Metamathematik im 
Hilbertschen Sinne, die mit dieser Mathematik verbunden ist. In den Be- 
weisen dieser Sätze benutze ich nur die einfachen direkten Beweismethoden, 
und zwar werden die Beweise so aufgestellt, dass sie selbst, natürlich mit Be- 
nutzung der Nachweisungen, einen Prozess ergeben, wodurch der Beweis 
irgendeines in sie eingeschlossenen Falles ausführlich Formel nach Formel 
auseinandergesetzt werden kann. Unter die Methoden kommen allerdings die 
vollständige Induktion und andere Eigenschaften der ganzen Zahlen vor, aber 
dies bedentet nicht mehr, als dass wir die ganzen Zahlen als Zeichen benutzen, 
und dass für einige Etwasen, die mit höheren Zahlen bezeichnet werden, jene 
Beweisprozesse wiederholt werden sollen. Für alle besonderen Fälle hat man 
eine endliche direkte Schlussfolge. 


C. Das GRUNDGERÜST. 


Ich gehe jetzt zur formalen Theorie iiber. Die erste Aufgabe ist natiir- 
lich die Darlegung des Grundgerüsts und die Erklärung der in der Aus- 
führung benutzten Festsetzungen. 


$1. Vorbereitende Erklärungen. Die vorliegende Theorie wird vom ab- 
strakten Gesichtspunkte aus durchgeführt; d.h. als eine Lehre über abstrakte 
Begriffe, die durch das Grundgerüst selbst definiert werden.* Es ist natürlich 
wichtig darin die formalen Entwicklungen selbst und die inhaltlichen Ueber- 
legungen darüber zu unterscheiden ; aber ausserdem habe ich noch die Unter- 
scheidung zwischen der Theorie selbst und ihrer Symbolik festgehalten. Je- 
doch kann der Leser, der einen anderen Gesichtspunkt vorzieht, wohl die 
Theorie durch kleine Aenderungen nach seinem eigenen Gesichtspunkt um- 
gestalten. Z. B. ist das, was ich oben über die Endlichkeit der Anzahl von 
Axiomen ausgesagt habe, mit dem Gesichtspunkt verbunden, dass eine De- 
finition nichts wesentlich Neues in die Theorie hereinbringt, und also von 


* Ueber das Wesen einer abstrakten Theorie, vgl. meine oben zitierte Abhandlung. 
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einem Axiom verschieden ist; aber sonst kann man immer einen Satz desselben 
Inhalts mit etwas anderen Worten aussprechen. 

In den Ausführungen brauche ich zwei Arten von Zeichen: erstens die 
formalen Zeichen, welche die Bestandteile der formalen Theorie selbst be- 
deuten; zweitens die inhaltlichen Zeichen, welche eine Bedeutung inbezug 
auf die inhaltlichen Überlegungen haben. Mit diesen zwei Zeichenarten sind 
zwei Arten von Definitionen zu betrachten; um diese zu unterscheiden, be- 
schränke ich nunmehr das Wort Definition auf die Erklärungen der formalen 
Zeichen, während die Erklärungen der inhaltlichen Zeichen (bzw. Wörter, 
die in einem technischen Sinn gebraucht werden), Festsetzungen heissen sollen. 
Die Definitionen und Festsetzungen, die für die ganze Abhandlung beibehalten 
werden sollen, werden hervorgehoben und: als solche ausgezeichnet; neben 
ihnen mache ich in den einzelnen Beweisen und Erläuterungen Gebrauch 
von solchen, die nur für den betreffenden Zusammenhang gelten sollen. 

Die Definitionen werden weiterhin nun folgendermassen festgestellt. 
Erstens werden die Zeichen, die in der Darstellung des Grundgerüsts selbst 
mit gewissen Bestandteilen verbunden sind, dabei definiert. Jede spätere 
Definition ist dann eine Bestimmung, dass ein nicht schon in demselben 
Kontext definiertes Zeichen dasselbe wie ein anderes schon definiertes be- 
deuten soli. Die Identitätsrelation, die in diesem “ dasselbe ” schon vorliegt, 
kann, wenn man will, formalisiert werden. Definitionen dürfen sich natürlich 
nicht nur auf Zeichen im engeren Sinne, sondern auch auf Zeichenver- 
knüpfungen beziehen (vgl. unten ‘Def. 1 und 2). 

In der folgenden Darlegung des Grundgerüsts gebe ich neben den zur 
abstrakten Theorie selbst erforderlichen Eigenschaften auch Andeutungen 
über die logische Interpretation des betreffenden Begriffs, Regel u. s. w. an. 
Diese Andeutungen sind aber in Klammern gesetzt. 


82. Die nicht-formalen Grundbegriffe. Die folgenden Begriffe seien 
vorausgesetzt: 


a. Etwas, eine Kategorie (Ausdeutung, der oben in B 1 diskutierte Be- 
grif Etwas). Etwase werden durch Buchstaben oder ähnliche 
Zeichen bezeichnet. 


b. Formel, eine Kategorie (Ausdeutung: Behauptung). 


c. Anwendung, eine dyadische Verknüpfung, d.h. eine Zuordnung, wo- 
durch zu jedem geordneten Paar von Etwasen ein eindeutig be- 
stimmtes Drittes zugeordnet wird. Wenn die zwei Etwase durch 
X bzw. Y bezeichnet sind, dann wird das zugeordnete Dritte die 
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Anwendung von X auf Y genannt und durch (XY) bezeichnet. 
(Ausdeutung: der Schönfinkelsche Funktionsbegriff, erweitert wie 
in B 1 oben). 


$3. Die formalen Grundbegriffe. Von diesen Begriffen wird nichts vor- 
ausgesetzt, ausser dass sie Etwase sind. Ich schreibe also hier nur ihre Zeichen 
und Ausdeutungen: 


B (Die Schönfinkelsche Zusammensetzungsfunktion). 
C (Die Schönfinkelsche Vertauschungsfunktion). 
W (eine Funktion derselben Art wie die vorhergehende, durch die 


Regel W [s. unten] definiert. Wir dürften sie die Verdoppelungs- 
funktion nennen). 

K (Die Schönfinkelsche Konstanzfunktion). 

Q (Gleichheit, d.h. logische, nicht, symbolische Identität). 

II (Allzeichen). 

P (Implikation). 

A (Konjunktion—das Und— Vgl. unten, Reg. A). 


Die vorhergehenden Begriffe sind die einzigen, die in dieser Abhandlung 
erwähnt sind; für die weitere Durchführung der Logik brauchen wir natür- 


lich gewisse andere, z.B. Aussage, Negation, Funktion, Seinzeichen (wenn 
nicht definiert) u. s. w. 


§ 4. Symbolische Festsetzungen. 


Festsetzung 1. Wenn X ein Etwas ist, so bezeichne ich mit H X den 
Satz, dass X eine Formel ist, und zwar sowohl wenn dieser Satz behauptet, 
festgesetzt oder bloss betrachtet ist. Weiterhin dürfen dann die äusseren 
Klammern von X, wenn es solche gibt, wegbleiben. 


Festsetzung 2. Wenn X und F Etwase sind, so bezeichne ich mit X == F 
den Satz, dass X und Y dasselbe Etwas sind, d.h. dass X und F als Zeichen 
betrachtet, dasselbe Etwas bedeuten. Unter diesen Umständen werde ich auch 
manchmal sagen, dass X und Y identisch sind. Die äusseren Klammern von 
X und Y dürfen auch hier wegbleiben. 


Def. 1. Immer wenn X,, X, ',X„ Etwase sind, gilt 
(XXXs: + + Xn) = (XXa) X) + +) Xn). 
Def. 2. Immer wenn X und Y Etwase sind, gilt 
(X= V)=(QLY). 
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Links dürfen weiter die äusseren Klammern von X und Y wegbleiben, solange 
nur X und Y nicht selbst von der Form (U = V) sind. 


Def. 3. I=(WK). 


Festsetzung 3. Die Relation zwischen zwei Etwasen X und Y, welche 
durch } X = Y ausgedrückt wird, heisst Gleichheit, und unter diesen Um- 
ständen sage ich, dass X und Y gleich sind. 


§ 5. Ariome. Die hier gegebenen Axiome reichen nur für diese Abhand- 


lung aus. Die kombinatorischen Axiome werden unten (s. II B 5)* in viel 
übersichtlicherer Form wiedergegeben. 


a. Axiom der Identität. 


åz. Q. HE(W(0Q)) (Reflexives Gesetz, s. unten, Abschn. D). 
b. Kombinatorische Axiome. 

Az. B. + C(BB(BBB))B=B(BB)B. 

Az. C. + C(BB(BBB))C = B(BC) (BBB). 

Ag. W. + C(BBB)W == B(BW)(BBB). 

Az. K. + C(BBB)K=B(BE)I. 

Az. In. + CBI = B(BI)I.} 


Az. (BC). HBBO—=B(B(BC)C)(BB). 

Az. (BW). | BBW —=B(B(B(B(BW) W) (BC))B(BB))B. 
Aw. (BK). | BBK=BEK. 

Az. (CC), | BCC==B(BI). 

Az. (CC)... | B(B(BC)C)(BC)—=B(BC(BC))C. 
Az. (CW). + BOW = B(B(BW)C) (BC). 

Az. (CK). HBCK=BK. 

Az. (WC). LBWO=W. 

Ag. (WW). | BWW =BW (BW). 

Ax. (WE). |} BWK =RBI. 

Az. In. L BI=I. 


86. Regeln. Die folgenden Regeln sind vermutlich für die gesamte 
Mathematik und Logik hinreichend. Die zwei letzteren werden nur in einem 


späteren Stadium benutzt, aber sie sind hier der Vollständigkeit halber 
gegeben. 


* g.d. für Bemerkungen über die Bedeutung dieser Axiome. 
f Dieses Axiom kann aus den anderen bewiesen werden. s. unten. II D 2, Satz 6. 
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Reg. E. Wenn X und Y Etwase sind, dann ist immer (XY) ein Etwas. 
(Ueber die Ausdeutung dieser Regel vgl. oben, Bl. Sie ist so einfach, dass 
sie nie wieder erwähnt wird, sondern nur implizit auftritt). 


Reg. Qı Wenn X und Y Etwase sind, und 1) + X, 2) FOXY (bzw. 
HX =Y), dam Y. 
Reg. Qe. Wenn X, Y, Z Etwase sind, und H QXY (baw. HÆ = F), 


dann L Q(ZX) (ZY) (d.h. H ZX = ZF). 


Reg. O. Wenn X und Y Etwase sind, und + IY, dann - XY. 
(Die Ausdeutung dieser Regel ist das sog. Prinzip von Aristoteles). 

Reg. B. Wenn X, Y, Z Etwase sind, dann H BXYZ == X (YZ). 

Reg.C. Wenn X, Y, Z Etwase sind, dann + CXYZ = XZY. 

Reg. W. Wenn X, Y Etwase sind, dann H WXY == XYY. 

Reg. K. Wenn X, Y Etwase sind, dann }} KXY =X. 

Reg. P. Wenn X, Y Etwase sind, sodass 1) H- X, 2) +} PXY, dann} Y. 
(Dies ist die wohlbekannte Schlussregel). 

Reg. A. Wenn X, Y Etwase sind, sodass 1) FX,2) H Y, dann + AXYY. 
(Diese Regel kann natürlich vermieden werden, wenn in den formalen Ent- 
wicklungen der Theorie geschlossen werden kann, dass für beliebige X, F 


| PX(PY(AXY), 
d.h. in gewöhnlicherer Schreibweise, Í 
X —>(Y—>(X&Y)). 


Aber diese Aussage ist mit der logischen Bedeutung der Implikation unver- 
träglich. Wenn wir diese logische Implikation eintreten lassen wollen, so 
müssen wir P und A als unabhängige Grundbegriffe, und die beiden Regeln 
P und A voraussetzen. [Vgl. Lewis, ©. J—A Survey of Symbolic Logie. 
Berkeley 1918, Chap. V}). 


D. Die EIGENSCHAFTEN DER GLEICHHEIT. 


Satz 1. Wenn X ein Etwas ist, dann + QXX. 


. Beweis: + T1H(W(CQ)) (Ax. Q). 

oe u SEMIODE . (Reg. I, Hp.). 
Aber L O(W(CQ)X) (CQXX) (Reg. W). 

A L OQXX (Reg. Qs). 
Aber t Q(CQOXX) (QXX) ; (Reg. C). 


HOXX w. z. b. w. (Reg. Qı). 


Curry: Grundlagen der kombinatorischen Logik. 523 


Satz 2. Wenn X und Y Etwase sind, und + QXY, 


dann HOYX 
Beweis: -QXY (Hp.) 
a tL O(COXX) (CQXX) (Reg. Qo, Z = CQX). 
Aber L COXX (vorvorletzte Formel im Beweis 
von Satz 1). 
H CQOXY. (Reg. Q). 
tL OYX. w. z. b. w. (Reg. C und Q1). 


Satz 3. Wenn Z, Y, Z Etwase sind, und 1) + QXY, 2) + QYZ, dann 
H QZZ. 


Beweis: + QYZ (Hp. 2). 
H OXY) (QXZ) (Reg. Q2). 
HOXZ w. z. b. w. (Hp. 1 und Reg. Qı). 
Satz 4. Wenn X, Y, Z Etwase sind, und + QXY, dann + Q(XZ) (YZ). 
Beweis: 
HQO(C(B(WE))ZX)(C(B(WK))ZY) (Hp. und Reg. Qe). 
L Q(C(B(WK))ZX) (B(WK)XZ) (Reg. C). 
+ O(B(WK)XZ) (WK (XZ)) (Reg. B). 
| Q(WE(XZ)) (E (XZ) (XZ)) (Reg. 17). 
+ Q(K (XZ) (X2)) (XZ) (Reg. K). 


aus den letzten vier Formeln und Satz 3, + Q(C(B(WK))ZX) (XZ). In 
ähnlicher Weise folgt dass + Q(C(B(WK)ZY) (YZ). 


Aus der ersten und den zwei letzten Formeln und den Sätzen 2 und 3. 
H Q(XZ)(¥Z). w. Z. b. wW. 


Sarz 5. Wenn X und Y Etwase sind, und £ = Y, dann + QXY. 


Beweis: Aus Satz 1 + QXZX. 
Weil Y dasselbe wie X bedeutet, so folgt + QXY. W. Z. b. W. 


Satz 6. Gleichheit ist eine reflexive, symmetrische und transitive Rela- 
tion, und zwar derart, dass aus | X =Y für ein beliebiges Etwas Z folgt 


l- ZX = ZY, und } XZ = YZ, 
und weiterhin aus |- X und j- X =Y, folgt HY. 


Beweis: Dieser Satz ist nur eine Zusammenfassung von Reg. Qı und Q2 
und Sätzen 1-4 inbezug auf C 4. Def. 2 und der Bedeutung von==. Er lässt 
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sich aber auch, abgesehen von der Bedeutung von =, nur mit Benutzung von 
Satz 5 ableiten. Z. B. beweise ich die letzte Behauptung. 


Angenommen +X=Y, 


dann --OXY (C 4. Def. 2, Satz 5, Reg. Q1), 
daher aus HX, 
folgt HY (Reg. Q:). 


Sarz 7. X sei ein Etwas, das aus gegebenen Etwasen X,, Xa, `°, Xn 
(unter anderen) durch Anwendung entsteht, und Y sei der Ausdruck, welcher 
dann entsteht, wenn man X, Äa' "An in X durch Etwase Yi, Yo: > Yn 
ersetzt. Ferner sei für alle i = 1, 2---n entweder HA; = Y; oder + Yi = Xi. 


Dann | X¥=Y. 


Beweis: Wir können annehmen, dass X; nur einmal in X vorkommt, weil 
der Fall, dass einige X; nochmals vorkommen, sich auf den Fall, dass sie 
alle nur einmal vorkommen, durch Vergrösserung des n zurückführen lässt 
(die X, brauchen nicht alle verschieden zu sein). Weiterhin können wir 
uns auf den Fall n==1 beschränken, weil es sonst immer eine Reihe von 
Ausdrücken =X, X, X,‘ + o En == 9) derart gibt, dass Xiu. sich aus Xi 
durch Einsetzung von F; statt X; erzeugt, und wenn wir dann bewiesen 


haben, dass 





- Xi Z> Xis 3 
so folgt H Xo = Xn (Satz 6), 
also + X=) (Satz 5, 6). 
Infolgedessen nehmen wir an, dass Y sich aus X durch Einsetzung von Y 
statt X erzeugt. Dann gibt es zwei Reihen von Etwasen Xj, Ir’ Km, 
Vy, Yat > + Ym derart, dass 
A=, Y, =Y, 
Xin == XiZi, oder Xin == ZiXi, 
und Fia == Y:2;, bzw. Yin = ZY; 
Xm =X, Ym == Y). 


Dann haben wir zuerst H X;—=Y, (Hp., Satz 5,—vielleicht Satz 3), 
und weiter aus | X; = F; folgt | Xin = Fin (Satz 6). 
Daher durch Induktion | Xm = Fm, 


daher LX = Q). w. z. b. w. 
SATZ 8. Die zwei Sätze 1) =) und 2): “Aus den vorangegebenen 


Sätzen der Form X; == Y; kann der Satz | X= allein mit Benutzung von 
Satz 5 und die Eigenschaften der Gleichheit bediesen werden,” sind äquivalent. 
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Beweis: Der allgemeinste Satz der Form X==Y, den wir nach der 
Bedeutung von == aus den vorangegebenen schliessen können, ist ein Spezial- 
fall von Satz 7 mit Gleichheit durch Identität ersetzt. Aber Satz 7 gibt 
auch den allgemeinsten Satz der Form | ¥==Y welcher aus + X; =Y; durch 
Benutzung der Eigenschaften der Gleichheit bewiesen werden kann. Damit 
wird die Behauptung bewiesen. 


Festsetzung 1. Unter 


H X, = X: = X; = Xn 
verstehen wir : 


+ X= X, und + X: = X; und °* und + Xna = Xn; 


(woraus insbesondere folgt |- X, = Xn. Die Eigenschaften werden der Gleich- 
heit hiernach im allgemeinen nicht besonders erwähnt). 


Satz 9. Wenn X ein Etwas ist 


L IX =X. 
Beweis: } IX =— WKX (C4. Def. 3, Satz 4), 
== KXX (Regel W), 
== X (Regel K). 


Bemerkung: Anstatt B, C, W und K hat Schönfinkel K und $ als 
Grundbegriffe gewählt. Dazu gehören die Regeln 
H KXY =X für beliebige Etwase X, Y ; 
+ SXYZ = XZ (Y2) für beliebige Etwase X, Y, Z, 
woraus sich B, C, W und I wie folgt definieren lassen: 
Bz=8(KS)K, C=S(BBS)(KRK), W==8S8(S8K), I=SKK. 


In dieser Weise kann man wohl die Anzahl der Grundbegriffe und Regeln 
vermindern. Der Beweis der Eigenschaften der Gleichheit ist aber etwas 
schwieriger, und man muss vermutlich den obigen Satz 4 als Grundregel 
voraussetzen, 
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KAPITEL II. DIE LEHRE DER KOMBINATOREN. 


A. EINLEITUNG. 


Festsetzung 1. Unter einer Kombination von Etwasen Xi, X2' ' -Xn 
verstehen wir ein Etwas, das sich aus X,- - < Xn durch Anwendung aufbauen 
lässt. Genauer definieren wir so: 

1) Jedes X; (i==1, 2,: +, n) ist eine Kombination von X,’ "Xu 

2) Wenn X und Y Kombinationen von X,,' X, sind, so ist auch 

(ZY) eine solche. 


Festsetzung 2. Unter einem Kombinator verstehen wir eine Kombina- 
tion von B, O, W und K. 


In diesem Kapital untersuchen wir die Kombinatoren als solche. Das 
Hauptergebnis betrifft aber eine Verwandtschaft mit den Substitutionsprozes- 
sen. Es wird gezeigt, dass alle die in der gewöhnlichen Logik durch freie 
Variablen angedeuteten Verknüpfungen sich durch Kombinatoren definieren 
lassen, und zwar so, dass alle die Eigenschaften, die sie dort haben, auch aus 
unserem Grundgerüst ableitbar sind. 

Um dieses Problem schärfer zu formulieren, betrachten wir diese Opera- 
tionen und ihre Ausdrucksweise näher. Es soll genau erklärt werden, was 
sie sind und welche Eigenschaften in Betracht kommen. 

Zunächst dienen natürlich die Variablen nur, dazu, die Leerstelle in den 
verschiedenen Funktionen zu unterscheiden. Infolgedessen darf ich für sie 
eine besondere Bezeichnungsweise fordern, und zwar die folgende: Man 
beginnt mit gewissen Grundkonstanten und Grundfunktionen. In diesen 
sollen die Leerstelle mit den Zeichen sı, 23° * "2, konsekutiv (d. h. ohne 
Auslassungen)* numeriert werden, und zwar in einer Anordnung, die am 
Anfang beliebig zu wählen ist, aber danach festbleiben soll. Dann werden 
die folgenden Operationen für die Erschaffung neuer Funktionen und Aus- 
sagen erlaubt. 


* [Oder genauer, wenn x, als Argument vorkommt, so soll auch ©, fir k <e vor- 
kommen. (P. Bernays) ]. 

In der gewöhnlichen Theorie sagt man zuweilen, dass ese zwisthen #(x,y) und 
¢(y,2) keinen Unterschied gebe, weil es nicht darauf ankomme, wie man die Variablen 
bezeichne. Aber wenn man eine Funktion ¢(s,y) hat, so kann man andere Funktionen 
y(x, y), x(@) definieren, sodass 

ya, y) = „By @) x(a) = „$ (2,5). 
Dann ist der Inhalt meiner Forderung dieser: wenn wir z. B. ¢ mit #(z,,@,) bezeichnen, 
dann werden y und x mit d(2,2,) bzw. $(z,%,) bezeichnet. Natürlich haben wir 
hier im allgemeinen drei verschiedene Funktionen. 
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1) Umwandlung einer Funktion in eine zweite, die sich von der ersten 
nur darin unterscheidet, dass die Variablen anders numeriert sind. Diese 
neue Numerierung soll die obigen Bedingungen der Konsekutivität erfüllen, 
doch ist es erlaubt, Leerstellen, die ursprünglich verschiedene Zeichen trugen, 
dasselbe Zeichen zu geben, aber nicht umgekehrt. Z. B. aus #(2,,22) werden 
(22, %1) und #(2,,2,) durch Umwandlungen geschaffen usw. Die so umge- 
formten Funktionen, die verschiedene Bezeichnungen haben, sind als ganz 
voneinander und von der Ursprünglichen verschiedene Funktionen anzusehen.t 


2) Einsetzung einer Konstanten a für eine Variable a; in einer Funktion 
von n Variablen, wo n =k. Dadurch wird eine Funktion von n — 1 Variablen 
(bzw., wenn n= 1 ist, eine Konstante) geformt. Dies soll in der folgenden 
Weise bezeichnet werden: für s, in der ursprünglichen Funktion soll immer 
a auftreten, für v, mit > k soll &;_, auftreten, während die +; mit îi < k 
unverändert bleiben sollen. 


3) Zusammensetzung einer Funktion von n Variablen mit einer von m 
‘Variablen, durch Einsetzung von dieser als Funktion von m Variablen für 
e (kS n) in jene. Die so gestaltete Funktion soll in der folgenden Weise 
bezeichnet werden: Zunächst setzt man in die zweite Funktion y; für 2; ein, 
dann setzt man den so umgeformten Ausdruck als ein Ganzes in die erste 
Funktion in alle die Stellen ein, wo 2, da erscheint, und endlich formt man 
den resultierenden Ausdruck so um, dass a für i < k unverändert bleibt, 
yt IN Zi übergeht, und z; für i > kin tim. übergeht. Z. B. durch Ein- 
setzung von (22, %4, Tı, 23) für 22 in (2s, Zz, &ı, Le, La, Zs, Te) hat man 
(Xs, Y (Xs, Le, Eo, Ta), Li, (Ls, Ve, Wo, Ta), Le, Lr, Te). (Wenn man eine Kon- 
stante als eine Funktion von 0 Variablen ansieht, so ist der Fall (2) als 
Spezialfali im Falle (3) eingeschlossen). 


Diese Operationen sind die, mit denen wir uns in diesem Kapitel zu 
beschäftigen haben. Die Gesamtheit der Ausdrücke, die sie erzeugen, hat die 
Eigenschaft, dass jede Funktion und jede Aussage, die aus den Grundfunk- 
tionen und Grundkonstanten gebildet werden kann, mit einem und nur einem 
Ausdruck bezeichnet wird. Es kann aber geschehen, dass derselbe Ausdruck 
in mehreren Weisen durch diese Operationen erzielt wird, also dass ganz 
verschiedene Operationsprozesse in dem Sinne äquivalent sind, dass sie das- 
selbe Etwas liefern. Diese Äquivalenzen sind die Eigenschaften, die hier in 
Betracht kommen. 

Diese Ausdrücke lassen sich nun in unsere Schreibweise umformen, wenn 
wir nur die Variablen behandeln, als ob sie Etwase wären. In der Tat geht 
ein Ausdruck der Form f(u, Uz, * * Un) wegen der Ausdeutung der Anwen- 
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dung (als Schönfinkelscher Funktionsbegriff) in (furus- * *un) über. Z. B. 
wird der oben (in 3) betrachtete Ausdruck nach der Umformung 


(his (WAgloTods) Ly (YLL Lot4 ) Cetıke). 


Die neuen Ausdrücke sind also Kombinationen von gewissen Grundfunktionen, 
Grundkonstanten und Variablen. Diese Kombinationen lassen sich aber ferner 
aus Kombinationen von lauter Variablen erschaffen und zwar dadurch, dass 
man in eine der letzten für x, eine Grundfunktion nach dem obigen Prozess 2) 
einsetzt, dann für sə eine Grundkonstante oder Grundfunktion einsetzt, 
u. s. w., bis alle die im betreffenden Ausdruck erscheinenden Grundgegen- 
stände eingesetzt sind. Z. B. wird das oben Geschriebene aus 


(21%, (Lot se0uXe) vs (LotsbalsXo ) LgloFio ) 


durch Einsetzung von œ statt zı und y statt z, erzielt. 

Diese letzte Bemerkung läuft darauf hinaus, dass die Kombinationen 
lauter Variablen Operatoren sind, die aus den gegebenen Funktionen und 
Konstanten alle möglichen abgeleiteten Funktionen und Konstanten durch 
Einsetzung, und zwar die Schönfinkelsche,* hervorrufen. In diesem Kapitel 
zeige ich, dass diese Operatoren nichts wesentlich anderes als eine bestimmte 
Klasse von Kombinatoren sind. In der Tat setze ich zuerst fest, dass ein 
Kombinator Y eine Kombination der Variablen 2, 22° - ‘Za, nämlich X 
dann und nur dann darstellt, wenn es formal,—d.h. durch Behandlung der 
Variablen als Etwase ohne besondere Eigenschaften—folgt, das 


H Frito’ m—=X, 
Dann beweise ich die folgenden Hauptsätze: 


I. Wenn ein Kombinator Y eine Kombination von Zıt2' + "Cu dar- 
stellt, so stellt er nur eine dar (bewiesen in C1). 
II. Zu jeder Kombination lauter Variabler gibt es mindestens einen 
Kombinator Y, der sie darstellt (bewiesen in E1). 
III. Wenn zwei Kombinatoren Y, und Y, dieselbe Kombination lauter 
Variabler darstellen, dann folgt es ohne Gebrauch von Variablen, dass 
+ Y; = Y, (bewiesen in E3).} 


Aus diesen drei Hauptsätzen folgt leicht, was ich beweisen will. Denn 
zunächst wird jeder Ausdruck eindeutig in der Form Yuru’ ` "un, 
WO Uz, U2" * "Un die in dem Ausdruck erscheinenden Grundgegenstände sind, 


* Vgl. oben unter I A. 
+ Mit der unwichtigen Beschränkung dass Y, und Y, eigentlich (s. unten II E) sind. 
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dargestellt, und weiter lässt sich jeder Substitutionsprozess so. durch Kom- 
binatoren definieren, dass aus den Ausdrücken der Form Yuu2- ` ‘Un immer 
neue Ausdrücke derselben Form erzeugt werden. 

Dieses Resultat ist freilich nur ein Spezialergebnis der drei Hauptsätze, 
welche eine gewisse Art von Isomorphismus zwischen Kombinatoren und 
Kombinationen überhaupt aussagen. Mit dem Kombinator K kommen 
Kombinationen mit Auslassungen in Betracht. Wir könnten diese aus- 
schliessen, und nur Kombinatoren, die Kombinationen von B, C, W und I 
sind, betrachten ; aber die allgemeineren Sätze können fast so leicht bewiesen 
werden ais die besonderen, und also habe ich den K behalten. Die Betrach- 
tungen, die den K speziell betreffen, sind unten zuweilen nicht so ausführlich 
angegeben, wie die anderen. 

Eine letzte Bemerkung kommt dazu. In der eben dargestellten Theorie 
wurden bisher Funktionen von verschiedenen Anzahlen von Variablen unter- 
schieden; dagegen ist jedes Etwas wegen Reg. E eine Funktion beliebig 
vieler Variablen. Infolgedessen hat man mit jedem Etwas nicht bloss eine 
bestimmte endliche Anzahl von Leerstellen zu assoziieren, sondern eine un- 
endliche Folge von Leerstellen. Durch irgendeinen der obigen Prozesse wird 
aber nur eine endliche Anzahl von Leerstellen gestört, also haben diese Folgen 
einen besonderen Charakter. Dies erklärt die Tatsache, dass von Abschnitt C 
ab Folgen einer bestimmten Art eine grosse Rolle spielen. 


B. Diz GRUNDLEGENDEN DEFINITIONEN UND SÄTZE. 
§1. Die B Sequenz. 
Def. 1. B, =B; Brn == BBB,, (n=1,2,3,° -). 
Def. 2. B=1. 
Satz 1. Wenn X, Y und Z Etwase sind, dann 
+ Ban X YZ = B, X (YZ), (n=0,1,2,° °°). 


Beweis: Für n=0 folgt der Satz aus Def. 1 und 2, Reg. B, und ID 
Satz 9. 


Es sei n > 0; 
+ Baa XYZ = BBB„XYZ (Def. 1, ID Satz 6), 
== B(B,X) YZ (Reg. B), 
== B A (YZ), w. z. b. w. (Reg. B). 
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Satz 2. Wenn X, Y, 21, Zat + `, Zm Etwase sind, dann 
+ Bumm YZ:Z:' . "Zum = Bn (Y ZZ" x Zm) 
(m = 0, 1, 2,° n=), 1,2, ‘). 


Beweis: Für m=0 klar. Für m =1 folgt der Satz aus Satz 1. 
Angenommen, der Satz sei für m==k bewiesen. Dann wird er für 
m = k -+-1 bewiesen, wie folgt: aus Satz 1 folgt 


F Bnat YZ: ° * Zul = Bnd (YZ) 2223 ° 2 RATAR 
(n=0,1,2° - '). 


Nun in den vorliegenden Satz für m = k setzen wir (YZ) für Y, und Zin 
für Z, ((—1,2,° +, k). Dann 
H BnxX (YZı)222; — ZL == BAX (YZZ ny SS ZL) s 
(n =0, 1,2, °). 
Aus den letzten zwei Formeln folgt der Satz für m == k + 1. Durch Wieder- 
holung dieses Prozesses wird der Satz für ein beliebiges m bewiesen. 
Sartz 3. Sind X, Y, 71, Z2,° + +, Zm Etwase, dann . 
+ BmnX YZZ: ° ‘Zm = Z (YZZ: ia Zm) (m =Q, 1,2,3, * J). 
Beweis: Man setzt n= 0 in Satz 2. 


Satz 4. Wenn eine Reihe von Etwasen X1, Xa, Xs,' ' +, einer Rekur- 
sionsformel, näm., 
F Xna = BXn (n=1,2,3, °°), 
erfüllen, dann 


H- Xaım = Bmăn, (m = 0, 1,2,- "n=l, 83) 


Beweis: Für m = 0 oder m = 1 klar. 
Nun sei der Satz für m = k augenommen. Dann folgt 


H X mikn FE BX n (Hp.), 
= B(BXn) (nach diesem Satz für m = k), 
== BBBıX, (Reg. B), 
= Benin (Def. 1). 


Also kann der Satz für ein beliebiges m bewiesen werden. 


Satz 5. Ist X ein Etwas, dann 


+ Bm(BrX)== BminX , (m, n= 0, 1, 2, 3,° g *). 
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Beweis: Für n = Q klar, weil H B.xX == X. Sonst setzt man: 


Xn= BX, (n =1,2,3,° °°), 
dann 
jH Ara = Band. = BBB,X (Def. 1), 
= B(B,X)—= BX, (Reg. B). 
Der Satz folgt dann aus Satz 4. 
§2. Die Identitätsfunktion. 
Satz 1. + Bal =I, (m =0,1,2,- ++). 


Beweis: In § 1 Satz 4 setzen wir X„==I. Dann 
H Xma = BXn (Ax. I). , 
Daher folgt der Satz aus $1 Satz 4. 


Satz 2. Wenn X ein Etwas ist, dann 


l- B IX =X, (m =1,2,3 "'). 
Beweis: | BIX=IX (Satz 1), 
== XY, (ID Satz 9). 
Sartz 3. + CBI=I. 
Beweis: | CBI=B(BI)I (Ax. ÅL), 
= BII = II (Ax. Ia), 
==]. (ID Satz 9). 


SATZ 4. Wenn X ein Etwas ist, dann gilt + BXI =X, 


Beweis: |- BXI= CBIX (Reg. C), 
—=IX (Satz 3), 
== XY (ID Satz 9). 
Satz 5. Def. 1 von §1 gilt auch, wenn n= 0, d. h. 
+ B, = BBB. 


Beweis: Klar aus Satz 4 und § 1, Def. 2. 


§ 3. Die C, W und K Sequenzen. 
Def. 1. O15=0; Onam BOn, (n= 1,2,3,°*°). 


Satz 1. + BnCn = Cmn, (m= 0, 1,2,°°°5 n—=1, 2, 3,° : ). 
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Beweis: Folgt unmittelbar aus Def. 1 und $1 Satz 4. 
Savz 2. Wenn Xo, Xi, X2,° © +, Xn, Xn, Etwase sind, dann 
H Ondo iXe + ` XnXner = XX K2: > + Xn- nuda 
Beweis: H CnXoXy: + © Xn1XanX ma = Ba101XoX1 + Xna (Satz 1), 


== Ci (XX: X> re es Xana) XnX ass (§ 1 Satz 3), 

= Xo: Zu Xn-AnaA ny (Reg. C). 
Def. R: Wi == W; Wan =BWa, i (n mm 1, 2, 3, ta SE 
SATZ 3. H Bm Wan = Wmm, (m = 0, 1, 2° “rn, n=], 2, 3, ° s J). 


Beweis: Folgt unmittelbar aus Def. 2 und § 1, Satz 4. 
Sartz 4. Wenn Xo, Xi, Xat © + Xn Etwase sind, so gilt 

H WaX ok + Km Koka + t XnaXnAn 
Beweis: Wie der von Satz 2, mit Gebrauch von Reg. W anstatt Reg. C. 
Def. 3. Kı=K; Ku=BK,, (n=1,2,3,° °°). 
SATZ 5. | BmKn == Emm; (m = 1,2,3, +; 2==1,2,3,°°°). 
Sarz 6. Wenn Xo, X1, Xa + + Xn Etwase sind, so gilt 

H- Kno XX" In = Xk Xo: + + Xn. 

Beweis: Wie der von Satz 2 mit Gebrauch von Reg. K anstatt Reg. C. 


§ 4. Das zisammengesetate Produkt. 
Def. 1. Wenn X und Y Etwase sind, (X-Y)=BXY. 


Satz 1. Sind X, Y, Z Etwase, dann H(X- Y)Z =X(YZ). 


Beweis: Folgt aus Def. 1 und Reg. B. 


Def. 2. Wenn X und Y Bezeichnungen fiir Etwase sind, und keine von 
den beiden von der Form (U == V) oder (U: V) ist, so dürfen wir in einer 
Bezeichnung wie X-Y die äusseren Klammern von X und F fortlassen. 


, SATZ 2. Sind X und Y Etwase, dann gilt 
+ B(X-Y)= BX: BY. 
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Beweis: 
(1) FB(X:-Y)=B(BXY) (Def. 1), 
= B,BBXY (8 1, Satz 3). 
(2) HBX-BY=B(BX)(BY) (Def. 1 und 2), 
= B,X(BY) (§ 1, Satz 5, m = n= 1), 
== B,XBY (§ 1, Satz 2, m= 1, n == 2), 
`~ = CB,BXY (Reg. C). 


Nun aus § 1, Def. 1, 
+ OCB;B = O (BB (BBB) )B, 
daher aus Ax. B 


(3) + CB,BXY = B(BB)BXY 
= B,BBXY (81, Satz 5). 


Aus (1), (2), (3), wird der Satz bewiesen. 


Satz 3. Das Produkt (X b ) ist assoziativ, d. h., wenn X, Y, Z Etwase 
sind, se gilt 
-X:.(7-Z)=(X 7) 2. 


Beweis: 
-X-(Y-Z)=B(X-Y)Z (Def. 1), 
= (BX: BY)Z (Satz 2), 
= BX (BYZ) (Satz 1), 
=X-(Y-Z) (Def. 1). 
Satz 4. Wenn X ein Etwas ist, so gelten 
1) HI’ X=X, 
ENTER 


Beweis: Folgt aus Def. 1 und $2, Sätze 2 und 4. 
SATZ 5. H Bun" Ban == Bann; (m,n—1, 2, 3," g “Je 


Beweis: Für m==1 folgt aus Def. 1 und § 1, Def. 1. Ist nun der Satz 
für m = k bewiesen, dann folgt 


+ Bar‘ Bn==(B Br) ' Ban (nach diesem Satze für m == 1), 
== B+ (By: Bn) (Satz 3), 
== B+ Baw (nach diesem Satze für m == k), 
== Bastar, (nach diesem Satze fiir m == 1). 


Dadurch wird der Satz ftir ein beliebiges m bewiesen. 
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Satz 6. Sind X und Y Etwase, dann gilt, 
HBn( X: Y)= Bak: BnY, (m = 1, 2, 3, ‘). 


Beweis: Für m = 1 ist der Satz mit Satz 2 identisch. Nun sei der Satz 
für m = k angenommen, dann wird er für m = k + 1 bewiesen, wie folgt: 


+ Ba(X-Y)=B{Bu(X-Y)) (81, Satz 5), 
== B(B,X ` BY) (nach diesem Satze für m = k) 
= B(B,X)-B(B:Y) (Satz 2), 
= Bin X Bau, (81, Satz 5). 


SATZ 7, + BmBn* By Bp = BmBn+p (m, n,n,—0,1,%,° © `). 


Beweis: Folgt aus Sätzen 4,* 5, 6. 
Def. 3. Sind. X, Xo,-.* +, Xn Etwase, dann 


(Ki: 24:8, - Xal: *(((Xi+ Z) Z) Xa) ` Xa). 


Festsetzung: Da ich die Assoziativität des Produkts (X: Y} bewiesen 
habe, brauche ich diese Tatsache nicht immer explizit hervortreten zu lassen. 
Im Gegenteil werde ich die Form der Def. 3 benutzen, und dann habe ich 
ein Recht, Klammern nach Belieben einzusetzen. Die Def, 3 setzt aber an 
sich die Assoziativität nicht voraus, und wird benutzt, wo die Assoziativität 
nicht behauptet ist (z. B. s. die nächste Nummer). 


85. Die Axiome in der neuen Darstellungsweise. 


Satz. Wenn man die Definitionen von $8 1-4 berücksichtigt, nehthen die 
kombinatorischen Axiome die folgende Gestalt an: 


a. Kommutative Aziome. 
Ag. B. H CBB = BB: B. 
Az. C. + CB,C = BC: B}. 
Ax. W. H CBW = BW: Ba. 
Az. K. HOBK=BK-I. 
Az. l. + CBI = BI: TI. 


b. Transmutative Axiome. 
Ag. (BC). | Bı: 0ı = C2: Cy: BB. 
Az. (BW). Bı: Wi = Wa: Wi- Oot B-B-B. 
Ag. (BK). H By: Kı == Ki: Ky. 


* Satz 4 ist nur wenn n=0 oder p==0 notwendig. 
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Ag. (00). + Cy: Cy = Bil. 

Az. (00). + Op: Ci 0a = 0:05: Cr. 
As. (CW). + 0i: Wi Wa: O3 Oa. 
Ar. (CK). + Gy: Ki = Ko. 

Aa. (WC). H WG = Wi. 

Az. (WW). H Wi: Wi Wi: Wo. 

Az. (WK). + Wi: Ki = BI. 


c. Andere Aziome. 
Az. In. Fr BI = 1. 


Bemerkungen über die Bedeutung dieser Axiomen. Diese Axiomen haben 
einen Vertauschbarkeitscharakter, d. h., sie sagen aus, dass gewisse Ausdrücke 
in zwei Weisen gebildet werden können. Z. B. kann der Ausdruck 


LoL; (Liz) 
aus dem Ausdruck 
TotıToatz 


in den folgenden zwei Weisen gebildet werden: 1), man setzt zunächst die 
Klammern ein, und führt dann eine Vertauschung aus, oder 2), man macht 
zuerst eine Vertauschung und dann eine Einsetzung von Klammern. Diese 
zwei Konstructionsweisen entsprechen den zwei Darstellungen 


(B . C) Volz LoVe 
(C j Cı E BB) LoV1 Los 


die nach Ax. (BC) gleich sind. Ebenso sagen die sämtlichen transmutativen 
Axiomen eine Vertauschbarkeit aus. Dass die kommutativen Axiomen in 
dieser Hinsicht nicht wesentlich verschieden sind, folgt aus II D2, Satz 1 
(s. unten). 

Der Unterschied zwischen den kommutativen und transmutativen 
Axiomen liegt darin, dass die Kombinatoren, deren Vertauschbarkeit durch 
jene Axiomen ausgesagt wird, nicht miteinander übergreifen. Um dies zu 
erklären, setzen wir voraus, dass für einen Kombinator X gilt 


j totrt * ` Em == Toyo * Yn 
WO Yı, Y2,° * *, Yn Kombinationen von a, La,* * *,2m sind. Ist Y irgendein 
* Diese Gleichung ist in dem Sinne zu verstehen, dass die Variablen wie beliebige 


Etwase betrachtet werden. 


7 
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Kombinator der Form BaZ, so ist es ersichtlich, dass Y auf Variablen wirkt, 
die durch X nicht gestört werden, und umgekehrt; also muss eine Gleichung 
der Form 

Buf: X =X: BL 


inhaltlich richtig sein. Diese Gleichung sagt aber eine Vertauschbarkeit der- 
jenigen Art aus, welche aus den kommutativen Axiomen folgt. Die trans- 
mutativen Axiomen haben aber den entgegengesetzten Charakter. Z. B. wirken 
die zwei Kombinatoren B und O, die auf der linken Seite des Az. (BC) 
erscheinen, auf dieselben Variablen, näm. z, und 2. 

Das Ax I, ist ein Axiom ganz anderer Art. Seine wesentliche Bedeutung 
ist dass es uns ermöglicht, die Gleichheit von Kombinatoren zu beweisen, die 
im Sinne von II C1 (unten) derselben Folge von lauter Variablen, aber mit 
verschiedenen Ordnungen entsprechen— was sonst unmöglich wäre (II C1, 
Satz 6). D. h., dieses Axiom sagt aus, dass ein Kombinator unabhängig 
davon zu verstehen ist, wie viele Variablen hinzuzufügen sind, damit eine 
Reduktion auf eine Kombination von lauter Variablen sich vollzieht: 


A Property of Unbounded Continua, with 
Applications.” 
By W. A. WILSON. 


1. A great part of the theory of continua is valid only if the continua 
under discussion are bounded. This is primarily due, of course, to the fact 
that for unbounded sets it is not necessarily true that every infinite set has 
at least one limiting point. Hence such fundamental theorems as the Cantor 
divisor theorem and the existence of various kinds of irreducible continua 
fail.t However, many theorems which are true only for bounded continua 
are readily generalized for the unbounded case by the imposition of suitable 
restrictions. The favorite tool used for such extensions has been the method 
of inversion. 

It is the purpose of this article to call attention to a property of un- 
bounded continua (§ 2) which is useful in investigations of this kind and 
to give applications of it to irreducible continua and the separation of the 
plane. It is possible that this property has been noted before by other 
students of the subject (Cf. the article by Knaster and Kuratowski referred 
to above and the article by Szymanski referred to in § 5), but, to judge by 
the literature, it has been discarded as of no importance. The material of 
88 2-5 is valid in any metric space for which the Bolzano-Weierstrass property 
that every bounded infinite set has at least one limiting point holds; for the 
sake of brevity such a space will be called a W-space. 


2. THEOREM. Let {Xi} be a sequence of continua lying in a W-space 
and let the upper closed limit K of the sequence be a non-void. Let each X; 
be unbounded or let the diameter of X; increase indefinitely with i. Then 
K is an unbounded continuum or a closed set each component of which is 
an unbounded continuum. 


* Presented to the American Mathematical Society, December, 1929. 

7A conspicuous exception is that in a metric connected space, which is every- 
where locally connected and in which every bounded infinite set has one or more 
limiting points, every closed cut between two points contains an irreducible cut 
between the points. 

+ The principal properties of inversion may be found systematically worked out 
in the following articles: C. Kuratowski, “Sur la méthode d’inversion dans l’Analysis 
Situs,” Fundamenta Mathematicae, Vol. 4, pp. 151-163; and B. Knaster and C. Kura- 
towski, “ Sur les continus non-bornés,” Ibid., Vol. 5, pp. 23-58. 
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Proof. Let us assume the opposite, namely that K has a bounded com- 
ponent A. Let «> 0, S denote the set of points whose distances from A 
are less than e, and F be the frontier of 8. By the definition of upper closed 
limit there is for each point a of A a partial sequence {t} of {i} and a set 
of points {av } such that each ar lies in X; and ay —>a. For i large enough 
every æy lies in S and Xy contains points not in 5. Since § is bounded, 
A; contains a sub-continuum F; contained in § and joining ay to a point 
yi of F. Since the union of the continua {Yi} is bounded, the upper 
closed limit of the sequence {Y;’} is non-void and is a continuum joining a 
to a point yon F. But, as Y C K, it follows that Y CA. This is a con- 
tradiction, for A C § and y lies in F. 


COROLLARY. Let {X;} be a monotone decreasing sequence of unbounded 
continua lying in a W-space and let D be their divisor. If D is not void, 
it is an unbounded continuum or a closed set of which each component is an 
unbounded continuum. 


Note 1. If in the above theorem we impose no restrictions on the 
diameters of the continua {X;}, but require that the lower closed limit of 
the sequence be non-void, we find that K is either a continuum or a closed 
set of which each component is an unbounded continuum. The proof is a 
modification of that given above. 


Note 2. A consequence of the above corollary is that in C. Kuratowski’s 
decomposition of the irreducible continuum into tranches," each tranche is 
a continuum or a closed set of which each component is an unbounded 
continuum. 


3. A generalization. It is convenient to say that an unbounded con- 
tinuum containing points of a set « joins æ to ©. If a continuum K joins 
a set « to œ and no proper sub-continuum has this property, K is called 
irreducible between a and œ. If a continuum is irreducible between two 
sets « and £, and also between « and oo, we say that it is irreducible between 
«and 8+ œ. The following examples, all of which are sets in the Cartesian 
plane, make this notion clearer. 

Example I. Let H be the set defined by 0 < z = 1 and y=1/z. Then 
H is a continuum irreducible between (1,1) and œ. i 

Example II. Let K be the set defined by 0< z &1 and y = 1/7 sin? (x/z). 


* Theorie des continus irréductibles entre deux points II,” Fundamenta Mathe- 
meticae, Vol. 10, p. 254. 
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Then K is not a continuum, although it is homeomorphic with the set H 
in Ex. I. 

Example III. Let P—, where K is the set in Ex. II. Let «=(1, 0) 
and 8 be any set for which z=0 and y20. Then P is a continuum 
irreducible between « and 8 +o. 

Example IV. Let P be as in Ex. III and Q be the set symmetrical to P 
with respect to the origin. Set M = P 4+- Q, «a=(1,0) and 8 =(— 1,0). 
Then M is a continuum irreducible between « and 8, but not between @ or 
ß and œ. 

Example V. Let M be defined thus: for z=0 and s= 1, y= 0; for 
z= 1/n and z= 1 — 1/n, 0S y Sn; for 1/n < xr < 1— in, y=n; for 
1/ (2n +1) < z < 1/2n and 1 — 1/(23n + 1) < x < 1—1/ (2n + 2), y =0. 
(Here n== 1, 2,---) Then the continuum M contains no continuum irre- 
ducible between a set « on the line s= 0 and a set 8 on the line #1; 
but, if y is any bounded closed sub-set which has no points on the lines g = 0 
and «== 1, M contains a sub-continuum irreducible between y and æ + 8 +o. 

It is a simple matter to show that, if K is a continuum irreducible 
between a point a and œ, and is everywhere locally connected, then K is the 
homeomorphie image of a ray. Furthermore, if K is simultaneously irre- 
ducible between the sets g and ß, between « and œ, and between 8 and œ, 
it is indecomposable. 


4, THEOREM. Let the unbounded continuum M lie in a W-space and 
contain points of the bounded closed set a Then M contains a continuum 
irreducible between a and œ. 


Proof. Brouwers theorem for establishing the existence of closed sets 
irreducible with respect to a property is valid here. For, if {K;} denotes any 
descending sequence of sub-sets of M, each of which contains points of « 
and has only unbounded components, and D is the divisor of this sequence, 
we have these results: D-a=40, since each set «:K; is a bounded closed 
set; D need not be a continuum, but the components of D are all unbounded 
continua by § 2 and at least one of them contains points of «. 


Note. This theorem need not be valid if & is unbounded or not closed. 
For example, let M be the positive half of the a-axis and «== {n}, where 
m=1,2,°°°, 


5. THEOREM. Let M be an unbounded continuum in a W-space which 
contains points of the bounded closed sets « and B. Let M have a sub- 


? 
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continuum C which contains points of a and B, but does not contain two 
sub-continua without common points which join a and B, respectively, to œ. 
Then there is a sub-continuum of M irreducible between a and B. 


Proof. The method of §4 applies. For, if {Ki} is a descending se- 
quence of sub-continua of O which contain points of « and £, and D is the 
divisor of this sequence, D contains a continuum joining « to £, as otherwise, 
by §2, it would have at least two unbounded components, one containing 
points of «, and the other points of ß. 


Note. The condition given in the above theorem is obviously not neces- 
sary. It is closely related to a lemma proved by P. Szymanski ł by means 
of inversion, which may be stated thus: Let A and B be closed sets and 
A be bounded; let S be a closed set such that S-As40>548-B and there 
is no decomposition of S into two closed sets M and N such that M:-N=M-B 
==N-A=0Q. If S contains no sub-continuum joining A to B, then § con- 
tains an unbounded continuum K such that KA £0. 

6. Some properties of inversion. If A is a set in a Euclidean space and 
v is a center of inversion not on A, the inverse of A will be denoted by A*; 
whence A**== A. This notation and the properties of inversion obtained in 
the articles of Knaster and Kuratowski referred to in § 1 will be freely used 
in the following sections. 

The following theorems regarding irreducible continua in Euclidean 
spaces are easily demonstrated : 


I. Let « be a bounded closed set, M a continuum irreducible between 
a and ©, and v a point not on M+ a. Then M*--v is a continuum . 
irreducible between a* and v. 

II. Let the bounded continuum M be irreducible between the closed 
sub-sets « and B, and v be a point of B. Then (M—v)* is an unbounded 
continuum irreducible between a* and (8B —v)* + œ. 

III. Let the bounded continuum M be irreducible between the closed 
sub-sets « and B, and v be a point of M—(a+ B). If M—v is connected, 
(M —v)* is an unbounded continuum irreducible between a* and ß*. If 
M—v is not connected, (M—v)* is the sum of two continua P* and Q* 
without common points, which are irreducible between a* and B*, respectively, 
and œ. 


These theorems lead at once to the following definitions. Let the set M 


1“ La somme de deux continus irréductibles,” Fundamenta Mathematicae, Vol. 11, 
p. 7. 
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have points in common with each of the sets « and 8. Then M is called 
unstable with respect to « and B, if it contains two unbounded continua P 
and Q such that P-Q=0, P:a=540, and Q:Bs£0. Otherwise M is 
stable with respect to the two sets. This distinction is of especial importance 
in the inversion of irreducible continua, as is shown by the following theorem, 
which is a modification of one by P. Szymanski (loc. cit, p. 7). 


IV. Let the unbounded continuum M be irreducible between the closed 
sub-sets œ and B. Let v be a point not on M. For M* + v to be irreducible 
between a* and B* it is necessary and sufficient that M be stable with respect 
to x and ß. 


7. Separation of the plane. Since the property of being an irreducible 
cut of the plane is an invariant under inversion, the theorems of the previous 
section enable one to extend to unbounded continua certain theorems re- 
garding frontier sets in the plane.* 


THEOREM. Let n = 2 be an integer and let the unbounded continuum F 
be the union of two continua H and K having one of the following sets of 
properties: (1) H-K is the sum of n—-1 bounded closed sets {ai} and 
H and K are irreducible between each pair of the sets {a;} and between each 
a; and œ; (2) H-K is the sum of n bounded closed sets {ai}, H and K are 
irreducible between each pair of these, H is bountled, and K is stable with 
respect to each pair; or (3) H: K is the sum of n—1 bounded closed sets 
{a:} and another closed set B, and both H and K are irreducible between 
each pair of sets {ai} and between each a and B-+- œ. Then F is the 
frontier of at least n components of tts complement. 


Proof. Invert the plane with respect to a point v not on F. In Case 1, 
H and K are stable with respect to each pair of closed sets {ai}; hence by § 6, 
Theorems I and IV, H* + v and K" +v are irreducible between each pair 
of the n closed sets v and {o;*}, while (H* + v):(K* + v)= v + 3,7 1a,*. 
In Case 2 for like reasons H* and K* + v are irreducible between each pair 
of the n closed sets {#;*}; and A*-(K* + v)= 3,"0;”. In Case 3 both 
H and K are stable with respect to each pair of the n sets 8 and {a:}. Hence 
H* + v and K* + v are irreducible between each pair of the n sets {@;*} and 
B* +v, while (H* + v):(K* + v)= A*- K* + v= B + v + Syria". 

Thus in every case F|! + v is the union of two bounded continua whose 
divisor is the sum of n closed sets between each pair of which both continua 
are irreducible. Hence F* + v is the frontier of at least n components of its 


"W. A. Wilson, “On Bounded Regular Frontiers,” Bulletin of the American 
Mathematical Society, Vol. 34, p. 86, and ©. Kuratowski, “Sur la séparation d’en- 
sembles situés sur le plan,” Fundamenta Mathematicae, Vol. 12, p. 235. 
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complement by the theorem cited in the foot-note above, and by inversion 
this is also true of F. 


THEOREM. Conversely, let F be a decomposable unbounded plane con- 
tinuum which is the frontier of n (= 2) components of its complement. Then 
F satisfies one of the sets of conditions of the previous theorem. 

Proof. Invert with respect to a point v not on F. Then F* -+v is a 
decomposable bounded regular frontier which is the union of two continua 
E and K’ such that H’- K” is the sum of n closed sets {a;’} between each 
pair of which both H’ and K’ are irreducible. There are four cases. 

I. Some «;’, say an’, is the point v. Invert with respect to v again, 
setting H=(H’—v)* and K=(K’—v)* Then H- K == $, te, where 
a,==a,/* and each &; is bounded. By § 6, Theorem II, both H and K are 
irreducible between each pair of the sets {a;}, i=n—-1, and between each 
œ; and ©. Thus we have Case 1 of the previous theorem. 

II. wis a point of some a’, say of on’, and ax —v 5&0. Proceed as 
in the first case, setting 4 = a" for i< n, and m ==(¢n’—v)*. Since 
Gn’ is closed, so is &a. Here H: K = S."a;, and H and K are irreducible 
between each pair of the sets {a,} for i < n, and between each & for i < n 
and &n + œ. Thus we have Case 3 of the previous theorem, 

III. The point v lies in H — H’- K or in K’ — H’-K’, say the latter, 
and does not disconnect K’. Invert again, setting H=H’* and K =(K’— v)*. 
Then each a; = «;’* is a bounded set and both H and K are irreducible 
between each pair of the sets {a}. As H’-v=0, H is bounded. As 
K’ = K* +-v, K is stable with respect to each pair of the sets {a;} by § 6, 
Theorem IV. Thus we have Case 2 of the previous theorem. 

IV. The point v lies in K’— H’: K’, as above, and disconnects K”, 
Then K’ is decomposable, and this can only happen when n==2. This gives 
K =P + R, where P’: Q’ =v and P’ and Q’ are continua irreducible be- 
tween a,’ and æy, respectively, and v. Then F*-+v0—P’+(H’+Q’), 
P (E + Q’)= a,’ +, and the continua P’ and H’ + Q’ are irreducible 
between «,’ and v. Invert again, setting P == P*, H+Q=—(H’+q’)*, 
and a, = &*. Then P: (H+ Q)—a, and both P and H + Q are continua 
irreducible between a, and œ by §6, Theorem II. Thus we have Case 1 
of the previous theorem once more. 

Remarks. At first sight the three sets of conditions satisfied by the 
frontier in the above theorems appear to be unnecessarily complicated. But 
examples can be constructed showing the effectiveness of each set of conditions; 
it does not seem worth while, however, to give a full set of these, since for 
the case that n = 2 we can find examples for all three sets by merely modi- 
fying the familiar graph of y = sin 1/z. 
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Centers of Symmetry in Analysis Situs.” 


By Harry MERRILL GEHMAN, 


1. Introduction. 'The results of this paper were suggested by the fact 
that a simple continuous arc is “symmetrical” with respect to any one of 
its interior points in the sense that the complement of an interior point con- 
sists of two mutually separated sets which are homeomorphic ł in such a way 
that the homeomorphism between them can be extended to the center of 
symmetry. 

A new characterization of a simple continuous are is given in Part 5, 
using the type of center of symmetry which I have called a “symmetrical 
cut point.” 


2. Symmetry in a Euclidean n-Space. Thruout the present section, let 
M denote a point set lying in an n-dimensional Euclidean space 8. We shall 
say that P is a center of symmetry of M (in the sense of Analysis Situs), 
if there exists in S an n-dimensional rectangular coördinate system T having 
P as origin, which has the property that if A ==(a1, %,: * *, 2n) is a point 
of M, then Ap==(— tı, — Ta ' + *,-~-@n) is also a point of M. It will 
be convenient to refer to A and Ar as a pair of corresponding points. If P 
is itself a point of M, the points P and Pr are identical, but in all other 
cases, the points of a pair of corresponding points are distinct. 

From this definition of center of symmetry, a number of obvious theorems 
can be deduced, of which the two following are of some interest. 


THEOREM 1. If Pisa center of symmetry of the point set M, and if 
P is neither a point nor a limit point of M, then every point within an 
n-dimensional sphere enclosing P but enclosing no point of M, is also a 
center of symmetry of M. 

This is true because a new coordinate system 7” can be set up, which 
effects a change of origin from P to any other given point within the sphere, 
but does not affect the coördinates of points on and outside the sphere. 


THEOREM 2. If Pisa center of symmetry of M and if (M + P)— P 


* Presented to the American Mathematical Society at Ann Arbor, Michigan, on 
November 29, 1929. 


t The sets M, and Af, are said to be homeomorphic if there exists a continuous 
(1—1) correspondence II such that ID (df,) = af. 
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is expressed in any way as the sum of two sets M, and M, which are such 
that neither set contains both points of any pair of corresponding points, 
then there exists a continuous (L— 1) correspondence II having these proper- 
ties: II(S)== 8, U(M)= M, T1(M,)— M, U(P)=P, and I1-1(A)== (A), 
for each point A of 8. 


The proof of this theorem is obvious, since the correspondence may be 
defined as a reflection of space about P as center, with respect to the codrdinate 
system T. 


8. Symmetry in a Point Set. Thruout the remainder of this paper, 
we shall let M denote a point set which comprises the totality of points under 
consideration. That is, M is now thought of as a “space,” and no properties 
are assumed of another space within which M may lie. Center of symmetry 
cannot now be defined thru the intermediation of a coördinate system, and 
we shall use instead certain properties of continuous (1 — 1) correspondences 
as a basis for our definition of center of symmetry. 


Definition. We shall say that the point P is a center of symmetry of M, 
if M—P can be expressed as the sum of two mutually exclusive sets M, 
and M, which are such that there exists a continuous (1— 1) correspondence 
II having the properties: IL(M)= M, I(M,)=M,, N(P)= P, and IT!(A) 
= JI(A), for each point A of M. 

It might be interesting to point out in connection with this definition 
that if PQ is a simple continuous arc, and M denotes the set PQ — Q, then 
M — P may be expressed as the sum of two sets M, and M, and a continuous 
(1— 1) correspondence II may be defined in such a way that all the proper- 
ties of this correspondence that are necessary to make P fulfill the definition 
of center of symmetry of M, are fulfilled, excepting the last. This is illus- 
trated by the following example. 


Reample 1. On the «x-axis, let M denote the set of points 0S¢< 1. 
Let P be the origin. Let P; (i=1, 2,-+ +) be the point 1/2*, and let 
Qi (i= 1, 2,-- -) be the point 1—(1/2**1). Let M, consist of the points 
Po; and Qz: and the segments Q:Pi, PaPe QeinQei, for i—1, 2,°°°. 
Finally let M,—If—P-——M,. We shall define the continuous (1— 1) 
correspondence IE as follows: If 0 Sv 1/2, then II(v)== 2/2; if 1/2 
Se 3/4, then I(x) —2e—(1/4); if 3/4 Sr <1, then H(r)= 2e—1. 
It is easily seen that U(M)=M, N(M,)=M, U(P)=P, but T!(A) 
O(A) for each point of M— P. 
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4, Symmetrical Cut Points. We shall say that the point P is a sym- 
metrical cut point of M, if M—P can be expressed as the sum of two 
mutually separated sets M, and M,, which are such that there exists a con- 
tinuous (1—-1) correspondence ® having these properties: @(M,-+ P) 
== M, + P and 6(P)—P. 


THEOREM 3. If P is a symmetrical cut point of M, then P is a center 
of symmetry of M. 


Proof. If P is a symmetrical eut point of M, a continuous (1—1) 
correspondence II can be defined thus: for each point A of M, + P, (A) 
== (A); for each point A of M., Il(A)==@1(A). The correspondence 
U as defined thus has the properties that are necessary in order for P to be 
a center of symmetry of M. 


e 


THEOREM 4. If M is a poini set containing two points P and Q such 
that (1) M — P is not connected and can be expressed as the sum of two 
mutually separated sets M, and M, which are homeomorphic, and (2) M — Q 
is connected, then M is connected. 


Proof. Since M—P is not connected and M—Q is connected, the 
points P and Q are distinct. Hence the set M — P = M, -+ M, contains Q, 
and is accordingly not vacuous. But since M,M,—0 and M, and M, are 
homeomorphic, it follows that M — P contains at least two points. Hence 
M —(P +0) is not vacuous. 

Suppose M, is the set containing Q, and let R be the point of M, which 
corresponds to Q under the correspondence between M, and M,. If Q is 
not a limit point of M — Q, it is not a limit point of Mı — Q, and hence 
R is not a limit point of M, — R. But in that case, the set M — Q can be 
expressed as the sum of the two mutually separated sets (M,—Q)-+P 
+(M,—R) and E. But this is impossible, since by hypothesis M — Q is 
connected. 


Therefore Q is a limit point of the connected set M — Q, and the set M 
is connected. 


COROLLARY 4A. If P is a symmetrical cut point of M, and M contains 
a point Q such that M — Q is connected, then M is connected. 


THEOREM 5. If the point set M contains two distinct points A and B 
such that (1) M—A—B=0, (2) every point of M — A — B is a sym- 
metrical cut point of M, and (3) M — A is connected, then M is irreducibly 
connected between A and B. 
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Proof. Let P be a point of M—A-—B. Then by (2), P is a sym- 
metrical cut point of M, and by (3) and Corollary 4A, M is connected. 

Let M, be that one of the subsets of M — P which contains A. If the 
set M, + P—A were disconnected, it could be expressed as the sum of the 
two mutually separated sets H, and Ha, where Ha contains P. But in that 
case M — A =(M,+ P + M:)— A=(Mı+ P—A)-+ M, could be expressed 
as the sum of the two mutually separated sets H, and H: + Mz, contrary to 
(3). Hence M, + P— A is connected. 

Hence $(M, + P— A)= M: -+ P— (A) is connected. Since (A) 
Æ P, it follows that M — (A) is the sum of the two connected sets M, + P 
and Ma + P— (A) having P in common, and M— (A) is therefore con- 
nected. It follows from (2) that 9(A)=B. Hence M—B is connected 
and B is a point of Mz. 

In other words, each point P of M — A — B separates A and B in M, 
and hence M is irreducibly connected between A and B. 


5. A New Characterization of a Simple Continuous Arc. If M is a 
simple continuous are from A to B, the hypotheses of Theorem 5 are obviously 
satisfied. The following example shows however, that a set may satisfy these 
hypotheses, without necessarily being an arc. We give in Theorem 6, certain 
additional conditions which are sufficient to characterize an are. 


Example 2. Ina plane, let A ==(1,0), B==(— 1,0), Pn =(n/n + 1,0), 
Qn==(—n/n-+1, 0). Let En be the curve y= sin 1/(n@-+¢—n) 
(na + 2a—n—1), for n/n. A+l<e<n+1/n—+2, and let Fa be the 
curve y = sin 1/ (ng + s + n) (nz + 2g +- n + 1) for—(n+1)/n+2<2 


<—n/n+1 eeue Sea). It ly 
i=0 


seen that M is irreducibly connected between A and B, and that every point 
of M — A — B is a symmetrical cut point of M. 


THEOREM 6. These three conditions are logically equivalent: 


(a) M is a simple continuous arc from A to B; 

(b) M is a closed point set containing two points A and B such that 
M—A—B=#0, every point of M—A—B is a symmetrical 
cut point of M, and M — A is connected; 

(c) M is a regular (connected im kleinen) point set containing two 
points A and B such that M — A—B=>£0, every point of 
M—A—B is a symmetrical cut point of M, and M—A is 
connected. 
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The equivalence of conditions (a) and (b) follows from Theorem 5 and 
theorems due to Lennes and Hallett.” The equivalence of (a) and (c) follows 
from Theorem 5 and a theorem due to G. T. Whyburn.t 

In comparing characterizations (b) and (c) with the previously known 
characterizations of an arc, it will be noted that boundedness is not assumed, 
nor is connectivity explicitly assumed. In many respects it resembles the 
characterization of Sierpinski,f with the homeomorphism of M, +P and 
M,-+ P taking the place of Sierpinski’s condition of boundedness. 


6. Symmetrical Cut Points of an Unbounded Continuum. Every point 
of an open curve M is a symmetrical cut point of M, but if it is known that 
every point of an unbounded continuum M is a symmetrical cut point of M, 
it does not follow that M is an open curve, as the following example will show. 


Example 3.8 In a plane let K denote the positive half of the z-axis 
including 0. Let Kiss (j= 0, +1) denote the point set consisting of 
the segment from (1, 0) to (2, 7) and all points of the line y =} for a= 2. 
Let Ka; (1 = 0, +1; j=0, +1) denote the set consisting of the segment 
from (3, i) to [4, (3t + 7)/3] and all points of the line y=(3t + 7) /3 for 
z2=4. Continue this process. In general, let Ku; [i= 0, = 1, + 2, +>, 
+ (3% 1—1)/2; j= 0, +1] denote the set consisting of the segment from 
(2n —1, i/3”2) to [2n, (3: +5)/3”1] and all points of the line 

n=00 i=+Rn j=+1 


y—(3 + 3j)/3"1 for r= 2n. Lt N=K+ X D N Kun where Bn 


n=l i=Rn j=-1 
= (371 — 1) /2, and let N; denote the set obtained by rotating N in the plane 
about the origin as center thru an angle of wi/2. 

Jf M = N, + Ni + Nz + Ns, then M is an unbounded continuum, every 
point of which is a symmetrical cut point of M. 


UNIVERSITY OF BUFFALO, 
BurraLo, New YORK. 


*N. J. Lennes, American Journal of Mathematics, Vol. 33 (1911), p. 308; G. H. 
Hallett, Jr., Bulletin of the American Mathematical Society, Vol. 25 (1919), p. 325. 

{ Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 688. 

t Annali di Matematica, Ser. 3, Vol. 26 (1916), pp. 131-150. 

§ The example is due to Professor J. R. Kline. In describing it, I have made use 
of the description of a more general set by W. L. Ayres. See his paper in Monaishefte 
fiir Mathematik und Physik, Vol. 36 (1929), p. 136. 


The Real Unit Segment as a Number Field. 
By E. T. BELL. 


In constructing an arithmetic of symmetric functions, it became necessary 
to devise an algebra, analysis and arithmetic of the numbers in the closed 
interval‘[0, 1] isomorphic to the like, as commonly understood, for the closed 
interval [— œ, + co]. As the solutions are of interest in themselves, one 
is given here independently of its applications. 


1. Consider the real function R(t), 
R(t)=1/2 + (1/7) tant, |tamtt#|Sa/2, — o StS+ o. 
Then the real function R-1(¢) inverse to R(t) is 
R-(t)= — cot rt, 0OSitsl; 


and 
OSR()S1, —woSki(t)S+ a. 
If a, b are any real numbers, R(a-+-b), R(a—b), R(a-b), R(a--b) are 
real numbers (b =£0 in the last). 
We now define the operations | + |, | | upon the numbers R(t) by 


R(a) |+|R(b)=R(a+ b), 
R(a) | | R(b)—= R(a-b). 


Hence the inverse, | — |, of | + |, and the inverse, | -+ |, of |-|, are given by 
R(a)|—| R(ib)=E(a—b), 
R(a) |+| R@)=R(a+b), 


in the last of which b 40. 
Write B(a)== a, R(b)= 8 for the moment. Then 0S4 51,0 S 8S1, 
a = E> («), b= R (8). Hence, from the definition of | + |, it follows that 


a |+ | 8— BIR (a) + R-(8)], 
= 1/2 —(1/r) tan“ [cot ra + cot r8],* 


and similarly for |—|, |-|, ||. 
The open interval derived from [0,1] by omitting both end points 0, 1, 
will be denoted by {0,1}, and likewise for [— œ, + œ], {— œ, ++ œ}. 


* The principal value of any inverse tangent is always to be understood; thus 
——17/2< tan-1 ¢ = + 1/2. 
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THEOREM 1. The set of all numbers in {0, 1} is a field, say {E}, with 
respect to | + |, |—], |:|, |---| (addition, subtraction, multiplication, 
division in {B}), defined by 

a|+ |b = 1/2 —(1/m) tan“ (cot ra + cot rb), 

a | — | d = 1/2 —(1/r)tan™ (cot ra — cot xb), 

a | > | b = 1/2 + (1/r) tan! (cot a cot rb), 

a | = | b = 1/2 + (1/r) tan~! (cot ra tan wb), 
0<a<l, 0<b<i. 


The zero, 0’, and the unity, 1’, of {R} are 
= 1/2,. 13/4. 


The field {R} is isomorphic to the field of all numbers in {— ©, œ}, in which 
0,1, +, —, +» + have their usual meanings. 


THEOREM 2. The ideal elements | + | ©’ and |—| œ” (respectively 
the “ positive infinity ” and the “ negative infinity” adjoined to {R}), having 
with respect to numbers and operations of {R} the abstractly identical prop- 
erties of + œ and — œ with respect to [— œ, + œ], are 


[+|ov’=1, |—]| o’=—0, 


The result of adjoining | +- | œ” and |— | œ” to {E} will be denoted 
by [E]. The following makes Theorem 2 more explicit. 


THEOREM 3. The negative, | — | t, of any number t in [R] is given by 
|[—|t=1—# 0sısı; 
the reciprocal, 1’ | — | t, is given by 


Vi[+jt—1/72—-t, «StSi2—<, 
Vi+|tm3/2—# 1R+eSisi—g 


where e is a positive real variable < 1/2 which attains the limit 0. 


2. Serial order is introduced into [R] by the definitions of the relations 
[> |, |< |. We shall say that the number ¢ in [R] is positive in [F], 
written ¿| > | 0’, if and only if ¢ > 1/2; if t< 1/2, we shall say that ¢ is 
negative in [R], and write? | < | 0. If a,b are in [R], and if a > b, we shall 
say that a is greater than b in [R], and write a | > | b, if (a| — |5)| > | v. 
Similarly, a is less than b in [R], a| < |b, if (a | — |b)| < |. Equality 
in R is indicated by =, instead of | = |, as the meaning is that of — for 
real numbers. 
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From the definition of a | — |b and the inequalities 


cot ara < cot rb if a>}, 
cot ra > cot rh if a < b, 
0SaS1l, Sbil, 


we have the 


THEOREM 4. If a, b are unequal in [R], a| > |b or a| < | b according 
asa>bora<b. Hence to analysis for [— œ, + ©] there is an isomorph 
for [0, 1} in [R]. 

3. The theory of numbers in [R] will follow from the definitions of 
integer and arithmetical divisibility in [F]. 

By definition, 0’ (=1/2) is a rational integer (the zeroth rational 
integer) in [R]. From 0’ we define the nth positive integer n’ in [E] 
inductively by n successive additions in [FR] of the unity 1’ (== 3/4) in [F]; 
the nth negative, or the — nth, integer in [R] is then |— | n’. Hence the 
mth integer m’ in [E] is 


m = R(m) (m an integer = 0). 
< 


Let ¢, V be integers in [R]. Then g is said to be divisible by b’ in [R] 
if and only if  |—-| b is an integer in [R], and we write b | d when d 
is divisible by b’ in [R]. Hence % | ¢ when and only when c is divisible 
by b. If c, | | 1’ are the only values of b’ for which b’| ¢’, c’ is called a 
prime in [R] if de Al’. The positive primes in [R] are therefore the R(p), 
where p runs through all positive rational primes. Unique decomposition of 
integers in [Æ] into primes in [R] follows, and it is obvious that the whole 
theory of the rational integers goes over in simple isomorphism into a theory 
of rational integers in [R]. The extension to algebraic numbers and ideals 
in [E] is immediate. 


Concerning Collections of Continua not All 
Bounded.” 


By J. H. ROBERTS. 


In his paper Concerning upper semi-continuous collections of continua t 
R. L. Moore proved that if G is any upper semi-continuous collection of 
mutually exclusive bounded continua which fills the plane and no one of 
which separates the plane then @ is a plane with respect to its elements. 
Moore suggested to me the study of what kinds of spaces would be obtained 
by removing the condition of the boundedness of the continua of G. In 
particular he raised this question: If G is an upper semi-continuous collection 
of mutually exclusive continua which fills a plane S and no continuum of G 
separates 8, then is G topologically equivalent to a subset of the plane? 

In the present paper an example is given which shows that if some 
continua of such an upper semi-continuous collection G are unbounded then 
the space of elements of @ is not necessarily even metric. An example is also 
given of an upper semi-continuous collection G of continua filling the plane, 
no one of which separates the plane, such that @ is topologically equivalent 
to a sphere. In this example only one continuum of the collection G is un- 
bounded. It is then shown that with the additional hypotheses that the space 
of elements of G is metric and that G contains more than one unbounded 
continuum the answer to Moore’s question is in the affirmative. Indeed the 
particular subsets of a plane which are topologically equivalent to such spaces 
of elements are completely characterized. 


Definition 1.1 If @ is a collection of mutually exclusive continua then 
G is said to be an upper semi-continuous collection if for every sequence of 


* Presented to the Society, Dec. 27, 1928, 

f Transactions of the American Mathematical Society, Vol. 27 (1925), pp. 416-428. 

ft It is obvious that for the case where the continua of G are bounded, definitions 
l and 2 are equivalent to the following given by Moore (ibid.): “A collection @ of 
continua is said to be an upper semi-continuous collection if for each element g of 
the collection @ and each positive number e there exists a positive number d such 
that if © is any element of G at a lower distance from g less than d then the upper 
distance of « from g is less than e. The element p of such a collection @ is said to be 
a limit element of the subcollection K of @ if for every positive number e there exists 
some element of K which is distinct from p and whose upper distance from p is less 
than e.” 
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continua fj, he,- - + of G containing points Pa, Ps, - - such that the sequence 
Pi, P2,- + + has a sequential limit point P lying in a continuum gp of G it is 
true that if Qı, Q2,° © > is a sequence of points such that for every i the point 
Qı belongs to hi then all the limit points of the point set Q: + Q2-+' >° 
belong to the continuum gp. 


Definition 2. If G is an upper semi-continuous collection of continua 
then an element g of @ is said to be a limit element of a set K of elements 
of G if and only if g contains a point P which is a limit point of the point 
set obtained by adding together all of the continua of K except g. 


Example 1. Let r be a ray of an open curve. Let @ be the collection 
of mutualiy exclusive continua filling the plane whose only non-degenerate * 
element is r. Clearly G is an upper semi-continuous collection. I will show 
that with respect to the above defined notion of limit element @ is not a 
metric space. Let C1, C2,Cs,- - - be a set of concentric circles all containing 
points of the ray r, and such that for every n the diameter of Cy, is n. For 
every n let Ln be an infinite sequence of points on Cn no one of which belongs 
to r, but such that some point of r is a sequential limit point of the sequence Ly. 

Now suppose that G is metric. Then there exists a distance function 
(z, y) such that for every two distinct elements x and y of G we have 
8(z, y) > 0, and such that an element g of G is a limit element of a set K of 
elements if and only if for every positive number e the collection K contains 
an element & such that 8(ke,g)< e. Now for every n the element r is a 
limit element of the sum of the elements of the sequence Ln. Therefore for 
every n there exists an element pn of La such that 8(7, pn) < 1/n. Then r is 
a limit element of the set of elements pı + p: + ps +". But no point 
of r is a limit point of the point set pı + pe-+ps+-+--+. Hence the sup- 
position that G is metric has led to a contradiction. 


Example 2. (See fig. 1). Assume a rectangular coördinate system. If 
c is a real number (c = 2) let ge be the continuum consisting of the two 
intervals e—+1/c, 0S yc, together with the larger arc of the circle 
with the origin as center and radius equal to [c* + 1/c?] which has just its 
end points on these intervals. Let @ be the collection of continua containing 
(a) the continuum g. for every real number c (c = 2), (b) the ray s= 0, 
y = 0, and (c) every remaining point of the plane. It can be seen that G 
is an upper semi-continuous collection, and that it is metric with respect to 


* An element is said to be degenerate if it contains but a single point. See R. L. 
Moore, “ Concerning Upper Semi-Continuous Collections,” Monatshefte für Mathematik 
und Physik, Vol. 36 (1929), pp. 81-88. 
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its elements. That G is not topologically equivalent to any subset of the plane 
follows from the fact that (by theorem III) G is topologically equivalent to 
a sphere.* 


FIGURE 1. 


THEOREM 1.+ Let G be a collection of mutually exclusive unbounded 


* Another example is the following: Let @ be a collection of mutually exclusive 
continua filling the plane of which the only non-degenerate element is a circle plus 
its exterior. Clearly @ is topologically equivalent to a sphere. In the example given 
above no continuum of the collection G contains a domain. 

+ Dr. N. E. Rutt has obtained an independent proof of this theorem. In fact 
credit is due him for having been, as far as I know, the first to consider this proposi- 
tion. Without knowing Dr. Rutt was working on this problem I obtained, as a proof 
of a somewhat different theorem, the argument herewith given. 
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continua whose sum is a closed point set M. If A and B are points and no 
- continuum of G separates A from B then M does not separate A from B. 


Proof. Suppose that the hypothesis of the theorem is satisfied but that 
M separates a point A from a point B. On the basis of this supposition 
I will show that M contains an irreducible integral continuum * which sepa- 
rates A from B. 

In view of Mazurkiwiez’s extension + of the Phragmen-Brouwer theorem 
to unbounded point sets it follows from Knaster and Kuratowski { that every 
point set separating A from 'B contains a continuum separating A from B. 
In view of this and the additional fact that M is closed it is clear that some 
maximal connected subset of M is an integral continuum separating A from B. 
Let the interiors of the circles with rational radii and rational centers be 
ordered R,, Rz,’ ++. For each positive integer n let Ha denote the sum of 
the.continua of G which contain a point in Rn. Suppose that M: does not 
contain an irreducible integral continuum separating A from B. Let n, be 
the smallest integer such that M — Hm, contains an integral continuum sepa- 
rating A from B, and let M, be such an integral continuum. Let me be the 
smallest integer greater than n, such that M, — M: ` Hn, contains an integral 
subcontinuum separating A from B. It is clear that there exists a sequence of 
numbers 71, %2,° * "such that nı < na < ns <` >- and a sequence of integral 
continua M,, Me, Ms, >- such that for each Æ (a) the continuum My con- 
tains Mr, (b) Mẹ separates A from B and (e) My contains no point of 
Hm + Hn +: + ++ Hn, but if n is any integer less than ng and is not any m 
(i= 1, 2,- + -,4—1) then every integral subcontinuum of Mx.ı which sepa- 
rates A from B does contain a point of Hy. Now for every k every simple 
continuous arc from A to B contains a closed subset of My. Hence there 
exists at least one point common to all of the sets M, Mı, Mat >+. Let Q 
denote the set of all points common to M, Mı, Mz, +. Clearly Q is closed 
and is an integral subset of M. That Q separates A from B follows from the 
fact that Q contains a point on every arc from A to B. It follows from 
property (c) above that no integral continuum which is a proper subset of Q 


* By an integral continuum is meant a continuum N such that if g is a continuum 
of G and N contains a single point of g then N contains every point of g. An integral 
continuum N is said to be an irreducible integral continuum (with respect to the 
property of separating A from B) if N separates A from B but no integral continuum 
of M which is a proper subset of N separates A from B. 

7“ Extension du théorème du Phragmen-Brouwer aux ensembles non bornés,” 
Fundementa Mathematicae, Vol. 3 (1922), p. 20. 

“Sur les ensembles connexes,” Fundamenta Mathematicae, Vol. 2 (1921), p. 233. 
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separates A from B. But by Knaster and Kuratowski the set Q contains a 
continuum separating A from B. Hence @ is an irreducible integral con- 
tinuum separating A from B. 

Now there exist three continua gi, g2, and gs of G which belong to Q 
and three arcs AP,, AP., and AP, such that A is the common part of each 
two of these three arcs, Pi belongs to gi (t==1, 2, 3) and no other point 
of the arc AP; belongs to Q. Let D, denote that complementary domain of 
2,°AP; + g; which contains B. One continuum of the set gı, 92, gs contains 
no point in Dı. Hence the point set Q- D, is a proper integral subset of Q 
and therefore does not separate A from B. Let BA denote an arc from B to A 
which has no point in common with Q: Dı. Let O denote the first point of 
the boundary of D, on BA in the order from B to A. Since the are BA 
has no point in common with Q: D, the point C must belong to one of the 
arcs AP,, AP2, or APs, and must be distinct from Pı, Pz, and Ps. Obviously 
then there exists an arc from B to A which contains no point whatsoever of Q. 
Hence the supposition that M separates A from B has led to a contradiction. 


COROLLARY 1. Suppose P is a point, G is a collection of continua each 
two having in common just the point P, and M, the sum of the continua of G, 
as closed and bounded. Then if A and B are points and no continuum of G 
separates A from B the continuum M does not separate A from B. 


COROLLARY 2. Suppose G is an upper semi-continuous collection of 
mutually exclusive continua filling the plane. Let T be the sum of all the 
unbounded continua of G. Then if A and B are points which are not sepa- 
rated by any unbounded continuum of G they are not separated by T. 


THEOREM II. Let G be an upper semi-continuous collection of un- 
bounded continua lying in a plane S and let M be a continuum of elements 
of @ Let 91, 92, gs and gs be any elements of M no two of which are 
separated in S by an element of G. Then the sum of two of the elements 
G2, 9a, 9a, disconnect M between the third one and gı. 


Proof. There exists a point A, four arcs AP., AP», AP; and AP, such 
that A is the common part of each two, Pi belongs to gi (i=1,:  -,4) 
and no other point of AP; belongs to any continuum g; (j=1,: : ',4). Two 
of the ares AP; (i=2, 3, 4) plus the corresponding continua of the set 

2, 93, gs separate the third one from gi. Suppose that Z (Z =g: + gs 
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+ AP + AP;) separates g, from gs. (See fig. 2). Let D, and D, denote 
the complementary domains of Z containing gı and gs, respectively. Let g 
denote any continuum of G in M distinct from gs and gs. Not both of the 
sets D,-g and D,*g are unbounded. For since g does not separate g, from 
gs there exists a simple continuous are PCP with no point in ge or gs 
except Pz and P,, and no point in g. Let J be the interior of a circle which 
encloses the arcs PCP, and PAP. It can be shown that the continuum 
g2 + gs + PCP; separates all points of D, and D, not in J. But g is con- 
nected and has no point in common with this continuum. Hence g has 
points in only one of the sets D,- (S—J) and D,: (S—J). 





FIGURE 2. 


Let 8, denote the point set consisting of the sum of all continua of G 
in M which are unbounded in the domain D,, and Sa the sum of all those 
unbounded in D4. The set S, contains g, and the set S, contains ga. Suppose 
that a point E of S, is a limit point of Sə. Then there exists a sequence of 
continua hı, As," + - lymg in 8, containing a sequence of points Ei, Ex,‘ °° 
which has E as sequential limit point. If gm denotes the continuum of G 
containing E, in view of the fact that G is upper semi-continuous, it is clear 
that ga: D4 is unbounded. But gz is in S;. This contradiction shows that 
no point of 8, is a limit point of S,. Similarly no point of 8, is a limit 
point of S,. Hence g, and g4, are separated in M by the sum of the continua 
g2 and gs. 
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LEMMA 1. Suppose G is an upper semi-continuous collection of continua 
lying in a plane S and G is metric. Then if 8(2,y) denotes a distance 
function, for each element g of G there exists a circle Cy and a positive 
number @, such that if x is an element of G for which 8(2,g)< eg then 
x contains a point inside the circle Co. 


Proof. The function 8(2,y) satisfies the following conditions: (1) 
8(a,y)>0 if sy, (2) 8(z,2)—=0, (8) 8(e,y)+3(y,2) = (z, 2), and 
(4) an element g of @ is a limit element of a set K if and only if for every 
positive number e there exists an element ge of K for which 8(g,9.)< e. 
Let P be a point of the plane, and for each positive integer n let Ca denote 
the circle with P as center and n as radius. Let g denote any element of G. 
Suppose that for every n there exists an element £a of G such that 8(a, g) 
< 1/n and zn has no point within the circle Ca. Then the limit of 8 (2n, g), 
as n increases indefinitely, is zero, whence g is a sequential limit element of 
the sequence 21, 2,7 °. But this is impossible since no sequence of points. 
P,, Pa,’ + + where for every n the point P, belongs to a», has a sequential 
limit point. This contradiction proves the lemma. 


THEOREM III. If G is an upper semi-continuous collection of continua 
filling the plane S such that no continuum of G separates 8 and G is metrie, 
then in order that G be topologically equivalent to a sphere it is necessary 
and sufficient that exactly one continuum of G be unbounded. 


Proof. The necessity of the condition follows from these two facts: 
(1) If no continuum of G is unbounded then @ is * equivalent to the whole 
plane ©. (2) If at least two continua of G are unbounded then G ist 
equivalent to a proper subset of the plane. 

The condition is sufficient. Let g be the continuum of G which is un- 
bounded. The point set S—g is a simply connected domain and is therefore 
topologically equivalent to the plane 8. Hence by Moore’s theorem (ibid.) 
the collection G—gf{ is topologically equivalent to a plane and therefore 
to a sphere minus one point. 

By lemma 1 there exists a circle C and a positive number e such that 
if v is an element of G and ö(z, g)< e then x has a point inside the circle C. 
Since @ is upper semi-continuous and g is the only unbounded continuum 
of G it follows that if O, is any closed subset of C which does not contain 


* R. L. Moore, loc. cit. 


f This follows from theorem IV, the proof of which does not depend upon 
theorem III. 


+ That is, the set of all continua of G except g. 
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a point of g, and K is the sum of the elements of G which contain points 
of Cı, then K is a bounded- point set. It therefore follows that every un-. 
bounded set of elements of G— g has g as limit element. Hence @ is topo- 
logically equivalent to a sphere. 


Lemma 2. Let G be an upper semi-continuous collection of continua 
filling the plane, none separating the plane, such that G is metric. Then 
if T is the sum of all unbounded continua of G and M is a maximal connected 
subset of T it follows that no point of M is a limit point of T — M. 


Proof. Suppose that lemma 2 is not true. Then there exists an element 
g and a sequence of elements gı, go, - © with g as sequential limit element 
such that all of the continua g, gı, g2,° °° are unbounded and no two of them 
belong to the same component of T. By lemma 1 there exists a circle C 
and a positive number e such that if x is a continuum of @ and 8(2,9)< e 
then v contains a point inside the circle C. With the help of the methods 
used in the proof of theorem II it can be shown that there exists a subse- 
quence gm, Jno’ ` ` Of the sequence gı, 9, * and for each k an arc AxBr 
of the circle C having just A, in g and By in gnp and a domain Ds which 
is one of the complementary domains of g + gn, + ABr, such that, Tp de- 
noting the sum of all continua of G which are unbounded in Dx, the set Tr 
contains the set 7’... It can also be shown that if ē is any positive number 
then there exists an integer m such that if x is an unbounded continuum 
of G which contains a point of O and 8(z, y) > ë then a does not belong to Tm. 

Let m be an integer such that if z is a continuum of G which is a subset — 
of Tm, and æ contains a point of O, then 8(2,g)< e/2. Since T'm contains 
continua of the sequence gı, gz, ' : and also contains g it follows that it is 
not connected. Therefore there exists an unbounded continuum r of G such 
that Tm =— H; + Hr, where Hg and H, are mutually exclusive- closed sets ` 
containing g and r, respectively. (See fig. 3). Since Hy and H, are closed, 
and G is an upper semi-continuous collection, there exist two open sets Ry 
and R, such that (1) Ry-R-==0, (2) R, contains O- H; and R, contains 
C-H,, and (3) if v is any continuum of G with a point in Ry [Er] then 
there exists a continuum % of G which belongs to H,[H,] and has a point 
on C such that ö(z,k)< e/2. Let P denote the center of the circle C and 
for each positive integer s let a, be an arc lying in Dm except that its end 
points belong to g and r, respectively, and such that every point of de is at 
a distance greater than s from P. Since every continuum of the upper semi- 
continuous collection G which contains a point of C not in R, or Rr is bounded 
in the domain Dm and since moreover the sum of all such continua is closed 
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(Ry and R, being open) it follows that there exists an integer ¢ such that 
if s > t then no continuum of G which contains a point of a, can contain 
a point of C not belonging to Rg + Er. 

For every integer s greater than ¢ let Qs denote the first point of a, in 
the order from r to g which belongs to a continuum of @ which contains a 
point of Ry. Let zs denote that continuum of Œ which contains Qe. Since 
(as, 9) < e, there exists a point Ps of as which preceeds Qs in the order from 
r to g, such that if ys is any continuum of @ which contains a point of the 


žo 





FIGURE 3. 


arc PsQs, then 8(zs, g) < e, whence ys contains a point of Ry + R,. But if 
ys is different from zs it does not contain a point in R,. Therefore there 
exists a sequence of continua of G, hi, As," * with zs as sequential limit 
element and such that for every integer % the continuum hz contains a point 
in Rr. Therefore, since @ is upper semi-continuous, x, contains a point of 
both Ry and Rr’ Since for every s (s > t) the continuum zs has a point in 
the closed and bounded set Ry it follows that there exists a continuum z of G 
which is a limit element of the sum of the elements of the sequence Zi, 
L142," °°. Obviously z is unbounded in Dm. Moreover it contains a point 
both of Ep and of Rr. But this is contrary to the fact that Tm, the sum of 
all continua of G which are unbounded in Dm, is the sum of the mutually 
separated sets Hg and Hr, where Hy contains no point of R, and H, contains 
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no point of Rg. Hence our supposition that lemma 2 is false has led to a 
contradiction. 


LEMMA 3. If G is an upper semi-continuous collection of continua which 
fills the plane, no continuum of G separates the plane but at least two con- 
tinua of G are unbounded, and G is metric, then no element of G is a com- 
ponent of the sum of all the unbounded continua of G. 


Proof. Suppose that g is an unbounded continuum of G. Let k be any 
other unbounded continuum of G and let ë be ö(g,%k). Let e be any positive 
number less than &. By lemma 1 there exists a circle C and a positive number 
é, (e, < e) such that if x is a continuum of G and 8(g,z) < e, then x con- 
tains a point inside the circle C. Let P be the center of C and for every 
positive integer » let a» be an arc with end points on g and k, respectively, 
every point of which is at a distance greater than n from P. Since ö(g,k)> e 
it follows that there exists a continuum z, of G containing a point of au 
and such that &/2 < 8(an,g)<¢:. For every n the continuum a, has a 
point within C and a point at a distance greater than n from P. Hence if 
for each n the continuum 2, is bounded the sum of the elements of the 
sequence 21, ta,‘ ' * has a limit element ze, which is unbounded. Since 
€,/2 < 8(an, g) < e it follows that 8(ve, g)S e1 < e, and ze is distinct from 
g. Hence for every positive number e there exists an unbounded continuum 
Ze of G distinct from g such that (ze, g)< e. Lemma 3 therefore follows 
in view of lemma 2. 


Lemma 4. Under the hypotheses of lemma 3 if M is a collection of 
continua of G whose sum is a component of the sum of all unbounded con- 
tinua of G then M is a simple closed curve or an open curve. 


Proof. It readily follows from theorem II that M is an atriodie * con- 
tinuous curve. Hence M is an open curve, a simple closed curve, an arc, or 
a ray of an open curve. Let g denote any element of M. Let gi, go and gs 
denote three other elements of M such that the sum of g and ge separates 
gı from gs in M. Let AB denote an arc having only A in common with g 
and only B in common with gə» Let D be either of the two complementary 
domains of g + ge + AB. By a slight modification of the proof of lemma 3 


*If O, A, A, and A, are distinct points and OA, OA, and OA, are arcs each 
two having only O in common, then the continuum OA, + OA. + OA, is called a triod. 
A continuous curve which does not contain a triod is said to be atriodic. See R. L. 
Moore, “ Concerning Triods in the Plane and the Junction Points of Plane Continua,” 
Proceedings of the National Academy of Sciences, Vol. 14 (1928), pp. 85-88. 
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b can be seen that g is a limit element of the elements of M which are un- 
ounded in D. Therefore g is not an end element of M. Hence M contains 
ıo end elements and is therefore a simple closed curve or an open curve. 


THEOREM IV. If G is an upper semi-continuous collection of continua 
vhich fills a plane S and is metric, at least two continua of G are unbounded 
md no one of them separates S, then G is topologically equivalent to a domain 
9 plus its boundary where (a) D is the interior of a circle, or (b) D is an 
inbounded domain whose boundary consists of one or more open curves no 
me containing a limit point of the sum of the others. 


Proof. Case 1. Suppose first that some collection M of unbounded con- 
inua of G is a simple closed curve. Suppose g is any element of M and 
v is any other unbounded continuum of G. Since g is not an end element 
vf M it follows with the help of the methods used to prove theorem II that 
7 -+ h separates M + h. Since no element of M separates M it follows that 
¿ belongs to M ; that is, every unbounded continuum of @ is an element of M. 
„et P be any point and for every positive integer n let Cy be the circle with 
P as center and radius n. From lemma 1 it follows that for any element 
7 of M there exists a positive integer ky such that if x is a continuum of G 
ind 8(%, g) < 1/k,, then x contains a point inside the circle Cry. Since more- 
ver every infinite set of elements of M has a limit element (M being a simple 
slosed curve) it follows that there exists a single positive integer & such that 
f g is any element of M and z is a continuum of @ such that 8(z, 9) < 1/k, 
chen g contains a point inside the circle Op. 

Let gı g2,° * © denote any infinite sequence of distinct elements of G. 
[£ for any n all but a finite number of these continua contain a point inside 
J, then the set of elements gı + ga +°> > has a limit element. Otherwise 
‘or every n (n > k) let ra be an integer such that gr, has no point inside Cn. 
Obviously 8(gr,.9)= 1/k for every element g of M. It follows that there 
2xists a continuum An of @ such that 1/24 < (hn, g) for every element 
g of M, but ö(g, hn) <1/k for some element g of M, and hn contains a point 
utside Cy. The sequence ha, Any,‘ + + obviously contains a subsequence 
with a sequential limit element A. Clearly h is unbounded. But since 
1/2k < 8(hn,g) for every unbounded continuum g of G we have 1/2k 
=ö(h,h). This contradiction shows that for some integer n every element 
of @ has a point inside the circle Cy so that G is compact. 

Now every element of M is a limit element of the set of elements G — M. 
The sum of all the continua of @-—M is a connected domain D with a 
connected boundary. Hence D is topologically equivalent to the whole plane 
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S, and by Moore’s theorem referred to above the collection G— M is topo- 
logically equivalent to the plane S, or to the interior of a circle. Its boundary 
is equivalent to a circle. This completes the proof for case 1. 


Case 2. Suppose that no collection of unbounded continua of G is a 
simple closed curve. Let T be the sum of all unbounded continua of G 
and let Mı, Mz: >- be the subcollections of continua of G, the sums of 
whose continua form the components of T. In view of theorem I it can 
be seen that S—T is a simply connected domain D. Hence in view of 
Moore’s theorem (ibid.) the collection G—(M, + Ma +) is a simply 
connected domain. Since in addition for every i every element of M; is a, 
limit element of G— M; theorem IV is established. 


THEOREM V. If K is a point set described in the conclusion of theorem 
IV then there exists an upper semi-continuous collection G of continua which 
fills the plane such that (1) no continuum of G separates the plane and 
(2) with respect to its elements G is topologically equivalent to the point 
set K. 


Proof. For the case where K is a circle C plus its interior let the 
elements of G be the points interior to C together with the subsets of all 
rays starting at the center of C which lie on and outside of ©. Obviously 
G is metric, and is topologically equivalent to C plus its interior. Suppose 
K is a domain D plus its boundary, where D is a connected domain bounded 
by open curves Vi, N2,- ++, such that for each t no point of N; is a limit 
point of the sum of the other open curves of the sequence Vi, Nat © +. For 
each i let D; be the complementary domain of N; which does not contain D. 
It-can be shown that there exists an upper semi-continuous set G; of rays 
of open curves lying in Dj, each starting on Ni, and such that every point of 
D; belongs to some ray of the set Gi. Let @ be the set of all points of D 
together with all continua of the collection G; for every i. The set G; is 
topologically equivalent to the open curve N;. It therefore follows that the 
collection G satisfies the conclusion of the theorem. 
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Limited Tri-Linear Forms in Hilbert Space.“ 
By Wırıram L. HART. 


1. Introduction. At the foundation of Hilbert’s theory of functions of 
infinitely many variables we find the notion of a limited + function, and, 
in particular, the idea of a limited bi-linear form in infinitely many variables. 
Similarly, one may consider limited tri-linear forms, or, in general, limited 
m-linear forms where m is a positive integer. The most fundamental prop- 
erties of limited m-linear forms are easily anticipated by analogy with bi- 
linear forms. For a given m> 2, the proofs of these properties can in 
general be developed along the same lines as the existing demonstrations of 
results for bi-linear forms.f In this connection, however, one important 
exception is to be noted; the vital theorem on the uniform finiteness of a 
bi-linear form, which converges over the unit sphere in Hilbert space, has 
been established § by a method which demands essential modification in order 
to apply to the case of an m-linear form with m > 2. 

The main purpose of this paper is to demonstrate the theorem on uniform 
finiteness for tri-linear forms by use of a method which applies as well in 
the consideration of m-linear forms, for any m= 2. It is emphasized that 
this method, which is presented in Section 3, has merit solely because ‘of 
its applicability when m > 2; its use when m = 2 would lead to much more 
complication than is found in the classical proof for this case. As a minor 
part of the paper, in Section 2 there is given a summary of other properties 
of tri-linear forms with details of the proofs only in a few instances where 
there is novelty as compared with the bi-linear case. In the entire discus- 
sion, all number symbols are supposed to be real valued. 


2. Limited Tri-linear Forms. In the future, any small greek letter will 
denote a vector with infinitely many coördinates. Thus (2, %,: °°). 
By the n-th section of a vector é we shall mean the vector &® —(tı, £2, *** , Zn, 
0, 0,- - +), where all coördinates beyond the n-th one are zeros. If é is in 


* Presented to the American Mathematical Society, June 20, 1929. 

+ David Hilbert, Grundzüge Einer Allgemeinen Theorie der Linearen Integral- 
gleichungen (B. G. Teubner), p. IV. 

{For definitions and theorems relating to limited linear and bi-linear forms, see 
Hellinger-Toeplitz, Mathematische Annalen, Vol. 69 (1910), p. 289. 

$ Hellinger-Toeplitz, loc. cit., p. 321; the details at the top of p. 324 do not 
generalize to the case of m-linear forms, with m > 2. 
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co 

Hilbert space, the positive square root of the convergent series %,2;? will 
i=1 

be denoted by M(£) and will be called the modulus of é We shall let H 
represent Hilbert space, and H, the set of vectors é where M(E)=1. 

In accordance with Hilbert’s definition of a limited function, we shall 

say that a three dimensional array A==(a;;r), and also the corresponding 


purely formal tri-linear expression 
oo 
(1) A(E,p,o)—= È inte jSn, 
i jk=1 


is limited, in case there exists a bound E > 0 such that for all é, p, and o 
in H, and for all integers h, m, and n, 


(2) | A (EP, p™, o™) | S EM (£)M (e)M (0). 


An equivalent definition would result if (2) were altered by letting h = m =n. 
For abbreviation, we shall say that A is E-limited if (2) holds. 

If any subscript of aij, is held fast, while the other two vary indepen- 
dently from 1 to oo, we obtain a component matrix of A. If two subscripts 
are held fast, while the third varies from 1 to «, we obtain a component 
vector. The following Property I is easily proved by use of (2) and the 
corresponding definitions of limited linear and bi-linear forms; Properties IT 
to IV can be demonstrated by direct methods like those used in similar con- 
nections in the consideration of bi-linear forms. 


Property I. If A is E-limited, then each component vector, and each 
component matrix of A ts E-limited. 


Property II. If A is E-limited, then, if p and o are in H, Da; 
converges uniformly with respect to the index 1. = 
Property III. If A is E-limited, then, for all p and o in H, the vector 
(È ris) les in H and its modulus is at most EM (p) M (o). 
juke 


Property IV. If A is E-limited, then, for every o in H, the matriz 
co 
( È ijs) is limited, with EM(o) as a bound. 
kl 
We can consider evaluating a tri-linear form A (é, p, o) in 13 different 
ways, either as a triple series, or as an iterated series in twelve different ways. 


Property V. If any one of the twelve iterated series for A(&, p, ©) 
converges for all (£, p, c) in H, then all of these twelve series converge and 
have the same sum for all (£, p, o) in H. 
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X 


Recognize that in the statement of Property V it is not assumed that A 
is limited. Let us discuss only the special case where we suppose that 


œ © 
(3) W (£, Py j= 5 Fi > Arzt isk 
i=1 3,k=1 


converges for all (£, p, c) in H. This implies that $; x, on the right in (3), 
converges for all (p, c) in H. Therefore, by virtue of the property of uniform 
finiteness for a bi-linear form, it follows that, supposing i to be fixed, the 
matrix (aij,) is limited. Hence, the double sum 3,4 can be changed to 
either possible iterated form. Thus, A(é, p, c) converges to W(£, p, o) 
under each of the following methods of iterated summation: Yi[>4(Dr)]; 
Dif >z(S;)]. Since the last method converges for all (é, o) in H when p 
is held fast, it follows from the uniform finiteness of a bi-linear form that 


2 
the matrix (I axr) is limited. Then, starting from [&a(D;)], the 
g=1 


fundamental convergence properties of a limited bi-linear form show that 
A(é, p, «) converges to W(é, p, c) under each of the following methods of 
iteration: Dual); Sef Si(S;)]. In this fashion, we show that all of the 
12 iterated forms for A (Å, p, o) converge to W (£, p, e). 


Property VI. If A is E-limited, then, for all (£, p, o) in H, the formal 
series for A(é, p, o) converges to an unique value when evaluated in any of 
the thirteen possible ways, and 


(4) | A (é p o) | SEM (E)M(p)M (co). 


The methods used in establishing the convergence properties of a limited 
bi-linear form would easily demonstrate that, if A is E-limited, then the 
particular iterated series W (é, p, o) of (3) converges and 


(5) | W(é p, o) |S EM(&)M(p)M (0). 


Hence, it follows from Property V that (4) is true if A (é, p, e) is evaluated 
as an iterated series in any of the 12 possible ways. To complete the proof 
of Property VI, it would be necessary to show that A(é, p, ce) converges to 
W(£, p, c) when evaluated as a triple series; that is, it should be proved that 
(6) lim 5 Mjeti = X ti > Qi jul iSks 
n0 Ulık=i 4=1 Iık=1 

where the right member, W (£, p, o), is known to converge. We omit the 
proof of (6), which is easily accomplished by the aid of (5). 

Three successive applications of the Schwarz inequality * lead to the 


* Hellinger-Toeplitz, Zoc. eit., p. 293. 
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following result, which corresponds to a well known property of bi-linear 
forms. 


00 
Property VII. If the expression V= © Wi converges, then A is 
bjk=1 
limited, with V* as a bound. 


By reference to the definitions of continuity + which apply to functions 
defined in Hilbert space, and by use of the preceding properties of tri-linear 
forms, standard methods suffice to establish the following facts: 


Property VIII. If A(£&, p, o) is limited, then it is continuous simul- 
taneously in tts arguments for all points in the region S defined by the 
following inequalities, where gı, 92, and gs are any assigned positive numbers: 


(7) M(6)Sm; MSp; MU(c)S9s 


If Dy Gijn converges, then A(£, p, o) is completely continuous in its argu- 
esi ie all points (Ẹ, p, o) satisfying (7). 

We shali call C(é)= >, City a cubic form when Ci is a sym- 
be nee. Arie E ek 


a bound, in case 
(8) |) |S EM*(E), 
for every é in H and for every n. 

Property IX. A necessary and sufficient condition that O (é) be limited 
is that the corresponding tri-linear form A(E, p,o)== > „ERBE iS be 
limited. 


It is obvious that, if A(é, p, c) is limited, then C(£) is limited. To 
prove the converse, we note that the following identity is true: 


(9) 244 (E™, p™, o™)== [C(EM +4 p™ 4+ o™)— C(EM — m p o) 
EA C(E™ + p™ — m) CO (Ee —p™ — c®)]. 


This identity can be verified by expanding the finite triple sums occurring, 
combining terms, and recalling that ci; is a symmetric function of (i, j, k). 
From (9) we see that, for all (£, p, c) whose moduli are at most 1, 


(10) | ALE, p™, o% ) | = 108E/24, 


7 Cf. Hellinger-Toeplitz, loc. cit., p. 307-308. 
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if C is E-limited. Consequently, A is limited, with 36#/8 as a bound. 
3. Uniform Finiteness of a Tri-Linear Form. 


Property X. If any one of the thirteen methods for evaluating a tri- 
linear form A(é,p,o) converges for all (é,p,0) in H, then A is limited. 


The case of Property X where we assume that A($&,p,0) converges as a 
triple series, for all (é,p,c) in H, can be treated by essentially the same 
simple process which serves to prove the corresponding result for a bi-linear 
form, which is presumed to converge as a double series. Presuming that the 
instance of the triple series has been treated, it follows from Property V that 
we can complete the proof of Property X by discussing merely the case where 
the special iterated series W (é, po) of (3) is assumed to converge for all 
(&p,c) in H. Under this hypothesis, to show that A is limited, it will be 
sufficient to prove that |- W (£, p, o) | is bounded in Hi, because 


n 
(11) | D, tjeliTjSx | = | W(E, p™, o™) | f 


%j,k=1 
To establish the desired result by an indirect process, let us suppose that 
W(é po) is not bounded in Hı; it follows that there exists an infinite 
sequence of points (6p, $p, Yp) in Hi such that lim | W(6p, dp, Yo) | = -H o. 
prow 


Let us agree to change the signs of all coördinates of those vectors 6, for 
which W (0p, ¢p Yp) < 0; then, W (0p bp, Yp) = 0 for all p and 


(12) m W (9p, pp Yo) = +. 


We shall proceed to a contradiction by defining vectors (,&,r) in H, for 
which W (n, &,r) does not converge.” 

For future use, recall that, in the discussion of Property V, it was seen 
that, if W(é,p,0) converges for all (&p,0) in H, then each u 
matrix of A is limited. 


Lemma 1. If m and n are assigned integers > 0, there exists a d > 0, 
where d=1, such that, if (é,p,0) are points in H, for which M[p — p™] 
Sd and M[o—o™ ] Sd, then 


(13) | W(E™®, p> o)—W (Em, pm, g) ) | <1. 


On applying the Schwarz inequality with respect to i in W(&®,p,o) 
as given by (3), we obtain 


* The same notion is the basis of the proof given by Hellinger-Toeplitz, loc. cit., 
p. 321, in establishing the uniform finiteness of a bi-linear form. 
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(14) | WE, p0) |? S( Bat) X (aan) 
Let X be a common bound for the n limited matrices A;,+ * *, An where 
Aj ==(Gijsx)jnat2,...- Then, if é is in H,, from (14) we obtain 
(15) | W(E™,p,0) | = Kn4M(p)M(c). 
We employ (15) twice in the following reduction: 
| W(E™, p, 0) — W(E™, p™, om) | 


<= | W(E™, p—p™, o) | + | W(E™, pm, — cm) | 
S Kn* [M (oc) M(p—p™) + U(p™)M(o—o™)]. 


Hence, the statement of Lemma 1 is satisfied if d is chosen as the minimum 


of 1 and 1/2Kn*%. 
To proceed with the construction of (n,&,r), select a sequence (¢,;) 


oO 
. where cj >0 and Dot; 1. On account of (12), there exist vectors 
j=], 


I= 

(1, Bi; yı) in Hy such that W (a, Bis yı) > 2/11. Let é= Cii, pi == C11P1; 
and or == Guyı: then, (én pu o1) are in H, and W (é, pi,01)> 2. Therefore, 
there exist integers m, > 0 and m > 0 such that W (6&0, p”, o,°™) > 2 
Now, let us define a block of the coördinates (Yi, 2;, t;) of (n, €, 7) as follows, 
where (Zir rjı, Sjı) are, respectively, codrdinates of ($, pı, v1): 

(16) ver, (=1l%, nm); Zg = tn and tj = sj, (7 = 1, 2,°°+, m1). 
We note that M(y™ )S cu S1; MEW)S1; MrwW)S1; 


(17) Wily, gm, m) ) > 2. 


Let d = d, correspond to m = m; and n = n, as stated in Lemma 1. 
It follows that, if (n,&,r) are eventually defined so that, in addition to 
satisfying (16), M(&E— EW)S d, and M(r +) S dh, then 
(18) W (yn, 7) > 1. 


At this point we have completed the first stage of the definition of 
(y,é,7). To proceed with the second stage, we define ¢2:;==d,¢1;. Since 
each component matrix of A is limited, there exist bounds R; > 0, Fi > 0, 
and Gi > 0 such that, if (é, p, c) are in Hy, then 


(19) | WE, no) | SR; |WEp™, ¢) |S; |Wlhp,c%™) |S Gs. 
In view of (12), there exist vectors (a2, Bs, y2) in Hı such that 
W (a, Bo, ye) > (3 + 281 + 2F, + 241) /ec2. 
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Let & = Con%e} pa = C2282; 02 Cory2; then, there exist integers m, > m, 
and nz > n, such that 
(20) W (&°%, p2™), oi") ) > 3 + RR, + 2F, + 2G. 


Let us extend the definition of (n,&,r) as follows, where (is, Tja, 8j2) are, 
respectively, coördinates of (fz, pa, 02): 

(21) van, (mn LIS n); 27 = Tie, tj = Sjo (Mm <j E m). 

We note that M (m?) Ss (či ++ C759) % = (0711 + Ce) % < l. Similarly, 
M(E))S 1 and M(r2))S1. Let Pijs = tije (yiziten — Liatjese). Then, 
we verify that 


(22) W (9, fom) me?) PASA W (Er, poi, T») 


ni Ma Ra My Ma ng Mg Ma 
=>), SPint È 2È Pint DS È È Piw 
i=1 jsk=1 tamtl j=l ki izn+l jemel k=l 


From the definitions of R,, Fa, and Gh, it is seen that the absolute value of 
the right member of (22) is at most (2h; + 2F: +- 2G,). Hence, by use of 
(20) it follows from (22) that 


(23) W (2), gm), (ma) ) > 3. 


Let d == d, correspond to m = m.» and n = ns thru Lemma 1. It follows that, 
if (n,&,r) are defined as points in H, subject to (16), (21), and to the con- 
ditions M (€ — 2) d, and M (r —7) SS de, then 


(24) Wn, £7) > 2. 


We have now completed the second stage of the definition of (y, {,7). 
Hach succeeding stage depends on the preceding one as the second depended 
on the first. For instance, to commence the third stage, we define 
Cs; = d2Co3; Ro, Fo, and Ge, etc. Then, there exist vectors (a, Bs, ys) in Hı 
such that 

W (as, Bs, ys) > (4 + Re + 2F2 +2G2)/0%ss 5 


we define (és, 3,03), and integers mz > m, and na > nas We extend the 
definition of (y, é, r), and obtain a d =1 from Lemma 1 so that, finally 


(25) W (q, €7) > 3, 


provided that ¢ and r are eventually defined so that M(¢€—f°)= d and 
M(t — r?) S d;. The continuation of this process thru its successive stages 
yields a sequence of values (ni, mi, di) and a well determined set of coördi- 
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nates for (y, &, 7). We remark that these vectors are in H, because, at the 
i-th stage of their definition, we have 


MQ) E (Pu H coe be + BSC tee te + Pu) S1, 


and, similarly, M(¢“)= 1 and M(7")=1. Moreover, for every i, 


r oO x oO 
M(E—E )9S FMS Bey Sd? I fy Sd, 
gute f=4+1 j=i+l 
and, similarly, M(r—7))= dı. Consequently, the successive inequalities 
(18), (24), (25), ete., are valid: 


W (yg, 7) > 4 ((=1,2,°'',) 


Hence, W(n,&,r) diverges. This contradicts our original hypothesis con- 
cerning W(£,p,o) and completes the proof of Property X. 

If we assume that a complete theory for (m — 1)-linear forms has been 
developed, we could establish the analogue of Property X for m-linear forms 
by use of the method just employed for tri-linear forms. In the discussion 
of the m-linear case we would refer to (m—1)-linear forms in the places 
occupied by bi-linear forms in the proof of Property X in this paper. 


UNIVERSITY OF MINNESOTA, 
FEBRUARY 15, 1930. 


The Constants of the Disturbing Function. 
By K. P. WILLIAMS. 


1. Newcomb’s development of the disturbing function requires the cal- 
culation of quantities D”c„®, where 


D=s(d/ds), Cn D = SD2 D, 
and the 6,‘* are the coefficients in the expansion 
(1 + s? — 2s cos 9) "2 == (1/2) by + ba cos 6 + bn cos 26-+--- > 


where n = 1, 3, 5, 7.* In order to obtain the required derivatives Newcomb 
introduced a general set of quantities „HP, j = 1, 2,-- +, 6, en =a. 
The quantity D”c,“ is a linear function, with positive integral coefficients, 
of Cn, m, +, 0, The computation problem therefore reduces to 
the determination of the ca. Newcomb’s method of obtaining these 
numbers has been commended for its accuracy. It is, however, long, although 
addition and subtraction logarithms were employed to compute the continued 
fractions that are the foundation of the method. Apparently the same process 
had to be carried out for each of the values of n.t Newcomb’s failure to dis- 
cover certain remarkable recursion relations that allow the c,‘%?P to be obtained 
from the aP, the 0% from the cP, ete., both rapidly and accurately, 
probably came from his method of handling the quantities. He introduced 
them as hypergeometric functions with rather complicated parameters. He’ 
then apparently looked through the list of relations given by Gauss to find 
formulas that might be useful. Such a method will evidently fail to reveal 
relations that owe their origin to the special parameters involved. 


2. In this paper a rapid and accurate method of computing the coeffi- 
cients used by Newcomb will be developed. It is adapted throughout to 
machine computation. The recursion relations that are used will be obtained 
by contour integration. This seems the modern way of dealing with the 


* For simplicity of typing the manuscript the letter s was used in place of the 
customary a, that is, s == a/a’, where a is the semi-major axis of the orbit of the inner 
planet and a’ that of the outer. 

+ Newcomb’s exposition is given in Astronomical Papers of the American Ephem- 
eris, Vol. III, Chapters II and ITI. Tables of the constants for certain pairs of 
planets will be found in the last memoir of that volume, and in Vol. V of the same 
papers, pp. 339-348. i 
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problem. By breaking up the integrand in various ways, integrating by parts, 
etc., one can hope to discover all important relations connecting the numbers 
being considered. Some of the relations employed are already in the litera- 
ture, but they will be developed in order to give completeness to the method. 
For the same reason the relation that is used to express D”c, in terms of 
the CaP will be obtained by integration, although it is not required in the 
actual problem. Those of the cP that are calculated directly are found 
by series identical with or similar to series recently given by Brown. 


I. Tar FUNDAMENTAL EXPRESSIONS. 


3. Let 
(1) G=1-+ $ — 2s cos 6, 
and put 
z = 0, ı=(— 1)% 
so that 
(2?) G=1+8s°—s(z+ 1/2) 
(2) —= (1/2 —s)(2— 5) 
(2) =(z — s) (1 — sz) /z 
(27) = — s(z—1/s) (z — s) /2. 
We have from (2%) 


G-n/2 


1 2 a/2 
Eye Leem] 
It is seen that G-*/? has branch points at z= 0, s, and 1/s, the latter two 
points being also infinities. It is also seen that the function is single valued 
in the ring between |z | = s and | z| = 1/s, so that within this region it can 
be expanded in a Laurent series. Therefore 


Gr == (1/2) F bpt, 
42-00 
Since 
G2 (1/2)= G2 (2), 


it follows that bn? —b,'®. We can accordingly write 
oO) oo 
GGrv/2 — (1/2) X bazt +(1/2) E brzi. 
i=0 i=l 
The expansion being valid on the unit circle we have 
oO x 
(1 + s? — 2s cos 6)-*/? —=(1/2) Ib, Pe? (1/8) I b, Me 
i=0 421 


(3) =(1/2) bn + 5 ba cos 10. 
i=l 
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In accordance with the theorem of Laurent 


(4) bn? —(1/mı) f gtlgrniadg, 


where the integral may be taken around the unit circle. Since bpne? = br” 
we have 


(#) 5,0 =e(1/m) f z1 G-n/2da, 


4. In order to obtain ultimately the c» of Newcomb we introduce 
the general set of quantities 


(5) gli, j n)= f ail (g — s) IG-2dz, 


the path being the circle |z |= 1. The dependence of g upon s need not 
be exhibited. 

The function g is expressible in terms of the hypergeometric function, 
and the relation between the two will be obtained for the case n = 1. 

We have, using (2””), 


glij, =f gi+i-1/2 (g — g)-V/2 (1 — gz) -F4/2dz, 
or, putting z = st, 


g (4, j, 1)= git f gitt-1/2 (4 BRIAN 1)-12 (1 a s2t)--V2gt, 
the path being the circle t = 1/s. The path can be changed into: 


(1) The real axis from t == 1/s to t = 1 + eẹ, 

(2) A semi-circle of radius e about t == 1, above the real axis, 

(3) The real axis from t == 1 — e to t =e, 

(4) A circle about t = 0, 

(5) A line from t = e to t= 1 —e, 

(6) A semi-circle of radius e about t== 1 and below the real axis. 
(7) The real axis from t == 1 -+ e to t= 1/8. 


It is easily shown that the portions of the integral from (2), (4), and 
(6) approach 0 as «— 0, that the portions from (1) and (7) cancel each 
other, and that those from (3) and (5) are equal. Therefore, since the 
description of (2) leads us to replace (t —1)~1/? by 
eru2 (1 — 4) “4/2 == — (1 — t) 12 
we have 


1 
g (i, j, 1) == Asi*! f gi+i-1/2 (1 — 4) -1/2 (1 — s2t)-Vagt. 
0 


574 WırLLIams: The Constants of the Disturbing Function. 


But it is well known that 


roret F(a, b, c,2) 


: 1 
f will — u) (1 — ur) edu = 
0 
where T is the ordinary gamma function and F is the hypergeometric 
function.* 
It follows that 
. ; PG ++1+1/2)T 0/2) 
o Js L) = Risiti — ee 
a TG-+i+i) 
KX PG +1/2,7 Hi HUB JH). - 


Using the relations 


T(z+1)=saT(e), T? (1/2)=r, T(j+i+1i)=(j +1) 
we find 
a msit8[1-3-- -(27 + 24—1) 
el 


(6 | ae ice 
X PG +1/% j+i+ 1/2, j+i+1 8). 

5, Let us now put 

(7) CnP = Lj, n) g(t, in), 

where 

i L(0,n)—=(1/m)s@-0/2, 

(8) jn) /m) n(n 2) => (n+ Bj —B) SIENA, 
For simplicity we set 

(9) en, 

We have 

Cn? = (1/m)sm-d/2 f gG, 

so that 

(10) Cn D = gin-D/2h, (0, 

In particular, 

(11) : Ph, 


II. THE COMPUTATION OF SERIES FOR THE G&P., 


6. The present method requires the direct calculation of certain of the 
cit, Brown has given rapidly, converging series for c,(1® and ¢,22+; these 
with a well known recursion relation will give the remaining ¢,“. We need 


* Whittaker and Watson, Modern Analysis, 8rd Ed., p. 298. 
+ Monthly Notices of the Royal Astronomical Society, Vol. 88, pp. 459-469. Asa 
matter of fact we use a series for o,(®) in place of Brown’s series for c, (1), 
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also the values of cP, j = 1, 2,- ",6. Series similar to those of Brown 
will be obtained for j == 1, 2, 3; recursion relations will be used for j = 4, 5, 6. 


7. From (6) and (8) we have 


(12) 
REN BEFREIT] ie 
, GED =" BRAG Ha)” 23 t F(a, b, C, 2), 
where 
(13) a==j-+1/2, b=j+i+1/2, c=j+i+l. 


It follows from the differential equation for the hypergeometric function 
that F(a, b, c, s2) satisfies the equation 


(14) s(s?—1) (d2F/ds®)-+ [ (2a + 2b + 1)s? —1—2c] (4F/ds) 
+ 4absF = 0. 


Let us now make the change of variables 


(15) se =y/(1 +y). 
We then have from (12) 


(16) 
FRE ap ee a 
GG kan er ee en G) 42H, 
where 
(17) H(a,b, c, y)=(1 +y)? F{a, b, c, y/ +y) }- 


Using (14) it is found that H satisfies the equation 
sy (1 +y)? (dP H/dy?) + 4(1 + y)? [e +2 + e—a— b)y](4H/dy) 
+(1 + y)[2c — 4ab + (1 + 2e — 2a — 2b) y] H = 0. 
If we make use of (13) and denote H when expressed in terms of ¢, j, 
and y by H(i j, y) we find 
18) G ty ihya titi HiH iE i iy) 
+ [L— 27 — 40j — 47? + (1 — 29) yJ H(t j y)= 0. 
8. The equation (18) has the one singular point y=—-1, but is 
regular at that point. It appears from (17) that the value of H desired 


is the expansion about y=0 in which the constant term has the value 1. 
‘The equation (18) is satisfied by the series 


(19) 1+ ay + ay? +--- 


where, in particular, 


a =(2j + 4ij + 47? —1)/4(i +j +1). 
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The value of y in terms of s is 


(20) y=s?/ (1—8). 
Thus y is positive since 0 < s < 1. But y > 1 if s > 2%/2. Since the series 
(19) does not converge for y > 1, on account of the singular point y == — 1, 


it is necessary, in certain cases, to use the analytic continuation of the series. 
This is easily done; the following considerations will govern the development. 
The greatest value of s for the major planets is for Venus-Earth, for 
which s == .723, giving y == 1.097. We will derive an expansion for H about 
y = .6. Such an expansion will converge for | y — .6 | < 1.6, since the only 
singular point of (16) is y==—1. 
Putting t == y — .6, we write (18) in the form 


4(.6 + t) (L6 + #)2H" (i,j, t) 
RI HALGHA HIH 6—N4+Q—NYHWID 
-+ [1 — 27 — 417 — 44? + .6(1 — 27) H (1 — 2s) tH (i j, t)= 0. 
This equation is satisfied by 
H =b, + bit + bof te, 


where bo is obtained by substituting y= .6 in (19) and b, by substituting 
y==.6 in 
ay + Rasy + Bay? +: 
„The other coefficients are determined in terms of by and b, 
The actual series for the values of ı and 7 required are given in V. 
It will be seen that they converge rapidly. 


III. Tar Recursion RELATIONS. 


9, In order to obtain the recursion relations for the c„'®P we establish 
such relations for the functions g(t, f, n). f 

We begin by deducing by contour integration a well known relation 
connecting the values of c,'* for three successive values of i. 

We have from (5) 


90, y= f IG dz. 
Observing from (2?) that 
0G/dz = — $ + 8/22, 


we see that we can write 


g(i, 0, 1)}= — (1/8) f zi-1G-"/2 (961/02) dz + g(i— 2,0, 1). 
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If we integrate by parts, observing that on account of the single valued 
property of G-"/? along the path of integration, the integrated term in the 
familiar formula is zero, we obtain readily 


— 2 ; ui — 3 ,. 
1 (s + 1/s)}g (i — 1, 0,1) — 51 9 —2,0,1). 








u 


: 24 
9% 0, 1)= oy 


From (7) and (8) it follows that 


(22) 
2i—2 2i—3 
(4-1) __ I 4,0172) 
z Let sa Fu 





v= 


10. We have 
glij +2,n—~—2)= f ail (g— s) FREI n/2dg 
= [He rar | Zr Greg, 
from which we obtain 
(23) ge +i j +1, 2)=s9(7+1,)+ 9(4j4+2,2—2). 


If we multiply the two members of this relation by D(j + 2,n—2), 
and observe that 
(24) L(j +2,n—2)—(n—2)L(j +1,n), 
we find 


Cn HDHD en SC PID -+ 





1 
, ) 
n — 2 Cn-g Vit? > 


or, changing 7 into i—1, and j into 5j—1, 





(25) Cr ED = St) + ER 5 Cs ted), 


11. From (2%) it follows that 
(26) Gf-f-n/2 — G-i-1-n/2 (1/2 — s) (z — 8), 
from which it is seen that 
(27) g(t, j.m)= gli — 1, j+ 1, n)—'sg(i j +1, n). 
Multiplying by L(j +1,7) and observing that 


L(j + 1, n)}=(n + 3j)sL(}, n), 
we obtain 
(28) Cn PLD — slog iD + (n + 27) CrP]. 


12. Replacing i by i— 1 in (27) we have 
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29) g(t — 1, i, n)= gli — 2,7 +1, n)—sg(i—1l, j+ 1n). 
On the other hand we have by integrating by parts, putting 


dv = (2 — s)!dz, 
the result 


B ii RER 
g(t j 2) = — on Igi2G-s-nl2 dz 














er a zi (z SCH W2dz + Ti s f 28 (z — Erde 
di UFD gi-8 (z — s) HI G-i-1-m/2dz 
= — Fi hit SS hin) 
N gif tint EED gia thm). 


From this we derive 
30)  2(F + 1)9 (i j, n)—2(4—1) 8g (t—1, j, n) 
=(n + 2j)sg(i— 2, j +1, 2)—(n + 259 (4, 7 +17). 

Eliminating g(t— 2,7-+-1,) between (29) and (30) and then elimi- 
nating g(t—1,7-+1,n) by means of (27), we have 
(31) (m+ 27 + %—2)sg(t— 1, j, n)—[2RG + 1) —(m + 27) 87] 9 jsn) 

=(n + 2j)s(1— 8°) 9 (i,j + 1,2). 

Multiplying (31) by Z(5j+1,n) and afterwards replacing 7 by 7 -+1, 
we have 
(32) (m+ + Bisen AH —[2(j + i+ NR H HDD 

= (1 — 5?) Crt, 
12. In order to obtain the next relation it is convenient to set 
A=g(t+1,j,%), X= g(i—1,j+1,2), 


B=gujt+i,n—e), Y= g(t,7-+1,), 
C= g(i, j +2,n—2), Z=g(i-+1,n+1,1). 
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Using (26) it is seen that 

(33) A=Y—s2. 
On the other hand 

(34) C = — sY -+ Z. 


If we integrate by parts we obtain 
Bae — itt A er Z4 s(n t Ri) Z, 
so that 
(35) 2B +27 +1)A =s(n+ 27) (X — Z). 
But if we put 


GIR an (1 + 3? — 92 — 8/2) TR, 
we find 
(36) B=(1 + 2) Y — sZ -— s2. 


Eliminating X between (35) and (36) we obtain 
(n + 2j + 2i)B +2} +1)A = (n + 2j) [(1 + s2) Y — 282]. 
But from (33) and (34) 
A — s0 =(1 + 82) Y — 267, 
so that 
(n -+2 + Bi) B+ 2(j + 1)A =(n + 27) (A — s0). 

We thus obtain finally 
(37) (m2) 9g +1, j n)=(n + 27 + 2%) 9g (4,7 +1, —2) 

If we multiply by L(j +2,n—2) and use (24) as well as the relation 

L(j +2,n—2)—(n + 2j)sL(j + 1,n— 2) 

we find 
(38) (n — 2) 20g HEP An + 25 + i) Ong GF) Le, 


a relation obtained by Innes in a different way.“ 
If we eliminate ¢,‘*14*) between (28) and (32) we find 
(39) ED = (n A 2j) (n + 2j + Bi) [92/(1—s?) Jone? 
— 2{ (n+ HH) + A) [I/(1— Dtm, 


* Monthly Notices of the Royal Astronomical Society, Vol. 69, p. 639. The relation 
is however printed erroneously. 
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All the necessary recursion relations have now been obtained. 


13. Although the aim of the present paper is to give a convenient method 
for computing the c„("?, we shall for the sake of completeness, as stated in 
§ 2, obtain the basic formula by which the Dc,“ are expressed in terms of 
the aD, 

We have 

s (49/08) = — js f gel (zg—s)i-1G-i-nl2 dz 


—(j + n/2)s f gi-l (z— s)iG-i--n/2 (9G/ds) dz. 
But 
Gds = — 2 (z — 8)—(2/s) 0G/dz. 


If we use this expression and integrate by parts we find 


(40) s(dg/ds)=(t + jf) g(t js n) + (n + 2j)sg(uj+1,2). 
Put 
D == 8(8/08) ; 
then from (7) we have 


(41) Den? — g(t, jin) DL (j, n)+ Lj, n)Dg(t, j, n). 

If now we multiply (40) by L(j, n) and use the relation 
(n+ 2j)sL(jnj= LG + 1,2) 
to transform it we find by (41), since 
DL(j,n)= [(n + 27—1)/2] Ly, n), 

the ultimate relation 

(42) Den) = [ (nm + 24 + 4j —1)/2] cn OP + og FD, 
We have for instance 


Den’? == [ (n + 26—1) /2] en +, bP 
De, = [ (n + 2—1)/2 Pen + (n + 26 +1) n ED 4+ aH, 
ete.” 
* It is not desirable to give general algebraic expressions for Dme, (4) for larger 


values of m, but merely to compute the numerical coefficients. A table of the coeffi- 
cients is given by Newcomb, loe. eit., V., p. 313. 
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IV. OUTLINE oF THE COMPUTATIONS. 
14. To compute the c,%.* 
The plan is to compute each column of the array starting from the bottom. 
(1) From the value of s compute the values of 


y= 8*/(1 — 82), & == 1/(1— 8), 
‘=s-+1js, S. == s/(1—s?). 
(2) From the series expansions compute the values of ¢,°% and a9. 
(3) From (22) we have 


(43) 


2 —2 2i — I 
EER FO E PER ah 
T ua TET 
Beginning with the values of œ“ and cı‘® compute successively 
G8, oo, and a.t 

(4) Using the series expansions compute GD, «102, „108, 

(5) From (28) we have, for n = 1, 


(45) CE UID = (aD 4(1 -22a HD). 


This formula enables us to complete the second, third, and fourth columns, 
by working from the bottom upwards.f The computation is made to include 
the case i == 0, so as to give GULP, 6,012, ¢,13), Such quantities were not 
employed by Newcomb, but are needed here in order to start the table of the 
C62), 

(6) The remaining columns are found in a similar way except that the 
bottom elements are gotten by recursion relations instead of from series. 
From (32) we find, on putting n==1 and j=2, 3, 4, successively, 


(44) Ga? un co. 


6,194) ge Wsec, (93) — (268, a Ty) 6, 610:3) | 


(7) We also need ct. From (39) we have, putting »=1, i =— 1, 
75, 


* It is assumed that the c 6%) are needed up to i= 10, j=6,. More rows and 
eolumns can be added if necessary. For small values of s the entire computation can 
be shortened by methods that will suggest themselves. 

+ Since ¢,() is an elliptic integral of the first kind, it can be computed by a 
rapidly converging theta series, thus checking the first column. 

į If we solve (45) for c,(4J+1) we have a means, in conjunction with (44), to work 


downwards, adding new rows. 
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(47) GOLD == 990, LH — (22 — 1251) oP, 


15. To calculate the gP. 
(1) Putting n = 3, i==—1 in (38) we have 


(48) OD (1 HYDE, 


which gives the first row in the table up to f = 5. 
(2) Putting n= 3 in (25) we have 


(49) Ct) == geg DLI) — Cys) 


which allows the table to be extended to as great a value of i as desired. 
(3) We need the values of cs? in order to start the table of the 
csp., From (28) we have 


(50) LED = gf og (FD 41.(3 4 27) 096%], 


This will give the values from cY} to e305. We also require cs°1'®, 
From (89) 
(51) ga CLO = 9946, — (22 — 14s,) CLD), 


16. The calculation of the cst? is similar to that of the c,'"P, etc. 

It is seen that there will be one fewer columns in the array of the c+? 
than in that of the c,‘"P. If necessary, a new column can be added to the: 
caD as the last columns were added in the case of the ct”, calculating 
the final element of the column by (82) and working up the column by (28). 

The recursion formulas that form the distinctive feature of the present 
method are (25) and (28). They are the only ones that are repeatedly used 
with the exception of the classic formula (22). These formulas possess in a 
marked degree the characteristics essential for computational purposes. They 
do not lead to an accumulation of errors for coefficients are small and there 
are no negative terms, and furthermore they are rapidly used. Formula (25) 
is particularly accurate for n = 5, 7. The coefficients in (25) do not depend 
upon either i or j, while those in (28) are constant down a column. This 
is a great advantage. Formula (32) does not have the merit of (25) and 
(28). This is seen by inspecting (46). Errors accumulate through its re- 
peated use. On this account it is desirable to compute ¢,“1% to two more 
places that will be retained in c,4°* ete. The rapidity of convergence of the 
series makes this practical. A similar criticism can be made of (39). No 
extensive use of it is made, however.“ For smaller values of îi, it may happen 


* Neweomb’s method of obtaining approximate values for numbers in columns to 
the right of those accurately computed was solely one of induction. 
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that (39) gives CaP as the sum and not the difference, of two quantities, 
and the formula becomes more accurate.* 
V. Tur NUMERICAL SERIES, 


17. The series employed in § 14 (2) and (4), and whose derivation was 
explained in II follow.t The series in y are used if y= .3, otherwise the 
series in = y — .6. 


ce, == 4: 5: 11-1317. 19(s/4)8y# multiplied by one of the series 


1.000 000 00 
— 0,025 000 00y 
+ 0.002 556 82y? 
— 0.000 443 8948 
+ 0.000 104 574 
— 0.000 030 2545 
-+ 0.000 010 17%y° 
— 0.000 003 84y7 
-+ 0.000 001 59,8 
— 0.000 000 714? 


0.985 836 16 
— 0.022 336 718 
-+ 0.001 933 397 
— 0.000 270 37% 
+ 0.000 049 43%4 


— 0.000 010 814° 


-+ 0.000 002 75¢8 


6,10) == 2+ 11-13-17-19(s/4)°y* multiplied by one of the series 


1.000 
— 0.022 
+ 0.002 
— 0.000 
-+ 0.000 
— 0.000 
4+ 0,000 
— 0.000 
-+ 0.000 


¢ (101) = 16- 


1.000 
+ 0.937 
— 0.053 
+ 0.007 
— 0.001 
-+ 0.000 
— 0.000 
-+ 0.000 
— 0.000 
+ 0.000 


000 00 

727 27y 
130 68,42 
341 45,8 
074 69, 
020 17y° 
006 35y8 
002 26y7 
000 8848 


13 : 17- 19: 21(s/4)!!y% multiplied by one of the series 


000 00 

500 00% 
485 58y? 
136 428 
385 03y* 
340 46y° 
099 064% 
032 77y7 
012 O1y8 
004 78y? 


0.987 065 29 
— 0.020 485 38t 
+ 0.001 643 3712 
— 0.000 214 7443 
-+ 0.000 036 71t 
— 0.000 006 78:5 


1.544 629 77 

-+ 0.880 010 95t 
— 0.043 047 3712 
+ 0.004 720 1923 
— 0.000 726 9144 
-+ 0.000 137 8245 
— 0.000 030 2418 
-+ 0.000 007 5087 
— 0.000 002 3418 


'— 0.000 003 04y10 
+ 0.000 000 93y1 


* For instance, in the case of Venus-Earth, if we determine c,(48) from (38) 
using Newcomb’s values for c,(1,2) and 0,(1,5) we find precisely his value to all seven 
places. 

7 The series in y for o,(10) is the same as one of the series in Brown’s paper 
except as to the number of terms and decimal places. Brown also gives expansions 
about y=.5 and y == 1. All the series here given were computed by Miss Irene Price. 
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6,102) — 32-13-17-19-21- 23(s/4)15y% multiplied by one of the series 


1.000 000 00 2.426 804 77 
+ 1.903 846 15y -+ 2.832 665 16¢ 
70.064 008 91 "0.045 803 500 
— z y — a 
"0.002 262 3649 E gooo 987 17e 
— 0. yY — 0. 

0.000 184 1097 E gooo 048 oser 
— 0. y — 0. 
+ 0.000 063 11y8 -+ 0.000 009 9243 


— 0.000 023 66y° 
— 0.000 009 56,19 
— 0.000 004 12y" 
+ 0.000 001 8741? 
— 0.000 000 897713 


109 — 256 -17+19+ 21-23-25 (s/4)1>y% multiplied by one of the 


series * 
1.000 000 00 3.824 315 72 

+ 2.875 000 00% + 6.768 654 73t 
+ 2.653 125 00y? -H 3.801 102 4972 
es ab Be ees a te 
— |}. Y — {j}. 

+ 0.011 030 56y" + 0.005 305 421° 
— 0.002 588 224° —0.000 941 8718 
+ 0.000 723 77y7 -+ 0.000 193 2217 
— 0.000 230 04y8 — 0.000 033 2718 


+ 0.000 080 82,9 
— 0.000 030 81y10 
-+.0.000 012 58y14 
— 0.000 005 44y12 
+ 0.000 002 48y18 
— 0.000 001 18y%4 
+ 0.000 000 58715 


INDIANA UNIVERSITY. 


*In spite of the number of integers that occur in the coefficients of the various 
series the power of s/4 reduces it in every case to a small quantity. For example in 
the case of Venus-Earth, for which log s = 9.85 9337, log y == 0.04 0346, the coefficient 
of the series is found to be 0.00 03601. 


A System of Six Rectangular Biquadratics. 


By MILDRED WATERS DEAN. 


This paper discusses a special set of six points in the inversive plane, and 
certain biquadratic curves related to them. It takes up the following topics: 


I. Representing the three vertices of a triangle by complex quantities 
a,b, and c, and studying the locus traced out by a point moving so as to sub- 
tend equal angles (modulo x) at two sides ab and ac of the triangle, we know 
that this locus is a biquadratic having a double point at a, cutting itself at 
right angles there, and passing through the other two vertices of the triangle, 
its two Fermat points (denoted by f and fı) and the point œ. Then, in addi- 
tion to the biquadratic cutting itself at right angles at a, and passing through 
b, c, f, fi and œ, there are five other curves which bear the same relation to 
the set of six points a, b, c, f, fı and œ, namely: five biquadratics cutting 
themselves at right angles at b, c, f, fı and ©, respectively, and passing through 
the other five points of the set. Thus, the three vertices of the triangle, the 
Fermat points, and the point o are a special set of six points such that there 
can be found six biquadratic curves, each having a double point at one of the 
six points, cutting itself at right angles there, and passing through the other 
five. 

Moreover, it is shown that this set of six points can be broken up into 
two triads which are apolar. 


II. The study of the conditions under which, given a set of six points, 
the biquadratic having a double point at each and passing through the others 
will be rectangular. (A rectangular curve is one cutting itself at right angles 
at a double point.) A set of six points in the inversive plane is chosen, with 
the restriction that one of them be the point co, and the necessary conditions 
are derived. 


II. We next give the geometrical interpretation of the conditions 
derived in Section II. It is known that five points have a biquadratic invariant 
I,.* For any given four points this is a covariant biquadratie curve Ce. The 
relation of the four and any point on C, is symmetrical. It is found that the 
set of six points mentioned in Section II is such that I» vanishes for any five, 
or, in other words, that the covariant C, of any four is on the other two. 


* This invariant I, is given in a “Note on Neuberg’s Cubic Curve,” by Professor 
Morley, American Mathematical Monthly, Vol. 32 (1925), pp. 407-411. 
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IV. It is then pointed out that the six points, together with the asso- 
ciated biquadratics, may be taken as the fundamental points and curves of a 
Geiser involution in the inversive plane. 


I. 


We have before us the problem of finding the locus of a point which 
moves so as to subtend equal angles, modulo ~, at two sides of a given triangle 
abe.* (By “equal modulo r” we mean that either the angles are equal, or 
they differ by =.) If we denote our moving point by a complex quantity z, 
we may first try to find its locus when it moves so as to subtend equal angles 
(modulo =) at the sides ab and ac. The line from b to z is a vector 
z—b—p,e*, Likewise, the line from a to z is a vector z — a = poe” and 
that from ¢ to z is a vector 2— c = pets. Now we wish the angles azb and 
cza to be equal, or else to differ by m. If we take the quotient (z — b)/(z—a), 
we find that it is equal to (p,/p.)e*-%, where 6,— ĝa is the angle azb. 
Similarly, (g—a)/(z—c) is equal to (p2/ps)e*\%, where 0. — 6; is the 
angle cza. Now form the quotient 


[(2—b)/(2—a)]/[(2—@)/(2— ¢)] = (prps/po?) ef G2), 


If the angles azb and cza are to be equal, we must have 6, — 02 = 6, — 43, 
or 6, + bs — 20, == 0. If azb — cza = m, we have 6, — 20, +9, =m. Thus, 
the exponent of “e” in the quotient [ (2 — b)/ (z — a) |/[ (z —a)/(z— c)] 
either vanishes or reduces to ir, so that, in either case, the quotient reduces 
to a real quantity. Therefore, we have as a first fundamental equation: 


(1) [(z—b)/(z— a) ]/[ (z —a)/(z—c)}]| = a real quantity. 
But, since a real quantity always equals its conjugate, we may write 
(2) [@—b)/(@—a)/[L@—0)/(@—e)] 

= [(2—b)/(2—4) L (z —48)/ (2 — ë) ], 
(3) (z — a)? (z — b) (ž— ē)—(Z — ā)? (z — b) (z — c) = 0. 


* This is, of course, an old problem. See, for example, Salmon’s “ Higher Plane 
Curves.” The problem is also discussed in an article by Professor M. T. Naraniengar, 
in the Proceedings of the Edinburgh Mathematical Society, Vol. 28, p. 73. The curve 
was called by the Belgian geometers the “focale & noeud.” It is identical with the 
strophoid, which was first considered by Barrow in Lectiones Geometricae (1669), 
p. 69. Further references are: Van Rees, Correspondance Mathématique de Quetelet, 
tome V, p. 361; Lebon, Journal de Mathématiques Speciales (1895); Teixera, Traité 
des Courbes Speciales Rémarkables, tome I, p. 30. A history of the problem is given 
in Loria’s Speciale Algebraische und Transcendente Ebene Kurven (1902), pp. 66-67, 
where various additional references are given. 
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The curve given by (3) is, inversively speaking, a biquadratic passing 
through œ; projectively speaking, it is a circular cubic.* We shall think of 
it as a biquadratic. It is obvious that the curve passes through a, b, and c. 
Since the two Fermat points subtend equal angles, modulo m, at the sides of 
the given triangle, it is evident that our curve also passes through these points. 

If we consider the point z in a position very near to a, we know, of course, 
by hypothesis, that angle azb = angle cza. The angles abz and acz have 
become infinitesimal, and may be considered as equal. Then the angle baz = 
angle zac; that is, the angles at the vertex a become more nearly equal as z 
approaches a. This shows that the curve (3), passing through a, bisects the 
angle at a. In fact, it can be shown that this curve not only bisects the angle 
at a, but it has a double point there, and cuts itself at right angles at this 
point. Let us denote this curve by A. 

But A is not the only curve which furnishes us with a solution of our 
problem. For we may also have 


(4) (z—¢)?(2—a) (2b) —(2— č)? (z — a) (2——b) = 0. 


This is the locus of a point z which moves so as to subtend equal angles. mod. z, 
at the sides ac and bc. It is a biquadratic on © which passes through c, cuts 
itself at right angles there, and bisects the angle at c. It also passes through 
a and b and the two Fermat points. We denote this curve by ©. Similarly, 


(5) (z —b)*(Z— a) (2—2)—(Z— b)? (z — a) (2 — c) = 0 


will be the locus of a point z moving so as to subtend equal angles, mod. r, 
at the sides be and ba. It is also a biquadratic passing through a, b, c, f, fa 
and œ. It cuts itself at right angles at b, and bisects the angle at b. We 
shall speak of this eurve as the curve B. 

So we have found three different curves which are solutions of our prob- 
lem. We thus have a net of biquadratics on the six points a, b, c, f, fı and œ. 
Now, since our biquadratics have double points at a, b, and c, respectively, 
and cut themselves at right angles at these points, is it not natural to sup- 
pose that we can find three more curves of the net, which have double points 
at f, fı and oo, respectively, and which cut themselves at right angles at these 
points? This assumption is found to be true. 

No simple method of obtaining the equations of the two biquadratics 
having double points at f and fı has been found, but we may find the equation 
of the one having a double point at o as follows: the curve will have an 


* See explanatory note at the end of this paper. 
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equation of the form LZA+MB--NC—=0, where L, M, and N are real 
constants, which are to be determined. They must be determined in such a 
way that the curve will cut itself at right angles at ©. This means that the 
coefficients of the terms in 2727, 272, 22" and 22 must all be zero. The coeff- 
cient of 2?2? is zero already. Equating the coefficient of 2°2 to zero we have 
(6) L(2%4—b—é)+ M(2b—a—é)+ N(2¢—a4—b)—0. 
Equating the coefficient of 22? to zero we have 
(7) L(b + ¢—2a)+ M(a+ ¢— b)+ N (a +b — 2c) = 0. 
Equating the coefficient of 22 to zero, 
(8) L[2a(b + 2)— 2a(b +c)] + M[2b(aH- 2)— 2b(a+c)] 
+ N[2e(a + b)— 2ö(a + b)] = 0. 
In (6), (7), and (8) we have three linear homogeneous equations in three 
unknowns L, M, and N. They have solutions different from zero only if 
 24-—b—4 2b—a—z Ra 
b-Hc— Ra a+-c—2b atb—re 
| 2a(b+2)—2a(V+c) 2b(a+2)—2b(a+c)  2c(a+b)—22(a+b) 


| 
© 


Adding the sum of the second and third columns to the first makes each ele- 
ment of the first column zero. Obviously, then, the values L = M = N =1 
will satisfy equations (6), (7), and (8), so that our biquadratic having a 
double point at infinity and cutting itself at right angles there is 
A+B-+C=0. A biquadratie cutting itself at right angles at infinity is 
known to be a rectangular hyperbola. In our case, the curve also passes 
through the three vertices of the triangle and its two Fermat points. The 
rectangular hyperbola passing through the three vertices of a triangle and ils 
two Fermat points is known as the Kiepert hyperbola of the triangle. So 
our curve is nothing more than the Kiepert hyperbola of the triangle. 
We may now state the following theorem: 


THEOREM 1. The three vertices of a triangle, its two Fermat points, and 
the point infinity form a set of six points such that the biquadratic having a 
double point at any one of them, and passing through the others, 1s rec- 
tangular. 
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THE Srx RECTANGULAR BIGUADRATICS ASSOCIATED WITH THE TRIANGLE abc, 


Curve A—Biquadratie with Double Point at @ —-——— 


Curve B—Biquadratie with Double Point at b ............6.. 
Curve C—Biquadratie with Double Point atc xxxxxxXxXxxx 
Curve F—Biquadratie with Double Point at f — — — — — — — 
Curve F,—Biquadratie with Double Point at f —— —— —— -——— 


Curve H—Kiepert Hyperbola — {7 .— 
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In addition, these points fall into two triads abe and ffı co which are 
apolar. If abc and ff, are to be apolar, we must have 


3abe —(f + fı +) (ab + ac + be) 
+(a+ b+ ¢) Ff: + fo + har- dffico = 0. 


Then the sum of all quantities multiplying co must equal zero, or 
—(ab +- ac + be)+ (a-t b + ef fFı)—3ffı should equal zero. 
Replacing a+ b + c by sı and ab + ac + be by s we write: 


(9) — 8 -+-8,(f + f:)— 3ffı should equal zero. 
f and fı may be expressed in terms of a, b, and c as follows: 
f = 81/3 >= VyV2/302, fi = 8/3 as Vyt2/30y, 


where v, =a + ob + wc and v2 =a +b + oc (w being one of the com- 
plex cube roots of unity.) 
We have now 


f + fr = 281/3 — (T0 + 02701) /301 02, 
ffa = 81°/9 + vive/9 — 51/9 (Ho + B,°01/T:02). 


Substituting these values in equation (9) we have 


— Sa + 281/3 — (81/3) [ (Tv + 9301) /Ty G2} 
—8,°/3 Tr V1V2/3 + (51/3) Ko + Dav) / HG | 


should equal zero. 


817/83 — S2 — V1¥2/3 should equal zero. 
Now 


VV = (a + wd + we) (a + wb + oc) = s? — 382. 


Then we have 
81/3 — S82 — 8,°/38 + s = 0; 


which shows that the triads abe and ffı® are apolar. This gives us 


THEOREM 2. The three vertices of a triangle are a set of points which 
is apolar to the set consisting of the two Fermat points of the triangle and 
the point infinity. 

II. 


We now take, on a curve K (namely, a biquadratic which cuts itself at 
right angles), the double point and five other points, and derive the condition 
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under which the biquadratic having a double point at each and passing 
through the others, will be rectangular. If we choose K to be a biquadratic 
cutting itself at right angles at infinity, we know that this is a rectangular 
hyperbola, and since the other five points must lie on this curve, we see that 
we may take as their co-ordinates v; = mi yi=1/mi (t=1, 2, 3, 4, 5). 
Here x and y are Cartesian co-ordinates, and are not complex. 

If we wish to write the biquadratic passing through one of the points, 
say Zıyı, which also passes through œ, we need only write the equation of a 
circular cubic passing through zıyı. This will be of the form 


(10) le — 21)? +(y—y1)*] [a(x — 21) + b(y—4:)] 
+ e(z — a)’ + de — e) (y — y) + ely — 1)? 
+ f(@—21)-++ gy — gr) = 9, 


(a, b, and ¢ are real, arbitrary constants, and not the a, b, and c of the pre- 
vious section.) When zı = m, and y, = 1/m, this cuts the hyperbola when 


(11) [(m— m)?’ + (1/m — 1/m,)*?] [a(m — mı) + b(1/m — 1/m,)] 
+ c(m — m)? + d(m — m) (1/m — 1/m,) 
+ e(1/m—1/m,)? + f(m — m) + g(1/m — 1/m,) = 0. 


Since this is to have a double point at mi, 1/mı and cut itself at right angles 
there, we must have f == g = 0 and e =— c. Putting these values in equa- 
tion (11), simplifying, and removing the factor (m — m)", we have 


(12) [mm +1] [amm, (m — mı)— b (m — m,) | 
+ cm’? — dm?m,? — cmm, == 0. 


This is obviously a quartic in m, the coefficient of m? being am,°. We may 
accordingly write equation (12) as 


[mm + 1] [ammı (m — m,)— b (m — mı)] + em3m3 
— dm?m,? — cmm, == am," (m — a) (m — ae) (m — az) (m — ay), 


pass through the points ms, 1/me2; ms, 1/m;; Ma, 1/m, and ms, 1/m;, 
where di, Ga, d; and a, are the roots of the quartic. But we wish our curve to 
Accordingly, we may substitute ms, ms, m, and Ms for &ı, Ge, a3, and a, in 
the last equation, which then becomes 


(13) [mm +1] [amm (m — m,)— b (m — m) ] + emê°m,’ 
— dm?m,? — cmm, == am? (m — Mms) (m — ms) (m — ms) (m — ms). 


We are trying to find the conditions under which the biquadratic having 
a double point at mi, 1/m, and passing through the four other points 
mo, 1/m23 Ms, 1/ms; Ma, 1/Ma; ms, 1/ms and the point at infinity will be 
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rectangular. This will amount to finding some relation on Mi, me, Ms, m, and 
ms. In (13) we have a relation involving all five m’s, but it also involves the 
arbitrary constants a, b, c and d. We must get rid of these constants in some 
way. To do this, we take equation (13) and let m == mı, mm, =i and 


mm, = — ı successively, thus obtaining the three equations 
(14) e(m,° = m")— dmt m am? (mt = mı°oı -+ M1702 — Misg + 64); 
(15) —2ci + d Te (a/m) (it — M + PM 0 Sa. imo + mitsa), 


(16) 2ci + d=(a/m,) (4 + Cmo + Cm o: + iMm + mto) 


where o1, 0, o3 and o, are the four symmetric functions of Ma, ms, m, and ms. 

Solving the simultaneous equations (15) and (16) we obtain c=u/2 
(Mm? og — o,) and d = a/m, (1 — m,’ oz + m,* o4). Substituting these back 
in equation (14), we find that each term contains a as a factor, so that this 
may be cancelled out, leaving an expression which involves only m, and the 
symmetric functions of the other four ms. This expression is, after some 
reductions have been made, 


(17) OL +m? 03 — Amı 04 — 2M, = 0. 


This equation involves m, in a way different from that in which the 
remaining four m’s are involved. This is because we started out by letting 
our biquadratie have a double point at mı, 1/m;. But we wish to treat all 
the m's alike; i. e., we wish to find the condition under which the biquadratic 
having a double point at any m and passing through the others will be rec- 
tangular. So we must find a relation which will treat all the m’s alike. To 
do this, we introduce the symmetric functions of Mi, Me, Ms, Ma and ms, which 
are denoted by Sı, se, Ss, S4 and ss, and which are related to the o’s as follows: 


Sy = Ma +o, Sg = M402 + O25 85 == Mila 
S2 = M101 + 03, S4 = M103 + G4, 


Also, we have 
T, = 8; — m, og = (SMa — 85) / M, Ta = $5/My. 
Putting these into equation (17) and simplifying, we have: 
(18) Ma (Sa — 3) + Sı — 38; = 0. 
Equating coefficients of like powers of m, gives 
(19) Sy = 8, Sı = 385. 


Equations (19) give the condition which we sought; it proves to be two 
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relations on Mı, M2, Ms, Ma and ms; if we desire to have just one condition, 
we may effect this by substituting for the s’s their values in terms of the o’s; 
this gives: ma o3 + o4 = 3 and mı + cı = 3m, os Elimination of m, from 
these two equations gives 


(20) 0103 — 100, + 30,2 + 3 =0. 


This is a relation on m2, ms, m, and ms, but it will hold for any four of the 

m’s. For instance, we might have started working with a biquadratic having 

a double point at ma, and then we should have arrived at a relation (20) 

involving Mı, ms, ms and ms. So (20) holds for any four of the ms. 
Equation (20) is fundamental in this work, so we state 


THEOREM 3. If we take, on a biquadratic which cuts itself at right 
angles at infinity, the point infinity and five other points whose co-ordinates 
are Mi, 1/m,; Ma, 1/m2; Ms, 1/Ma; ms, 1/m, and Ms, 1/ms, then the con- 
dition that the biquadratic having a double point at mi, 1/mı and passing 
through the other five points shall be rectangular is: oies — 1004 + 304° + 3 
== 0, where the o’s are the symmetric functions of Ma, Ms, m, and ms. 


III. 


In order to get a geometrical interpretation of the condition given in 
equation (20), we investigate the connection between our six points and 
Neuberg’s cubic curve for three points, 

This curve is defined as follows: starting out with three points 2 %ı, 
Ta Y2, Ts Ys, Neuberg’s cubic is the locus of points s.y, satisfying the con- 
dition.” 


AsaArs hos + Ara 1 i en ae 
Als | Ada Asi F Aza 1 | =0, 
Ar2Azs dia + Age 1 


where Aa; is the squared distance between the points toy, and zY, and simi- 
larly for the otherA’s. This curve passes through the points £141, toy2 and 
Tss. In other words, if four points lie on a Neuberg cubic, A’ vanishes for 
them. 

If we subject the four points involved in A’ to an inversion with center 
at z;y; and radius equal to k, we get 


A’ = h**To/Xis7Aes*Ass Ass’, 


* See the note by Professor Morley, referred to above. 
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where 
AzsAıa AgsAısAss + AraAosAss 1 
L= Azıdaa AsiAzsA4s + AzsAssAis 1 = 0. 
ArzAs4 AreAgsAas 4 AgsArsAgs 1 


If A’ = 0 is the original Neuberg cubic, then Ia = 0 is a new curve, which is 
the locus of a point £444, the other four points being given. The curve whose 
equation is Ją = 0 is a biquadratic; it is a covariant biquadratic curve of the 
four points 21, Y¥13 La, Yo; Vs, Ya and Ts, ys. ‘This curve, which may be denoted 
by C2, is the “inverted Neuberg cubic with respect to one of the points (say 
Ts, Ys) of any three of the remaining four (say a1, yr; Ta yo and Ts, Ys). 
The fifth point z,, Y4 is the variable point which traces out the locus.” * If 
five points lie on an inverted Neuberg cubic, J, must vanish for them. 

It should he noticed that while the Neuberg cubic seems to involve only 
four points, it really involves five, since it is a biquadratic on infinity. So 
it involves the four points which are explicitly contained in it, plus the point 
infinity. The inverted Neuberg cubic, or better, covariant biquadratic C, 
involves five points explicitly, since, on inversion, infinity goes into x; Ys, and 
this appears in the equation. 

After this digression on the Neuberg cubic and the covariant biquadratic 
Ce, we discuss the connection between these curves and our set of six points. 

If we wish four of our points, say ms, 1/m2; ms, 1/ms; Ma, 1/m,, and 
ms, 1/ms to lie on a Neuberg a we must have 


eon m Ba] mn an 
(ms — mz)? LER mm)” 1 


M Ms Mg Ma? 
[ (mm)? + EEO] [ (meme 
(mi — mz)? sp ee 4 (m — me)? f ee 1 


[ (oma — me)? ee | rms)? ie Mu) 


Ma 25" 
(ms — ms)? 


1 
m m 5° 


(ma — ma)? + + mm)? ne 


The problem of evaluating this determinant is quite interesting in itself, but 
since it involves many detailed operations which would be tedious for the 


Morley, loc. cit., page 408. 
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reader, and which are unimportant for the purpose of this paper, we may 
omit them, and let it suffice to say that the determinant may finally be 
reduced to f 


(A—B)? C 1 C?(A—B)? © 1 
(mmmms— 1)? | (A—C)? B 1|4 | B(A—C)? B 1 |=0, 
(B—C)? A 1|- | ArB—C) A 1 


where 
A= MoMz + M4Ms5,5 B= Mots, + MyMsy C = MMs + MaMa: 
This gives 


(4-1) HAB) me (C =A) ] 
—(AB+ AC + BC) (A — B) (B — 0) (C— A)=0. 
Then either 


3(o,—1)°+(AB + AC + BC)=0 or (A—B)(B—C)(C —A)=0. 


Making the second expression equal zero makes one of its factors zero. If, 
say, A—B=0, then A=B and mem; + mms = mm, + mms. This 
makes either ms = mz or m, = m3. We assumed our six points to be distinct, 
so this relation cannot hold. Therefore, we have 


3(o,—1)?+(AB+ AC + BC)= 0, 3 (e4 — 1)? + o103 — 40, = 0, 
304 — bo, — 404 + 0103 + 3 = 0, 0103 — 1004 + 30? + 3 == 0. 


Thus the condition that four of the points lie on a Neuberg cubic is 
exactly the same as the condition that the biquadratic having a double point 
at one of the six points and passing through the others shall be rectangular, 
since in each case the condition is 


0103 — 100, + 3047 -+ 3 = 0. 


Since this holds for any four of our five points, we know that any four 
of them lie on a Neuberg cubic, or A’ vanishes for any four of our five finite 
points. However, this really involves not four but five points. For when we 
are given a set of n points in the inversive plane, we have, in reality, n + 1 
points, for the point infinity may always be regarded as an additional point 
of the set. So this condition involves, in reality, five points of our set, 
namely, four of the five finite points and infinity. If we do not like to bother 
with the point infinity, we can invert with respect to a point as. So that 
now, instead of dealing with a set of points m, 1/mı; me, 1/m2; ms, 1/ms; 
Ms, 1/ ma; Ms, 1/ms and infinity, we are dealing with a set of points aı, ae, 
Qs, Qa, Ms ANd de, where ai(t==1 '' + 5) is the inverse of the point mi, 1/m; 
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and as is the inverse of infinity. The old condition for rectangularity will 
invert into a new condition, and this will be the condition that the biquadratie 
having a double point at one of the six (finite) points a,,- - -, de and passing 
through the others shall be rectangular. The old condition involved four 
points, and said that any four of the five finite points in the old set lay on a 
Neuberg cubic; the new condition involves five points and says that any five 
of the points a,’ ' ", as lie on a covariant curve Cz (since a Neuberg cubic 
inverts into a C2), or better, that I, vanishes for any five of the six points. 

Now, suppose we investigate more closely our set of points a,°* +, a 
Four of these, say az, a3, a, and a, will determine a covariant curve Cz which 
passes through de, ds, a, and as. Any point on this curve, together with the 
points da, dz, a, and ds, will satisfy the condition J,—=0. We have already 
seen that any five of our set of points a,,- - `, as satisfy the condition I, == 0. 
That is, Za will be zero for the points a1, ae, a3, a, and a, and also for the set 
of points ds, Qz, As, Q4 and as. From this it is evident that a, and as lie on 
the curve determined by az, as, a and as; that is, the C, determined by 
Gz, Qs; Q4 and a, passes through a; and as. In the same way we see that the C2 
determined by any four of the points is on the other two. 

We may also put it as follows: 


Choose a set of five of the points, say as, ds, Qu, ds and ag. Then 


flo, lg, Qa, Gs determine a Ca which passes through a, and de, 
G2, Qa, Qa, Qe determine a Ca which passes through a, and ds, 
Gz, Qs; Gs, Qg determine a Ca which passes through a, and du, 
flo, Qa, ds, As determine a Ca which passes through a, and as, 
Qs; Gas As, Qe determine a C which passes through a, and ap. 


It is to be noticed that all these C.’s pass through a,. Thus we may say: If 
we choose a set of five of the six points, then, by choosing sets of four points 
from this set of five points, we determine five C.’s. All five of these C,’s then 
pass through the sixth point. 

The results of the last three paragraphs are the most important ones 
arrived at in this paper. Accordingly, we re-state them, for better emphasis, as 


THEOREM 4. If we have a set of six points, which are such that the 
biquadratic having a double point at each, and passing through the others is 
rectangular, then the invariant I, vanishes for any five of them. The covariant 
curve Cz determined by any four is on the other two. Moreover, if we choose 
a set of five of the sia points, and set up the five covariant curves Oa which 
are determined by sets of four points chosen from this set of five points, then 
all these five Ogs pass through the sixth point. 
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IV. 


It is proper to regard the six points and associated biquadraties, which 
we have studied so far, as the fundamental points and curves of a Geiser invo- 
lution in the inversive plane. 

In the inversive plane, circles play the röle which lines play in the pro- 
jective plane. A Cremona transformation in this plane is one which trans- 
forms circles into curves which behave like circles; i. e., into curves (\,* 
which are rational, which form a triply infinite system, and which are such 
that any two of them have as many free points of intersection as do two 
circles. 

Professor Morley, starting from this definition,} has determined that 
there are four symmetric Cremona transformations in the inversive plane, 
and has given some of their properties. The transformations are: 


A. One which transforms circles into circles, 

B. One which transforms circles into C;’s with four double points, 

C. One which transforms circles into Cys with six four-fold points, 

D. One which transforms circles into C,;’s with seven eight-fold points. 


These transformations are all involutory. 

Type C involves six points, and is therefore the one to which we shall 
confine our attention. This transformation sends a circle into a C, with six 
four-fold points. These six points are the fundamental points of the trans- 
formation. What are the fundamental curves? They are, of course, the 
transforms of the fundamental points. The transformation sends the C, on 
which a given fundamental point F is situated into a circle. Since the point 
F is of multiplicity four, a point P, in describing Cz, passes through F four 
times. The transform of P, called P’, describes a circle, and this circle must 
meet the transform of F, which is a curve Cn, just four times. A circle and a 
Ca meet 2n times; therefore, 2n == 4, n = 2, and the fundamental curve is a 
biquadratic, or Ca. As a matter of fact, it can be shown that the biquadratic 
corresponding to a given fundamental point has a double point at that point, 
and passes through the remaining five fundamental points. Thus our funda- 
mental system consists of six points and six biquadratics, each biquadratic 
having a double point at one of the six points, and passing through the others. 

To a general circle corresponds then a C, with four-fold points a; 


* See explanatory note at end of paper. 

+ Unpublished report in mathematics seminary, Johns Hopkins University, Decem- 
ber, 1926. The question as to whether a transformation so defined is one-to-one is 
not of interest here; it was, however, discussed by Professor Morley in the report 
mentioned here. 
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(t==1,:+-,6). When the circle is on a, the corresponding fundamental 
biquadratic A, is a factor of Oz; the circle then corresponds to the other factor, 
a Cs with a double point at a and triple points at the other a’s. 

When the circle is also on ds, then A, factors out from Cs, and what 
corresponds to the circle is a Cs, with aı, a, as simple points and 43 44 ds ds 
double points. 

Finally, to the circle on a1, de, dg corresponds the circle on ds, ds, Ge. 

To what Cremona transformation in the projective plane does this trans- 
formation correspond? In the projective plane, a Cremona transformation 
transforms lines into curves which behave like lines. So we must see what 
the effect of our transformation on a line will be. In the inversive plane, a 
line is simply a circle on infinity. Let us put one of the fundamental points 
of our transformation at infinity. Then, by (1) above, the transform of a 
line will be a C; with infinity as a double point, and five triple points. But a 
Cs with infinity as a double point is, projectively, an octavie with J and J as 
triple points. Thus we see that our transformation corresponds to one in the 
projective plane which sends a line into an octavie with seven triple points. 
This is the well-known Geiser involution, and by analogy we call Type © the 
Geiser involution in the inversive plane. We can now restate our main 
theorem thus: 


There is a Geiser involution for which the six biquadratics are all rec- 
tangular. This requires three conditions on the six points. 


Note on Curves in the Inversive Plane. 

For the sake of those readers who are not familiar with the handling of 
curves in the inversive plane, I append the following note: 

In this plane we use as co-ordinates z = g -++ iy and Z == g — ty (x and y 
being the ordinary Cartesian co-ordinates of a point.) These are variously 
called minimal, cireular or absolute co-ordinates. A curve is given by an 
expression in z and 2, equated to zero. It is generally written in the form of 
a self-conjugate matrix such as 


RE o o U SE a eg 
1 Po u ie ri: OP dra 
Z| Gy P 1 by be bs oe Dna 
|G. bb Pe U Cs t'e One 
2) b G P dy te das 
Hida, bs b d, Ps = (), 


| dp Dna Gn-2 Anos Pr 
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where the p’s are real and the other numbers are complex quantities and their 
conjugates. This is read by multiplying every element by the quantities 
heading the row and column in which the element stands and adding all such 
products together. Thus, the curve written above would start off as 


Po + mz + 022? + aez? + azt + + + + 2" 
+ G2 +P2+ bez 4 baz? ++ —=(0, 


A curve is always named after the highest powers of z and 2 occurring in it. 
For instance, if the term of highest power is p,z*Z" the curve is called a bi-n-ic, 
and is denoted by Cy. It is easily seen that this curve is, projectively, a 2n-ic, 
with an n-fold point at I and an n-fold point at J, since if we express pn2"2" 
in Cartesian co-ordinates it becomes 9, (2? + y°)” and this is the leading term 
of the curve when written in the ordinary way. The simplest curve is the C; 


1 2 
A A = == 0, 
Z| dı P 1 


OF Po + 412 -+ dz -+ 9122 = 0, which is a circle, since it is a conic on J and J. 
The next simplest is the C, or biquadratic 


1 2 2? 
1} Po Qy de 
Z ay Pi bi == 0, 
2? liz ba P, 


or 
Po + az + G2 4 age? + Ged? + Pat 0178 + biz + Pe = 0 


which is projectively a quartic with J and J as double points. 

If, in a On, the coefficient of 2"2" is zero, the Cn passes through infinity. 
If, in addition, the coefficients of z” 2””1 and 2" ž"-1 are both zero, the curve 
has a double point at infinity. Thus, writing the curve in matrix form, we 
see that by striking off the element in the lower right-hand corner, we make the 
curve pass through infinity. This causes the curve to be, projectively speaking, 
a (2n—l)ic, with J and J as (n—1) fold points, for our highest term 
will be of the form 


argh 4 kön — amtata (k, + ik.) + Z (hy — the) ] 
= rl (ki + the) (x + ty) + (k, — thee) (x — ty) ] 
= (2? + y?) [2ks — kay]. 
11 
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Taking off in addition the next two elements in the lower right-hand corner 
makes infinity a double point, and makes the curve equivalent to a curve in 
the projective plane of order 2n — 2, with (n — 2)-fold points at J and J. We 
see immediately that a circle on infinity is a straight line, while a C on 
infinity is a circular cubic. A Ca with a double point at infinity is a conic. 

In general, we may say that starting in the lower right-hand corner of 
the matrix and striking off p diagonals in succession makes our Cn have a p-fold 
point at infinity; it is a curve in the projective plane of order (2n — p) with 
(n—- p) fold points at J and J. Given a curve in the inversive plane whose 
highest terms are of the form k2P2% and 22%, where p+ q, then the curve 
is a Cy, where n is the greater of the two integers p and q, which passes 
through infinity p — q or g— p times. It is, in the projective plane a curve 
of order p + q which passes through J and J each either q or p times. Thus, 
a curve whose highest terms are of the form 272 and 2°z is a Ce with infinity 
as a simple point. It is projectively a curve of the third degree which passes 
simply through I and J; i. e., a circular cubic. 

A Cn with an n-fold point at infinity is a curve in the projective plane of 
order n, not passing through J and J. Accordingly we may say that an ordi- 
nary curve of order n in the projective plane is, in the inversive plane, a Ca with 
an n-fold point at infinity. A curve of order n in the projective plane which 
passes through Z and J each m times becomes, in the inversive plane, a Cum 
with infinity as (n — 2m)fold point, whose highest terms are of the form 
zumzm and gzr-™, Thus, a curve of order nine in the projective plane, which 
passes through J and J each three times, becomes a Ce with infinity as a 
triple point, whose highest terms are of the form z°2° and 2°2°. 

One more point concerning these curves must be called to the attention of 
the reader: A Cn and a Cm have in common 2mm points.* For the Cn, being 
a 2n-ic with n-fold points at I and J, and the Cm being a 2m-ie with m-fold 
points at IZ and J, intersect in 4mn points; but the intersections at J and J 
use up 2mmn of these, so that, as a consequence, we may say that they have 
in common only Amn — 2mn = 2mn points. 


* The common points are either actual intersections or common image-pairs. 


Concerning the Rational Curves R;(II) and R,* 
By H. E. ARNOLD. 


1. The rational space quintic curve, R’, is given parametrically by four 
binary quintics 


(1) Rz: u (ait), (i=0,1, 2,3). 
The pencil of apolar quintics 
(2) p(bt)® + o(ct)® 


has been called the fundamental involution, and the necessary and sufficient 
condition that a binary quintic represent a plane section of the curve is that 
it be apolar to the fundamental involution. 

In general there is a unique quartic apolar to the fundamental involution, 
and therefore a rational space quintic possesses a unique quadrisecant line. 
But if the four conditions imposed on the binary quartic by making it apolar 
to the quintics (2) are not independent, then there is a pencil of quartics 
apolar to the fundamental involution. This means that the curve possesses 
an infinity of quadrisecant lines, and it is said to be of the second species. f 
We shall designate this type of curve by the symbol #,°(/Z), and shall call 
the pencil of apolar quartics, 


(3) A(Bt)* + wlyt)*, 
the “auxiliary involution.” The curve lies on a quadric and the oo’ quadri- 
secant lines form one set of rulings. 

The rational plane quartic curve is represented by three binary quartics 
(4) Rz: zi = (ait) *, (=, 1, 2); 
and the fundamental pencil is the involution of quartics apolar to (4). The 
form (3) will be considered also as the fundamental pencil of R;“. 

The two curves R:t and R,’(II) can therefore be regarded as being 
determined, to within projections, by a pencil of binary quartics, or by means 
of the unique binary sextic, ¥, apolar to such a pencil. 

Setting 


(5) Pij = 


> 


Bi Bi 
Yi Yi 








* Presented to the American Mathematical Society, October 27, 1928. 
f Bertini, “ Sulle Curve Gobbe Razionali Del. 5. Ordine,” Collectanea Mathematica 
in mem. D. Chelini. 
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the combinants * of (3) are expressed in terms of these determinants. The 
invariants for various special types of the curve R,* have been found + and in 
the following table we give the relationship of some of these forms to the 
quintic R,°(ZZ). 


Special Quadri- 





Conditions on A Quartic R4 
Pencil of Quarties Ban ns ossesses 
of R (II) p 
I, —(I2’— 361,)? = 0 1 bitangent Degenerate 
l flex conic 
I, —(1,’— 361,)? = 0 2 bitangents Biflecnode 
I 6” 167 2° = 0 
I,—(I’— 3612)? = 0 | 3 bitangents 3 bifleenodes 
Is ai 16/,3 =F 0 
(gt)? =0 
Is = 1 linear 1 cusp 
inflexion 
I a == 0 
[ (Le’—41,)*—I,]? ) 2 linear 2 cusps 
+128 [IAI — 2 (I’—41;,) °--2813°1;] =l) inflexions 
Is = 0 
[ (Lo’—412)*—I,]? 3 linear 3 cusps 
+128 [1:1 Iele (I? —Al;)?+2817?1,]=0 inflexions 


I; a 641, (If— 41,)— (I! — 41,)? = 0 
Apolar sextie ¥ 


1 four-point 


R reduces to 


has triple root contact rational 
tangent cubic I 
Apolar sextic ¥ 2 four-point Rs* reduces 
is cube of a quadratic contact to conic 
tangents 


* The relations between the Morley and the Salmon combinants (Salmon, Modern 
I, =— B; I) =1B—~—A: L=R; 


Higher Algebra, 4th Edition, pp. 219-221) are: 


L=D; (qt)®?=P; (st) =J. 


+ Rowe, “ Covariants and Invariants of the Rational Plane Quartic,” Transactions 


of the American Mathematical Society, Vol. 12, p. 304; 


Winger, “ Self-Projective 


Rational Curves of the Fourth and Fifth Orders,” American Journal of Mathematics, 


Vol. 36, p. 59. 


t Thomsen, “The Oseulants of Plane Rational Quartie Curves,” American Journal 


of Mathematics, Vol. 32, p. 207. 
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2. The curve R,’(II) for which J, vanishes is particularly interesting. 
The vanishing of I, is the condition that the pencil (3) be the first polars 
of a binary quintic. For the plane rational quartic J = 0 is the triple point 
condition, and it is known that the canonizant of the quintic form gives the 
parameters of the triple point. 

Let us take as the base quintic form 


(6) (at)? == at" -+ 5ayt*r + 10det r* + 10031”? + bagte* + asr”. 


The fundamental involution is readily obtained from the auxiliary involution, 
and we note that the five points of the curve which are given by the roots 
of (6) lie on a plane, which we shall call the plane m. Let us designate by 
(atı) (at)* and (atz) (at)*, respectively, the first polars of (tı, Tı) and (te, T2) 
with respect to (6). It can easily be verified that 


(7) (tre — ter) (atı) (at)* — (try — tar) (ata) (at) =(tıra — ÉT; ) (at) 5 
But 


(8) (tra — tar) (atı) (at)* 
and 
(9) (tr, — tyr) (ate) (at) * 


are plane sections of the curve. Moreover, when the quintics giving three 
plane sections are linearly related the planes are in a pencil, and hence the 
planes (8) and (9) intersect on m. Thus if P, and Pz are any two points 
of the curve, and qı and 9, their polar quadrisecants, respectively, we have 
the planes Pigg and Pag. intersecting on the plane vr. 

If we let R," (II) be given by 


| To == [A (Bt)* + m (yt) "] 
5 zı == T [M (BE)? + m (yt) *] 
(10) ee ra = t[As(Bt)* + aa (7) 4] 

Ta = T[Ao(BE)* + va (yt)*), 


where A,(ßt)* -+ m (yt)* and Aa(8t)* + we(yt)* are any two members of the 
auxiliary involution, then the curve lies on the quadrie 


(11) Tolg — Lila == 0, 
and the equation of the plane r is 
(12) Boto —— Ao, we thy Bo, + Aıla == (), 


The equations of the plane sections (8) and (9) are given by 
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(13) (typo — T1A2) (T2Xq == tot) + (rıkı zu tim) (T2t2 = tata) = 0 
and 
(14) (tops — TeA2)(TıTo — tiz) + (T2Aı — top) (7122 — tit) = 0, 


respectively. 

If C be the conic in which w cuts the quadric (11), and if 8, and & 
be the points in which C is met by the quadrisecants q, and gz, respectively, 
then as P, moves along the curve while P, remains fixed, the planes (13) 
and (14) give rise to a pencil of lines through S,. As 8, is brought into 
coincidence with S, the line 8,8, becomes tangent to C, and we have the 
theorem: If I, vanishes the plane through a point P, of the curve and its 
polar quadrisecant qı cuts the plane x in a line which is tangent to the conte O. 
A simple geometric method for finding the pole of a given quadrisecant is 
thus afforded. 

But the tangent line to C at 8, lies in the plane of the two generators 
through that point, and hence the conic C may be further characterized as 
being the locus of points through which pass a unisecant and a quadrisecant 
generator such that the point on the unisecant is the pole, with respect to 
(at)°, of the quartic giving the quadrisecant. The curve R,°(II) itself may 
then be considered as being specialized in this way when the invariant J; 
vanishes, 

If we let ¿= 0 be one of the roots of (6), then the polar of (0,1) gives 
the quadrisecant through this point. But t= 0 is then also a root of the 
polar quadrisecant, and hence one of the four points has moved up to the 
conic C. This gives the theorem: At the five points whose parameters are 
the roots of the base quintic (6), the tangent line*to the curve, the tangent 
to the conic, and the quadrisecant through the point considered are coplanar. 


3. In the theory of the rational plane quartic the undulation invariant 
I, was obtained as the eliminant of the two forms (ßt)* and (yt)* of the 
fundamental pencil. If we impose the condition that the Z, of the auxiliary 
involution of R,’(II) vanish, then each member of the system of quadri- 
secants would have a root in common. Since the quadrisecants form one 
system of generators of the quadric on which the curve lies, that surface 
would have to be a quadric cone. But then a plane through two of the 
elements of the cone would cut the quintic in seven points. Similarly, if 
(ßt)* and (yt)* had two roots in common a plane through two elements 
would meet #,°(ZZ) in six points. If, however, the two quartics have three 
roots in common the curve has a triple point at the vertex of the cone.* We 


* Mueller, Dissertation, Die Rationele Kurve Fünfter Ordnung im Pünf-, Vier-, 
Drei- und Zweidimensionalen Raum. Leipzig (1910), p. 78. 
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conclude, therefore, that I, cannot vanish for any R (II) which does not 
have a triple point. 

The R,’(IT) with a triple point corresponds, then, to the R,* with three 
undulations. As in the case of such a plane quartic the sextic © for R,°(IT) 
is not a unique form, but any member of a net of sextics will serve to recover 
the curve.” 


4. The R,’(II) which possesses two four-point contact tangents is in- 
teresting because it sets up a null system. Taking the equations of such a 
curve as given by Colpitts,} 


(15) Rg (IL): To = b, met, nett, ner, 
the equations in planes are found to be 
(16) = Ir, é — Bir, & = — bir, é5 == — 8’, 


Hence it can be shown without difficulty that the five planes which osculate 
the curve at the points cut out by the plane (&r)= 0 meet in a point which 
itself lies on (éx); dually, a point in space gives rise to a plane through itself. 


5. A pencil of binary quartics has also been studied from the point of 
view of a pencil of line sections of R:t. In what follows we will make use 
of this interpretation. 

Consider an Rs* with distinct nodes B, C, D, and the ©° cubics Cè 
which pass through B, C, D, and any fourth point A not on R.*. Each 
such eubie Cs? cuts Ry* in six more points, and we have therefore œ" binary 
sextics. Such a system of cubics is determined by six linearly independent 
members, and likewise the involution of sextics is defined by the six corre- 
sponding sextics. But there is a unique sextic f° —(dt)® apolar to the six 
independent sextics. Any sextic apolar to f° is a member of the involution, 
and one cubic C? passes through the six points corresponding to the given 
sextic. The roots of f° give the contacts of the six cubics C.° which have 
six-point contact with Rs*. 

Now any line through A, together with a conic on B, C, and D is a 
degenerate cubic C”. This means that the four points on a line through A, 
with any two arbitrary points of the curve Rs‘, give a sextic apolar to f°. 
In other words, the quartics obtained from the pencil of lines through ‘A 
are apolar to ff. Hence the theorem: The roots of the unique sextic apolar 


* Neelley, “ Compound Singularities of the Rational Plane Quartie Curve,” Ameri- 
can Journal of Mathematics, Vol. 49, p. 391. 

+ Colpitts, “On Twisted Quintie Curves,” American Journal of Mathematics, 
Vol. 29, p. 336. 
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to the pencil of quartics obtained from the line sections through a fixed point 
not on R+ are the parameters of: the contacts of the sia cubics C which 
pass through the nodes of R and the fixed point and have six-fold contact 
with the curve. 
Furthermore, when we examine the degenerate cubics C.* which pass 
through one and two fixed points, respectively, of R2*, we obtain the theorem: 


The four points on a line through A are such that any three of them 
form the camonizant of the first polar of the fourth with respect of f°; the 
second polars of ft with respect to two points on a line through A give 
harmonic sets. 


We note particularly the case where the point # on the quartic, taken 
with the points A, B, C, D, determines a conic, which in ‘turn cuts out another 
point of the curve. Calling this sixth point F, we see that the net of line 
sections of Rt gives rise to quartics apolar to the second polars 
(dis) (dtr) (dt)*, where E and F are in an involution I? formed by the 
conics on A, B, C, D. Thus the quartics of the net of line sections are not 
apolar to a net of quartics,—the second polars of f°—as might seem to be the 
case, but to the pexicil of quartics obtained from the quadratic involution. 
We may take as the base quartics of the pencil the pure second polars of f° 
with respect to the two points E, and E, at which conics on A, B, C, D have 
contact with R,*. Designating this pencil by 


(17) A(dtn,)?(dt)* + a (din)? (dt) +, 


and noting that the net of line sections of B,* is apolar to (17), we see 
_ that (17) is the fundamental pencil of the curve. The net of second polars 
of f° therefore contains the fundamental pencil. We can thus say that 


The œ? points of the plane give rise to a net of binary sextics, f°, each 
including among its second polars the fundamental pencil of the quartic R.*. 


On Varieties of Three Dimensions with Six Right 
Lines through Each Point. 


By CHARLES H. Sisam. 


Among surfaces, it is a well known and quite useful theorem that if, 
through each point of the surface, there pass just two distinct right lines 
lying on the surface, then the surface is a quadric. It is the purpose of this 
paper to prove an analogous theorem for varieties of three dimensions; namely, 
if through each point of the variety there pass just six right lines which lie 
on the variety, then the variety is a cubic hypersurface in four dimensions. 

Denote by Vs such a variety of three dimensions. Since each rectilinear 
generator at a point P of Vs is a fourpoint tangent to V; at P, the variety 
has, at each of its points, six fourpoint tangents and lies in a space of four 
dimensions.“ No three of the generators through a generic point can be 
coplanar; otherwise the quadric cone of three point tangents to V, would 
be composite and the six generators through that point would not be distinct. 

Let a given generic point O on Vs be taken as origin and the tangent Ss 
to Vs at this point be taken as the coördinate space w==0. Let the equation 
of Vs be given in each of the forms 


(1) w= p(z, y,2)-+ p(T, Y, 2) + p(T yz) +° °° 
and 
(2) w= A(z, y)+ zB (s, y) + 2C(2,y)+2D(z,y)+--:, 


where &; is homogeneous of degree i in z, y, z and A, B, C, etc. are power 
series in z and y only. 

We shall suppose the coördinate system chosen so that no generator in 
the neighborhood of the origin lies in a space z == const. Let the six systems 
of rectilinear generators on Vs be defined on the variety by the equations 
(3) s= u + zolu, v) y=v + zti (u, v) (i = 1, 2, 8, 4, 5, 6) 
where 
(4) 

ren oy + og HoD o 
Ti (uv) = P +4 4+ D +4, +++ (i=1, 2,3, 4, 5,6) 


* Compare, e.g, the author, “On Three-spread Satisfying Four or More Homo- 
geneous, Linear, Partial Differential Equations of the Second Order,” American 
Journal of Mathematics, Vol. 33 (1911), pp. 97-128. 


607 


608 Sısam: On Varieties of Three Dimensions 


in which o‘?, to are constants and o;‘?, t; are homogeneous of degree 
jin wand v. From (2) and (3) we have, further, for the generators of each 
system 


(5) w == A(u,v)+ z[B (u, v)+ Aus: + Ata] 
and the restrictive conditions on the coefficients in (2) 


(62) C+ Byoi + Boti + (Ya!) [Auuoi? + 2Awoiti + Avti] = 0 
(6b) D+ Cusi + Chi + (44!) [Bur +: 7 +H D Ann? ++ ]=0 
(66) E+ Dusi + Doti + (4!) [Cana +++] + 0 
(6d) F + Eno: + Esti +04!) (Duane? +: +] +: = 0 
etc. 

Each rectilinear generator at the origin lies in w—0 and also satisfies 
the equations 

d2=0 Bel d=0 ete 


In particular, since the six distinct intersections of ¢.—0 ¢:==0 lie on 
4==0, we have 


(7) ps = tihs + Bode, 


where «, is linear and £z is quadratic in g, y, 2. 
Consider, now, the cubic hypersurface 


(8) w—=¢2+ os + (w — p) + Bow + yow (w — p2) + Bw? + Bow? = 0 


where a, and ß, are the forms defined in (7), the quantities Bo, yo are con- 
stants, as yet undefined, and £, is an undetermined linear form in g, y, 2. 
We shall show that the quintic cone 


(9) os — %o4 — Bobs == 0 


in w = 0 has each of the generators w == 0 == 0 $s = 0 of Vs at the origin 
as a double generator. It will then follow that this quintic has ¢.==0 as a 
component and that the residual cubic component passes through each of 
these generators and is thus of the form yos + Bip = 0, so that 


(10) bs = Aids + Bods + yoh2ops + Bide”. 


Tf, in (8), we take for yọ and ßı the quantities defined by (10), the expansion 
in series of the cubic hypersurface (8) will coincide with (1) to the terms 
of œs inclusive. 

To show that the cone (9) has the given lines as generators, we take 
the coördinate system so that any one of the generators at the origin is 
w = x = y = 0 and that 


with Sic Right Lines through Each Point. 609 


do == TZ F 4’, 
pa = y2 + 2B: (2, y) + As(2,y), 
where B, and A, denote respectively the second degree terms of B and the 
third degree terms of A in (2). Let, also 
Oy (LY2)E= &0% + rot + Gory, 
B:(z1yı2)=Boo2? + Pıo22 + Bayzt °° 5 
then, from (7), 
ha = Boor2® + 902° oe eee 
Since z = y = w = 0 is a generator, s vanishes for x = y = 0. Let 
ps = atz + bayz +t 
From (6a) and (6b), since ooo == too = 0, we have 
(11) gı == — V, tı = — (oou + Zoot), 
where o, and t, are the first degree terms of o and ¢ respectively for the system 
that contains the line z == y = w = 0. 
From (6c) we now have 
Ps (u, v, 1)= %oßoou + (Boo + Ko Kia ee 


But, in coördinates u, v, 1, we have 


Orbs + Babs = Roßoou + (Boo + Ro )v -$t 
Hence the cone ds —(arps + Be) = 0 in w= 0 has the generator s = y 
= w == 0 as a double line, and, since this is any one of the six generators 
at the origin, s is of the form (10). 
Next, we shall show that the cone 
(12) de aaa [ads + Bods + Yobadı + Yoba” + Bipa] == 0 
in w == 0 has each of the generators w = $ = ġa == 0 of V; at the origin 
as a triple line from whieh it will follow at once that 
(13) pe == Gips + Bods + Yobaba + yopa? + 2ßıdads + Bode’. 
If, in (9}, we take for 8, the value determined by (13), then the expansion 
of the cubic hypersurface coincides with that of V, as given by (1) to the 
terms of ġe inclusive. 
If we denote by As, Bz, Ce, ete., the terms of A, B, O, etc., of second 
degree in u and v, we find, from (6a) and (6b) 
=> [C + Bauer + Bastı + Az(oit;) | 
i = — [De + Cousi + Covts + B, (ct) ] 


from which, using the values of o,, t, determined by (11), we have ez, tz 


610 Sısam: On Varieties of Three Dimensions with Six Right Lines. 


determined uniquely in terms of the coefficients of 2, $3, Pas ds. From (6c), 
(6d), and (6e), we now have 


Er = [Dirue + Dyyte + Dous: + Darts + Calot) | 
F ES [Eue +. Ext], Go Tu 0. 


These equations fix the coefficients of the terms of $s(u, v,1) of degree 
not more than two in u and v uniquely in terms of those of z, ps, $a, $e. 
It follows that these coefficients are identical with those of the corresponding 
expansion of the cubic (8). But, for (8), the sextic corresponding to (12) 
is identical with —f.¢.*=0 and thus has a triple generator along 
zs=y=w=0. It follows that. the given sextic (12) has each generator 
of w = 2 == ha = 0 as a triple generator and thus is identical with a constant 
times 2° == 0. Hence ġe is of the form given by equation (13). 

Finally, the terms of ¢;(u,v,1) involving u and v to not more than the 
third power are determined uniquely by those of ¢2,- * *,de. In fact, from 
(62), (6b), we obtain 


og == — [C, + Boue: + Bauor + Boavte + Bayti — 2tite 
Fr ip (Asuucı? + 2Asweıbı + Asmtı?) | 
ts = — [Dg + Cuo: + Ouo + Covte + Certa + Bemoiee-+ Baur (ort, + ets) 
+ Beantıta + 1% (Buyer? + 2Bzwortı + Bantı?) + As (o1, t) J]. 


From these equations, o, and t, are uniquely determined in terms of the 
coefficients of ds, ° * +, de 
From (6c), (6d), (6e) and (6f), we find 


E; == — [Dues + Douo: + Deuor + Divts + Davte 
+ Dsvty + Counoree + Couv(orte + oti) + Covutite 
+ 16 (Cauuor® + Comot + Cavvts?) + As (orts) | 
F, == — [Erus + Euo -+ Lyte + Eosti + De (o1t1) ] 
Gy ==— [Fio + Poti] Hot. 


These equations fix the terms of ¢;(u,v,1) of degree three or less in 
uw and v terms of those of ¢e,---,¢s. It follows that these are identical 
with the corresponding terms of ¢,’, which arises from the seventh degree 
terms of the cubice (8) so that r (z, y, 2)— dr (a, y,2)==0 has z = y = w = 0 
as a fourfold line. Since this holds for each generator w = $z == hs = 0, 
we have ¢;==¢,.. Thus the cubic (8) has contact with (1) to the terms 
in ¢; inclusive. Since this contact holds at an origin chosen generically 
on Va it follows that the given variety coincides with the cubic hypersurface. 


The Oscillation of a Sequence.” 
By WALLIE ABRAHAM HURWITZ. 


1. Introduction. For any given sequence (x) of real or complex num- 
bers £i, 2, &,' * "let 
Q(z)—= lim sup | am — zn | 


MIO, n->00 
be termed the oscillation of the sequence. In order that (x) be convergent 
it is necessary and sufficient that Q(z)—=0. The oscillation of a sequence 
may be considered as measuring the deviation of the sequence from convergence, 
just as the oscillation of a function at a point may be considered as measuring 
the deviation of the function from approach to a limit at the point. As 
defined, Q(x} may be a (finite) number = 0 or the symbol + æ. 


In order that Q(x) be finite, it is necessary and sufficient that (x) be 
bounded. 


If (x) is bounded, obviously Q (4Ẹ) is finite. On the other hand suppose 
that Q(z) is finite, and let Q > Q(x). There exists an integer g such that 
when m2 q, nq, then |@m—2,j <Q. In particular, for n =q, 
| tn— taj <Q and |a,|<@Q-+|2q|; therefore the greatest of the q 
numbers 


la: |; x: |y a) | tas |; Q + | aq | 


is an upper bound of all | a |. 

For a bounded sequence, Q(x) may also be defined as the maximum of 
all distances between pairs of limiting values of (x). For a bounded real 
sequence 


(1) 2(z)—= lim sup tn — lim inf zn. 
Me? OO ROO 


2. Effect of regular transformation. By the familiar Silverman- 
Toeplitz theorem, in order that the transformation 


(A) Yn = > On KOK 
k=1 


be regular, i.e., transform every convergent sequence (x) into a sequence (y) 
having the same limit, it is necessary and sufficient that 


* Read before the American Mathematical Society, December 27, 1929. 
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(I) for each k, lim u, == 0; 
TOO 
n 
(2) a p 
n 
(III) foral n, 3 | anu | is bounded. 
k=1 


The object of the present paper is to consider the change eff 
oscillation of a sequence by a regular linear transformation of the 
and specifically to insure that 
(3) Q(y) S A(z). 


The problem has an obvious relation to a result obtained in an ear. 
it was shown that if the elements- of (A) are real, and only real se 
are considered, then in order that a regular transformation ( 
such that 


(4) lim sup yn © lim sup zu 
R>CO NO 
and 
(5) lim inf yn = lim inf £n 
n> NOOO 


whenever (x) is bounded, it is necessary and sufficient that 
8 
n 
(6) (IV) lim I | ans | =1. 
n> k=İ 


In fact, for a bounded real sequence, it is clear that (IV), bei 
for (4) and (5), is sufficient for (3). But (3) does not imply I 
(5), so that the theorem mentioned does not show that (IV) 
for‘ (3). A slight modification of the proof given would es 
necessity, even for the complex case; but in the complex case, c 
hand, (4) and (5) are meaningless and therefore cannot be us 
to show sufficiency. The whole question is therefore now dist 
pendently; the following theorem will be proved: 


In order that a regular transformation (A) may be such that © 
for every sequence (x), (IV) is necessary and sufficient. 


3. Proof of Necessity. To prove the necessity of (IV) we`: 
(I), (IT), (III) hold, but (IV) fails, and exhibit a sequence (= 
Q(y)> Q(x), thereby establishing a contradietion.f If 


*W. A. Hurwitz, Proceedings of the London Mathematical Socie 
Vol. 26 (1927), pp. 231-248. 

+The construction of the sequence (#) involves only minor modific 
proof previously mentioned; loc. cit., pp. 238-239. 
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ki è 
lim sup È |ang] > 1, 
1-00 kzl. 
then for some « > 1, there will exist values of n arbitrarily great for which 
> | anu | >a. Choose n, so that 
k=1 


È | ank | >a. 
i=l 
By (1), > | an,» | —> 0 as m—> œ ; we can therefore choose n, so. that 
i=l 


m na 
I | annt | < 1/2, D |ang | >a 
k=1 k=1 


In general, choose np so that 


2-1 Np 
D | n,e|<1/p, D | ane | >; 
k=1 k=1 

then also 


n 
S| ann | > a —1/p. 
k=ngp-itl 
Now define * 
ee SED On,,k; k = nı; 
a (— 1)71 Sgn npk Ng-ı < k = Np. 
Then for all k, | zx | S 1, and Q(z) 2. We find that 


NPEL Np 
Ynga —— Yn, = = Onpa,kKtk — > On KEI 
kel k=1 


Rp 
=z = Inn uk m = “Un, ktk + S Anput Tk — > Anp, UL 
k=np+1 k=np-ıt1 


=z 3 ny, ke — S anp ktk 
k=l k=l 


ea = '| dapat | ee > | an, a 
In the last expression the absolute values p the first two terms are together 
not greater than 


Š | anpor |+ Sl anp | < 1/(P +1) +p < 2/03 


the absolute values of the last two terms as are real and of like sign) 
are together greater than 


* Here sgn g= ]|g]/z or 0 according as z0 or z=0; hence in all cases 
z sgn z= |g]. L 
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{a — [1/(p + 1)]} + [e —(1/p)] > 20 — 2/p. 


Hence 
| Ynga ~~ Yny | > aa —4/n. 
Thus 
Q(y) = lim sup | Ym — Yn | = u Sup | Yapı — Yap | 


PN, n> 


= lim Be > 22 A(s), 
200 


and Q(y) > Q(z). 


4. Proof of Sufficiency. It will now be shown that if (I), (II), (IIT), 
(IV) hold, then O(y)= Q(z). In case Q(z)=+w, no proof is necessary. 
Let Q(r)==« be finite; since (x) must be bounded, let | a, | =X for all n; 


let 3 | anv |= An. For e> 0 there is an integer p such that when „> p, 
ey) then |a—av|<o+e If m>p, n>p, 


Ym — Yn = 3 Im, kt, — Š ont 
m n 
=> (Am — Imx)in + D Ami — DS Anite 
k=1 k=p+1 kp+1 

The absolute value of the first term of the last expression is not greater than 

2 p 

2X (È | ama | + È | ame |, 

kel k=l 

which, by (I), has the limit 0 as m and n become infinite. Thus 


2(y) = lim sup | = Im an — e Orrin |. 


— 00, 700 
Furthermore 


> Om kEk — Ss Gn kik = 5 Am, pop — > On, vO 
k=p+1 k=p+1 u=prl v=p+1 


= ( > Qm pp) (1— > ün, y) — ( $ dn, vv) (1 == > Amp) 
u=p+i vep+l v=p+1 u=p+l 


m n 
HE 3D anulnv(tp— iv). 
a=p+l v=pri 


But 
m n n 
| (È Amni) (1— 3 m) | S XAn|1— E mv |, 
B=prl v=p+1 v=p+t1 


| (5 ün, vv) (1— > Ain, p) | = XA, | i— > Om, | 3 
v=pr1 a=p+1 zer 
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each of which, by (I), (II), and (IV), has the limit 0 as m and n become 
infinite. Thus 
O(y) = lim sup | SS am) |. 
MOO, NPA  H=p+l v=ptl 
Finally, 


m 


LÈ Fam) EÈ È | anp |l an| (0+ 6) 


Be ptl vp» u=p+1l v=ptl 
SE (o + ¢)AmAn, 
so that, by (IV) 
2y)So+t e 
Since this holds for each e > 0, it follows that Q(y) S o =Q (7). 


5. Variations of the Theorem. For the special sequence used in § 3 in 
order to prove the necessity of (IV), Q(x) is finite; hence 


In order that the regular transformation (A) may be such that N(y) 
E OQ(r) for every sequence (x) such that Q(x) is finite, (IV) is necessary 
and sufficient. 


The Silverman-Toeplitz theorem holds if we restrict ourselves to real 
transformations of real sequences; also if every element of (A) is real, then 
the sequence (a) chosen in § 3 is real; hence 


In order that the regular transformation (A) with real elements may be 
such that Qiy) S Q(x) for every real sequence (z), (IV) is necessary and 
suficient. 


6. An Interpretation. It may not be superfluous to point out that when 
(II) is satisfied, (IV) is equivalent to the requirement that in the sum of 
absolute values of elements of a row of (A), the total contribution of the pure 
imaginary parts and of those real parts which are negative, is negligible. In 
order to state this more precisely and prove it, we note the following lemma: 

For any real numbers ux, vx, 


($ a)? + (3 ve)? S [$ (u? + 2) #2, 


For n = 2, this follows at once by rationalization; for n > 2, it can be shown 
by induction or repeated application of the case n= 2. 


In this formula write us = | bax | , Ur = | Cae |, where an == Dax + ican 
and bn, Cn,» are real: 
n n 
(7) (È | bnz] ) + | nsl) 2= (F | aux | )?. 
k=l k=l 


12 
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Suppose (li) holds; then 


(8) lim $ bne—=1 
nO kzi ° 
and 
n n n 
(9) D bne S X | bne | S È | anw]. 
pet kel k=1 
I£ (IV) also holds, then by (IV), (8), and (9), 
(10) lim $ | baz | = 1; 
n0 k=l 
and by (IV), (7), and (10), 
(11) lim $ | cnp | =0. 
n> k=l 


But (IV) can also be deduced from (II), (10), and (11), since 


n n N. n 
DY ane S D | ane | EE | bne | + | cnx | - 
kel i=l k=l Pe 


Thus: 

If (I1) holds, (IV) is equivalent to (10) and (11). Now let 
(12) btn = (Bae + | Bae | )/2, nx —=(Onx— | bax | )/2, 
so that 

ee i bine if baz > 0, 
ee “nk IE dane <0; 
tan = 0; One S 0. 
Then 
(13) bn = Ong + One; | Onz | = btn, — Dan 


From (10) and (8), by (12), we find 


(14) lim Ebra—l, lim Sban—=0; 


n>% =i n> k=1 


while from (14), by (13), we could deduce (10) and (8); from (8) and 
either equation of (14), by (13), we could deduce (10). Thus: 


(II) and (IV) are equivalent to (11) and (14). If (II) holds, then 
(IV) is equivalent to (11) and either equation of (14). 


Determination of All the Groups of Order 64. 
By G. A. MILLER. 


INTRODUCTION. 


Among all the groups whose orders do not exceed 100 those of order 64 
present by far the greatest difficulties in view of the very large number of 
distinct groups of this order. The groups of every other order within this 
limit have been published either separately or as special cases of well known 
general categories. In fact, since 64== 2% these groups are also included . 
among those of order p®, p being a prime number. This general category is 
the subject of a Paris thesis, 1904, by M. Potron, but not all the possible 
groups of order 64 appear therein, and the more general methods of treatment 
which are employed there naturally involve many difficulties which do not 
present themselves in this special category. It may be of interest to tabulate 
here the number of groups of every order not greater than 100 whenever there 
is more than one group of the same order. 
Order 4 6 8 9 10 12 14 16 18 20 21 22 24 25 26 27 
Number 2 2 5 2 2 5 2 14 5 f 2 2 15 2 2 6 
Order 28 30 32 34 36 38 39 40 42 44 45 46 48 49 50 52 
Number 4 4 51 2 14 2 2 14 6 4 2 2 52 2 5 5 
Order 54 55 56 57 58 60 62 63 64 66 68 70 72 74 75 76 
Number 15 2 13 2 213 2 4294 4 5 4 50 2 3 4 
Order 78 80 81 82 84 86 88 90 92 93 94 96 98 99 100 
Number 6 52 15 2 15 2 12 18 4 2 2 230 5 2 16 

The total number of groups whose orders do not exceed 100 is therefore 1074 

and for each of 37 of these orders there is only one group. 


1. Abelian groups. An abelian group of order p”, p being a prime 
number, whose invariants are p™, p™s,---,p™A ig said to be of type 
(mi, m2," **,m,), and there is only one such group if ma, Ms,’ ++, my 
represent positive numbers such that m, +- ma +" m =m, and such 
a group is completely defined by its type. Hence there are exactly eleven 
groups of order 28, which correspond respectively to the following partitions 
of 6 with respect to addition: 6,5+1,4+2,41+1+41,3+3,3+2+1, 
8-41-1411, 2-242, 24+24+141,24+1414+141, 14141 
-+1+1-+1. It is known that every non-abelian group of order 64 contains 
an invariant abelian subgroup of order 16, but it does not necessarily contain 
an abelian subgroup of order 32.* We may therefore divide the non-abelian 


* Miller, Blichfeldt, Dickson; Finite Groups (1916), p. 120. 
617 - 
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groups of order 64 into two categories which are composed respectively of 
all those groups which involve at least one abelian subgroup of index 2 and 
of all those which do not have this property. The former category will be 
considered first. 


2. General theorems relating to non-abelian groups which contain an 
abelian subgroup of index 2. If H represents an abelian subgroup of index 2 
under the group G, then @ can be obtained by adjoining to H an operator s 
which transforms H according to an automorphism of order 2 and has its, 
square in H, and any operator which satisfies these two conditions gives rise 
to a group whose order is twice the order of H when it is adjoined to H. In 
order to determine these automorphisms of order 2 it is desirable to note that 
every commutator which arises from an automorphism of order 2 of any 
group whatever corresponds to its inverse under this automorphism, and that 
the commutators which arise from an automorphism of an abelian group con- 
stitute a subgroup of this abelian group. 

Since every commutator which results from an automorphism of order 2 
gives rise t0 a commutator which is the inverse of the square of the former 
commutator, it results that, when the order of a commutator arising from 
an automorphism of order 2 of an abelian group is odd, then every generator 
of this commutator which appears in this abelian group and has an order 
involving no prime factors besides those of the order of the commutator must 
give rise under the same automorphism to a commutator whose order is equal 
to the order of this generator. As this commutator must correspond to its 
inverse under this automorphism, there results the following theorem: If a 
commutator of odd order results from an automorphism of order 2 of an 
abelian group, and if s is any generator of this commutator whose order in- 
volves no prime factor besides those which divide the order of this commutator, 
then an operator whose order is equal to that of s corresponds to its inverse 
under the same automorphism. From this theorem it results directly that 
in an automorphism of order 2 of a cyclic group of odd prime power order every 
operator must correspond to its inverse, and hence there is only one possible 
automorphism of order 2 of such a cyclic group. 

When « commutator arising from an automorphism of order 2 of an 
- abelian group is of even order, this commutator will give rise to a commutator 
whose order is one-half of the order of the former commutator. In particular, 
when a commutator of order 2 arises from such an automorphism, it must 
correspond to itself under this automorphism. In general, a generator of a 
commutator of even order arising from such an automorphism must give rise 
to a commutator whose order is equal to one-half the order of this generator 
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whenever the order of this generator involves no prime factors except those 
which appear in the order of the commutator. From this it results that when 
the abelian group is cyclic and of order QM, then there is one automorphism 
of order 2 which gives rise to a commutator of order 2, while in the other 
possible automorphisms of order 2 at least one-half of the operators of this 
cyclic group must correspond to their inverses. There can therefore be only 
two such other automorphisms. Since every abelian group admits an auto- 
morphism in which every operator corresponds to its inverse, and such an 
automorphism of a cyclic group of order 2” can not be the square of another 
automorphism of this group, it results from the given theorems that the group 
of isomorphisms of this cyclic group is of type (@,1). This is a new proof 
of this well known fact and illustrates the usefulness of the theorems noted 
above. 

In view of the fact that the multiplying group can often be used to 
simplify the study of the automorphisms of an abelian group, we note here 
a few more properties of this group. It is especially useful to know some of 
the properties of the multiplying group which corresponds to the transform 
of a given automorphism under the group of isomorphisms. It may first be 
noted that if under an automorphism of an abelian group the multiplier of 
a given operator s is ¢, then under the inverse of this automorphism ét is 
the multiplier of ts. In particular, the multiplying group corresponding to 
an automorphism is the same as that which corresponds to the inverse of this 
automorphism. A necessary and sufficient condition that the multiplier of 
an operator s under a given automorphism is the inverse of the multiplier 
of s under the inverse of this automorphism is that this multiplier is in- 
variant under this automorphism. In general, if the multiphers of s corre- 
sponding to two automorphisms of an abelian group are ¢, and és, then the 
multiplier of s in the product of these two automorphisms, in order, is égfet,, 
where ż is the multiplier of Z, under the second automorphism. 

The preceding theorems may be illustrated by a consideration of all the 
possible automorphisms of order 2 of the abelian group H of order 2% and of 
type («— 1,1), «>4. The commutator subgroup corresponding to such 
an automorphism must be cyclic since a non-cyclic commutator subgroup 
would involve all the operators of order 2 contained in H and hence all these 
operators would correspond to themselves in this automorphism. The quotient 
group corresponding to a subgroup involving all the operators of order 2 
contained in H is obviously cyclic. There are three non-conjugate operators 
of order 2 in the group of isomorphisms of H which correspond to commutator 
subgroups of order 2. When the commutator subgroup is of order 4, it is 
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not contained in a cyclic subgroup of order 8, and hence the two corresponding 
automorphisms of order 2 are conjugate. 

When the order of the commutator subgroups corresponding to an auto- 
morphism of order 2 exceeds 4 it must be 2%? since at least one-half of the 
operators of H must correspond to their inverses in such an automorphism 
in view of the fact that an operator which is the square of an operator of 
highest order must correspond to its inverse therein. There are two cyclic 
subgroups of order 2%? in H and each of these is a commutator subgroup 
arising from an automorphism of order 2. When the commutator subgroup 
of this order is generated by the square of an operator of highest order con- 
tained in G and the corresponding central is non-cyclic, every operator of H 
corresponds either to its inverse or to its 2°? — 1 power. These two auto- 
morphisms are not conjugate under the group of isomorphisms of H, but the 
two automorphisms of order 2 which arise when the central is cyclic and the 
commutator subgroup remains unchanged are conjugate. When the commu- 
tator subgroup is the other cyclic subgroup of order 2%-?, the four possible auto- 
morphisms are conjugate in pairs. Hence the following theorem: The group 
of isomorphisms of the abelian group of order 2% and of type («a — 1,1), 
«> 4, involves fifteen operators of order 2; three of these are invariant and 
the other twelve are conjugate in pairs. Hence there are nine such auto- 
morphisms which have the property that no two of them are conjugate under 
the group of isomorphisms. 

A very simple illustration of the general theorems noted above is fur- 
nished by the operations of order 2 in the group of isomorphisms of the 
abelian group of order 2% and of type (1, 1, 1- +). In this case all the 
commutators must correspond to themselves in such an automorphism, and 
hence the number of such non-conjugate automorphisms is equal to the largest 
integer which does not exceed «/2. When the abelian group is of order 2¢ 
and of type (2, 1, 1- - +), the commutator subgroup which corresponds to an 
automorphism of order 2 must again appear in the central under the auto- 
morphism, and the number of the independent generators of this commutator 
subgroup may be any natural number which does not exceed «/2. When the 
commutator subgroup is of order 2 and «> 3, there are always four such 
automorphisms which are not conjugate under the group of isomorphisms. 
The largest number of non-conjugate automorphisms of order 2 corresponding 
to a given order of the commutator subgroup is obviously 5, and this number 
is always attained when this order exceeds two and its square is less than 
one-half of the order of the group. When this square is equal to one-half 
of the order of the group, there are four such automorphisms, and when it is 


Mirer: Determination of All the Groups of Order 64. 621 


equal to the order of the group, there are two such automorphisms. This 
gives rise to the following theorem: The number of non-conjugate operators 
of order 2 in the group of isomorphisms of the abelian group of order 2” 
and of type (2,1, 1: - +) is one if m=2, three if m==3, and if m > 3 and 
is even it is 1 + 5(m — 2)/2, while when m ts odd it is 3 + 5(m— 3) /2. 


3. Groups which involve either the cyclic group of order 32 or the 
abelian group of order 32 and of type (4,1). It is well known that there are 
always four non-abelian groups of order 2”, m > 3, which involve the cyclic 
group of order 2”-1, As these four groups are so well known, we shall not 
consider their properties here. It was noted in the preceding section that 
when H is the abelian group of order 32 and of type (4,1) there are nine 
non-conjugate automorphisms of order 2, and hence we proceed to consider 
the possible groups of order 64 which may correspond to these automorphisms. 

When the commutator subgroup is the characteristic subgroup of order 2 
and the central is cyclic, there is only one group which does not involve an 
operator of order 32, while there are two groups when this central is non- 
cyclic. When the commutator subgroup is a non-characteristic subgroup of 
order 2, the central must be non-cyclic and there are two additional groups. 
Hence five distinct groups of order 64 result when the commutator subgroup 
is of order 2. Each of these five groups contains three abelian subgroups of 
index 2 in view of the obvious theorem that a necessary and sufficient con- 
dition that a non-abelian group of order p” which involves an abelian sub- 
group of index p contains p-+ 1 abelian subgroups of this index is that the 
commutator subgroup is of order p. 

When the commutator subgroup of H is of order 4, the central must 
be cyclic and there is only one corresponding group of order 64. When the 
commutator subgroup is of order 8, the central may be either cyclic or non- 
cyclic and the commutator subgroup may be either of the two cyclic sub- 
groups of order 8. Hence there are four such automorphisms. There are 
three groups when each operator of H corresponds to its inverse, and there 
are two groups when these operators correspond to their seventh powers. When 
the central is non-cyclic and the commutator subgroup is the other cyclic 
subgroup of order 8, there are two additional groups. Hence there are seven 
groups when the central is non-cyclic and the commutator subgroup is of 
order 8. When the central is cyclic, it is the subgroup of order 4 which 
cannot be generated by an operator of order 8 contained in H. There are 
two groups when the commutator subgroup is the cyclic group which is gen- 
erated by an operator of order 16, while there is only one group when the 
commutator subgroup is the other group of order 8. Hence there are 16 
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groups of order 64 which contain the abelian subgroup of type (4,1) but 
no operator of order 32. 


4. Groups which involve the abelian group of type (38,2) but no abelian 
group of order 32 which involves an operator of order 16. In view of the 
theorem that if a non-abelian group of order p” contains more than one 
abelian subgroup of index p, then each of its operators appears in at least 
one of its p -+ 1 abelian subgroups of this index, it is clear that the restriction 
imposed on the groups under consideration is equivalent to saying that when 
the commutator subgroup is of order 2, these groups cannot contain an opera- 
tor of order 16. There are four non-conjugate automorphisms of order 2 
in which the corresponding commutator subgroup is of order 2. When the 
central involves operators of order 8 and the commutator subgroup is the 
characteristic subgroup of order 2, there is only one group, but there are two 
groups when the commutator subgroup is not characteristic. When. the central 
is of type (2,2), two groups correspond to each of the two non-conjugate 
automorphisms but only three of these are distinct, and hence there are six 
groups when H is of type (3,2) and the commutator subgroup is of order 2. 
When the commutator subgroup is the non-cyclic group of order 4, the central 
is of type (2,1) and there are two non-conjugate automorphisms. Two groups 
correspond to one of these, while only one group results from the other. 
Hence three groups of order 64 result from the non-cyclic commutator sub- 
group of order 4. 

When the commutator subgroup is one of the two cyclic groups of order 
4 whose operators cannot be used as an independent generator of H, then 
there are two non-conjugate automorphisms of order 2. In one of these, 
exactly half of the operators of H correspond to their inverses, and this gives 
rise to three distinct groups of order 64, while the other gives rise to two 
additional groups of this order. Only one automorphism of order 2 corre- 
sponds to the other cyclic group of order 4 as a commutator subgroup, and 
this gives rise to two additional groups of order 64. Hence the cyclic com- 
mutator subgroups of order 4 give rise to seven groups of order 64 when the 
central is non-cyclic. It gives rise to two such groups when the central is 
cyclic. One of these two groups involves operators of order 16 which do not 
appear in an abelian subgroup of order 32. 

It remains to consider the case when the commutator subgroup is of 
order 8 and hence it is non-cyclic. The central must therefore be the non- 
cyclic subgroup of order 4 contained in H, and the commutator subgroup 
must be composed of the operators in H which are squares. There are three 
groups in which all the operators of H correspond to their inverses, and two - 
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additional ones when all of these operators correspond to their third powers. 
The remaining two automorphisms in which all the operators of order 4 
correspond to their inverses are conjugate and there are two additional groups 
which correspond to one of these automorphisms. There are only two non- 
conjugate automorphisms of order 2 when not all the operators of order 4 
correspond to their inverses. In one of these one-half of the operators of 
order 8 correspond to their inverses while the rest correspond to their third 
powers. Two groups of order 64 arise from this automorphism, while only 
one group results from the remaining automorphisms. Hence ten distinct 
groups result when the commutator subgroup is of order 8, and there are 28 
groups which result from the automorphisms considered in this section and 
are not simply isomorphic with the groups resulting from the automorphisms 
considered in the preceding sections. 


5. Groups which involve the abelian group of type (3,1,1) but no 
abelian subgroup of index 2 which has less than three independent generators. 
Since a group of order 64 which contains the abelian group of type (8, 1,1) 
cannot contain any other abelian subgroup of order 32 when the order of ite 
commutator subgroup exceeds 2, it is only necessary to exclude the groups 
from the enumeration of the present section in which one of the two other 
abelian subgroups contains just two independent generators. The group of 
type (3,1,1) contains seven subgroups of index 2. One of these is of type 
(2,1,1), and the other six are of type (3,1) and are conjugate under the 
group of isomorphisms of H. When the central is of type (2,1,1), there 
are two groups whose commutator subgroup is the characteristic subgroup 
of order 2, and there are three additional groups whose commutator subgroup 
is a non-characteristic subgroup of order 2 When the central is of type 
(8,1), there is obviously only one additional group. Hence there are 6 groups 
of order 64 when the commutator subgroup is of order 2. 

When the commutator subgroup is the non-cyclic group of order 4, it 
must appear in the central of H, and hence this central must be of type (2,1). 
There are therefore two non-conjugate such automorphisms of order 2. In 
one of these, four operators of order 4 correspond to their inverses and this 
gives rise to two groups, while the other gives rise to only one group. Hence 
three groups of order 64 result when the commutator subgroup is the non- 
cyclic group of order 4. When the commutator subgroup is the cyclic group 
of order 4 which is generated by an operator of order 8 and the central is of 
type (1,1,1), every operator of H corresponds either to its inverse or to its 
third power. In the former case there are three groups while there are two 
such groups in the latter. When the commutator subgroup remains un- 
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changed but the central is of type (2,1), then half of the operators of H 
correspond to their inverses while the rest correspond to their third powers. 
There are three such groups. When the commutator subgroup is another 
cyclic subgroup of order 4 and the central is of type (1, 1,1), there are three 
groups and there are two additional groups when the central is of type (2,1). 
Hence 16 distinct groups result when the commutator subgroup is of order 4. 

It remains to consider the possible groups when the commutator sub- 
group is of order 8. As this must be non-cyclic, the central must be the non- 
cyclic group of order 4 which involves the characteristic subgroup of order 2 
and an independent generator of this order. The commutator subgroup must 
involve this central and the subgroup of order 4 which is generated by an 
operator of order 8. Hence at least 8 operators must correspond to their 
inverses and there are two non-conjugate automorphisms. In one of these, 
16 operators correspond to their inverses, while in the other, eight operators 
correspond to their third powers. Hence three groups result when the com- 
mutator subgroup is of order 8 and the total number of groups resulting from 
the automorphisms of this section is 25. 


6. Groups of order 64 which contain an abelian subgroup of order 32 
but no operator of order 8 which appears in such a subgroup. If H is of 
type (2,2,1) and the central is of type (2,2) there is only one group. The 
three abelian subgroups of index 2 contained in this group are of the same 
type. When the central is of type (2,1,1) and the commutator subgroup is 
the characteristic subgroup of order 2 contained in the central, there are two 
groups. When this commutator subgroup is the square of an operator of 
order 4 in H which is not in the central, there are three groups, and when 
it is another subgroup of order 2 contained in H, there are two additional 
groups. Hence there are eight groups of order 64 which contain the abelian 
subgroup of type (2,2,1) and two other abelian subgroups which do not in- 
volve an operator of order 8. 

When the commutator subgroup is the non-cyclic group of order 4, the 
central must include the characteristic subgroup of this order contained in H. 
There are three such groups in which every operator of H corresponds to its: 
inverse. If the commutator subgroup and the central remain the same, but 
only half of the operators of H correspond to their inverses, there are again 
three groups, while there are two additional groups when none of the opera- 
tors corresponds to its inverse. When the central remains the same, but the 
non-cyclic commutator subgroup of order 4 is changed, there are three groups 
when half the operators of H correspond to their inverses, and there are two 
groups when this is not the case. When the central of G is of type (2,1) and 
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the commutator subgroup is the non-cyclic group of order 4, there are three 
groups in which half the operators of H correspond to their inverses, and two 
groups arise from the other possible automorphism. 

A cyclic commutator subgroup of order 4 implies that the central is of 
type (2,1), and hence it results that there are two such groups. Therefore 
there are twenty groups of order 64 which involve the abelian group of type 
(2, 2,1) and give rise to a commutator subgroup of order 4 with respect to 
this abelian group. Suppose that in an abelian group of order 2” an operator 
of order 2% gives rise in an automorphism of order 2 to a commutator of 
order 2%. The square of this operator is multiplied in this automorphism by 
an operator whose order is equal to this square. The central co-set to which 
this square belongs must involve an operator whose order is twice the order 
of this square since every commutator which arises from an automorphism 
of order 2 corresponds to its inverse in this automorphism. This proves the 
following theorem: If an operator of order 2° of an abelian group of order 2” 
gives rise to a commutator of order 2% in an automorphism of order 2, then 
the central under this automorphism must involve an operator of order R° 
which generates the same operator of order 2 as the commutator generates. 
From this theorem it results directly that an automorphism of order 2 of 
the abelian group of type (2, 2,1) cannot give rise to a commutator subgroup 
of order 8 since this commutator subgroup would be of type (2,1). 

If a group of order 64 involves the abelian subgroup of type (2,1, 1,1) 
but no abelian subgroup of index 2 which has less than four independent 
generators, and its central is of type (1,1,1,1), there are three groups when 
every operator of H is transformed into its inverse and there is one group 
when the central is of type (2,1,1). When the central is of type (1, 1, 1,1) 
but not every operator of an abelian subgroup of index 2 corresponds to its 
inverse, there are two more groups, so that there are six groups which have 
a commutator subgroup of order 2. If the order of the commutator subgroup 
exceeds 2, this subgroup cannot include any operator of order 4 and hence 
its order cannot exceed 4 in accord with the theorem noted in the preceding 
paragraph. If the central is of type (1,1,1) and the commutator subgroup 
involves the characteristic subgroup of order 2, there are three groups when 
half of the operators of order 4 correspond to their inverses, and there are 
two groups in which none of these operators corresponds to its inverse. 

When the central remains of type (1,1,1), but the commutator subgroup 
does not involve the characteristic subgroup of order 2, there are two groups. 
When the central is of type (2,1) there are again two groups. Hence there 
are fifteen groups of order 64 which involve the abelian group of type 
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(2,1,1,1) ‘but no abelian subgroup of index 2 which has less than four 
independent generators. When all the abelian subgroups of index 2 in G 
are of type (1,1,1,1,1), the commutator subgroup must be of order 4 and 
there are two groups. In one of these, all the additional operators are of 
order 4, while only three-fourths of them have this property in the other. 
The total number of non-abelian groups of order 64 which involve an abelian 
subgroup of index 2 is therefore 118. 


GROUPS CONTAINING No ABELIAN SUBGROUP OF INDEX 2. 


It was noted in $1 that every group of order 64 contains an invariant 
abelian subgroup of order 16. The groups which remain to be considered 
may be divided into three distinct categories. The first of these is composed 
of all those which contain only one abelian subgroup of order 16. The second 
comprises all those which involve more than one such abelian subgroup but 
no two of them appear in a subgroup of order 32. The third category is 
composed of those which involve at least one subgroup of order 32 which 
contains three abelian subgroups of order 16. If such a group of order 64 
contains oniy one abelian subgroup of order 16, this subgroup cannot be cyclic 
since such a subgroup must be transformed by the rest of the operators of 
the group according to a subgroup of order 4 in its group of isomorphisms, 
and every subgroup of order 4 in the group of isomorphisms of the cyclic 
group of order 2”, m > 2, contains an operator of order 2 which transforms 
one-half of the operators of this cyclic group into themselves. 

The group of isomorphisms of the abelian group of order 16 and of type 
(3,1) can clearly be represented as a transitive group of degree 8 with respect 
to letters corresponding to its operators of order 8, and when it is thus repre- 
sented it contains a subgroup of order 8 formed by a (2, 2) isomorphism 
between two regular non-cyclic groups of order 4. The remaining operators 
' of this transitive group interchange the two cyclic subgroups of order 8 and 
are composed of four operators of order 2 and four of order 4. As the squares 
of the latter correspond to the automorphism in which every operator corre- 
sponds to its fifth power, it results that a group of order 64 which involves 
no abelian subgroup of order 16 besides the one of type (3,1) cannot trans- 
form the operators of this subgroup according to a cyclic group of order 4. 
Two of the operators of order 2 in the group of isomorphisms of this abelian 
group which interchange its cyclic subgroups of order 8 are commutative with 
all of its operators which are not of highest order, and this is also the case of 
the product of the remaining two operators of order 2 which interchange 
these cyclic subgroups. It therefore results that if a group of order 64 con- 
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tains only one abelian subgroup of order 16, this subgroup cannot be of 
type (3,1). 

7. Groups containing only one abelian subgroup of order 16. In what 
precedes we used the symbol // to represent an abelian subgroup of index 2 
but in this and the next section it will be convenient to use this symbol to 
represent the single abelian subgroup of order 16 contained in @ since the 
properties of this subgroup will be frequently under consideration. From what 
precedes, it results directly that // must be one of the three groups whose 
types are (1,1,1,1), (2,1,1), (2,2). We shall first determine all the 
possible groups when JI is of type (1,1,1,1), and hence the group of iso- 
morphisms of H is the alternating group of degree 8. This group involves 
two sets of conjugate operators ol order 2. Under one of these half of the 
operators of H correspond to themselves and this operator corresponds to the 
substitution of degree 8 in the said alternating group. Hence it cannot ap- 
pear in the group of order 4 according to which H is transformed under C. 
As this operator appears in one of the two sets of conjugate cyclic subgroups 
of order 4 contained in the group of isomorphisms of JI it results that H 
appears in only one group of order 64 which transforms the operators of H 
according te a cyclic group of order 4. 

There are two sets of conjugate non-cyclic groups of order 4 in the 
group of isomorphisms of // which correspond to subgroups of the alternating 
group which involve no substitution of degree 8. One of these sets corre- 
sponds to regular groups, and each group is composed of operators which are 
commutative with all the operators of the same subgroup of order 4 contained 
in //. Ifence the operators of G cannot transform the operators of JI ac- 
cording to this subgroup of order 4 since the resulting group would involve 
more than one abelian subgroup of order 16. The operators of G must there- 
fore transform the operators of JJ according to a group of order 4 which 
corresponds to the non-cyclic group of order 4 and of degree 6 contained in 
the alternating group of degree 8. Hence there is also only one group of 
order 64 which transforms H according to a non-cyclic group of order 4, and 
there are two groups of order 64 which contain this JZ but no other abelian 
subgroup of order 16. 

When H is of type (2,1,1) the Sylow subgroup of order 64 in its group 
of isomorphisms is the same as before, but this group of isomorphisms con- 
tains more sets of conjugate operators whose orders are powers of 2 than the 
preceding one. In particular, there are now three sets of conjugate cyclic 
subgroups of order 4 but only one of these involves operators of order 2 which 
are not commutative with half the operators of H. Hence there is only one 
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group of order 64 which contains this H and transforms it according to a 
cyclic group of order 4. To prove that there is also only one set of conjugate 
non-cyclic subgroups of order 4 which give rise to a group of order 64 which 
satisfies the given conditions, it may be noted that when the group of iso- 
morphisms of this H is represented as a subgroup of order 192 in the holo- 
morph of the regular group of order 8 and of type (1,1,1), the subgroup 
of order 24 composed of all the substitutions which omit one letter of this 
group of order 192 is transitive on six letters. It contains two sets of con- 
jugate non-cyclic subgroups of order 4. These are of degree 4 and 6 re- 
spectively. As only the latter can be used according to the considerations 
noted above it results that there are only two groups of order 64 which involve 
the abelian group of type (2,1, 1) but no other abelian group of order 16. 

If H is of type (2,2) the Sylow subgroup whose order is a power of 2 in 
its group of isomorphisms is of order 32 and contains 19 operators of order 2 
and 12 operators of order 4. It can be represented as a transitive group. of 
degree 8 involving the direct product of two regular non-cyclic groups of 
order four. One of these corresponds to a cyclic commutator subgroup of order 
4 and hence it requires no consideration here. The other two correspond to 
commutator subgroups of order 8. In the square of one of these all the 
operators of H correspond to their inverses while only half of them correspond 
to their inverses in the square of the other. As one group corresponds to each 
of these automorphisms there are two groups of order 64 which transform 
this H according to a cyclic group of order 4 and contain only one abelian 
subgroup of order 16. 

When H is transformed according to a non-cyclic group of order 4 the 
commutator subgroups arising from its operators of order 2 cannot all be 
non-cyclic. Hence two of them must be cyclic groups of order 4 while the 
third is a non-cyclic group of this order. There are two such non-conjugate 
subgroups of order 4 in the group of isomorphisms of H. In one of these 
the operator of order 2 which gives rise to a non-cyclic commutator subgroup 
transforms every operator of H into its inverse while in the other it trans- 
forms only half of these operators into their inverses. In the former case 
there are two groups of order 64 while there is only one such group in the 
latter case. Hence there are five groups of order 64 which involve this H 
but no other abelian subgroup of order 16. Two of these transform it ac- 
cording to a cyclic group of order 4 while the other three transform it ac- 
cording to a non-cyclic group of this order. The total number of groups of 
order 64 which contain only one abelian subgroup of order 16 but no abelian 
subgroup of order 32 is therefore 9. 
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8. Groups containing five abelian subgroups of order 16 and are gen- 
erated by every pair of them. When G contains at least two abelian subgroups 
of order 16 and is generated by every pair of its abelian subgroups of this 
order then H has a subgroup of order 4 in common with every other abelian 
subgroup of order 16. Let H, be one such subgroup and let K represent the 
cross-cut of H and Hı. It is easy to see that K is non-cyclic and that every 
operator of G which is not also in K has four conjugates under G. The central 
quotient group G/K involves only operators of order 2 and hence it is abelian. 
Every operator of G that is not also in K appears in one and only one abelian 
subgroup of order 16 and hence @ must involve five invariant abelian sub- 
groups of this order, and it is generated by every pair of these subgroups. 
Hence we have established the following theorem: If a group of order 64 
contains no abelian subgroup of order 32 but involves at least two abelian 
subgroups of order 16 and is generated by every pair of such subgroups con- 
tained therein then it contains exactly five abelian subgroups of order 16; 
and each of these subgroups is invariant. 

Suppose that at least one of the two abelian subgroups of order 16 con- 
tained in G is of type (1,1,1,1). Exactly one-fourth of the remaining 
operators of G must be of order 2 since every operator of order 4 in @ is 
transformed into its inverse by one-fourth of the operators of this subgroup. 
It therefore results that when G contains one abelian subgroup of type 
(1,1,1,1) it also contains an invariant abelian subgroup H of type (2, 2). 
If an operator of the abelian subgroup of type (1,1,1,1) transforms into 
their inverses all the operators of this H the remaining operators of the former 
subgroup must transform H in two ways determined by the two possible 
automorphisms of order 3 of the four group. On the other hand if half of 
the operators of H are transformed into their inverses by an operator of the 
said group of type (1,1,1,1) the other two transformations under this sub- 
group are again completely determined, and hence there are two possible such 
groups of order 64 which involve an abelian subgroup of order 16 and of type 
(1.4.1.1). 

It remains to determine the groups in which the five abelian subgroups 
of order 64 are of the types (2,2), (2,1,1). There is only one such group 
in which each of the five abelian subgroups is of type (2,2) and there is no 
such group in which each of these subgroups is of type (2,1,1). Hence it 
results that every group of order 64 which inwolves five abelian subgroups of 
order 16 but no subgroup of order 32 which is either abelian or has a central 
of order 8 contains at least one abelian subgroup of type (2,2). There is 
one such group which involves four abelian subgroups of type (2,1,1) and 
hence twenty operators of order 2, and there is one which contains three 
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abelian groups of type (2,2) and two of type (2,1,1), and hence twelve 
operators of order 2. The total number of groups of order 64 which contain 
no abelian subgroup of order 32 but five abelian subgroups of order 16, and 
are generated by every pair of these subgroups is therefore 5. It remains to 
determine the groups of order 64 which involve a non-abelian subgroup of 
index 2 containing three abelian subgroups of order 16. 


9. Groups of order 64 arising from three-fourths automorphisms. In 
what follows the symbol H will be used to represent a non-abelian subgroup 
of index 2 which contains three abelian subgroups of order 16. It is known 
that a characteristic property of such a group is that it admits three auto- 
_ morphisms in which exactly three-fourths of the operators correspond to their 
inverses. Such automorphisms have been called three-fourths automorphisms,” 
and in the present section we aim to determine all the groups of order 64 
which arise from a three-fourths automorphism of H but do not involve an 
abelian subgroup of order 32. Since one of the products of a three-fourths 
automorphism and the group of inner automorphisms is a characteristic oper- 
ator in the group of automorphisms and the operators of the central corre- 
spond to their inverses under this automorphism, it results that the multi- 
plier s, in the general theory of constructing all the groups which contain a 
given group as an invariant subgroup of prime index } can be selected only 
from the different sets of conjugates of order 2 in the central of H. Hence 
the following theorem: The number of the distinct groups which involve as 
a subgroup of index 2 a given group H and transform it according to a three- 
fourths automorphism is equal to one more than the number of the different 
sets of operators of order 2 in the central of H which are conjugate under the 
group of isomorphisms of H. 

A group resulting from this theorem cannot involve an abelian subgroup 
of index 2 unless the central of H is of type (1,1,1- - -). Moreover, when 
one of the abelian subgroups of index 2 in H is of type (1,1,1-- -) the 
resulting group must involve an abelian subgroup of index 2. It remains 
therefore to consider the case when each of the abelian subgroups of index 2 
in H is of type (2,1,1---). If the resulting group does not contain an 
abelian subgroup of index 2 the operators of order 4 in H must have three 
distinct squares and the commutator of order 2 is the product of these squares. 
When H is of order 16 its central must therefore involve three operators of 
order 2 which are squares, three others which are the product of two squares 


*G. A. Miller, Proceedings of the National Academy of Sciences, Vol. 15 (1929), 
p. 269, 
+ Ibid., Vol. 14 (1928), p. 819. 
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and a commutator of order 2. Hence there are four groups of order 64 which 
arise from an H whose central is of type (1,1,1) by means of a three-fourths 
automorphism and do not involve an abelian subgroup of order 32. It results 
directly from the theorem noted at the close of the preceding paragraph that 
when the central of H is a cyclic group of even order there are exactly two 
groups which arise from a three-fourths automorphism of H. Hence there 
are four such groups of order 64, two when H involves an operator of order 16 
and two more when H involves three abelian subgroups of type (3,1). 
When H involves an abelian subgroup of type (3,1) but its central is 
non-cyclic there are two such H’s in which the commutator subgroup is 
generated by the square of an operator in the central and two others in which 
this is not the case. Each of the former gives rise to three groups while 
each of the latter gives rise to four groups, according to the general theorem 
noted above. Hence the total number of groups which results from these four 
H’s when they are transformed according to a three-fourths automorphism 
is 14. When H involves no operator of order 8 but contains an abelian sub- 
group of type (2,2) there are three groups of order 32 which may be used 
for H. In one of these the commutator subgroup is generated by an operator 
of order 4 contained in the central, and this gives rise to three groups of 
order 64 while each of the other two gives rise to four groups of this order 
but only seven of these are distinct. It remains to consider the case when 
each of the three abelian subgroups of H is of type (2,1,1), and the central 
of H is of type (2,1). Three groups of order 64 arise from this H, and 
hence the total number of groups of order 64 which arise from three-fourths 
automorphisms and involve no abelian subgroup of order 32 is 35, 


10. Groups of order 64 arising from other automorphisms. It remains 
to consider the groups of order 64 which involve a subgroup H of index 2 
admitting a three-fourths automorphism but are not transformed according 
to such an automorphism under G and do not contain any other subgroup 
of this index which is either abelian or thus transformed. When H contains 
a cyclic subgroup of order 16 all the operators of H may be transformed into 
their fifth powers under G and there is one such group and there is also 
one such group when the operators of one cyclic subgroup of order 16 are 
transformed into their third powers while those of the other are transformed 
into their eleventh powers. There are four sets of four operators with re- 
spect to the group of inner automorphisms which interchange the two cyclic 
groups of order 16 in H. In one of these sets there is an operator which is 
commutative with all the operators of an abelian subgroup of order 16 in H 
and hence only three of these sets require consideration here. The one which 
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involves only operators of order 4 gives rise to two groups while each of the 
others gives rise to only one group. There are therefore six additional groups 
when H contains an operator of order 16. 

When H involves three abelian subgroups of type (3,1) and its central 
is the cyclic group of order 8 there is one automorphism of order 2 which 
transforms the operators of highest order in the central and in another cyclic 
group of order 8 into their fifth powers but is commutative with the remaining 
eight operators of this order. There is one group which corresponds to this 
automorphism. Under the Sylow subgroup of order 2” in the group of 
isomorphisms of H these remaining operators of order 8 are transformed 
according to a transitive group of degree 8 and order 16 and hence this Sylow 
subgroup is the direct product of this group of order 16 and a group of 
order 2. There is clearly only one group which transforms H according to 
the product of a three-fourths automorphism and the given invariant operator 
of order 2. It remains to consider the cases when two cyclic groups of order 8 
are transformed into each other. Four of these operators would give rise 
to an abelian subgroup of order 32 and hence they do not require consideration 
here. The product of one of these and the said invariant operator of order 2 
gives rise to one group while the product of this and an operator which trans- 
forms H into a three-fourths automorphism gives rise to two groups. As the 
remaining product gives rise to only one group there are six groups which 
arise from this H. 

There are four other H’s which involve an abelian subgroup of type (3,1). 
When the commutator subgroup of H is generated by an operator of order 4 
contained in such an H and one of the abelian subgroups of H is of type 
(2,1,1) there are sixteen operators in the group of isomorphisms of H which 
transform each of its cyclic subgroups of order 8 into itself and these four 
subgroups are transformed according to the octic group under the group of 
isomorphisms. The said 16 operators are generated by a three-fourths auto- 
morphism and the 8 operaturs which leave invariant separately each operator 
in a subgroup of index 2 contained in H. These 8 operators do not give 
rise to a new group. Hence we need to consider only one of the operators 
which transform into itself each of the four cyclic groups of order 8 contained 
in H and this gives rise to only one group. 

There are eight operators which interchange two of the four cyclic sub- 
groups of order 8 which do not give rise to an additional group. The re- 
maining eight give rise to six groups,—one set of four giving rise to four 
groups while the other gives rise to only two groups. When the four cyclic 
subgroups of order 8 are interchanged according to the invariant operator 
of order 2 in the octic group there is only one set of four operators which 
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do not give rise to an additional group while there are eight groups which 
correspond to the remaining three such sets. When these subgroups are trans- 
formed according to a non-invariant substitution of order 2 and degree 4 in 
the octic group there is again a set of four operators which does not give rise 
to an additional group, while the other three sets of four operators give rise 
to seven groups. As there is obviously no group which transforms the four 
cyclic groups of order 4 in H according to an operator of order 4 in the given 
octic group this H gives rise to 22 additional groups. 

We proceed to consider the possible groups which result from the H 
which has the same commutator subgroup as the preceding H but one of the 
abelian subgroups is of type (2,2) instead of type (2,1,1). The four cyclic 
subgroups of order 4 in this H are again transformed according to the octic 
group under its group of isomorphisms but the number of subgroups of index 
2 in this H is 3 while there are 7 such subgroups in the preceding H. Hence 
there are only eight operators in the group of isomorphisms of the present H 
which transform into itself each of its cyclic subgroups of order 8. Hence 
there are 8 groups of order 64 which contain this H and interchange only 
two of its cyclic subgroups of order 8 and there are 3 more which transform 
the four cyclic subgroups in pairs according to the invariant operator of 
order 2 in the octic group. As there are four groups when these four sub- 
groups are transformed according to a non-invariant operator in the octic 
group, the number of the groups which result from this H is 10. 

When H has as a commutator subgroup a non-characteristic subgroup 
of order 2 its group of isomorphisms is again of order 64 and there are four 
groups which interchange only two of its cyclic subgroups of order 8. There 
are also four groups which interchange these cyclic subgroups according to 
the invariant operator of order 2 in the octic group. As there are also four 
groups when the four subgroups are permuted according to a non-invariant 
operator of order 2 in the octic group the number of groups which arise from 
this H is 12. There is only one other possible H which involves operators of 
order 8 and there are again only 8 operators in its group of isomorphisms 
which transform each of the four cyclic subgroups of order 8 in H into itself. 
Just as in the preceding case there result 8 groups when only two cyclic 
subgroups of order 8 in H are interchanged or when these cyclic subgroups 
are interchanged according to the invariant operator of order 2 in the octic 
group. When the four cyclic subgroups of order 8 are interchanged according 
to a non-invariant operator of order 2 in the octic group there are also four 
groups, and hence the number of groups which result from this H is also 12. 
The total number of groups which involve an H containing operators of 
order 8 but none of order 16 is therefore 62. 
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It remains to consider the groups which do not involve an H containing 
operators of order 8. There is one such H which involves three abelian 
subgroups of type (2,2) and its group of isomorphisms is of order 32. Half 
of these transform into itself all the operators of the central of H and include 
-the group of inner isomorphisms but no three-fourths isomorphism. These 
give rise to groups which contain an abelian subgroup of index 2 and hence 
they need no consideration here. Hence there are only four groups resulting 
from this H. When two of the abelian subgroups are of type (2,2) and the 
third is of type (2,1,1) there are six groups which arise from the auto- 
morphisms which are similar to those of the preceding H. The present H 
has, however, 32 additional automorphisms which transform into each other 
two operators of order 2 in its central. There are twelve groups which corre- 
spond to these automorphisms. When only one of the abelian subgroups of 
order 16 in H is of type (2,2) its group of isomorphisms is of order 32 and 
the three operators of order 2 in the central of H are characteristic. Hight 
groups result from this H. When the three abelian subgroups of order 16 
are of type (2,1,1) and the central is of type (2,1) the group of iso- 
morphisms of H contains a Sylow subgroup of order 64, and H involves 15 
subgroups of index 2. The groups arising from these isomorphisms are 
covered by the following theorem: There are four and only four groups of 
order 64 which satisfy the following conditions: They involve no operator 
whose order exceeds 4 and their operators of order 4 have a common square 
which generates their commutator subgroup. Two of these four groups arise 
from three-fourths automorphisms while the other two do not have this 
property. The latter contain the H under consideration. 

When half of the operators of H not including the central are trans- 
formed into themselves and the rest into themselves multiplied by a non- 
characteristic operator of order 2 there are two groups. When all of the 
abelian subgroups of index 2 in H are of type (2,1,1) and the central is of 
type (1,1,1) there are two groups when the operators of order 4 have a 
common square and eight groups when the squares are not the same. When 
one of the abelian subgroups is of type (1,1,1,1) and the other two are of 
type (2,1,1) there are four groups. Finally, when two of the abelian sub- 
groups of order 16 are of type (1,1,1,1) there are no additional groups. 
Hence the total number of groups of order 64 which do not contain a sub- 
group of order 32 involving an abelian subgroup of order 16 which contains 
operators of order 8 is 48 and the total number of groups of order 64 is 294. 
The number of those which do not involve an abelian subgroup of index 2 
is 165. 


A General System of Ordinary Differential 
Equations of the First Order.” 


By EUGENE FEENBERG. 


Introduction to Part 1. 


The object of this section is to determine necessary and sufficient con- 
ditions that a positive valued scalar function Z[w, (2), w(x), et w(x) e], 
satisfy the inequality 


wi Hr float, PEZO Te Nato), welt), © Jdt. 


The following notation and definitions are used thruout the paper: Vectors 
are represented by Clarendon type, scalars and components of vectors by light 
face type. w==(w,, ws,‘ * +), an ordered set of numbers is a vector. w(k) 
is the vector obtained from w by taking 


w;(k)= w;, jek, 
w;(k)=0, j>k. 


A vector is said to have a certain property when all the components of the 
vector have that property. A scalar function of a vector, F(w), will be 
written as P(w;) when all the components of w except w; are zero. A vector 
is on the “extended” range D, [D a sequence of positive numbers, 
(Dı, D2, + -)], if there exists a positive number e such that — eD; < wj 
< eDj, (j= 1,2," > +). 

Part 1, 


Consider an arbitrary range D and a positive valued scalar function, 
H(w), defined for all values of w on the extended range D. In the following 
theorems the symbols w, w, w”, 2,%’, 2” represent vectors on the extended 
range D. 


THEOREM I. Necessary conditions that H(w) satisfy the inequality 


HI f ” w(t)dt] < f ” H[w(t)] dt, where w(z) is a summable vector, 


2 
H [w(z)] is summable, and |. w(t)dt is on the extended range D, 
(a & x S b), are i 


* Presented to the American Mathematical Society, September 7, 1928. 
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H(cw)=cH(w), c20, H{w+w”)=H(w)-+ H(w”). 
Proof. Take w(z)=w, (w a constant vector). Then A( IN wat) 
—H(2w) and f H(w)dt=zH (w). By (1.1) 
0 
1.2 H(cw)S cH (w), c= 0. 


c and w are arbitrary ; replacing c by 1/c and w by cw H(w)= 1/cH (cw). 


1.3 H(cw)= cH (w). 
Hence 
1.4 H(cw)=cH(w), c= 0. 


Take w(a)=w', 0Sr=1, w(e)=w”, 1< z2=2. By (1.1) 


1 2 1 2 
HL f wit Í wdi) f H(w’) dt + f H(w”)dt. 
0 1 0 1 
Hence 
1.5 H(w + w”)S H(w)+ H(w”). 


It will be shown that conditions (1.4) and (1.5) are sufficient to prove the 
inequality (1.1) for the case of a finite number of variables. 


Tusorex II. (1.4) and (1.5) are sufficient conditions that H[w(k)] 
be continuous in w(k), (k= 1,2, '). 


Proof. Define I; as the vector with every component zero except the 
j-th component which is identically one. By (1.4) 


H(cw)=cH(w), H[e(—w)]—cH(—w), e= 0. 
Take w==J;, c= |v; |, v; an arbitrary number. Then 
H (cw) =H | v | 14) =| v | E). 
Take w = — Ij, c= |v; |. | 


H(cw)= H(— | v; | 7,)= | v; | H(— 15). 
Hence 


1.6 A(w;)S | w; | [B (;)+ H(—1)], 
Applying (1.5) % times 


17 H{w(k)] <SHw)= > |w; | [E(G) + HC 1,)], 
(k=1,2, °). 
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Thus since H(0)==0 and Dim H[w(k)] = 0, H[w(k)] is continuous at 
w(k)=0, (k= 1,2,- ), Let w -+ w” =z, w =z”. By (1.5) 
1.8 H(X —2#")= H(&)— H(z") 
and similarly 
1.9 H(2" —#)= H(@")— H(z). 
Take z = z (k), z” =z” (k). Then 
Limit H[z (k)— z” (k)] = Limit H[z”(k)— z (k)] = 0, 
Limit (Hx (kJ — HI” (+) 1} £ 0, 
Limit (H[2"()] HF S 0. 


Hence Limit H{z’(k)] = Hf{z(k)] and H{w(k)] is continuous in w(k), 
(k = 1,2,:-°). 


Take (w™, w?, ++) a sequence of vectors such that each vector and 


Sw? are on the extended range D and SH (w?) converges. That such 
j=1 


a sequence exists is readily shown from fe meuh (1.7). Define 


w(r)=wP, Ri L rS a, 
Then by (1.1) 


co Yen 9-n ĉo 
1.10 ALS wP] = HL f was f H[w(t)] dt = Z H (w). 
n+l 0 n+ 
Hence 


1.11 Limit HI 2 wD] == 0. 


gan 


In particular if w is a vector such that S$ [H(w;)+ H(— w;)] exists, then 
jen 

Limit H[w—w(k)] = Limit HZ[w(k)—w]==0, and Limit H[w(k)] 
kw) kw k->00 
= H(w). 

To prove the sufficiency of conditions (1.4) and (1.5) we make use of 
a corollary to Valleé Poussin’s * integral theorem. For clearness the theorem 
is restated here in a restricted form. 


Given a sequence of functions (2) 0, (w= 1,2,° + +), and a function 
f(<) = 0 such that on the interval (a,b) 


*“Sur L’Integrale de Lebesgue,” Transactions of the American Taner 
Society, Vol. 16 were) p. 435. 
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c. Limit fa (x)= f(x) “a. e”, 
n->00 
Co. nix) is summable, (n = 1,2, 9, 
Cz. f fa(#) dt is absolutely continuous uniformly with resp 


a 
Conclusion: 61, Ca, Ca are necessary and sufficient for c4. 


c« f(a) is summable and Limit f "ad f "rayat. 
N>X a a 


interval (a,b) into n subintervals taking a = to SS tin: © © SS tun 
points of division. A horizontal function of index n, a(s), is € 
a function such that An(£)= hin, (hin a constant), on tin = 
If F(x) is a summable function on (a,b) there exist for any me 
subdivision, a sequence of horizontal functions, ha(x), such that. 


== F(x) “a.e” on (a,b), Limit f hn(t) dé and Limit f hal 
Nn? OD a TOO @ 
independent of the method of fine subdivision. Take F(s) a) 


summable function and ha (x)= 0. Then the corollary states that 


is absolutely continuous in x uniformly with respect to n. Tx 
identify An(z) with fr(z) and F(x) with f(x). Cı, ce, C4 of 
stated above are satisfied. Therefore cs holds proving the corolle 


THEOREM III. Given the conditions (1.4), (1.5) and a vec 
summable on (a,b), then 


g g 

HIS ged f Higi (@SeSb), (k= 
8 a 

Proof. There exists a sequence of horizontal vectors, h‘” 


that Limit hy (z)=g;(2) “a.e” on (a,b), Limit i h 
RICO Nn 300 e a 


Sa and Limit ("| mj (@) t= "| gi) ia, (j= 
G RP OO a a 
By theorem Il. 
Limit Z[h® (a, k)] = Hlg(z,k)] “a.e” on (a,b). 
ten a 
Limit H[S hi” (k) An] = Limit H{ f ” hin (4, b) dt] = HE f 
2->CO 4=1 n00 a a 


By conditions (1.4) and (1. 5) 


* H. J. Ettlinger, “On Multiple Iterated Integrals,” American Journ 
matics, Vol. 48 (1926), p. 215. 

1%, is for each value of n the subscript of the last division point ı 
point 2, i. e, tim L? S tit 
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HLS hin (Ie) Ain] S Š HR) JAn 
f ameg, k)]dt < f = 2 Hih ™ (t) Jdt 
SŠ [AUH Ef u | at 
Therefore 
Limit { 3 HIME) JAn — f. ° H{h® (t, k)]dt} — 0, f ° Ah (t, k) ]dt 


is absolutely continuous in æ uniformly with respect to n and 


Limit S Hh (t) Jan = f "Hla (t b) dt. 
nwo i=l a 
Hence 


1.18 HS small S7 HGE @—1,2,-- >). 


THEorem IV. Gwen conditions (1.4), (1.5) and a summable vector, 
g(z), such that H[g(x)] is finite and Limit H[g (z, k)] = H[g(z)] “a. e.” 
&E->00 


on (a,b), Limit AL f g(t kdt] =H f” gdi), s Hfg(t,k)]dt is 
absolutely A in xz uniformly with respi to k. Then 
HL S gOS f Hlela 
Proof. By theorem ITT. 
Limit AT S g(t k) dt] < Limit it f” Hig(t, Bla 
By Valleé Poussin’s theorem H[g(z)] is summable and 


| Limit f Higti, 1)]d = |” H[g(t) ae 
K-300 a a 
Therefore 


HL J g(t) de] sf) mane 


The function H (w)=( > | w; | #)4/?, p = 1, obviously has the property - 
j=l 


(1.4). That (1.5) is a property of this function has been shown by Fried- 
rich Riesz.” 


*“ Untersuchungen über Systeme Integrierbarer Funktionen,” Mathematische An- 
nalen, Vol. 68 (1910), p. 455. 
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Using Riesz’s result the function 
oo co 
H(w)= [2 (X wo], (p21), (21, (1 20), 

is readily found to satisfy conditions (1. 4) and (1.5). 

If H(w) is an even function, [i.e, H(w)= H(—w)], the properties 
1.14 H(w—w’)= | H(w)—H(w’) |, 
1.15 H(w—w’)2 | H(w + z)—H(w +2) |. 
follow immediately from (1.8) and (1.9). 


Introduction to Part 2. 


Systems of ordinary duferential and difference equations in a countable 
number of variables are treated in Part 2. Such systems have been studied 
by a number of authors.* It is the purpose of this paper to apply the results 
of the preceding section to the establishment of certain general existence 
theorems. 

The set of hypotheses @ are as follows: 


I. @==(@1, 42, ° ') is a constant vector. D*(x) is a positive vector 
function bounded by a constant positive vector R, i. e., 0S D;*(z)Sr;. The 
vector arguments w(z), w (z), w® (z), w(x), (T =1,2, < +), used in 
the following hypotheses are any set of vectors such that for any vector, w(x), 
of the set, | w;(z)— a; |S Dj*(2)S7;, (j=1,2,:- +). The properties 
stated are with respect to the interval OS ab. 


I. f[z,w(z)] = (file, w(x) ], fale, w(x) ], - +} is a summable vector 
such that | f° fit. w(t) ]at Ede eis, 


III. [H (w), Ha(w),: > -] is a sequence of positive valued scalar func- 
tions such that on the range D: D; =2(|a;|+7;), G=1,2,--°-), 


a. H;(w) = M;, M; a positive number, 

b. Hil f * g(t) dt] < {Hite ya her [em 
feou is on D, j=1,2,- - »). 

IV. There exist sequences of positive valued summable functions: 
2.1 {G, (a, w, w), G(s, w, w), '}, 


* W. L. Hart, “ Differential Equations and Implicit Functions in Infinitely Many 
Variables,” Transactions of the American Mathematical Society, Vol. 18 (1917). 
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2.2 {Ki (z), K2(z),* + -}, such that 
b 
2.3 S f K,(t)aty f” G;[t, w (t), w’ (t) Jdi exists, 
1=0 0 0 


V. Finally hypotheses III and IV are such that: 


24 IS) — file w/(#) ]}4e | 
= f "lt w(t), w(t) JE [w(t — w (t) at, 


25 uf “ULE w()] — fle w'(t)]}dt] 
S | EOE) w (4) Jat, 


0S$4%,22=1, (j= 1,2,° °°). 


Consider the system y(x)== f ° fli y(t)]dt+ a. A vector absolutely 
continuous in æ and satisfying the ‘system is a solution. It is shown that 
under the seb of hypotheses Q the system has one and only one solution on 
D*(z). 

A difference system is derived from the differential system and with a 
slight modification of the hypotheses Q the existence of a unique solution is 
established. Let the interval (0,0) be divided into n subintervals by the 
points 0 = ton S tin + -S tnn =b. wn(z)=w,„(t) is defined to be a vector, 
the components of which are horizontal functions constant on the subintervals 
tin St < lism, (6=1,2,---,2). Defining 


tin 
B,[i—1, w.(i— 1)] =Í flt w(i —1)]di 
t -pn 
the difference system is ' 


y (D= 3 Bale, Ya(r)] +a. 


With the additional hypotheses: H; [f (x, a)] summable, G; (x, w, w) = G; (2), 
G;(x) a summable function, (j = 1,2,- +), the solution is shown to pass 
over in the limit as n becomes infinite, for any method of fine subdivision, to 
the solution of the corresponding differential system. 


PART 2. 


THEOREM V. Given the set of hypotheses Q then the system 


y= f° flby(t) dt +a 


has one and only one solution on D* (x), OS 230. 
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Proof. By the usual method of successive approximation take 


y” (x)= a, | 
yP (e= f HEY (ld +a 
2.6 y(a)— f° Mey (dt +a, 


y= [flexed +a, (k=). 


By hypotheses Q, IJ. this sequence exists for all values of & Define 


U) y (2), 

U® (z)—y® (z)—y (2), 
U vy (2) — yk) (x), (k u 1, 2, ae J 
Then 


k 
yP (x)= yy (2) + Z U” (z). 
i=2 
By hypotheses Q, IT and Q, line 2. 4 
10 (2) (Sry tla, 
8 wa) |S |" Gi ¥ (1), yO (EEE UE (4) dt, (eB 2). 
0 
By hypotheses Q, III and Q, line 2.5 
2.9 Hj[U®(2)] S Mj, H,[U® («)] S f Kl) EUD (t)]dt, (k Z 2). 
0 
Hence by induction 
b 
2.10 H [U® (2)] £ Man: [ f K(i) at, Bere) 
0 
2.11 |7,®(e) | 
b 
<Mjamıl f KOUS G ye” 0), y(t) Jat, (kB 2), 
Q oO 
2.12 S |U; (2) | 
i=1 


x b b 
SŠ Ml f EOS Gey O yA t | a l+ y 
1=0 0 0 


k 
Therefore Limit y;® (x)= Limit 3 Uj‘ (x) exists [= y; (z) say]. 
k>% k>0 I=1 
2.13 Limit yj (a) = y; (£) 
&->00 


D*(x) for any fixed value of x is a closed region. Therefore y(x) is on D* (s). 
It remains to prove that y(z) is a solution of the system. By 2.6 
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Limit y;® («)= y; (z)= Limit f ” Et yD (4) ]dt + a. 
k>00 ko 0 
Lf ile x] — file y® H| 
= |, eyy? Oyy? (at 
= fT Gly). yP ILS Uae 
Sf" Gilt y(d,y® 0] È WLU (at 
Sf" Gilt y(),y la Š Myon l [Es (aey 
SMAL S EO a {Gilt yO? (1a exp [ f "Rsl)dt]. 


By Q, 2.3 the term in brackets is the k-th term of a convergent series. There- 
fore 


2.14 Limit { “ filty® (t)]at— Flirt]. 
Hence 
yi(a)—= "file yO + ay Geb). 


of, flt y(t)]jdt+a and a solution exists. 
o 


To prove uniqueness assume there exists another solution, y’(z), on D* (s). 
Then 


y(e)—y (#)= | Herol ey aNd, 
Hily(a)—y (2)1 S | KOBOY (1a SM; f Klar 
It follows by induction that 
Hyly(e)—y'(2)]S M/m f, EO 


where n is any positive integer. Hence A;[y(z2)— y (x) ]=0 and 


Inlay e) |S f° GLb yO. ¥ OyO ZONE 0. 


Therefore y(z)=y(x) and solution is unique. 

The proof of the existence theorem goes thru, with slight changes in 
the method of proof, if we require that the hypotheses Q, II, III, IV, V are 
necessarily true only when the vector arguments w(x), w’(z), w® (s), 


644 FEENBERG: A General System of Ordinary 


w? (z) are on D* (x) and are absolutely continuous on (0,5) and add the 
hypothesis that the function defined by the series Q, 2.3 is absolutely con- 
tinuous on (0,6). Sufficient conditions that Q, 2.4 and Q, 2.5 follow from 
the other hypotheses of the set Q are 


2.15 | fs(a, 1) — Fila, w) | SG; (2, ww) H; (wo — w’), 
2.16 B;lf(&,w)— f(a, w’)] SK; (x) Hj(w — w’). 


THEOREM VI. Given the set of hypotheses Q and in addition D* (x)= R, 
there exists a unique solution of the system 


m= 3 Bilt, yn(r)] +4, Yyn(0)—=a. 


That solution exists is a consequence of Q, I and Q, II. yn(0) determines 
Yn(1) which by Q, H is in region R. yn(0), yn(1) determine yn(2), also 
in R. It follows then by induction that yn(i) is in R and is unique. 


THEOREM VII. Given 


1. The set of hypotheses Q, 

2. G(x, w, w) S G(x), G(x) a positive valued summable function on 
(0, b), 

3. H[f (z,a)] summable on (0,0), (j= 1,--°), 

4. A method of fine subdivision of the interval (0, 6). 


Conclusion: Limit y„(2)=y(z) uniformly in z on (0, b), [y(z), Ya(z) 
n> 00 
solutions of the differential and difference systems respectively]. 


Proof. Consider a fixed value of x and for each value of n the sub- 
division containing v, i. e., tin SE <L lin 


217 af, HEIO HERON f aerO 
By hypothesis Q, 2. 4, if w(z) and w (s) are any pair of vectors on R, 

| St w(t)] —-fi[t, w’(t)]} dt | SM; J. "Gy (t) dt. 
Taking w(z)—= a 


| J PEOS f OGOH | fea) | Jdt 


Hence given any positive number e > 0, there exists ar. integer ne; > 0 such 
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that for all values of n > ng, if ert ya(t)]dt |<. Therefore 
2.18 u) le) |S | GOBO n> re 
Also y(2)—ya(e)—= f, Fey] NEON f At yD 
2.19 Hyly(a)—yn(2)1 Sf K y(t) Hsly(t)—yalt) dt + Hal S He ya 
By hypothesis Q, line 2.5 if w(x) and w’(z) are any pair of vectors on D* (<) 
Hy f ewu f Hew Ol <a; fH y(t) at 
Take w'(z)==a. Then by 1.8 and 1.9 
Hy f“Flt,w(t)]dt} Sty f K+ HL SIE aya] 
At Í. "it w(t) ]at) S M; J. "Eldai+ f “HALF a) dt. 


Limit Ay{ f “Tt, w(t) Jdt} ==() uniformly in x and on the region R. 


By Pra 


Therefore given any positive number e there exists a positive integer We 
such that 


2.20 yf f "EnO < when ® > n'y. 


Take n > ne + ng. Then 
| ys(2)—gus(@) [Sf ° GOBY AAH s 
Hyly(0)—yal2)] S f° s(t) Hyly()—yol(t) 1d + « 
Hyly(«)—ya(2)] SM; | E+ 
Hyly(a)—yn(2)] SMil [Kia +f EO 


By simple induction 
b 

2.21 HyLy(2)—yu(2)] Seexp [| f° Ks (t)dt]. 
Then 

b b 
2.22 Ind |Se(-texpl f EO S an, 

n > thes + We 

and Limit yn; (x)= y;(x) uniformly in z on (0,5). Therefore Limit y,(z) 


= y(7). 
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Theorems V, VI, and VII are extensions of results obtained by H. J. 
Ettlinger * for linear difference and differential systems. 


UNIVERSITY or TEXAS, 
Austin, TEXAS. 


* For abstract of paper see Bulletin of the American Mathematical Society, Vol. 34 
(1928), p. 708. 


Generalized Indecomposable Continua. 
By P. M. SWINGLE. 


1. Introduction. In this paper it is proposed to generalize some of the 
more useful definitions of indecomposable continua and to prove a number 
of theorems concerning the sets thus defined. The following definitions of 
indecomposable continua are known to be equivalent: 


DEFINITION A. A continuum is indecomposable * when it is not the 
sum of two proper subcontinua (i.e. not the sum of two subcontinua different 
from itself}. 


Derinirion B. A continuum is indecomposable + when each proper sub- 
continuum is a continuum of condensation. 


DEFINITION C. A continuum is indecomposable § when it contains three 
points between any two of which it is irreducible.{ 

In the generalization of the first two of these definitions the following 
definitions are useful: 


DEFINITION. The set W is a finished sum of a set of subcontinua (Af) 
of W if the sum of the subcontinua of (M) contain W but no M of (M) is 
contained in the sum of the remaining subcontinua of (M). 


DEFINITION. A set Wi, Wa’ > e, Wy of subcontinua of a continuum W 
will be called a convergable sequence of W under k when W, = W, Win > Wi 
(i=2,:-+,k) although Wi, contains Wi, and (Wi-1— Wi)’ = Wi. but 
for every subeontinuum C of We (Wr — CY = We. 


Definitions A and B can now be generalized as follows: 


DEFINITION A. A continuum W is indecomposable under index k, 
where k is any positive integer, when JV is the finished sum of k subcontinua 
of W but is not the finished sum of k +-1 such subcontinua. 


*Z. Janiszewski and C. Kuratowski, “Sur les continus indécomposables,” Punda- 
menta Mathematicae, Vol. 1, p. 210. 

7 Z. Janiszewski and C. Kuratowski, loc. cit., theorem II, p. 212. 

ŁIf M is a point set, M’ will be used to denote the set composed of M and the 
limit points of M. A subcontinuum K of a continuum € is said to be a continuum 
of condensation of C when (0 — KY =0. 

§ Z. Janiszewski and ©. Kuratowski, loc. cit., theorem IV (III), p. 215. 

{A continuum C is irreducible between two points a and b of Ọ if no proper 
subcontinuum of C contains a +- b. 
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Derinıtion B. A continuum W is convergable under index k, where k 
is any positive integer, when W contains a sequence convergable under k but 
does not contain a sequence convergable under a higher finite index. 

It is seen that an indecomposable continuum is both indecomposable and 
convergabie under index one. And it is readily seen that there exist examples 
which are both indecomposable and convergable under a higher index. 

In this paper the impossibility of generalizing definition C in a certain 
manner will be shown. As it is based upon the idea of continua irreducible 
between two points an obvious possible generalization would be based upon 
the following definition: 


Derinition. If N is a finite subset of a continuum M, then M will be 
said to be a continuum irreducible between the points of N when no proper 
subcontinuum of M contains N but there exist a proper subcontinuum of M 
containing any proper subset of N.* 

While the proofs of the following theorems are given for the plane similar 
proofs can be given for a Euclidean space of n dimensions. 


2. Continua Indecomposable under Index k. 


Lemma 1. If Z is a connected subset of the connected set C such that 
O — Z = 0, + 0a ++ Cy separate,t then Ci + Z (t1,2,---,h) is 
connected. 


Assume that Ci + Z =X 4+ separate. As Z is connected either X 
or Y contains it. Consider for example the case where X does. Then 
O=(O, +0. ++ -0i t Cart ++ 4+O.4+X2)+Y separate which 
is a contradiction. Thus C; + Z must be connected. 


Lemma 2. If C is a circle, I is the interior of C, and M is a continuum 
then C -+- MX I is also a continuum; also every point of M X I is contained 
in a connected subset of M X I which has a limit point in C. 


It is evident that C+ M X I= Z is closed. Assume that Z = X + Y 
separate. Let U == M —M X T and let X X M =z and Y X M =y. As 
C is connected either X or Y contains it. Consider for example the case 
where X does. Then æ contains CX M and yX C =0. Thus M 
=—(U + z)+ y separate which is a contradiction. Therefore C -+ M X T is 
a continuum. And since it is a bounded continuum every point of M XI 
must be contained in a connected subset of M X I which has a limit point in C. 


* See W. A. Wilson, “On the Separation of the Plane by Irreducible Continua,” 
Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 784. 

By W=W, +W, +--+ W, separate is meant that W is the sum of the 
distinct non-vacuous sets W, no one of which contains a limit point of any other. 
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THEOREM 1. If the continuum W, indecomposable under index k, is the 
finished sum of the set of subcontinua vi (t= 1,2, -',k) then 
[vs ++ toi bi fe to) xX il’ is a subconiinuum 
of W. 

Let T; (j= 1,2,°°°,q93q < k) be the set of maximal connected subsets 
of tee te toa ti te toi. Assume that W—T, 
= i +: -+ tp separate. Then it is necessary that p be less than k + 1 
for if not it is possible to take p = k + 1 and then W is the finished sum of 
the 4 +1 subcontinua T, + ty (g=1,2,:°-,p), by lemma 1, which is 
contrary to the definition of a continuum indecomposable under index k. 
Hence W — T, can be taken as ı + t2 +--+ + tg separate, where every ti 
is a connected set. As W — T, contains Ta consider for example the case 
where i, contains Ta. Every point of &’—- t is a limit point of u — Vi X vi 
as no point of T, is a limit point of any other T,. Then just as above, 
ty’ — T is the sum of a finite number, less than k, of maximal connected 
subsets which are closed except for limit points in T and which each contain 
points of t, since these sets are separate. Proceeding in this manner it is 
seen that (vi—vi X Vi)’ must be the sum of a finite number, less than %, 
of maximai connected subsets which are closed except for limit points in V4. 
Thus (v; ~ Vi X v;)” must be a subcontinuum of W otherwise W is not 
indecomposable under index k. 


COROLLARY 1. If a continuum W is indecomposable under index k then 
W is the finished sum of a set of subcontinua u; (t= 1,2,:-°-,k) of W 
where every point of u, which is contained in u, + us te + + -F tia + Uin 
+: -+ ug = U: is a limit point of u—ui X Ui. 


Since W is indecomposable under index & it is the sum of k subcontinua 
vi. And by theorem 1 the points contained in only v; of the gys plus the 
limit points of this point set is a continuum; that is uj == [vj —v; 
K (Or tn + bop baja +: + + ux) Y is a subeontinuum of W. It 
is thus seen that W is the finished sum of the set of subcontinua u; where 
every point of u; which is contained in U; is a limit point of u; — Ui X ui. 


THEOREM 2. If W is indecomposable under index k then W is the finished 
sum of a set of k indecomposable subcontinua. 


As |W is indecomposable under index & it follows by corollary 1 that 
W is the finished sum of a set of k subcontinua ui (t= 1,--+,k) where 
ui = [W — (u +: -e H Uia H Uin Heo Hu) Thus if u: is decom- 
posable it follows that W is the finished sum of & + 1 subcontinua which is a 
contradiction. Therefore u; is indecomposable. 
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Lemma 3. If the continuum M, irreducible between two points a and b, 
is the finished sum of k indecomposable subcontinua ui (t==1,- > >, k) then 
Ue = [u — ti (t tea F tia + + ue)’. 

Since M is not the sum of k—1 of the us, (M— u) M. Thus 
(M — u)’ = A +B *. where A and B are either proper subcontinua of M 
or vacuous sets. Let O consist of the points of all those uj’s, except us, which 
have points common with A and let D similarly consist of those having points 
common with B. As C-+D does not contain w: C+ D&M. Hence 
CX D=0. But (M—C)’ is a continuum irreducible between two points f 
as is also [ (M — 0) — D] = H. But H=[M—(C+D)Y. Thus,H is 
a subcontinuum of u; but is not a proper subeontinuum of it for then C + D 
contains u; and so M is the sum of k— 1 of the us which is incorrect. 
Therefore [M —(0 + D) T == [u — wi X (ur + tra F ti Eo E |’ 


m= Ut. 


THEOREM 3. If the continuum M, irreducible between two points a and b, 
is the finished sum of k indecomposable subcontinua us (i == 1, ' ',k) then 
M is indecomposable under index k. 


Assume that M is not indecomposable under index k. Then M is the 
finished sum of a set of subcontinua v; (J4 = 1,2, ',k-+1). Let v be 
any one of the vs. The set v must contain points contained in only one 
of the us for every point contained in more than one of the ups is a limit 
point of points contained in only one of the w’s as shown in lemma 3. And 
if all of the points of v which are contained in only one u; are contained in 
other vys then % of the vps contain M which is a contradiction under our 
assumption. Thus v contains a point g which is contained in only one of 
the urs, u say, and which is not contained in any other 7;. As M is irreducible 
between a and b (M — u)’ must be the sum of at most two maximal sub- 
continua.f Consider for example the case where it is the sum of two such 
subeontinua A and B. If v X(A -+ B)== 0 then v is a proper subcontinuum 
of wand so (u — vy = u and so (M—v)’—=M and thus contains q which 
is a contradiction. Therefore either A or B contains a point of v. Consider 
for example the case where A X v=&0. The set M contains an irreducible 
continuum T joining A and B.$ But u contains T and so u==T. Hence 


*C. Kuratowski, “Théorie des continus irréductibles entre deux points,” Funda- 
menta Mathematicae, Vol. 3, p. 202, theorem IT. 

+ C. Kuratowski, loc, cit., p. 204, theorem IV. 

tC. Kuratowski, loc. cit, theorem II, p. 202. 

§ C. Kuratowski, loc. cit., theorem VI, p. 205. 
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if v X B 0, v contains T = u and so there would have to be as many urs 
as v,’s contrary to our assumption. Consider then the case where u X B= 0. 
If then (v-——v X A)’ is a continuum it is a proper subcontinuum of vw and 
so q is contained in some other v; besides v which is a contradiction. Hence 
(v—v X AY = X = X, + X, separate. And as A-+v is a continuum 
[M —(A +v) =F is a continuum.* And Y 4+ A + {=M =Y4- A 
-+Æ +X. Also A+X; (j=1,?2) is a continuum as (A+v— A)’ 
—=(9— 9X A)’. Therefore either A -+ X, or A + X, contains a point of F. 
Consider for example the case where A + X, does. The set Y does not contain 
X; for if so Y X A0 although Y X q=0. Hence 4+ £, +Y is a 
proper subcontinuum of M containing a + b which is impossible. Therefore 
M must be indecomposable under index %. 


COROLLARY 2. If M is irreducible between two points then a necessary 
and sufficient condition that M be indecomposable under index k is that M 
be the finished sum of a set of k indecomposable subcontinua of M. 


That the condition is necessary follows from theorem 2. And that it is 
sufficient follows from theorem 3. 


THEOREM 4. If the continuum M, irreducible between two points a and b, 
is indecomposable under index k, and N is a subset of M irreducibly connected 
between a and b, then N and M — N are both dense in M.+ 


As N’ is a continuum irreducible between a and b, N’ == M and so N is 
dense in M. 

Assume that M— N is not dense in M. Since M is indecomposable 
under index k by theorem 2 M is the finished sum of a set of & indecomposable 
subeontinua u: (t= 1, +, k). And by lemma 3 every point of M is a limit 
point of points contained in one of these ups alone. Hence since (M — N)’. 
M, (Af-— WN)’ does not contain every point of M which is contained in 
only one of the urs. Let g then be a point contained only in uj =u and 
which is not contained in (M— N)’. Let R be a region containing q but 
such that Æ’ does not contain a point of any us besides u nor does it contain 
a point of (M— N)’. Then by lemma 2 M X R contains a maximal con- 
nected subset T which contains g. Then both N and u contain 7”. Thus 
as 7” is a proper subcontinuum of u (u — T'Y =u, 

Since N is irreducibly connected between a and b, N — T =N, + N: 


*C. Kuratowski, loc. cit., theorem III, p. 203. 
t See P. Urysohn, “Mémoire sur les multiplicités Cantoriennes,” Fundamenta 
Mathematicae, Vol. 8, p. 226, theorem 2. 
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+++ N: separate where ¢ is not less than two. Consider for example 
the case where N, contains a and N. contains b. Then by lemma 1 
N,+7+N.=WN and hence {=2. Thus N, and N, are each connected. 

As every point of T is a limit point of u— T” and so of N—T” every 
point of T is a limit point of either N, or Na. Hence there must exist a 
point z which is a limit point of both. Thus N,+2-+N,—=WN which 
is a contradiction. Therefore M— N is dense in M. 


3. Continua Convergable under Index k. It is evident that if 
Wa, We, © +, Ws is a convergable sequence of W under k where W is a con- 
tinuum convergable under index & that W; is convergable under index 
k —(j—1). 

THEOREM 5. If W is convergable under index two then W is irreducible 
between two points and is the finished sum of two unbounded indecomposable 
subcontinua. 


Since W is convergable under index two there exists a convergable se- 
quence Wı = W, We, of W under k=2. Hence (W — W2)’=4 W but every 
subeontinuum C of Wa is such that (W.—C)’=W,. Therefore We is 
indecomposable. 

Let K be a proper subcontinuum of W such that W, is a proper sub- 
continuum of K if such a subcontinuum as K exists. Then (W — WY 
contains (W — KY and so (W — KY s W since (W — WY 6 W. Thus 
every subcontinuum k of K is such that (K — ky =K and so (K — W,)’ 
== K. But (W — We)’ contains (K — W;,)’ and so (W — W.)’ = W which 
is a contradiction. Therefore there does not exist a subcontinuum of W 
such as K. 

Assume now that W — Ws = X + Y separate. Then W, +- X is a proper 
subeontinuum such as K. Hence W--W, must be connected and so 
(W— W) is a proper subcontinuum of W. Assume that (W — Way 
= X + Y where X and Y are each proper subcontinua of (W — We)’. Then 
neither X nor Y contains W — Wa. Hither X or Y must contain points of 
Wa Consider for example the case where X does. Therefore X + We is a 
proper subcontinuum such as X. As this is a contradiction (W — W.)’ must 
be indecomposable. If (W-— W,)’ is bounded then it contains a strongly 
connected proper subset * T containing a point of W, such that W: + T 
contains a subcontinuum such as K. Hence (W— Wa) must be an un- 
bounded indecomposable proper subcontinuum of W. 


*Z. Janiszewski and C. Kuratowski, “ Sur les continus indécomposables,” Funda- 
menta Mathematicae, Vol. 1, pp. 215-221. 
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As Wa contains [W —(W — WY Y, [W—(W—W.)’ =W. There- 
fore by the above reasoning [W —(W — W.)’]’ must also be an unbounded 
indecomposable proper subcontinuum of W. Hence W is the finished sum 
of the two unbounded indecomposable proper subcontinua (W — W)” and 
[P —(W — Way Y. 

Let « be any point of (W-—W.)’ which is not contained in 
[IF —(W — WY y and let b be any point of [W —(W — W.)’Y which is 
not contained in (W — W;,)‘. Then W must be irreducible between a and b 
otherwise IV contains a proper subcontinuum such as K. 

As IF, contains [IW —(W— Way’, Wa = [W —(W — Way y otherwise 
Wa is a subeontinuum such as K. The following corollary then has been 
proven: 


COROLLARY 3. If W is convergable under index two and W, We is a 
convergable sequence of W under two then W ts the finished sum of the two 
unbounded indecomposable proper subcontinua (W—We)’ and W,= 
E —(W — Way Y. 


THEOREM 6. If W is convergable under index k, k #1, then W is the 
finished sum of k unbounded indecomposable subcontinua. 


Since W is convergable under index & W contains a sequence convergable 
under k, Wi = W, Wa, + +, We Let Wi = dha (= 1, 2, +, k). Then 
W = My = (Mr — Mo) + (Mri — Mee)’ ++ (M — Jt)’ 
+(M.,—M,)’ +M, Since M, is convergable under index two it is known 
by theorem 5 that (Ms — M,)’ and M, are each unbounded indecomposable 
proper subcontinua of W. Let 7 be such that (M: — My.) (t= 2, 3,- + +, 7) 
is an unbounded indecomposable proper subcontinuum of W but this is not 
soif¢—7-+1. Assume that M;.. contains a proper subcontinuum Af which 
has M; as a proper subcontinuum. Hence (Mj — M;)’ contains (Mia — MY 
and (Min — M;)’ also contains (M — M;)". Thus as (Mja —M;)’ Mja 
(Mina — MY 54 Mjn and (M — MMY M. Thus M;,, which is convergable 
under index 7-+1 contains the sequence, Mi, M, Mi, Mit ++, Mo, Mi, 
convergabie under 7-+ 2. As this is a contradiction a subeontinuum such as 
M does not exist. It is then necessary, just as shown in the proof of theorem 5, 
that ( Mja — M;)’ be a continuum but not either a decomposable or a bounded 
indecomposable continuum. ‘Thus it must be an unbounded indecomposable 
proper subcontinuum of W. Hence j = k and so W is the finished sum of a 
set of & unbounded indecomposable proper subcontinua. 





THEOREM Y. Let W be convergable under index k and let it also be the 
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finished sum of a set of subcontinua M; (i=1,''',k). Let K be a sub- 
continuum of W which contains a point contained in My alone and also a 
point not contained in My alone. Then the points of K which are contained 
in My alone are contained in a finite number of subcontinua of K X Mo. 


Let Z be composed of all the points of W which are not contained in Me 
alone. Let Q be the maximal subcontinuum of Z +- K which contains K. 
As Z contains all Mi’s except Mi, Z X Q contains at most k— 1 maximal 
subcontinua. Let Ci,°-°-,Cg be these maximal subcontinua. Assume that 
Q—C,=Q.+Q2+:--+Qn separate where n is taken greater than k 
if possible. Let W, =W, W:= Q =C + Qt: +H Qn, and Wn-taz 
= 0 +- RQ +: HQ (t=, n). E QÆW then (W—QY =W 
for W is a finished sum of the M?s. And if Q =W, (W-—W3;)’-W for 
it equals Q,’. Also (Wi — Wis)’ 54 Wi since (Wi —— Win)’ = Qn-i2. Hence 
since W is convergable under index k it is seen that n = k at most. Thus 
Q — C, must be the sum of a finite number of maximal connected subsets. 
Let T be one of these maximal connected subsets such that T contains a Ci, Ca 
say. Treating T” -— (C2 in a similar manner it is seen that it must be the 
sum of a finite number of maximal connected subsets. Thus proceeding in 
this manner it is seen that K — Z must be the sum of a finite number òf 
maximal connected subsets of M» from which fact the truth of the theorem 
follows. 


THEOREM 8. If W is convergable under index k then W is indecomposable 
under index k. 


By theorem 6 W is the finished sum of k indecomposable subcontinua M: 
(t==1,---,%). Assume that W is also the finished sum of the set of sub- 
continua Z; (j= 1,- <, p). Then Z; contains a point q which is contained 
in it alone. But q must be contained in at least one Mi, Mn say. And from 
the proof of theorem 6 it is seen that every point of W is a limit point of 
the set of points which are contained in one M; only. Thus Z; must contain 
points which are contained in an Mn and Z; only. Let x be such a point. Then 
by theorem 7, v is contained in a subcontinuum of Mn X Z;. Hence as every 
proper subcontinuum of an indecomposable continuum is a continuum of con- 
densation it is necessary that Z; contain Mna. Therefore p cannot be greater 
than k and so W is indecomposable under index k. 


THEOREM 9. Let W be convergable under index k and let it be the 
finished sum of the k unbounded indecomposable subcontinua Mi. Then no 
M; (j=1,2,'+-+,i—-1, ++1,-+-,k) contains a point of k maximal 
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strongly connected proper subsets* of M; which contain also points of M: 
alone, 


Tf the theorem is not true then M; contains a point of k maximal strongly 
connected proper subsets of M, and so there exist a subcontinuum N of W 
such that (W—N)’=4 W although N contains a sequence convergable under 
k and so W contains a sequence convergable under index k +1. As this is a 
contradiction the theorem must be true. 


THEOREM 10. If W is convergable under index k then there exist a set 
of k points about which W is wreducible.t 


Let Mi be a set of & unbounded indecomposable subcontinua of which 
W is the finished sum. Let a; be a point of M; which is not contained in M; 
(j==1,--+-,i—1,71+1,-+-,%) nor contained in a maximal strongly con- 
nected proper subset of M, which has a point common with any M; and 
there exist such points by theorém 9 and because of the fact that M; contains 
an uncountable number of maximal strongly connected proper subsets. If W 
is not irreducible about the set a, +- * *ax then there exist a proper sub- 
continuum K of W which contains it. Therefore by theorem 7, since K cannot 
contain all of some M4, Me say, a. is contained in a maximal strongly con- 
nected proper subset of M, which contains a point of some Mj, 7 34 c, which 
is a contradiction. Hence W is irreducible about % points. 


COROLLARY 4. If W is convergable under index k then there exist q 
points, q not greater than k, between which W is wreducible. 


There exists by theorem 10 a set of & points about which W is irreducible. 
It is then evident that this set of points must contain a subset between the 
points of which W is irreducible. 


4. Continua Irreducible Between k Points. As stated in definition C 
it has been shown that in order that a continuum M be indecomposable it is 
necessary and sufficient that M contain a set N of k +1 points, where k = 2, 
such that M is irreducible between any combination of & of these points. Here 
it will be shown that there does not exist a set having this property for & 
greater than two. 

By definition C it is seen that an indecomposable continuum is irreducible 
between two points. A number of theorems have been proven giving neces- 


*See Z. Janiszewski and O., Kuratowski, “Sur les continus indécomposables,” 
Fundamenta Mathematicae, Vol. 1, p. 218. 

+ The continuum W is said to be irreducible about the set N of W if no proper 
subcontinuum of W contains N. 
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sary and sufficient conditions that an irreducible continuum be indecomposable. 
Here the impossibility of generalizing these, in a certain manner, is shown. 

In the remainder of this paper let N =a, ++" "+ a, and let M 
be a continuum irreducible between the points of N. If M is also irreducible 
between the points of N — a; + a then a will be called an a; co-end-point of M. 
The set composed of all the a; co-end-points of M will be called the a; co-end- 
set of M and will be represented by (ai) y-a, or by (a:).* 

It has been shown that if k = 2 a necessary and sufficient condition that 
the irreducible continuum M be indecomposable is that (a1) X (a2)30.+ 
However this is not true for k greater than two as shown by the following 
theorem. 

THEOREM 11. If k is greater than two then (ai) X (a;)= 0. 


Assume that (a1) X (a;) contains a point a. Let X be any subcontinuum 
of M containing N — a; and let Y be any subcontinnum containing N — a; 
such that £ s4 M=4Y. But X + FY contains N and so X + Y == M. Hence 
either X or Y contains a in which case either X == M or Y == M which is a 
contradiction. Thus (a:)X (aj) = 0. 


THEOREM 12. If Y is a proper subcontinuum of M containing N — a; 
then (M — YY is a continuum irreducible between a; and any point of 
Y X(M—YY. 

Assume that M — Y = X + Z separate. Either X or Z contains ai. 
Say that Z does. Then the continuum Z+ Y contains N and so Z + Y = M 
which is a contradiction. Hence M — Y is connected and so (M — YY is 
a subcontinuum of M. It is then evident that (M -— FY is irreducible be- 
tween a; and any point of Y X(M— YY otherwise M is not irreducible 
between the points of N. 


THEOREM 13. If M is irreducible about ihe points of the finite set Z 
then Z X (a) 0. 


Assume that Z X (ai)—= 0. Let Y; be composed of all those points of M 
which are contained in proper subcontinua of M containing N — a; Let z 
be any point of Z. There exists a proper subcontinuum of M containing 
N — a; 4z otherwise (a) X Z contains z. Hence Y; contains Z. And 
since Z contains a finite number of points, n say, there exist at least n sub- 


* See C. Kuratowski, “Théorie des continus irréductibles entre deux points II,” 
Fundamenta Mathematicae, Vol. 10, p. 230. See also P. M. Swingle, “ End-sets of 
continua irreducible between two points,” Fundamenta Mathematicae. 

+ This follows readily from the work of S. Mazurkiewicz, Z. Janiszewski and 
C. Kuratowski. See however P. M. Swingle, loe. cit. 


SWINGLE: Generalized Indecomposable Continua. 657 


continua of Y; whose sum contains Z -+ N — a; and whose sum then equals 
M. Thus Y;==M which is a contradiction, as Yi Xa:—0. Therefore 


ZX (ai) 0. 


THEOREM 14. If M is irreducible about the finite point set Z then Z 
contains a subset of k points between the points of which M is irreducible. 


Since Af is irreducible about the finite point set Z, the set Z must contain 
a subset X between the points of which M must be irreducible. Let æ be the 
number of points in X. By theorem 13 X X (a;)7#0. And by theorem 11 
(ai) X (a;)==0. Hence X contains at least & points and similarly N must 
contain at least z points. Hence g= k. 


COROLLARY 5. If Y is a proper subcontinuum of M containing N — a; 
then, if k is greater than two, (M — YY +£ M. 

For if {M — Y)’ = M then (M—Y)’ is irreducible between % points 
and by theorem 12 it is also irreducible between two points. Hence by 
theorem 14 k = 2. 


COROLLARY 6. If kis greater than two then (aY 34 M.* 


Let Y be a proper subcontinuum of M containing N—a; Then 
Y X(a:)=0. Hence (M— Y) contains (a;) and so (M— YY contains 
(a;)’. Thus by corollary 5 (a:)’ = M. 


THEOREM 15. If k is greater than two and Y is a proper subcontinuum 
of M containing N — a; then Y contains (a;) (ji). 


Assume that Y does not contain a of (aj). Then (M — FY contains a. 
Let K be a proper subcontinuum of M containing N — aj. As k is greater 
than two (N — ai) X(N —a;)¥40 and so KXY=£0. Hence K -+F isa 
subcontinuum of M containing N and so K + Y =M. Thus K contains 
(M—Y’)’ and so contains a. Hence K contains a + N — a; and so K = M 
which is a contradiction. Therefore Y contains a and so contains (a;). 

It has been shown that, for k = 2, a necessary and sufficient condition 
that the irreducible continuum M be indecomposable is that (a,)-+ (a,)= M.t 
The following theorem shows the impossibility of generalizing this for the 
cases where % is greater than two. 


THEOREM 16. If k is greater than two (a,)+(a2)++ > © + (ar) M. 


* For k = 2 ©. Kuratowski has proven that (a,)’ =M is a necessary and sufficient 
condition that the irreducible continuum M be indecomposable. See C. Kuratowski, 
loc, cit., Fundamenta Mathematicae, Vol. 10, p. 235, theorem I. 

+P. M. Swingle, loc. cit. 
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Assume that (a:)-+--:+(a,)=—M. Let Y be a proper subcontinuum 
of M containing N — a. Then YX(a)=0. By theorem 15 Y contains 
the sum of the (a;)’s (ji). Hence Y =(m)+: > +4 (ti) + (tin) 
-+ +-++(a,). By theorem 11 (a:) Xx (a;)==0. Hence M — Y =(a:). Thus 
(4) (i= 1,- -,k) is not closed while the sum of k— 1 of the (a;)’s is 
closed. As this is a contradiction the theorem is true. 

It is possible however to generalize the (a;) co-end-set for k—2 in 
another manner. Let Z; == N — a; and let (Z:)a,=(4:) be the set of point 
sets which have the property that together with a: M is irreducible between 
these points. The set (Z;) will be called the Z; co-end-set of M. 

It is evident that for k 42 (Zı)X (Z;)54 0 for every M. 


THEOREM 17. If Y is a proper subcontinuum of M containing the set Z 
of (Z;) then Y contains (Zi), if k is greater than two. ; 


Let z be a set of (Z;) and b a point of Z. Then by theorem 13 
zX<(b)06. And by theorem 15 F contains (b). Hence as the (b)’s con- 
tain z, Y contains (Z;). 


THEOREM 18. If kis greater than two, (Zi) + (Zd +" "+ (Zr) M. 


Let Z be a set of (Z4). Then Jf is irreducible between the points of 
Z+m. Then (a:)+-°-+-+(a) contains Z + a: by theorems 13 and 14. 
Hence (a)+:-:+(a)M contains (Z)+""'+(Z) and so (41) 
++ (Zn) UM. 


THEOREM 19. If B is a set of k+ 1 points of a continuum C, where 
k 341 or 2, then C is not irreducible between every combination of k of the 
points of B. 


Assume that C is irreducible between every combination of k of the points 
of B. Then C is not irreducible between the combination of any k— 1 of 
the points of B for assume that Z is a set of k —1 of these points. Then by 
theorem 14 Z must contain k points. Thus each combination of k— 1 of the 
points of B is contained in a proper subcontinuum K of M. Consider the 
sum 8 of a set of such K’s where S contains and only contains a K for each 
combination of the points of B— bau, where B =b, +--+ + den, taken 
k — 1 at a time and where b, is contained in each of these combinations. Then 
8 is a subcontinuum of C containing k points of B. Hence $=M. Thus 
one of the K’s, K, say, contains bw and so contains k of the points of B. 
Therefore K, == M which is a contradiction. Hence C is not irreducible 
between every combination of the points of B taken k at a time. 


Oxnro STATE UNIVERSITY. 


Differential Equations Containing Absolute 
Values of Derivatives. 


By Crerus ODIA OAKLEY. 


1. Introduction. In this paper we consider the non-linear differential 
equation 


(1) w” + pu’ + pau+qilu’|+gqalul=¢, 


where Pi, Pz; 91, 92, $ are real, single-valued and continuous functions of the 
real variable x throughout an interval (a, b); and investigate the questions of 
existence and nature of real solutions, separation of zeros, comparison and 
oscillation theorems.* Although equation (1) is non-linear, it will be re- 
ferred to as a linear differential equation with absolute values for, as we shall 
see, the solutions of it follow those of a set of related linear equations, namely: 


A) + piu’ + pow + qu’ + qu=¢, u(+),t u’(+); 
(%2)u” + piu’ + pou— qw + gu=d, u(+), W(—); 
(Ru + paw’ + pau — qw — qu =h, u(—), w(—); 
A) + piw + pow + qu’ — qu =p, u(—), wu (+). 


These equations will be known as the associated equations or the set asso- 
ciated with (1). 

In §2 we establish the existence of solutions of (1) with continuous 
first and second derivatives. We also lay down certain definitions, call atten- 
tion to the first order homogeneous equation and state without derivation two 
theorems which will be of use in the development of the subject and which 
are readily established. The case of constant coefficients is treated in § 3, 
where, in view of the richness of the material, considerable space is devoted 
to the theory centering around the homogeneous equation. In § 4 we treat 
the case of variable coefficients where the equation is again homogeneous, 
deriving identities and theorems which are in some respects similar to those 
of the Sturmian theory associated with linear equations. While the treat- 
ment is such that the classic theory can be obtained by making identically 
zero the coefficients of the terms involving absolute values, yet it should be 
pointed out that certain relations (which exist when these coefficients are 


(2) 


* See Bécher, “Leçons sur les Méthodes de Sturm,” where further references to 
the linear theory will be found. 
1 By a symbol a(-+) we shall mean # is positive-valued. 
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identically zero) can not exist when the absolute-value terms are actually 
present and hence that much of the theory herein treated has no counterpart 
in the classic material. It is in this section that the prnicipal results of the 
paper occur. 


2. Existence and Nature of Solutions. We begin with the following 


DEFINITION. A function u(x), continuous in its first two deriwatwes 
im the interval (a,b), which satisfies the equation (1) will be said to be a 
solution of (1) wm that interval. 


The interval may be open or closed. A solution of the first order equation 
would be defined in like manner. It will be instructive to begin the dis- 
cussion of the existence and nature of solutions by examining the first order 
equation 
(3) w+ put+qlul—¢ 


and its two associated equations 


7 (4) w+ put u=, 
(42) w + pu— qu = pġ. 


In the first place, if ġ = 0, a solution u, of (4,) such that u (y)== (+), 
where y is any point in the interval (a,b), will remain positive throughout 
(a,b) and will, moreover, satisfy (3). In a similar manner a solution u, of 
(42) with initial conditions ue(y)==8(——) will remain negative and will be 
a solution of (3). Now suppose $>£0 and consider u, of (4,) such that 
u (zı)>=58(-+). To the right of zı and so long as it remains positive, this 
function u,(#) will satisfy (3). Let u(22)= 0, #(22)>£ 0, z being the 
first vanishing point of u, to the right of s A solution u(x) of (42)* 
with the condition u. (2,)= 0 will match up with u, with continuous deriva- 
tive for at x, both (4,) and (42) reduce to W(z2)=4, with u(s:)= Q. 
Continuing the process of piecing together these two functions u (s) and 
Ue(z), we obtain a solution u(r), u(y)=8, of (3), throughout (a, b). 

We turn now to equation (1) and the set (2) and confine our attention 
to what will be a typical example of the manner in which a solution of (1) 
may be obtained by matching up the solutions of (2). Consider, then, a 
solution u, of (21) with initial conditions u(sı)== 0, ur (mı )= %7 (+). 
So long as u,’ remains positive, u, will also be a solution of (1). Equation 
(1), therefore, possesses a solution at least in the open interval (2,22) where 


* The discussion here is typical rather than complete. If ¢(#,)=0 so that 
at,’ (%,)== 0, it may happen that u,(a@) of (4,) continues to be a solution of (3). 
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g is the first vanishing point of u,’ to the right of a. Beyond this point 
the solution of (2,) will continue to be a solution of (1) if and only 
if u remains positive in the neighborhood of æ» We suppose, then 
that wu’ is negative to the right of x, and consider a solution us of the 
equation (22) such that us(z2)= u: (T2), uz (te)—= 0. It is clear that 
we will be a solution of (1) if and only if wu,” is negative in the right 
neighborhood of zz. In order to show that wz’ is negative to the right of z2, 
we notice first that at x, we have, from equation (21), w’(z2)-+ pzu(z2) 
+ g9:u(2,)=& and that u,” (z2) is negative. Also, at this point, we get, 
from equation (22), W(z2)+ pow(22)+ gzu(r)=$ and the solution uz 
defined above is such that %(2.)= u (22), Ug (22)= Ur’ (%2)—= 0. Hence 
uz” (x2) is also negative and the solution u(x) with continuous first and 
second derivatives of equation (1) persists, through the medium of (2,) and 
(22), in the open interval (£1, £3) where v, is the point to the right where 
first uz or ue’ becomes zero. If u,’ is the first to become zero, then the solution 
u(x) of (1) may switch back to that of (21); but if u, is the first to become 
zero, then, if we consider a solution us of (23) such that us(z:)= 0, 
Us (Lz )== uz (z3), a repetition of the argument carries the solution of (1) on 
by means of equation (2,) and further, perhaps,” by equation (2,). Hence, 
by means of the solutions of the associated set (2), the existence of a unique 
solution with continuous first and second derivatives of equation (1)+ is 
demonstrated. Moreover this is in essence a general solution according to 
the following 


DEFINITION. ‘A solution u(x) of (1) will be called a general solution 
in (a,b) if u(x) contains arbitrary elements such that for every x, in (a,b) 
and for any whatever given set of constants 8, Y it is possible to specialize 
those arbitrary elements so as to make u(z,)=8, w (£o)= Ù. 


For suppose we take any point y, fixed in (a,b), and contemplate the 
set of solutions v(s), v(y)— 0, v’(y)=o’, where o, o’ are arbitrary real 
numbers; and further consider any point z, in (a,b) and two constants 8, 8. 
Now we have just shown that there exists a solution u(r), u(a)=8, 
w (%)== 8, which, if followed to the point y, will be such that u(y)= o, 


* A solution of (1) could, of course, follow those of (2,), (22) and (2,) only; 
or of (2,) and (2,) only; ete. 

t By similar methods the existence of a solution continuous in its first n-deriva- 
tives of the equation 


(1) um) -+ Pu + ees + Dnt + qı | yD | 
could be demonstrated. , glum? | 4---talul=¢ 
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wW(y)= or’. Hence by specializing o, o’ to cı, ox’, we obtain from v(x) the 
solution u(z), u(a)= 5, w(a%)—8. Thus o(z)— f(y; e, o, x) is the 
general solution and the arbitrary elements are o, o’. This does not, however, 
give us the desired information concerning the way in which the arbitrary 
elements enter into the general solution. We notice that even if u, is a 
solution of the homogeneous equation 


(1’) u” + piw + pot + gi | w | + ge | u | = 0, 

it does not follow that ku, , where k is a constant,” will be a solution; nor 
will the sum of two solutions (uw, + wz) in general be a solution. Although 
the arbitrary elements evidently do not enter linearly, the notion of linearly 
dependent solutions is an important one. We have immediately the 


THEorEMm I. ‘A necessary and sufficient + condition that two solutions 
of (1’) be linearly dependent is that the wronskian vanish identically. 

By methods that are standard in the treatment of linear equations the 
following theorem can be established. 


THEOREM IT. Any solution of (1’) which together with vis first de- 
rivative vanishes at a point y, vanishes identically.t 

We shali exclude this solution from consideration throughout this paper. 

The general, positive-valued solution u, of the homogeneous equation 


(3) w + pu+gluj=0 
ie u = exp [— f “(p(€)+ g(&)}dE] 


where c, is a positive constant and co is any point in (a,b); and the general, 
negative-valued solution ug is 


us = exp [— f (PO — aE] 


where cz is a negative constant. Hence 


us = (¢2/ex) exp [2 f. ” q(é) dé] ts. 


* In general ku, will be a solution of (1’) when and only when k is positive. 

f See Böcher, “Certain Cases in Which the Vanishing of the Wronskian is a 
Sufficient Condition for Linear Dependence,” Transactions of the American Mathe- 
matical Society, Vol. 2 (1901), p. 139. Theorem I °(p. 140) shows that u, = cu, 
provided 50. If w=0, then u, =0 necessarily and we may use the same con- 
stant c. Finally, from the continuity of u,’, u,’ (in particular at the zeros of us), 
it follows that we must have the same c throughout (a, 6) even though u, changes 
sign in (a,b). 

t Theorems corresponding to I and IT could be formulated for equation (1), ¢ = 0, 
in footnote +, page 661. 
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The general, complex-valued solution z(2)=u(z)-+iv(z), u(x) and v(x) 
real, and v{x)s40, is * 


z=u-tiv—kexp[— | {p(d+ a) 


— (ke? fx exp [— S (PE a) JAE] + 2iks exp [— f(a] 


where k, > 0 and ke is real and not zero. We call attention to the fact that 
the first term of z is the general, positive-valued solution, that the second 
term is the general, negative-valued solution, and that the last term is a 
solution of the ordinary linear equation. If qgs£0, equation (3°) can not 
have a pure imaginary solution. 


3. The Case of Constant Coefficients. We write down the equation 
(5) w” + au’ + au +b, | | + b2| ul =0 
and the associated set 


(6) w” + au’ + au + biw + bou = 0 
(6) (6) u” + aw’ + au — byw’ + bu = 0 
(6) u” + aw’ + au — biw — bu = 0 
(64) u” + aw’ + au + bru’ — bau = 0, 


Along with (5) and (6) we shall need to consider the quantities 


Mist Miz = 1/2 {— (a, + bs) ae [ (ay + bi)? — 4 (de + bo) ]%} 
Mary Maz = 1/2 {— (a — by) £ [ (a, — di)? — 4 (a2 + be) ]*} 
Mary Mae = 1/2 {—(a. — bi) + [ (a1 — b1)? — 4 (a2 — ba) ]*} 
Mears Maz = 1/2 {— (a + Bi) = [ (a1 + b1)? — 4 (a: — be) ]*} 

Ay == (dy + b) = 4 (Ge -+ be) 
A, == (dy = b1)? — 4 (az + be) 
A; ==(a, — b1)? — 4 (a2 — be) 
A, = (a, + b1)? — 4 (az — be) 


which are the roots and discriminants respectively of the characteristic equa- 
tions corresponding to the set (6). If A; <0, we write mj, = &; + ip; 


*If z=u 4 iv is to satisfy (3’) we must have, (a) "+ po =0, (b) w + pu 
+ q(u® + v?)% = 0 simultaneously. Equation (a) is immediately integrable. Equa- 
tion (b) represents a particular type of non-linear equation in which, because of the 
peculiar way in which v enters, the variables are made separable by making the trans- 
formation u == gt and afterwards choosing g in such wise as to satisfy the equation 
g + pg = 0. 

+ Read Mi with + sign, » 

15 


tio with — sign; (j= 1,2,3,4). 
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Miz == a; — ißBa j= 1, 2, 3, 4; i=(—1)% We shall designate by yj, Vj 
Sj, tj, real solutions of (6;) as follows: 


(Exp.) Sj { (7) Y= a en oem, Aj > 0, Mn 7 Miz 
(8) v= ce? + cg es, Aj == 0, Mj = Mj = My 


(Trigonometric) (9) = 2c sin (p; + c2), Ay < O, 


where ¢:, 62 are the arbitrary elements and s; represents either exponential 
function y; or vj. 

It is convenient at this point to consider some properties of (7) and (8) 
that are of fundamental importance to our problem. In the first place, sup- 
pose in (7) that mj, and mzs are of the same sign. Then y;, with appropriate 
initial conditions to make c, and cz of one and the same sign, will represent 
a solution of (5) throughout any finite interval (a,b). This follows at once 
because in this case neither y; nor y;’ is ever zero and this solution of (5) 
with these boundary conditions remains forever on a solution of one and the 
same associated equation (6;). If boundary conditions necessary to make 
Ci, C2 of opposite sign are imposed, then y; vanishes at one and only one point 
zo and y;’ vanishes not at all. In this case y; will represent a solution of (5) 
to the right (or left) of x. Similarly, if mj, and m;, are of opposite sign, 
then a solution y; of (7), with initial conditions such that cı and cz are of 
opposite sign, will vanish at no point while its derivative y,;’ vanishes at one 
and but one point xı For yz to vanish at one and only one point wo and also 
for y;’ to vanish at one and only one point z, it is both necessary and suffi- 
cient that cı, Cz be of opposite sign and that at the same time Mjr Mja be 
of the same sign. Further, if m;ı, M; are negative, then x, will lie to the 
left of 71; if Mj Mja are positive, go will lie to the right of 2. Moreover, 
the distance (z, — %)==(log mj, — log mj2)/ (mr — mz), is not zero and 
is independent of cı, 6. Examining v; and assuming com; >< 0, we note: that 
there always exist two and only two points x, and 2, such that v;(zo)= 0, 
vj (zı)= 0; that if m; is negative, x, will lie to the left of zı; that if m; is 
positive, z, will lie to the right of zı; that (zı — z.)==1/m;, is not zero and 
is independent of cı, cz. Hence any function s;(z) of the form (7) or (8) 
will possess the property that s;(%)== 0, s’’(zı)= 0, provided that mj, mje 
are of the same sign and cı, Cs are of opposite sign. 

With these things in mind, we seek conditions on the coefficients of (5) 
so that a solution u(x), u(y)=5(+), W(y)=89(+) of (5) shall be 
made up entirely of solutions s;(z) and which shall have as many zeros as 
possible in the interval from minus infinity to plus infinity. We shall con- 
sider that 8, 8’ have been so chosen that c1, Cz are of opposite sign. Two things 
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are evident at once:—First: In order that zeros of u exist to the left of 
y, Sı must vanish to the left of y, say s:(to)== 0, where to < y. Second: In 
order that zeros of u exist to the right of y, s must vanish to the right of y, 
say Ss (a) 0, zı > y- And it follows immediately from the considerations 
above that mıı and m,a must both be of the same sign and negative. Assuming 
that mi: and mz are negative, we follow this function s, up to the point s, 
and there connect with a solution of (62). 

The solution u(z) of (5), then, will follow s, up to zı where it will join 
to se(a) with initial conditions 2 (2ı)= sı (1), S82’ (@1)== sr (a1) = 0. If s 
is to vanish to the right of 2, say at sa it follows that Mz, mez must both be 
positive. We assume this condition on Mzı, Maz and note that this gives u(s) 
two zeros so far—one at v and one at zz. In order for sa to join with s at 
x; and to be such that s;’(23)= 0, £3 > Ye, it is necessary that Msı, Msz be 
negative. Now if s, matches up with ss at x, and vanishes to the right at a, 
say, it is obvious that sı, S2 ss, 8, will continue to match up throughout any 
finite interval (a,b) and form an oscillating solution u(x) of (5). But the 
condition for s4 to vanish at x, and for s, to vanish at x, is that ma, Maz 
be positive and this is impossible in view of the conditions already imposed 
OD M11; Miz, Ma1, Mas, Mhars Maze We have therefore established the following 


THEOREM III. There exists no solution u(z) of (5) made up wholly of 
exponential parts s;(x) which vanishes more than twice in any interval (a,b). 


Because of the fact that a solution of (5) may possess two and only two 
zeros we lay down the following 


DEFINITION. A solution u(x) of (5) will be said to oscillate in an in- 
terval (a,b) tf, in that interval, it vanishes as many as three times. 


While the totality of conditions 
(10) Msv(—), Mov(-+), Ma (—)}, Mal +), v=1,2 


is not realizable, yet the order of the signs exhibited is of highest importance. 
For suppose we follow a solution u(x) as we did (in the above discussion) 
up to the point zs and ask if at this point the solution could be continued 
by t, of trigonometric form (9)? An examination of the ms shows that A, 
can not be less than zero when m (—), M12(—), maı(-+), Malt), ma (—), 
ms2(——). It is not difficult to show that it is impossible for any A; to be 
negative when the other m’s follow the law of signs (10). Hence the 


THEOREM IV. There exists no oscillating solution u(x) of (5) made up 
of three exponential parts and one trigonometric part. 


666 OAKLEY: Differential Equations Containing 


Suppose, now, mi(—), Mm (—), malt), me2(+-) and that we have 
followed through on a solution u up to the point za If A, <0, a solution 
ts of (6;) and of form (9) will connect with sz at sẹ It is obvious that ag 
will vanish to: the right of x, at some point which we shall call zs. Further, 
if A, < 0, ¢, will match up with t: at zs and will vanish to the right at s4 
from which point, it is apparent, Sı, S2 ts, ta will continue to match up to 
form an oscillating solution of (5). This establishes the 


THEOREM V, There exists a class of oscillating solutions u(z) of (5) 
members of which are made up of two exponential parts (where u is positive- 
valued) and two trigonometric parts (where u is negative-valued). It may 
easily be verified that: There exists another class of oscillating solutions u(z) 
of (5) members of which are made up of two exponential parts (where u ds 
negative-valued) and two trigonometric parts (where u is positive-valued), 
and that these are the only two classes.of oscillating solutions containing two 
exponential parts. 


By the same methods the following two theorems are obtained: 


THeoreM VI. There exist four classes of oscillating solutions u(x) of 
(5) members of which are made up of three trigonometric parts and one es- 
ponential part. 


Taror VII. There exists one class of oscillating solutions u(x) of 
(5) members of which are made up wholly of trigonometric parts. 


We list the possibilities and conditions for the sake of reference: 


For OscILLATING SOLUTIONS oF (5). 
Number of 
Type Conditions Classes of 
Solutions 


I. Four trigonometric parts. A, < 0, 4,<0, As <0, A, <0. 1. 


II. Three trigonometric parts, A, < 0, As <0, As <0, my(+); 4 
One exponential part. A, <0, A <0, mgv{(—), Ay <0; 
Ai < 0, Mov(-+), As <0,, A, <0; 
mw(—), åz < 0, As<0, A <0. 

III. Two trigonometric parts, A, <0, A: <0, ma(—), ma(+); 2. 
Two exponential parts. mw(—), Mma (+), 43 <0, A < 0. 


Now in general the distance between consecutive zeros between which a 
solution is positive-valued. will not be the same as the distance between con- 
secutive zeros between which the solution is negative-valued. Whence it 
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follows that the zeros of two oscillating solutions u, and u» of (5) may 
[depending upon the coefficients ai, @2, bu, ba ¢ and upon the initial con- 
ditions u (y1)== 81, ua’ (y1) == 813 we (ye) = 82, Us’ (yz) =ê]: (Ast), separate 
singly or coincide as in the theory of linear equations; (2nd), separate by pairs; 


and (8rd), as an intermediate case, alternately separate and coincide. (The 
figure explains the terminology employed). 


Separation. 


Coincidence. 
{Linearly dependent 
solutions) 


Coincidence. 
(Linearly independent 
solutions) 


Separation by pairs. 


Alternate separation 
and coincidence. 





668 OAKLEY: Differential Equations Containing 


4, The Case of Variable Coefficients. We begin the discussion by estab- 
lishing the following 


Tarore VIII. Consider the equation 
(1) w” + pw + pu + qa |u|+qe|[ul=0 


where Pı, Pas Qi, 2 are real, single-valued and continuous in an interval (a,b). 
If neither (pz + qe) nor (P2— q2) is zero in (a,b), then between consecutive 
zeros of w there is one” of u. 

Assume the contrary and consider first the case where u is positive and 
(p2+q2)>0. Now at points a, x where W==0, our equation becomes 
wu” == — (pP: + g2)u and u” is negative; the curve is therefore concave down- 
ward. There must exist, however, a point Z between a1, x, where w’ is zero 
because of the fact that u’ is continuous and goes from minus to plus. But 
the differential equation is not satisfied by such a point for we have (92 + q2) 
> 0, u’(Z)—= 0, u(£)> 0, and hence w” (z) is positive. Similar arguments 
for the cases where u is positive and (92 + q2) < 0, and where u is negative, 
(p2— 2) == 0 will each lead to a contradiction from which the theorem 
follows. ‘The corresponding theorem in the linear theory ¢ appears as a 
special case when 91 == qg2==0. Also it is of interest to note that if we remove 
the non-vanishing condition imposed on the quantities (pz + 92), (pe— q2); 
say from the latter, then the theorem will hold for u positive but not for 
u negative. 

We shall now consider equation (17) written in the form 


(1”) d( Ku’) /de—L|w |—N |u|— Gu=0. 
We shall have need to consider also the associated equations 
(2,7) d(Ku’)/de— Iw’ — Nu — Gu = 
(227) d(Ku’)/de + Lv’ — Nu— Gu = 0 


(23) d(Ku’)/dae+ Lu + Nu—Gu=0 
(2) d( Ku’) /da— Iw + Nu— Gu=0. 


(2”) 


Let u, be a solution of an equation of the form (1”) with coefficients Ki, Lu, 
N;, G,; and similarly let wz. be a solution of an equation of the form (1”) 
with coefficients Kz, La, Na, Ge; from which it follows that 


* Rolle’s Theorem would prohibit there being more than one. 

+The author obtained this theorem from the lectures of R. G. D. Richardson, 
who has had it in his notes on “Linear Differential Equations of the Second Order” 
for years. The author is not aware of its presence elsewhere in the literature. 
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(11) d(Ku)/de — Lı | Uy" |— N, | Uy | = Gu, = 0 
(12) d( Kus’) /dx — Le | uz | — Ne | ue | — Gzuz = 0. 


Multiplying (11) by uz and (12) by — u, and adding we get, after sim- 
plifying by means of the equation themselves, 


(13) A(K ruiu — Kauru) /de —=(G, == Ge) Urt + (Ei Se Ka)u u, 
+ Ly | u’ | Uz — Le | Us’ | Ur + Ni | Ur | uz — We | U2 | 23. 


From this the following identity is readily obtained: 


(14) AL (ts /U2) (Krug, — Kouzin) /de= (6, — Ge) ur? 
++ (K,— Ke.) ul? + Kel (Ur Uz — Ut) /ue |? 
“pus? [Ln (| ur” |/u)— Le (| uz [/te) ] 
+ uy? [Na (| us |/u)— No(| ve |/u2)]. 


This is a generalization of the Picone identity * in the linear theory and 
reduces to that in the event L= N =0. 

Of two functions y,(z), y2(x), continuous in an interval (a,b), y2(2) 
will be said to oscillate more rapidly in (a,b) if it has more zeros than y, (2) 
in that interval. Let us now consider the question of the rapidity of the 
oscillation of the zeros of u, and u, (solutions of the two equations (11) 
and (12) respectively) under the following conditions on the coefficients: 
Li, Le, Ni, Na are non-negative; K,= K,>0, Gi Z Ge; not all of the 
quantities Lı, Le, Ni, Nz, Gi, Ge, are identically zero simultaneously. Let 
Tı, %2 be consecutive zeros of u, which is taken to be positive between 2, £2. 
We can now state the following 


THEOREM IX. Any solution u, of (12) which is negative at some point 
y:i tı Sy 5S Tg, vanishes at least once in the open interval (21, £2). 


Proof. Suppose, first, that u, (21) 0, u(22)>&0. Now ua(y)< 0 and 
ug(é), a S ÉS zz will remain negative unless it vanishes in (a, 22). As- 
suming that u, does not vanish, we integrate (14) between the limits x, z.. 
The left-hand side yields zero. On the right-hand side we have a positive 
quantity in view of the conditions on the coefficients. The contradiction 
establishes the existence of at least one zero of u, in (a1, 22). Suppose, next, 
that u, vanishes at one or both of the end points of the interval considered. 
Even in this case it is true that u, has at least one zero in the open interval 
(Zu 22); for then at x, and at x, the determinate quantity u,’/u,’ would 


* See, for instance, Ince, “ Ordinary Differential Equations,” p. 226. 
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replace the indeterminate one u,/uz in the left-hand member of (14) and an 
integration between the limits 2, x. would give the desired contradiction. 
Thus, in (a1, 22), Ue oscillates more rapidly than tı. 

If u, and uz are solutions of the same equation (1”), then equation (14) 
becomes, as a special case of considerable importance: 


(15) A (ty /U2) E (Ur ta — Uzt ) ]/dz = KT (Ur Ug — Ugia) /Ur]? 
+u2L(| uy” | /tt, — | Uo" | /uz)+ wa? N (| Ur | /us— | Us |/ü2). 


THEOREM X. Given equation (1”) with the following conditions on the 
coefficients: L, N non-negative; K>0. We consider a solution u, supposed 
positive between its consecutive zeros Tı, te Then, a necessary and sufficient 
condition for another solution uz to vanish twice and only twice in the closed 
interval (a1, %2) is that the wronskian W (ur, U2) be zero at some point y: 
= Y = Tz 


Proof of necessity. We first note that if ue is positive in (a, %2) and 
vanishes at zı and 22, then W==0 and the solutions are linearly dependent, 
and second that us can not otherwise vanish twice in (a, £2) and be positive 
between its zeros; for then the wronskian of two linearly independent solutions 
of one and the same associated linear equation [either (21) or (22”)] would 
have to be zero at some point in (zı, x.) and that is impossible. Hence if 
Uz is to vanish twice in the interior of (x, z2), it must be negative between 
its consecutive zeros. We have, then, u, vanishing twice in (zı, £2) and nega- 
tive in between its two zeros, say yı, yo If yı =£, then W [u (a1), u2(21)] 
== 0. Similarly for ys == zə And if yı = Tı, Yo = Tz, Tı and Tz are simul- 
taneous consecytive zeros of solutions %,, us which are in general linearly 
independent. This possibility we noted in the case of constant coefficients. 
Finally we take yı #z,, and ye z with (£) < 0, yı < É< Yz and ex- 
amine the ratios U: /ur, Uz /uz The former passes continuously through all 
real values from plus infinity to minus infinity between z,, ze while the latter 
passes continuously through all real values from plus infnity to minus in- 
finity in the sub-interval (yı, y2). These ratios are, consequently, equal at 
some point in (a, z2) which implies that the wronskian vanishes. This com- 
pletes the first part of the proof. 


Proof of sufficiency. Let the wronskian be zero at some point y. We 
have already seen that if us is positive, then W==0 and the solutions are 
linearly dependent. Discarding this case, we see that u, is negative at the 
point y and will remain negative throughout (a1, v2.) unless it vanishes in 
that interval. We suppose that uw. is negative throughout (zı, v2.) and fix at- 
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tention on the identiy (15). Integrating (15) between the limits z, and y, 
we have zero on the left-hand side and, because of the hypotheses on the 
coefficients, plus on the right-hand side which contradiction insures a zero 
of u» between z, and y, say at y Similarly integrating between y and £e, 
we obtain another zero ya of us Finally, if y, coincides with z, or if ye 
coincides with z, an integration between z, and x, as limits will bring about 
the desired contradiction. That us can have no zeros other than y, and ys 
we have already noted. The proof is therefore complete. 

As immediate consequences of Theorem X, we set off the following 
corollaries: 


COROLLARY I. No solution us can vanish twice in the open interval 
(21, t2) and be positive between Tı, Le. 


Cororzarr II. If W{u (y), uely)] =0, yu, yt: and W340, 
then us(y) < 0 necessarily. 


CoroLzary III. There exists a single infinitude of solutions us each of 
which, in the interval of consecutive zeros x1, Z2 of a given solution u,, vanish 
twice and only twice. 


COROLLARY IV. No solution u, can vanish more than twice in the closed 
interval (z;, x2); that is, separation is at most by pairs. 


The information gained from and the arguments used in the previous 
theorem are sufficient to establish the following 


THEOREM XI. Under the hypotheses of Theorem X, a necessary and 
sufficient condition for a solution us to vanish once and only once in the open 
interval (#1, %) is that the wronskian W(t, us) be zero at no point in 
(21, 22).™ 

Similar theorems could be developed for u, negative and u. positive by 
changing the conditions on the coefficients. The non-symmetrie character of 
identities (14) and (15), however, suggests that it would be impossible to 
interchange the role of u, and u, and at the same time keep one and the same 
set of hypotheses on the coefficients. And it should be pointed out explicitly 
that, in the event separation is by pairs, say, as is the case in Theorem X, 
this separation by pairs does not necessarily persist either to the right or to 
the left of the interval (zı, 72). The same could be said about single separa- 
tion. As an illustrative example, let us suppose that, in the interval (2, 22), 
separation is by pairs us vanishing at y, and at y: and fix our attention upon 


* This becomes the separation theorem in the linear theory if L =N = 0, 


a 
¥ 
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a small interval Az beginning at y; and extending to the right. It is clear 
that the zeros of u, and u, will separate singly-and mutually beyond Ar, if, 
in that interval, L, N pass to zero and remain identically zero to the right. 
As a matter of fact this is a more stringent condition than is necessary on 
the coefficients. Single separation would result to the right of Aw if the 
coefficients were changed continuously to constant values of such sort that 
there would result an equality of distance between consecutive zeros. And 
there would be other conditions on the coefficients which would necessarily 
bring about alternate separation of the zeros of u, and us. 

Or it would be possible to pass from partial separation (i.e., alternate 
coincidence and separation) to single separation by the same type of changes 
on the coefficients. As a matter of fact, it is possible, in going from left to 
right, to pass from any one type of separation to any other with the exception, 
of course, of the case of coinciding zeros and linearly dependent solutions. 


The Problem of Lagrange in the Calculus 


of Variations. 
By GILBERT AMES BLISS. 


TABLE OF CONTENTS. 





PAGI 
INTRODUCTION, . s : : ; : ; ; ; : ; . rt 
CHAPTER I. Tue EvLer-LAGRANGE MULTIPLIER RULE. 
1. Hypoiheses, ; : ; ; : ; ; 3 ; ; . UTD 
2. Examples, ; : : ; : . : ; 5 . OTO 
3. Admissible ares Sn: variations, ; F : a . ; . OTT 
4, The first variation of I, . ; ; : : í : ; . 650 
5. The Euler-Lagrange multiplier rule, . l : 5 3 . Gol 
6. The extremals, . . ; 2 i : . ; E ; . ust 
7. Normal admissible ares, . ; j ; . ; . OST 
S. Problems with variable end- an: , : ‘ . 859 
9. Normal admissible ares for problems with Ai Al Beer ; . 693 
CHAPTER IT. EE OF THE EULER-LAGRANGE MULTIPLIER RULE. 
10. The brachistochrone in a resisting medium, ; ’ , f . 695 
ll. Parametric problems in space, . : - : : ; ; . BOT 
12. Isoperimetrie problems, ; ; i ; : ‘ ‘ . 699 
13. The hanging chain, . : ; ; : i ; . 700 
14. Soap films inclosing a given vroa. ‘ i 7 . 701 
15. The case where the funetions Da contain no Aa ae es. h ; . 703 
16. Geodesies on a surface, . ‘ : ; ; 5 : F . 705 
17. Brachistochrones on a surface, . i ; . 706 
18. The curve of equilibrium of a chain hanging ou a EN ; . 709 
19. Hamilton’s principle, i ; : : : - 718 
20. Two forms of the principle of ent nation: ; . , ¿i 712 


CHAPTER ITI. FURTHER NECESSARY CONDITIONS FOR A MINIMUM. 


21. Two important auxiliary formulas, . i . tld 
22. Necessary conditions analogous to those of Weierstrass and Tenendte: . 7lü 
23. The envelope theorem, ‘ 5 : ; ‘ ; ; . 719 
24. The analogue of Jacobi’s condition; 721 
25. The second variation for a normal extremal, 723 
26. A second proof of the analogue of Jacobi’s condition, 125 
27. The determination of conjugate points, T26 
CHAPTER IV. SUFFICIENT CONDITIONS FOR A MINIMUM. 

28. Mayer fields and the fundamental a 729 
29. The construction of a field, 732 
30. Sufficient conditions for a strong relative minimum, T3L 
31. Sufficient conditions for a weak relative minimum, . ; . 736 
82. The justification of a preceding statement, . : ; . 137 
CHAPTER V. HISTORICAL REMARKS. . ; ; . T40 

BIBLIOGRAPHY, $ 743 


673 


674 Buiss: The Problem of Lagrange in the Calculus of Variations. ` 


INTRODUCTION. 


The problem of the calculus of variations principally considered in this 
paper is that of finding in a class of ares 


(1) a Yi =y: (x) (t; SeS t; t= 1,: 2 e n) 
satisfying a set of differential equations 
(2) palT Yis . "Ym Yrs" . 5 Yn = 0 (a = 1,- . -m< n) 


and joining two fixed points in the space of points (z, 4:,° ` ",%n), one which 
minimizes an integral of the form 


(3) : r= f fa, Yi, es > Uns Y's Sem oe s Yn ) de. 
%ı 


A number of paragraphs are also devoted to the similar problem for which 
the end-points are variable. 

The problem seems to have been first formulated by Lagrange for the 
general case here studied, though somewhat less precisely than in the state- 
ment above. He also gave the multiplier rule described in Section 5 below 
which had been previously deduced by Euler and himself for a number of 
more special cases. Important additions to the theory have been made by 
Clebsch, A. Mayer, Kneser, Hilbert, von Escherich, Hahn, Bolza, and many 
others. Comprehensive treatments of the problem have been given by Bolza 
[3] * and Hadamard [4], that of Bolza being the more complete. In Chapter 
V below a brief sketch of the history of the problem is given with a biblio- 
graphy of the more important papers on which the text of this paper is based. 

Since the literature of the problem is extensive and widely scattered, and 
since recent developments make possible important simplifications, even as 
compared with the excellent treatments of Bolza and Hadamard, it seemed 
justifiable to the author of this paper to attempt anew the presentation of 
those parts of the theory leading to the necessary conditions for a minimum, 
and to those sufficient to insure a minimum. The paper is a record of lec- 
tures which the author has given at intervals for some years past at the Uni- 
versity of Chicago. 

Some special features of the methods used may perhaps be mentioned. 
The deduction of the Euler-Lagrange multiplier rule in Sections 3-5 is based 
upon suggestions in papers by Hahn [13, p. 271] and the author [16, pp. 307, 
312], but is different from the proofs hitherto given. The definition of 


*The figures in the square brackets refer to the bibliographical list at the end 
of the paper. 
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normal arcs in Sections 7 and 8 is that of Bolza [19, p. 440]. A new ap- 
plication of the definition, in Section 15, makes it possible to deduce without 
the use of special methods the_multiplier rule for the case when the func- 
tions œa contain none of the“ ‚vatives y:’, as a corollary to the rule deduced 
in Section 5. The discu¢.sons of the necessary conditions of Weierstrass and 
Clebsch, and of the envelope theorem with the- associated deduction of the 
necessary condition of Mayer, are essentially those of Hahn [21] and Bolza 
[3, pp. 603-10], but are greatly simplified by the use of the auxiliary formulas 
of Section 21. The analytic \roof of the necessary condition of Mayer in 
Section 26, by means of the ‘nimum problem associated with the second 
variation, was suggested by the author for simpler cases [27] and applied 
to the problem of Lagrange by D. M. Smith [28]. By means of the theory 
of the minimum problem of the second variation the very elaborate theories 
of that variation due to Clebsch [29], von Escherich [31], Hahn [33], and 
others, can be much simplified, as the author has shown [35]. The applica- 
tions important for this paper are in Sections 26 and 32. The theory of 
Mayer fields in Sections 28 and 29, and the proofs of the sufficiency theorems 
in Sections 30 and 31, have been simplified as far as seemed possible. 

An effort has been made in each theorem to state clearly the underlying 
hypotheses. The proof of the multiplier rule in Section 5, for example, is 
independent of the assumption that the determinant R of page 11 is different 
from zero. In many of the succeeding theorems, however, this assumption is 
either made explicitly or else is a consequence of the property III’ which 
appears frequently. 


CHAPTER I. 


THE EULER-LAGRANGE MULTIPLIER RULE. 


1. Hypotheses. In this first chapter the famous multiplier rule of Euler 
and Lagrange, describing the differential equations satisfied by a minimizing 
arc for the problem of Lagrange stated in the introduction, is to be deduced. 
For convenience in the following pages the set (a, y1,° * * Yn) Y1s° " "> Yn’) 
will be represented by (z, y, y’). 

As usual we concentrate attention on a particular arc F,» with the equa- 
tions (1) and inquire what properties it must have if it is to be a minimizing 
arc. The analysis is based upon the following hypotheses: 


(a) the functions y;(7) defining Fz are continuous on the interval mi% 
and this interval can be subdivided into a finite number of parts on each of 
which the functions have continuous derivatives; 
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(b) in a neighborhood R of the values (z, y, y) on the are Hy, the 
functions f, ġa have continuous derivatives up to and including those of the 
fourth order; 


(c) at every element (s, y, y’) on E: the m X n-dimensional matrix 
| daye || has rank m. 


The subscript y;’ here indicates the partial derivative of a with respect 
to yi. .In the following pages literal subscripts, following the indices of 
functions and elsewhere, will be frequently used to indicate partial derivatives. 
The hypothesis (e) implies that the equations ¢,==0 are all independent 
near Fıs when regarded as functions of the variables 47’. . 


2. Examples. A common example of a Lagrange problem is that of the 
brachistochrone in a resisting medium [3, p. 5]. The nn equation of 
the motion [5, p. 44] becomes for this case 


dv/dt = d?s/di? == g(dy/ds)— R (v), 


where R(v) is the retardation on the particle per unit mass due to the 
resistance of the medium. Multiplying by ds/dz ==(ds/dt) (di/d«)== vdt/ dæ 
we find the equation 


(4) ov’ = gy — R(v)s’ = gy —R(v) (1+ y?)% 


where the primes denote derivatives with respect to x. The problem is then 
to find among the pairs of functions y(x), v(x) which have the end-values 


y(a)=Yı, V(%1)—=%1, Y(L2)= Ye 


and satisfy equation (4) one which minimizes the time integral 


r= |" (do) Í, E (1/0) (1 + y”)*de. 


It should be noted that this problem is not precisely like that stated in sec- 
tion 1 since the value of v is not prescribed at v = xz. It is in fact a problem 
of Lagrange with second end-point variable. 

The so-called isoperimetric problems form a very large class, and all of 
them may be stated as Lagrange problems. For example we may seek to find 
among the arcs y = y(x) (1. & v = 2-2), joining two given points and having 
a given length, one which has its center of gravity the lowest. This 
is the problem of determining the form of a hanging chain suspended between 
two pegs at its ends. Analytically the problem is to and among the functions 
y(x) (u Su S z2) satisfying the conditions 
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Va, Yan f+ y?)Ade—I 
Dı 


one which minimizes the integral 


(5) T= f ya +y de. 


This problem may be made over into one of the Lagrange type by introducing 
the new variable 


(a= f (1+?) de 


satisfying the differential equation 7 =(1 -+ y?)*%. The problem is then to 
find among the pairs y(x), 2(a) satisfying y(a1)== 41, 2(@:)== 0, y(@2) = Yo, 
z(22)=1, z ==(1-+ 77) one which minimizes the integral (5). 
More generally suppose we wish to find among the functions y(z) 
satisfying 
y(t) =Y Y(%2) == Yo 


fos (x,y, oda = k, f- h(a, y, yf )de =I 


one which minimizes 
(6) f [= ("F(a yy’) de. 
e By 


The problem is equivalent to that of finding among the sets of functions y(z), 
ulz), o(s) satisfying 


y(z)= Yı, u(z,)= 0, va), 
Y(t) = Yo ulz)=k, v(t:)= L 
"== g (£, Y, f), v = hlr jY), 


one which minimizes the integral (6). Evidently a similar transformation 
of the problem could be made no matter how many isoperimetric integrals 
were to have prescribed constant values. ; 

These illustrations suffice to show the wide applicability of the Lagrange 
problem. 


3. Admissible arcs and variations. An admissible arc 
(7) Yi = yi lx) (= 1, -n n Ss r S r) 


is one with the continuity properties (a) of Section 1, whose elements (x, y, y’) 
all lie in the region N, and which satisfies the equations pa =0. If a one- 
parameter family of admissible arcs 
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(8) Ya = yi (a,b) (t==1,---,n) 


containing a particular admissible arc Fy. for the parameter value b == bo is 
given, the functions 


ni(%)== yio(#, bo) ` (i==1,---,n), 


where the subscript b indicates as usual a partial derivative of yi(z,b), are 
called variations of the family along Euz. 

In the tensor analysis it is agreed that a product GiH;, shall stand for 
the sum 3;6ixH;. In other words, when an index k occurs twice in the same 
term it is understood that the term really represents the sum of n terms of 
the same type. The index with respect to which the sum is taken is called 
an umbral index. 

With this convention in mind we may define for the arc Eis mentioned 
above the so-called equations of variation by the formula 


(9) a(z, Ys 7 )= payni + payr ji == 0 (a ==1,---,m) 


in which 7 is an umbral index with the range 1,' >», n, and the coefficients 
day. Pay,’ Are supposed to have as arguments the functions y; (x) belonging 
to Eis. These equations are satisfied by the variations yi(#) along Eiz as 
we may readily see by substituting the functions (8) in the equations a = 0, 
differentiating for b, and setting b= by. A set of functions y;(x) with the 
continuity properties described in (a) of Section 1 and satisfying the equa- 
tions of variation (9) is called a set of admissible variations, a nomenclature 
‘ which is justified by the following very important theorem: 


For every set of admissible variations m(x) along the admissible arc Ey. 
there exists a one parameter family (8) of admissible arcs containing Es: for 
the value b==0 and having the functions ni (x) as its variations along Era. 
For this family the functions yi(x,b) are continuous and have continuous 
derivatives with respect to b for all values (2,b) near those defining Ess, 
and the derivatives yic(x,b) have the same property except possibly at the 
values of x defining corners of Ei». 


To prove this theorem we enlarge the system ġa == 0 to have the form 
(10) oy = 0, ss dn =o 0, Pm = Zmay °°» Pun == Zn 


where Zn, ° 3 Zn are new variables and Bm ' °°, $a are new functions 
of x, y, y such that the functional determinant | 0¢:/dyx’ | is different from 
zero along Ey.“ By means of the last n— m of these equations the functions 


*For a proof of the possibility of this adjunction see Bliss [16, pp. 307, 312]. 
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yi(x) belonging to Fie define a set of functions z-(z) (r==m+1,---,7). 
We have a corresponding system of equations of variation 


(11) $, = 0, - `, Pn = 0, Pma = Ema ° "3 Bn = En : 


along Eis the last n— m of which define a set &.(2) (r=m+1l,:'',n) 
corresponding to every set of admissible variations m (z). 

Suppose now that the set (=) is an admissible set of variations for Hy. 
defining a set ¢ (s) by means of equations (11). Since the functional deter- 
minant | 06:/dyx’ | is different from zero along Ey, the existence theorems for 


2 


differential equations * tell us that the system 


(12) da = 0, br = 2,.(2) + bt, (x) (æ = 1,> em; r=m -+ 1,: : -,n) 


determines uniquely a one-parameter family of solutions y; == yı (x, b) with the 
initial values (0) + byi (21) at s =z, This family contains E for b = 0 
and has variations which have the initial values 4;(2,) at z = s, and which 
satisfy the equations (11) with the functions é (s). The variations of the 
family are therefore identical with the functions m (=) originally prescribed, 
since when the £,(a#) are given there is only one set of solutions of equations 
(11) with given initial values 7;(a,) at t == z. 

Some slight modifications in the existence theorems referred to are re- 
quired in order to prove the continuity properties of the family y; = yi (2, b) 
described in the theorem. These are due to the fact that the functions 2; (2) 
defined by the arc EZ,» are continuous but not necessarily differentiable. The 
results described can be derived without difficulty, however, when the are Ey. 
has no corners. If the arc Fıs has corners the existence theorems must be 
applied successively to the z-intervals between the corner-values of x with 
initial conditions at the beginning of each interval so chosen that the func- 
tions yi(z, b) are continuous. 


COROLLARY. If a matric 


mı "tt" Ma 


Nai 7.77 


whose columns are p sets of admissible variations along an admissible are 
Ey, is gwen, then there exists a p-parameter family of admissible arcs 
Yi = Yi (T, bi," + +, bp) containing Erz for the values by =` - -=bu—0 and 
having the functions nis (t= 1,: ++, 2) as its variations with respect to be 
along Ey. The continuity properties of the family are similar to those de- 
scribed in the preceding theorem. 


* Bolza [3, pp. 168 ff.]; Bliss [14, 15]. 
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x 


This is proved as above with the equations l 
pa = 0, pr = zr(£) + bibr + e + bbrp 
(a =1,: m; r=m +1, ¢,n) 
replacing equations (12). 
4. The first variation of I. If the functions y:(z, b) defining a one- 


parameter family of admissible arcs containing E, for b = 0 are substituted 
in Z then I becomes the function of b’defined by the formula 


If, “fle, y(2, b), ¥ (a,b) Jae. 


The derivative of this function with respect to b at the value b= 0 is the 
expression 


(13) - L (M)= JS (fnm + fue 7) da 


where 4 is as agreed an umbral symbol and the arguments of the derivatives 
of f are the functions y;(z) defining Fy. 

The expression I,(y) is called the first variation of I along the are Ez. 
For the proofs of the succeeding sections it is desirable to have another form 
of it. Let ào be a constant and A;(z) (1 —1,---,) functions of z on the 


interval zı% and let F be defined by the equation 


F(a, Y y, \)= of + Aıdı A coe + Ann. 
Since the variations 7, £ satisfy the equations (11) the value of Aolı (m) is not 
altered if we add the sum Aaa + Ar (r — ér) to its integrand. Then we have 


ie 
(14) Alı(m)= f (Fum + yy qi’ — Arbr) da. 


So far the functions A; (x) have been entirely arbitrary. We now deter- 
mine them so that the equations 


g 
(15), Pw = f Pudete: (i=1,- +, n) 
©. B 


are satisfied for an arbitrarily selected set of constants ào, c;. This is possible 
since if we introduce the new variables 


(16) V; == Py, = dofy:' + Ad! +t * + Anpu 


(i==1,--+,7) 
the equations (15) are equivalent to the equations and initial conditions 


(17) du;/da = Fy, = Ait +++ ++ Aintn + Bi, vi (01) =e: 
(t==1,--+,n) 
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the coefficients A, B being found by solving the equations (16) for A1,- * +, An 
and substituting in Fy, The equations (17) have unique solutions v;(z) 
which are continuous on the interval 2,7. and which have continuous deriva- 
tives except possibly at the values of 2 defining the corners of E, where the 
coefficients A, B may be discontinuous. Equations (16) then determine 
uniquely the functions A;(z) continuous except possibly at the corner values 
of a. 

With the help of equations (15) the expression (14) for Aol (n) now 
takes the form 


(18) Aol (q)—=— | atda — cms (as) + ni (2) Pur (#2) 


where Fy; (v2) represents the value of Fyy at s = g This auxiliary formula 
will be useful in the next section. 


3. The Euler-Lagrange multiplier rule. We are now in a position to 
deduce the famous multiplier rule giving the differential equations which must 
be satisfied by a minimizing arc E,s for the Lagrange problem. The rule was 
discussed for a special case by Euler in 1744, and generalized by Lagrange 
whose proof was exceedingly faulty. One difficulty with Lagrange’s proof 
was overcome by Mayer in 1886, and the proof was finally completed when 
Kneser in 1900 and Hilbert in 1905 removed the last serious defects.* The 
proof given here is quite different in some respects from those in the literature 
and is an extension of them. 

Suppose that a matrix whose columns are 2n +1 sets of admissible 
variations 


Fir ` > T toner 


(19) 


Mnl ` °° Yn, ener 


is given. We have seen above that there is a (2n + 1)-parameter family 
yi(@, 01,° * *, Densi) of admissible arcs containing Bas for = © * = bonn 0 
and having the columns of the matrix above as its variations. When the 
functions defining this family are inserted in the integral J that integral 


becomes a function (b, > +, bens) which for bı ==> + -== Dong = 0 takes 
the. value /, of the integral along the are Eis. If we let (a1, 411," °°, Yur) 
and (£z, Y12,° °°, Ym2) represent the two end-points on the arc Hy. then the 
equations 


* For the details of the objections to Lagrange’s proof and an excellent historical 
sketch see Bolza [3, p. 566]. i 
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I(b,, er Dons == Io + u, 


(20) Yi (a1, bu,‘ °° 3 Bons) == Yirs 
Yi (2, bi, a bon) = Yiz, 
(@=1,: “3 7) 
in the variables u, 01,- * -, bonm have the initial solution (u, bu’ * -, Dens) 
==(0,0,---,0). If the functional determinant of the first members of these 
equations with respect to b1,: - -, bens is different from zero at this solution, 


then well-known implicit function theorems tell us that the equations (20) 
-have solutions not only for w= 0 but also for every value of u near u==0. 
There are therefore arcs in the family yi(z, bu ` -, beni) joining the end- 
points 1 and 2 of E, and giving I values I, + u greater than Io when u is 
positive, and similar arcs giving ‘it values less than J, when u is negative, 
which is impossible if Hy. is a minimizing are. Hence the functional deter- 
minant of the equations (20) must be zero at (u, bi, °° +; Donax)=—=(0,0,---, 0). 
The value of this functional determinant is 


I, (m) T eS hy nen) 
ıı (z) "8% Wyant (21) 
(21 ) Nn (21) > t VRAN (z1) : 
Mı (22) “8  * NR (22) 
Yni (22) O tO t Tn gnal (z2) 


where in the first row only the second subscripts of the ys are indicated. 
It must vanish for every choice of the matrix (19) of admissible variations. 
Suppose p < 2n -+ 1 the highest rank attainable for (21) and suppose the 
matrix (19) chosen so that this rank is actually attained. Let Ao, ci, di 
(t==1,--+,n) be a set of constants not all zero satisfying the linear equa- 
tions whose coefficients are the columns of the determinant (21). Normally 
the constant A, will be different from zero, but in Section 7. the case Ao == 0 
is discussed in more detail. In both cases the equation 


Nola (9) + cim (21) + diyi (2) = 0 


must be satisfied for every set of admissible variations y: (x) whatsoever, since 
otherwise by deleting a suitable one of the columns of the determinant (21) 
and replacing it by a set Iı (7), m(zı), (22) which does not satisfy the last 
equation, the determinant could be made to have the rank p + 1. If the first 
term of the last equation is replaced by its value (18) the equation takes 
* the form 


Buiss: The Problem of Lagrange in the Calculus of Variations, 683 


= I Argrda + mi (#2) [di + Fyr (22) ] = 0 


and it must be satisfied for every choice of the admissible variations q: (2), 
i.e. for every choice of the functions &,(z) and the end values y;:(2.), since 
for every such choice there is a set of admissible variations defined by the equa- 
tions (11). It follows readily that the conditions 


(22) Ar (£)= 0, dli = — Fyr (22) 
((=m+l-'',‚n;i=l'',n) 


must be satisfied. For the set of multipliers ào, Ai(v) (t—1,---,) for 
which the equations (15) are satisfied it is evident then that all are identically 
zero except the first m +- 1. The first m +1 of them are not all identically 
zero, however, since otherwise F would vanish identically and equations (15) 
and (22) would require the constants c:, d: all to be zero as well as Ay, which 
we know not to be the case. Hence we have the following theorem: 


For every minimizing arc E,» there exists a set of constants ci 
(t= 1,- : +,n) and a function 


(23) F(x, y, y, A)= dof + a (@) G1 + + Am(®) bm 
such that the equations 
(24) Py = 7 Fda + cı 

Jı 


are satisfied at every point of Erz. The constant r» and the functions a(z) 
(«= 1,: - -, m) are not all identically zero on £ı®, and are continuous except 
possibly at values of x defining corners of Eıs. 

This is a modification of the Euler-Lagrange multiplier rule. We get 
the rule in its classical form by differentiating the equations (24). The two 
following corollaries are immediate: 


COROLLARY I. THE EULER-LAGRANGE MULTIPLIER RULE. On every sub-arc 
between corners of a minimizing arc Eia the differential equations 


(25) palz, y, y = 0, (d/dx) Fy, == f'y («= d . "m; =,’ n n) 
must be satisfied, where P is the function (23). 


COROLLARY II. THE CORNER CONDITION. At every corner of a minimizing 
arc Hy. the conditions 


(26) Fw [2,y, y (£ — 0), Ma— 0] = Fyr [2, yy'a +0),1(2+0)] 


(t==1,--+,2) 
must be satisfied. 
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Condition (26) is a consequence of the fact that the second member of 
(24) is continuous at a corner as well as elsewhere. 

There is a third consequence of the equations (24) which is also im- 
portant. Ifthe functions and multipliers belonging to Fia are y: (2), Ao, Aa (=) 
then the n + m equations 


Fy leyehan = [Pula yle) ya), Meldet o 
gala, y (£), 2] = 0 (i=1,:: n; a==1,---,m) 


have as solutions the n + m functions 2; = y? (£), pa = ìa (2). If the func- 
tional determinant 
fy! Ur Pay,’ 


Pans 0 


of the first members of these equations with respect to the variables zi, pa is 
different from zero at a point of #1, then the existence theorems for implicit 
functions tell us that the solutions z: == y; (£), Ba = Àa (£) of the equations | 
have continuous derivatives of as many orders as the equations themselves have 
continuous partial derivatives in the variables z, Zi, pae Between corners this 
is at least one, and we have the following third corollary: 


R= 





COROLLARY, III. THE DIFFERENTIABILITY CONDITION. Near a point of 
å minimizing arc Ey. at which the determinant R is different from zero the 
functions yi (x) defining Ey, have continuous second derivatwes and the multi- 
pliers Au(&) have continuous first derivatives. 


The proof given above for the Euler-Lagrange multiplier rule is an ex- 
tension of the ones ordinarily given because the hypothesis (c) Section 1 is 
less restrictive than usual. The unsymmetrical assumption commonly made 
is that a particular one of the determinants of the matrix | ¢ay,' || stays 
different from zero at-every point of Eis. The enlargement of the system 
da = 0 to the system (10) is the device which permits the generalization here 
made. Equations (24) are recent developments which were unknown to Euler 
and Lagrange and which are not always deduced even in modern presentations 
of the subject. They justify the useful Corollaries II and III besides the 
multiplier rule. 


6. The extremals. An admissible arc and set of multipliers 


(27) y= y(r), Av Aa == a(z) 
(i= 1, n; a=], mi mn Esr 22) 


is called an extremal if it has continuous derivatives y:’(z), y4” (£), Aa’ (x) 
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on the interval v.22, and if furthermore it satisfies the Euler-Lagrange equa- 
tions (25). The minimizing curves for applications of the theory of the 
calculus of variations are found among the extremals and it is highly desirable, 
therefore, that we should examine more thoroughly the differential equations 
defining these curves and determine how large a family the extremals really 
form. A minimizing curve must always be a solution of the equations (25), 
even if it has corners or is without the derivatives y:”(z), Au (x) mentioned 
above, but such minimizing curves are relatively rare. 

The most direct way to characterize the family of extremals satisfying 
equations (25) is to replace these equations by the equivalent system 


(d/dz) Fy, — Fy, zj Py, « + Fy, nye + Fy Yn” + Py rgre — Fy, = 0, 
(28) (d/dx) ba = baz + day + pan ans —=0, 
da [£n y (21), Y (41) | = 0. 


The first two of these equations are linear in the variables yx’, Ag’ and 
the determinant of the coefficients of these variables is precisely the deter- 
minant R of page 684. Near an extremal E, on which # is different from 
zero these two equations can therefore be solved for yx”, Ag’ and they are 
readily seen to be equivalent to a system 


(29) dys/dr = yx, dyr /da= Grs, YY, A), drg/de = Hg(2,y, Y, A) 


in the so-called normal form.“ Known existence theorems for differential 
equations now tell us that an extremal E, along which R is different from 
zero is a member of a family of solutions of equations (29) depending upon 
an + m arbitrary constants, since the number of dependent variables yx, yx’, 
Ag in these equations is 3n + m. If we impose further the m relations in the 
third row of equations (28) then m of these constants will be determined as 
function of the 2n others, so that the final result is that an extremal along 
which Æ is different from zero is a member of a 2n-parameter family of 
extremals satisfying equations (25). 

For theoretical purposes the properties of the 2n-parameter family of 
extremals may be determined most conveniently by a second method. For 
the purpose of introducing n new variables v; and eliminating the n + m 
variables y;’, Ao let us consider the system of n + m equations 


(30) Py, (z, Y Ys À) == Vi; Qal, Y, y= 0. 


The functional determinant of the first members of these equations with respect 


* Bolza [3, p. 589]. 
7 Bolza [3, p. 590]. 
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to the variables yz’, Ag is again the determinant R of page 684. Known 
theorems on implicit functions tell us then that near an extremal E2 on 
which R is different from zero the equations (30) have solutions 


(31) Yn = Vu (®, Y v), Ag = Ilg(z, Y» v) 


possessing continuous partial derivatives of the first three orders since ‘the 
first members of equations (30) have such derivatives. The system of equa- 
tions (25) is now equivalent to the system in normal form 


(32) dyn/ daz = Y(T, Y, v), dor/ de = Fy [x y, X (z, Y, v), (s, y,v) ] 


in the variables x, yx, vx. Evidently every solution ys(x), Ag(z) of equations 
(25) defines a set of functions v.(z) satisfying equations (30) and (31), and 
therefore also the system (32). Conversely every solution y(x), vx(z) of 
equations (32) defines a set of functions Ag(z) by means of equations (31) 
with which it satisfies equations (30), and therefore also the original system 
(25). 

Through every initial element 


(To Yos Uo) = (To, Yio." | * > Yno Vio’ * "> Vno) 


in a neighborhood of the set of values (z, y,v) on the extremal Ey. there 
passes a unique solution 


(33) Yi = Yi (T, Loy Yos Vo), Vi == Vi (T, Los Yo, Vo) 


of the equations (32) for which the functions Yi, Yie, Vi, Vig have continuous 
partial derivatives of the first three orders since the second members of equa- 
tions (32) have such derivatives. The equations expressing the fact that the 
solutions (33) passes through (2, Yo, Vo) are 


Yio = 4 i (Xo, Tos Yo; Vo); Vio = Vi (Xo, Lo, Yos Vo)» 
and from them we find 


dir —(d/ Itro) Ys (Los Lo, Yo Vo); 0 = (0/00K0) Yi (To, Loy Yos Vo); 


4. 
(34) 0 == (8/0Y x0) Vi (Lo; Loy Yos Vo); dix ==(8/0UR) Vi (Loy Loy Yos Vo); 


where Siz is 1 or 0 when k=i or k i, respectively. Since every curve of 
this system (33) has on it an initial element for which «2, we lose none 
of the curves if we replace go by the fixed value sı Let us for convenience 
rename the constants yio, Vio and call them ai, bi respectively. Then the 
family (83) takes the form 


(35) yi=Yi(z,a,b), v= v (z, a, b) 
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and it follows readily from equations (34) that the determinant 


tye Oye 
dar : Ob 
N o Dr 
day Obz 


has the value 1 at =a. When we substitute the functions (35) in equa- 
tions (31) a set of functions Au(z,«,b) is determined, and we have the 
final result: l : 


Every extremal By. along which the determinant R is different from zero 
is a member of a 2n-parameter family of extremals 


(37) Yi==Yi(e,a,b), a= Àa (z, a, b) 


for special values do, bo of the parameters. The functions Yi, Yis, Vi, Vis, Ag 
have continuous partial derwatives of the first three orders in a neighborhood 
of the values (x,a, b) defining E12, and at the special values (2%, Go, bo) the 
determinant (36) is different from zero. 

Thus again we have established the existence of a family of extremals 
containing 2n arbitrary constants. 


7. Normal admissible arcs. An admissible are y; = yi (x) (21 S g S22) 
is said to be normal if there exist for it 2n sets of admissible variations for 
which the determinant 


M(t) i Muon (21) 
nı\% wahr: en? 
(38) q ı( 1) Mm, n( 1) 
nu (Ta) SEE Mon (Xe) 
Nai (£2) " > l Unam (£2) 


is different from zero. It is normal on a sub-interval £,& of zı@2 if there 
exist 2n sets of admissible variations for which the last determinant is different 
from zero when x, is replaced by é and x, by &. Im the sequel we shall 
frequently need to restrict our proofs to arcs which are normal on every 
sub-interval of tita. 

These definitions doubtless seem at first sight somewhat artificial. If an 
admissible arc E, is not normal, however, it is in general true that no other 
admissible arcs near it pass through the end points 1 and 2 of E.s, and hence 
that near Ea the class of arcs in which we seek to minimize the integral I 
has in it only F: itself. The minimum problem in such a case would not be 
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of interest. We shall presently see that there are always an infinity of ad- 
missibie ares through the ends of Ey. when E,, is normal. 


A necessary and sufficient condition that an admissible arc be normal is 
that there exists for it no set of multipliers Xo, Aq (2) having Ma = 0 with which 
it satisfies the equations. 


é 


Poy se Í ETET 
Oy 


For a normal extremal arc multipliers in the form Mo = 1, As(z) always exist 
and in this form they are unique. 


The processes of Section 5 show that an admissible are which is not 
normal has surely a set of multipliers with A, = 0, since the linear equations 
whose coeficients are the columns of the determinant (21) have for such an 
are a set of solutions Ao, ci, da with Ag==0. The first sentence of the theorem 
will then be justified if we can show that a normal admissible arc has no set of 
multipliers with ào = 0. 

Suppose that there were a normal admissible arc with a set of multipliers 


having à == 0. Its function P would have the form 
F = ddr + nen Andn 


and every set of admissible variations along it would satisfy the equation 


#2 Ta 
0 = f Aghadt = f. (Fun -+ Fun’) da = Fy, (a2) 94 (z2)— Fr (41) 9 (#1) 
E23 1 ‘ 


on account of the equations of variations (9) and the equations of the theorem 
above. Since there is a determinant (38) different from zero it follows that 
the derivatives Fy; would all vanish at x, and x, on our extremal. If we define 
the variables v; again by equations (30), or by equations (16) with Ào = Ami 
=: +=-A,==0, then in equations (17) the coefficients B; and the initial 
values v;(a1)== Fy," (#1) would all vanish. The only continuous solutions 
of equations (17) under these circumstances are the functions v;(2)== 0, and 
equations (16) then imply that the multipliers a(x) would all vanish identi- 
cally, which is not the case. Hence a normal admissible are can not have a 
set of multipliers with constant multiplier A, equal to zero. 

When an extremal are has multipliers with A,»340 the multipliers 
can evidently all be divided by A» to obtain a set of the form ào = 1, Au (2). 
If there were a second set Ay == 1, Aa (x) the differences 0, Aa — Aa would also 
be a set of multipliers for Fıs with the constant multiplier zero. We have just 
seen that this is impossible for a normal extremal unless Ag — àa == 0, so that 
the multipliers ào = 1, A(z) of a normal extremal Fıs are unique. 
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In every neighborhood of a normal admissible arc Ey, there are an in- 
finity of admissible arcs with the same end-points 1 and 2. 


To prove this consider the set of 2n admissible variations for Ei ap- 
pearing in the determinant (38) and an additional set (x). From the 
results of Section 3 we know that there is a family of admissible arcs 
Yı = Y, (z, b, ba ba, > +, bon) containing Hy, when b =b, =; + -=bden=0 
and having the sets (x), is(z) (s =1,: --,2n) as its variations. The 
an equations 


(39) Yi (1, b, bi, er bon) = Yity Yi (22, b, bi, MOU Mag ben) = Yiz 


have the initial solution (b, b1,- > >, ben)==(0,0,- > -,0) at which the func- 
tional determinant of their first members with respect to b1,’ * -, bon is the 
determinant (38) and different from zero. Hence by the usual implicit func- 


tion theorems these equations have solutions bs = Bs (b) (s= 1,:- -,2n) 
with initial values B,(0)= 0, and the one parameter family of admissible arcs 
(40) yi = Yılz, b, B,(6),- + `, Bon(b)] =y: (z, b) 


defined by them contains the extremal Ei» for b == 0 and has all its curves 
passing through the points 1 and 2. 


COROLLARY. If each function m(z) of a set of admissible variations for 
a normal admissible arc E, vanıshes at x, and z, then there is a one-parameter 
family of admissible arcs yi =yı(z,b) passing through the points 1 and 2, 
containing Hi. for the parameter value b = 0, and having the set m(x) as its 
variations along Ey». 


Let us suppose that in the construction of the family (40) the set (x) 
of the Corollary has been used. Since these functions all vanish at a, and 2, 
we find from equations (39), by differentiating with respect to 6 and setting 
b = 0, that 
nis(21)Bs’(0)==0, es (%2) Bs’ (0) = 0. 


Since the determinant (38) is different from zero these imply that all the 
derivatives B,’(0) vanish. Hence the family (40) has the variations 


Yh, 0)= m (x) + Yin, Bs’ (0)= mi (2). 


We know already that the family contains EZ,» for b= 0 and has all of its 
curves passing through 1 and 2. 


8. Problems with variable end-points.“ It happens that a number of 
important applications of the theory of the Lagrange problem are of a slightly 


* See Bliss [16]. ' 
2 


690 Brıss: The Problem of Lagrange in the Calculus of Variations. 


different type from that described in Section 1. In order to include them as 
special cases we must permit variable end-points for the curves of the class 
in which we are seeking a minimum for J. We shall endeavor to find among 
the arcs 

p= yle) . , G=1. ‚nn S25) 


satisfying the system of equations 


palt, y y )=0 (a =1,: m <n) 
and having end-points satisfying the equations | 
(41) Yu [21 y (21), a, y (42) ] — 0 


(u=1,- ++, pS 2n + 2) 


one which minimizes the integral J. The number p must not exceed the 
number 2n -+2 of end values 2, Yiı, %2, Yiz since otherwise equations (41) 
would in general have no solutions. The problem of Section 1 is a special 
ease of this one with the system (41) having the special form 


Ti — Oy = Yi — Bir = — = Ye — Pia =) 


for which p has exactly the value 2n +2. 

Suppose now that Fıs is a minimizing are for the new problem with end 
values (21, Yis, %2, Yiz). We add to the hypotheses (a), (b), (e) of Section 1 
the assumption 

(d) the functions ya have continuous derivatives up to and including 
those of the fourth order near the end-values (41, Yii; 22, Yiz) Of Eiz, and at 
these values the p X (2n + 2)-dimensional matrix 


(42) | | Ypo, Yuya Ypes Yura | 
has rank p. 

The last part of this assumption implies that the equations yp == 0 are all 
independent. 


It is evident that the arc Fıs must minimize I in the class of admissible 
arcs having the same end-values, and we can infer at once that it must have 
a system of multipliers with which it satisfies the necessary conditions deduced 
in Section 5. But it is important that we should analyse the situation some- 
what more closely. Let 


(43) y=yladb) [r (0) S2S2,(b)] 


be a one-parameter family of admissible arcs containing Ei for b = 0 whose 
end-values satisfy the equations 
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Yulzı (b), yılzı(d), b], v2(b), ys[a2(b), b]} = 0. 


If we use the notations z» (0) = é, 2» (0) & the derivatives of these equa- 
tions with respect to b for b = 0 are the system 


(44) Wu lS, 1) = (Yua: + Ya i) Er Vpn (21) 
oe (Unaz er Yuy i2) 2 + Yeni (22). 
These are the equations of variation on E42 for the functions Yu. When the 
family (43) is substituted in the integral J we find for the first variation the 
formula 


LES, Gunt Tun d)da + f (a2) be — fa) 


where f (z1) and f(z2) are the values of f at the points 1 and 2 on Ey. With 
the help of the expression (18) we may also write 


(jay epee f EEE T aE, 
— Cimi (81) + Aof (2) E2 + ni (G2) Fy, (22) 


where the constants c; may be arbitrarily chosen. 

A set of admissible variations for the present problem is a set &, &, m(z) 
in which é and & are arbitrary constants and the functions m(x) form a set 
of admissible variations in the sense of Section 3. For a matrix 


bur er Éi p 
Éz M Éz ps 
i Pir tt PLPA 
Mai "7 ? ° MD 


whose columns are sets of admissible variations there exists a family 


Yi = yılz, bi, Te wg bp) 


46 
al, Opn) St SS t (di,° + +, bpa) 


containing Ey. for (bi,- © +, bpa) =(0,: + -,0) and having the sets c, zo, 
iols) (o==1,---+,p-+1) as its variations along Hi, with respect to the 
parameters bo. Such a family is that of the Corollary on page 679 with the 
functions K 
Tp(bu' * *, bp) = Up + dokpe, (p= 1,2) 


adjoined. When the equations of the family (46) are substituted in the in- 
tegral I and the functions yp, these become functions of bi,‘ > +, bp The 
first members of the equations 
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I (bi, .. bow) == Io + uy, 
l Yulbı,‘ : "s bpa) = 0 
must have their functional determinant equal to zero for (bı, °°, bpa) 


=(0,: * +,0) by the same argument as that on page 682. This determi- 
nant is 


I: (é; m) <e A (Eni Nps) 
( 47) K (&, He, E a (épris p11) 
Y%,(&, m) st + Wp (Ener, Np) 


in which only the second subscripts of the sets £o, &o, yic have been indicated. 
From its vanishing we argue as on page 682 that there exists a set of con- 
stants Ao, di,‘ * +, dp not all zero such that the equation 


ML (É n) + dubu(é, 9) = 0 


must hold for every set of admissible variations é, &, 9:(@). With the help 
of formulas (44) and (45) this becomes 


2 iS Arlrdz + [— of (21) + du Wpary + Yuti) | & 


+ [Aof (#2) + du (Yes + Puny i) | é 
+ [— ci + dpa] m (21) 
+ [Far (22) + dyay] ni (t2)= 0. 


After the arbitrary constants c; in (45) have been so chosen that the coeffi- 
clients of the terms in 1 (zı) in the last expression all vanish it follows by an 
argument like that of page 683 that Agas=-- -==An==0 and that the 
coefficients of é, é, 73(%2) also vanish. This result is equivalent to saying 
that all the determinants of order p + 1 of the matrix 


—Xof (21) — Fr (#1) Aof (£2) Fy; (z2) 
Yus -+ Ymi . Yunn Yusa + Peyi? Yay 














are zero, since the constants c; are from equations (15) the values Fyr (21), 
and since the multipliers 1, d,,- - -, dp satisfy all the linear equations whose 
coefficients are columns of the matrix. The rank of the last matrix is un- 
changed when one column is multiplied by a factor and added to another, and 
dof = F on the admissible arc E42, so that these results can be formulated as 
follows: 


For every minimizing arc for the problem of Lagrange with variable end- 
points there exists a set of constants cx (t= 1,---,n) and a function 
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F(a, y, yA) = Aof + Ale) be Am (2) bm 


such that the equations ` 
Py = | Fede +o 


are satisfied at every point of Er. The constant A, and the functions Aa (z) 
(x=1,:--,m) are not all identically zero on Sss and are continuous 
except possibly at values of x defining corners of E12. Furthermore the end- 
values of E12. must be such that all the determinants of order p+ 1 of the 
matris 


— P (21) A Yir Fyr (21) — Fyr (a) F(%2)— Yi? Fyr (22) Fur (2) 


48 
(48) Yus, Puyn Pyare Yune 








are zero. These: last conditions are the so-called transversality conditions. 


It is clear that the multipliers A», Ag(#) can not all vanish identically 
On %%2. Otherwise the constants d,,- * >, dp would have to satisfy the linear 
equations whose coefficients are the columns of the matrix (42) which has 
rank p. The constants Ao, di, © * +, dp would then all be zero which is not 
the case. 


9. Normal admissible arcs for problems with variable end-points. A 
normal admissible arc for the problem of Lagrange with variable end-points 
is one for which there exist p sets of admissible variations ép, on, nin (2) 
(=1,: +, p) such that the matrix 


lem) + + + T (én np) 
(49) BE Ra e ee aa et Me A 8 
Wo(E.m) © > * YE, mp) 
is different from zero. In the elements of the matrix only the second sub- 
scripts of the sets ip, Eon, yip(@) are indicated. 


A necessary and sufficient condition that an admissible arc for the 
problem of Lagrange with variable end-points be normal is that there exists 
for it no set of multipliers ào, afe) having ào =0 with which it satisfies 
the conditions of the last theorem. For a normal extremal are satisfying the 
conditions of the last theorem multipliers in the form Xo==1, a(x) always 
exist and in this form they are unique. _ 


The proof of Section 8 shows that an admissible are which is not normal 
has surely a set of multipliers with A, = 0, since the linear equations whose 
coefficients are the columns of the determinant (47) have for such an are 
solutions Ay, di, © +, dp with A» = 0. 
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Suppose now that there were a normal admissible are satisfying the con- 
ditions of the theorem of Section 8 and having A» = 0. Since the matrix pre- 
ceding (48) is of rank less than »-+-1 we should then have constants dy 
(u==1,- + +, p) such that 


F(21)—= dy (Yur, + Yuny’tx)» 
Fy; (x1) Ta uyuyın 
= F(z;) = du (Ypes + Punat ia), 
— Fy (%)= Alan 


The numbers F(z,), F(xz.) would be zero since Ay==0 and along an ad- 
missible arc F==A,f. After multiplying these equations respectively by 
&, qm (21), &, qı (£2) and adding we should have 


ni (21) Foy (21) — m (22) Fy (22) = duPu(&, n). 


The first member of this equation would vanish for every set of admissible 
variations (2), as was proved in Section 7, page 688, and the second member 
would necessarily have the same property. Since there is a determinant (49) 
different from zero we should then have d„=0 for every p, and equations 
(50) show that Fyy (zı) and F,, (ze) would all vanish. As in Section 7, 
page 688, this would necessitate the vanishing of Ao, As(z) which is impossible. 
The proof of the uniqueness of the multipliers Ay) == 1, Aa(x) is precisely that 
of Section 7. 


(50), 


In every neighborhood of a normal admissible arc Ey. for the Lagrange 
problem with variable end-points there is an infinity of admissible arcs 
satisfying the end conditions Wp == 0. 


The proof is similar to that of the corresponding theorem in Section 7. 
Select arbitrarily an admissible set of variations é, , :(z) and p other such 
sets En, zp, Min(z) with determinant (49) different from zero. There is a 
p + 1-parameter family 


Yı Yi (a, b, bi,‘ zu » bp) 


On) Kl, ber... 


of admissible arcs containing Erz for (b,01,- © -,bp)==(0,0,--+,0) and 
having the sets é, é yi(z) and Ep, fon, nin(@) as its variations along Eis. 
The existence of the functions Y; is a consequence of the corollary of 
Section 3 above, and we may take Xp = ap + bêp + bpépp (p==1,2). Each 
function yp becomes a function Yp(b, b1,° - +, bp) when the functions (51) 
defining these arcs are substituted. The equations 


(52) Yu (0, bat + +5 bp) = 0 


d 
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have the initial solution (b, bı,- - -bu)==(0,0,- > -,0) at which the func- 
tional determinant of their first members with respect to 01,: * +, by is the 
determinant (49) different from zero. Hence these equations have p solutions 
bu==Bu(b) with initial values By(0) = 0. The one-parameter family 


(53) Yi = Yılz, b, B,(b),° É -,B,(b)] = yi(z, b) 
tı (b) S 2S 22(b) 

where , . 

zp(b)= Xp[b, B1 (b), * - +, By(b)] (e = 1,2) 


contains Fi. for b 0 and satisfies the equations ya = 0. 


COROLLARY. If a set of admissible variations é, £, yı(z) for a normal 
admissible are Ez for the Lagrange problem with variable end-points satisfies 
the equations Wu(&,n)= 0, then there exists a one parameter family 


yı =Y: (z, b), m(b)SaS a(b) 


of admissible arcs satisfying the end-conditions yp = 0, containing Ey. for 
the parameter value b == 0, and having the set é, &, ni(z) as its variations 
along Fiz 


If the set é, &, (x) of the Corollary is used in the construction of the 
family (53) then we find, by differentiating equations (52) with respect to b 
and setting b = 0, that 


alé n) + ul, qv) Br’ (0)= 0. 


But since the first terms in these equations vanish, and since the determinant 
(49) is different from zero, it follows that Bu’(0)—0 for every p. Hence 
the variations of the family (53) are the functions 


yia (z, 0) = m (x) + Yin, By (0) =i (2), 
tpo(0)== Ep + Xpr,By’ (0) = Ép, (p = 1, 2) 


as required in the Corollary. 


CHAPTER II. 


APPLICATIONS OF THE EULER-LAGRANGE MULTIPLIER RULE. 


10. The brachistochrone in a resisting medium. Analytically the problem 
of the brachistochrone in a plane and in a resisting medium is, as we have 
seen in Section 2, that of finding among the arcs 


y= y(x), v= v(z2) (a, S 2S ae) 
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satisfying the conditions ` 
vw — gy + Ro) (1 + Y2)% = 
(54) Tı Oy = Yı — By = Vi — Y = Ben — Qa = Ya — Bo = 0, 


one which minimizes the integral 


= S: (1/0) (1 + y?) "de. 


In these expressions primes denote derivatives with respect to æ. To apply 
the Euler-Lagrange rule and the transversality conditions of Section 8 we 
construct the function 


P =(1/0) 0 + y?)* +A — gy’ + RG + y?)*] 

= H (1 + 9/2) +A — gy’) 
where H is a convenient symbol * for the expression 
(55) H =(1/0)+ AR (0). 
The differential equations of the normal extremals are then easily found to be 
(56) H{dy/ds)=dg +a, v(dà/ds)= Hy, v(dv/ds)= g(dy/ds)—R 
where s is the length of arc defined by the equation 

ds ==(1 + 4?) *dz 
and a is a new constant of integration. By eliminating dy and ds from 
equations (56) we find | 
H(H,dv + Rdr)=(ga + a) gaa, 
which gives at once, since Hy = R, the relation 
(57) H? ==(ga + a)? + 6? 
where b is a second constant of integration. The constant can be taken 
squared since the first equation (56) shows that H? is always greater than 
(Ag + a)? 
Equations (56) and (57) give further 


‘dy dd __ v(Ag +4) 
dv ds w g(dg-+-a)—RH’ 
(58) 
ae E +(2 yg ds _ bv 
dv ds dv dv  güg+ta)— RA 


* Bolza [3, p. 577]. 
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Equation (57) is quadratic in A and when its solution A~=A(v,a,b) is 
substituted in the last equations the values of « and y may be found by 
quadratures in the form 


(59) z= (v,a,b)-+ c, y =y (v,a, b)+ d, 


where c and d are again constants of integration. These are the equations 
of the minimizing arc in parametric form. 

It is very easy to set up the matrix (48) for our function F and the 
five end conditions. It is a square matrix with six rows and columns and 
its vanishing prescribes the single condition A(2,)v(2.)= 0. From the equa- 
tion (57) multiplied by v? and equation (55) we then find at v == æ, that 
v(a? + b?)}= 1. For the determination of ve and the four constants of 
integration in equations (59) we have therefore in accordance with conditions 
(54) the five equations 


p(t, a, b)+ € = %, h (V2 a b)+ C = Go, 
(60) ACP a, b)+ d = ßı, Y (Uz a, b)-+- d= Bo, 
v2 (a2 + b2) = 1. 


If the resistance function R(v) were known we should now have in equations 
(57), (56), and (60) the mathematical mechanism for determining possible 
normal minimizing curves. The adjective possible is used here because the 
conditions deduced so far have only been shown to be necessary for a normal 
minimizing arc. They have not been proved to be sufficient to insure a 
minimum. 


11. Parametric problems in space. Let us now consider space curves 
whose equations are given in the parametric form 


(61) s= g(s), y=y(s), 2=2(s) (1 Ss SE s). 


The problem to be studied is that of ae among the arcs of this type 
which satisfy the equation 


(62) gf? py 4 7/21 0) 


and join two given points 1 and 2 in zyz-space, one which minimizes an in- 
tegral of the form 


oo f “Fe Y, 2,2, y, 2) ds. 
8 


Primes now denote differentiation with respect to s. Equation (62) restricts 
the parameter s to be the length of are measured along the curve (61). If 
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we agree tc measure this length always from the point 1 then the conditions 
for the curve (61) to pass through 1 and 2 are 


$= T1 — % = Yı — Bı = Z1 — Y1 = Ge — Ue = Yo — Bo = 22 — ye = 0 
where (a, Bu y1) and (az Bo, Y2) are the coördinates of these points. Evi- 
dently our problem is one with a variable end-point in seyz-space since sz is 


undetermined. . 
The function F for normal minimizing arcs is 


P = f +-(a/2) (22 + 2 + 22 —1) 
and the differential equations determining such arcs are 


fa —(d/ds) fo — a’ — dro” = 0, 


fu —(d/ds) fy — XY — ry" = 0, 
fe —(d/ds) fe — N7 — Ag" = 0, 


+" 4 7/2 ==, 
The sum of the first three of these multiplied, respectively, by 2’, y’, 2’ gives, 
with the help of the last one, 


(64) (4/ds) (f—~2'fa — y fy — iv —d)— 0. 


The matrix (48) for this problem has eight rows and columns and me vanish- 
ing of its determinant demands that at the value sz 


(65) A=f—afa — yfr — z fe. 
On account of equation (64) this must be an identity in s. 

A very important case is the one for which the function f is positively 
homogeneous and of the first order in 2’, y’, z’, i.e. the one for which the 
equation 


(66) . f(a, y, z. ka’, ky’, ke’) = kf (a, y, 2, 2, y', 2’) 


is an identity in its arguments for all k >0. The integral Z then has the 
same value for all parametric representations of the arc (61). The inte- 
grands of the length integral and of many other integrals important in the 
applications of the theory of the Lagrange problem satisfy this condition. 
When equation (66) is differentiated for k, and the substitution k == 1 after- 
ward made, we find the identity 


(67) fa +Y fy +2fe =f. 


From equation (65) it is evident that in this case A=0 and equations (63) 
` become ` 


(63) 
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(68) fa —(d/ds)far =0, fy—(d/ds)fy =0, fe—(d/ds)fe =9, 

(69) af? 1/2 + #21 —=0, 

Only three of these can be independent, since one finds readily that 
JP +¥Q+¢R—=(d/ds) (f—w fo —y'fy fe) =0 

where P, Q, R are symbols for the first members of equations (68). 


12. Isoperimetric problems. Suppose that we seek to find in the class 


of arcs , 
y = y(r) © (aS rS 2) 


joining two given points and satisfying relations of the form 


(70) f neniu G=) 


one which minimizes an integral 


i f f(z, y, y’) de. 
b 


We can transform such a problem into a Lagrange problem by introducing 
new variables 


£ + 
(71) a(e)— f Hay y)de. 


The problem just stated is then equivalent to that of finding in the class 
of arcs 
y=y(#), 4=2i(%) (=1l. ‚nn Sı=Sm) 


satisfying the conditions 
gi(z, yf )— zi == 0, 
(72) y(@)= Yy Y(22)= Yo, 
zi(m)=0, zi(z:)= l; (i= 1, *,n) 
one which minimizes I. 
The function F for a normal minimizing are for this problem has the 
form 


(73) P =f + ugi — z’) 
and the differential equations determining such an arc are 
(74) Fy —(d/dx) Fy = 


and the n equations 
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—(d/de) Far =(ddi/da)=0 ` 


which show that the multipliers A; are in this case all constants. The solu- 
tions of equations (74) form a family of the type 

y = y (z, a, b, Ant t + An). 
It contains n + 2 arbitrary constants, and that is precisely the number of 
relations which the end-conditions (72) impose upon them as one readily 
verifies. It is evident that the equation (74) is unaltered if we think of 
the function F in it as defined by the equation 


(75) F = f + gi 


instead of equation (73). 

For a minimizing are which is not T there would be a function F 
defined by equation (75) without the first term. It is clear that the equation 
(74) would then be defining the minimizing arcs for the problem of mini- 
mizing one of the integrals (70), say the first one, in the class of curves 
joining 1 with 2 and keeping the others constant. An arc Ei, satisfying 
equations (74) and these conditions would in general be a minimizing are 
for this problem, and it is evident that in that case there could be no other 
arc near #,, giving the first integral its minimum value l. Hence in a 
neighborhood of Æ> the class of arcs joining 1 with 2 and satisfying con- 
ditions (70) would consist of Ei, alone, and the original minimum problem 
would be a very trivial one in that neighborhood. Evidently the normal 
minimizing arcs are by far the most important ones. A similar but somewhat 
more complicated argument justifies the definition of normal minimizing arcs 
for the general Lagrange problem given in the preceding sections. 


13. The hanging cham. It is a principle of mechanics that a chain 
suspended on two pegs will hang so that its center of gravity is as low as 
possible. In Section 2 it was seen that the form of the chain is therefore 
that of a minimizing arc for the problem in which we seek among the arcs 
y=y(z) (u Sv S g2) satisfying the conditions 


(76) ya)=yu Ya) Y» Í, "(1 + yt) *de = 1, 


one which minimizes the integral 
I= ae y (1 + 7) *de. 
avy 


The function F for a minimizing arc has the form 


P=(y+a)(1+y2)% 
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and since A is now constant the differential equation (74) is equivalent to 
FP—y'Py =(y+d)/(1-+y2)#=0. 
The integration of this equation has been many times discussed * and its 
solutions are the catenaries l 
y + à =b ch[ (x — a) /b]. 


This is a larger family than that of the catenaries for the problem of finding 
a minimum surface of revolution since it contains an arbitrary constant A 
besides @ and b. The extra constant is needed, however, for the problem of 
the hanging chain since there are three conditions (76) to be satisfied för 
that problem instead of the first two only. 


14. Soap films enclosing a given volume. Let O, and C2 be two circular 
discs with a common axis whose edges are joined by a soap film. It is well 
known that when the volume of air inclosed by the discs and the film is a 


y | 4 


C4 C è 


fixed constant % the form of the film surface will be that of a surface of 
revolution enclosing the volume k and having a minimum surface area. To 
determine the shape of the film we must seek therefore among the arcs 
y =y (z) (u © s5 z2) satisfying the conditions 


y(ti)= Yn Y(T2)= Yz f” pis=r 
Pa 


one which minimizes the integral 
I= | ya + y?)%r. 
T 


* See, for example, Bliss [5, p. 91]. 
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The function F is P=y(i+y")*#-+ Ay? and the equation (74) is 
equivalent to 
(7?) F—y Fy =y/Al+y)*—aAyv=e. 


If we solve this equation for y and separate the variables we find the solution 
in the form 


z= È (e—a) —(o— MP)? |) dy + 


The integral here is an elliptic integral which can be treated by well known 
methods. 

The solutions of equations (77) can be characterized geometrically in an 
interesting fashion.* If an ellipse rolls on a straight line, as in the accom- 





panying figure, its focus F describes a curve whose tangent is at every point 
perpendicular to FM. The coördinates (x,y) of F, and (£u yı) of Fi, 
therefore satisfy the equations 


y = r(dæ/ds), yı=rı(de/ds) 


since by a well known property of the ellipse the angles made by r and r; 
with the tangent at M are equal. The equations 


r- r, = 2a, Yy = b? 


express two further well known properties of an ellipse, and elimination of 
7,11, Yı from these and the preceding ones gives the differential equation 


y? — 2ay (dx/ds)-+ b? = 0 


* See, for example, Moigno-Lindelöf [6, p. 220]. 
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for the locus of the point F. Equation (77) is identical with this if we set 
à = — 1/2a, c= b?/2a. It can similarly be shown that for suitable deter- 
minations of A and ¢ equation (77) is also satisfied by the locus of the focus 
of a parabola or a hyperbola which rolls on the z-axis. The curves generated 
as described above by the foci of conics rolling on the z-axis are called un- 
duloids and nodoids. 


15. The case when the functions $a contain no derivatives. The problem 
of this section is that of finding among the arcs . 


(78) yı =y: (2) (i=1, nu SeSm) 


joining the two given: points 1 and 2 and satisfying a set of equations of 
the form l 
halt, Yn * * >Yn) =0 (@==1,---,m<n) 


one which minimizes an integral 
22 
I= f” iey yde 
1 


Let Ei, be a particular arc whose minimizing properties are to be studied. 
It is always presupposed that in a neighborhood of the set of elements (z, y, y) 
on E, the functions f, ġa have continuous partial derivatives, say of the 
first four orders, and that the matrix ||@¢./0y; | has rank m at every point 
of Ess. i 

In order to give this problem the usual Lagrange form we replace it by 
an equivalent one as follows. We may suppose without loss of generality that 
at the point 2 the determinant |3¢pa/ðyg | is one of those of the matrix 
| dba/dyı || which is different from zero. Then we seek to find among the 
arcs (78) satisfying the conditions 


(79) dba/de = daz + day yi = 9, 


(80) Ly a Yir — Bia = 12% == Yre — Bre == 0 
(1=1,- ,nr=m+Ll,'',n) 


one which minimizes I. The coördinates (a, Bi1) and (as, Bie) are those of 
the points 1 and 2 and necessarily satisfy the equations ġa = 0. The new 
problem is evidently equivalent to the old one, at least in a neighborhood of 
Ess, since every arc (78) which joins 1 with 2 and satisfies the equations 
$a = also satisfies (79) and (80); and since, conversely, every arc suff- 
ciently near E,, and satisfying (79) and (80) will also satisfy the equations 
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da = 0 and pass through 1 and 2. This follows because the last n— m +1 
equations (80) and the equations ġa = 0 at 2 imply Yaz — Baz = 0. 

Every extremal are for the new problem is necessarily normal. The 
determinant analogous to (49) for the end-conditions (80) is in fact 


&ı SD 2 Esp 
mi (21) © 5 t mp (21) 


qni (21) Ze np (21) 


Éz o. e e Éy 
Nm+1,1 (22 ) et TRAP (£e ) 
ani (22) © © t nnp (2) 


where p == 2n—m +2, and we can prove that the sets ée, &o, mic(z) 
(s= 1, + -,) can be chosen so that this determinant is different from zero. 
The equations of variation are in fact readily seen to be the equations 


(d/d) dayını = 0 
which are equivalent to the system 


(81) pan (£)qi (2)= panı (#1) 94 (21). 

If the end-values y: (21), 4r (%2) are selected arbitrarily these equations deter- 
mine uniquely the end-values 9. (22) since the determinant | #¢,/0yg| is by 
hypothesis different from zero at the point 2. Then the equations (81) and 


(82) dry (BI) E(x), 


where the auxiliary functions #,(z,y) are chosen so that the determinant 
| 06:/yr | is different from zero along E,,, determine the end-values £,(21), 
£&r(22) uniquely when 9: (21), yr(&2) are given. If functions r(e) are chosen 
with the end-values £,(x1), £-(%2) but otherwise arbitrarily then equations 
(81) and (82) determine uniquely a corresponding set of variations (=) 
with the arbitrarily prescribed end-values m (21), nr(%2). Since & and é 
are arbitrary it is evident that the sets és, &2o, yio(x) can be chosen so that 
the determinant above is different from zero. 

The function F for the Euler-Lagrange multiplier rule of the new 
problem can be taken in the form 


F=f+ Ha (dar + panye )- 


By a simple calculation the Euler-Lagrange equations are found to be 


fu, — (d/ de) fy — pa bay, = 0. 
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If we set Ag==— pa’ these are equivalent to the Euler-Lagrange equations 
calculated for the function 


F = f + Mapa 


and we have the following result : 


For the problem of finding among the arcs y—=yılz) (0=1,- °°, 05 
t S2= 22) joining two given points and satisfying the equations 


da (2, y)= 0 (a == sn, m<n) 


one which minimizes the integral 


[= Je ny)ae, 
the extremal arcs all satisfy n + m equations of the form 
Fy —(d/dz) Fy =0, da 0 
where F is a function of the form F = f + Nude 


16. Geodesics on a surface.” The problem of finding the shortest curve 
joining two given points on a surface is analytically that of finding among 
the ares . 

e= g(t), y=y(t), 2 =2(t) (hhSt=t) 


satisfying the equation 


(83) (0, y,2)—=0 


of the surface and joining the two given points, one which minimizes the 
integral 


ta 
I= f” (a? + ya + re) 
È: , 


The function F for this problem, according to the results of the last 
section, is 
F= (22 +? + 22)% + Ag 
and the Euler-Lagrange equations are $0 and 
(d/dt) Fa: — Fo = d/dila'/(x? + y + 2)*] — Ada = 0, 
(d/dt) Py — Py = d/dt[y’/ (x + y? + 2)*] — Ady = 0, 
(d/dt) Pa — Fa = d/t [2 / (0 +y? + 2)*] Abe = 0. 


If these are written in the form 


* Bolza [3, p. 553]. 
3 
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Pz/ds? = ppa, Py/ds? = phy, a/d? = phe, p= 0,, 


where s is the length of arc, they express the fact that at each point of a 
minimizing arc the principal normal of the are must coincide with the normal 
to the surface. Curves which have this property are called geodesic lines on 
the surface. Shortest arcs on a surface must always be sought among the 
geodesics. 

For a sphere the equation (83) has the form 


xv? + y? + 227#—1 =0 
and the further equations of the geodesics are 
(84) d’x/ds? = ur, d’y/ds? = py, d?2/ds? == pz. 
Let us determine constants a, b, c so that the expression 


u = ax + by + cz 


vanishes with its first derivative at one point of a geodesic on the sphere. 
Then u must be identically zero on the geodesic since the equation uss = pu 
is a consequence of equations (84), and since the only solution of this last 
equation which can vanish with its derivative is w==0. It follows readily 
that the geodesics on a sphere are great circles cut out of the sphere by the 
planes u = 0, 


f 


17. Brachistochrone on a surface.” Consider a particle of mass m moving 
in a field of force of such nature that when the particle is at the point 
(x,y,z) the force acting on it has the projections 


(85) mX = m(sU/dx), mY =m(dU/oy), mZ = m (OU /dz) - 


on the three coordinate axes, where U is a function of the coördinates z, y, 2 
only. A constant gravitational field in the direction of the negative z-axis, 
for example, would have 


X=0, Y=0, Z=—g, U=— gz. 


If a particle were constrained to move on a curve in such a field we should 
have the force in the direction of the tangent expressed in the two forms 


mu’ = m [X (da/ds)+- X (dy/ds) -+ Z (dz/ds) | 


where v is the velocity in the tangent direction, s is the length of arc measured 
along the curve, and the prime denotes a derivative with respect to the time ż. 
Since v = ds/dt this gives 


* Moigno-Lindelöf [6, p. 301]. 
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wy’ == Xr + Vy’ + Zg = U, 
? == 20 + e = 2 (U — U;)4+ m}, 
where U, and v, are values of U and v at an initial point 1. For a particle 


started at 1 with the velocity v, the velocity v at a point (z,y,2) is evidently 
a function of v, y, z and the same for all ares joining 1 with this point. For 


an are 
(87) s=altl), y-yli), 2—=2(t) (h StS te) 
joining two fixed points 1 and 2 the time of descent of a partiele starting at 1 
with the velocity v, is 


2 te 
T= f * ds/v = f (1/0) (2? Hy? + 2/2) di 
8 È 


2 


(86) 


where v is the function of x, y, z defined in equation (86). 
The problem of finding an are of quickest descent from a point,1 to a 


point 2 on & surface 
(88) p(z, y, 2)==0 


for a particle starting at 1 with a given velocity v, is equivalent analytically 
to that of finding among the arcs (87) joining the two given points and 
satisfying the equation (88), one which minimizes the integral T. 
The function F for this problem is 
F = (1/0) (a? +y? + 22) + àg 


and the Euler-Lagrange equations have the form 


d d 1 dt, vs ds , 
Fe 
d _d 1 dy w ds 
aS tan OO 
d d 1 dz, v ds 

gi T k= 7 as z g amt 


to which must be adjoined the equation ¢==0. When multiplied through by 
dt/ds the equations above become 

— (V/V?) £s + (1/0) Xs + (vo/v")— pha = 0, 

— (v/V) ys + (1/0) yss + (vy/v?) — upy = 0, 

— (v/v) zs + (1/2) 23 + (V2/07)— np: = 0. 


Multiplied respectively by the direction cosines I, m, n of the direction tan- 
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gent to the surface, perpendicular to the extremal, and making an acute angle 
with its principal normal, these give 


(1/v) (lee + Myss + N2ss) + (1/0?) (vol + vym + ven)= 0 
from which we can show that 
(89) (v?/p) cos a + R cos 8 = 0 


where p is the radius of curvature of the curve, œ the angle between the radius 
and the direction l: m:n, R the total impressed force, and 8 the angle be- 
tween the force and /:m:n. This result follows immediately since the 
numbers plss, Pas; p%es are the three direction cosines of the principal normal 
to the curve on which the radius p lies, and since from equations (86) 


Wa =Us, y= Uy, vu = Uz 


` and Uz, Uy, Uz are the projections on the coördinate axes of the force R. 
The equation (89) justifies the following characteristic property of brachisto- 
chrones on a surface: 


Consider a surface $(x,y,2)==0 lying in a field of force whose vector 
at (x,y,z) has magnitude R and components X, Y, Z defined by a force 
function U(x, y,2), as indicated in equations (85). The centrifugal force 
of a particle moving on a curve is by definition directed in the direction 
opposite to that of the radius p of the first curvature, and has magnitude v?/p 
where v is the velocity of the particle. Equation (89) shows that at each 
point of a brachistochrone curve on the surface p =O the projection of the 
centrifugal force on the particular normal to the curve which is also tangent 
to the surface, is equal to the projection on that same line of the impressed 
force R. 


This is a characteristic property of brachistochrones. Equation (89) 
shows that the radius of geodesic curvature pg=psec« is defined by the 
equation 


(90) 1/pn = — (Bo?) cos £. 


On a surface whose equations are in parametric form with parameters u, v 
the geodesic curvature of an arc defined by an equation v == v(u) is expressed 
in terms of v(u), v’(u), v” (u) while the quantities in the second members 
of the last equation involve only v(w) and v’(u). This equation is conse- 
quently a differential equation of the second order. Through each point and 
direction on the surface there passes therefore one and only one extremal arc 
for the brachistochrone problem. One can readily verify that the equation 
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(90) is satisfied by the brachistochrones on a plane which are the well-known 
cycloids. 


18. The curve of equilibrium of a chain hanging on a surface." Let us 
accept from the theories of mechanics the statement that the potential energy 
of a chain of the form 


(91) z=z(l), y= y(t), z= z(t) (4, StS t) 


in a field of force like the one described in the last section is 


2 t 
P=— f" Uds —=— f U (al? 4 yf? + 22) 4d, 
8 ty 


and the statement that a chain at rest will be in equilibrium when the po- 
tential energy is a minimum. The problem of finding the position of equi- 
librium of a chain of given length ! joining two given points 1 and 2 and 
lying on a surface 

$ (z, y,2)= 0 


in such a field, is then that of finding among the arcs (91) joining 1 with 2 
and satisfying the conditions 


Se +y? + 2?)#dt—=1, (zy, = 0 


one which minimizes the integral P. In a gravitational field the value of 
U is — gz. 

This problem is partly of the isoperimetric and partly of the Lagrange 
type. By methods used above one readily verifies that its function F now 
has the form 


P(T HA) (22 4 y? Hr) + ng, 


where A is a constant, and that its extremal arcs satisfy ¢—0 and the 
equations 


dya (U + Nr (2 + y? + 2/)*] Ual? + y? +) — uh = 0, 
d/dt[ (U + Ar)y'/ (2 + y? + 2/2) #] — Url? $y’? -+ 272) *— pty 0, 
d/di[ (U +A) (x? + y'? + 2) *] — Ue (2? + of? + 2/7) — ude = 0. 
These are equivalent to 
U sts +(U + A) Zass — U a — vhs = 0, 


Usye +(U + A) yss — Uy — voy = 0, 
U 92s +(U + A)2ss z= Uz —- vz == 0, 


* Moigno-Lindelöf [6, p. 313]. 
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Multiplied respectively by the direction cosines }, m, n of the direction tan- 
gent to the surface, perpendicular to the extremal, and making an acute angle 
with its principal normal, these give 


(U + A) cos a/p = È cos B; 
or po =(U +A) sec B/R, 


where p, pg, %, 8 have the significance of the last section. Like the equation 
(90) this defines a two-parameter family of extremals arcs on the surface 
d= 0. 

For the particular case of a gravitational field of force U = — gz, R = g, 
and £ is the angle between the negative z-axis and the direction 1: m:n so 
that cos 8 ==—n. Hence in this case 


ps = [(2-—A) /g]/n 


which says that at each point of a curve of equilibrium the radius of geodesic 
curvature is equal to the segment PM in the figure, bounded on the: line 





l:m:n perpendicular to the curve and tangent to the surface ¢ = 0 by the 
point P and the plane z—=d/g. This is a well known property of a catenary 
y= c+ b ch [(a@—a)/b], which is the curve of a hanging chain in a vertical 
plane. The surface ¢— 0 is in this case the zy-plane, the radius pg is the 
radius of curvature of the catenary, and the plane z = A/g is to be represented 
by the line y =c. The radius of curvature at a point P of the catenary is 
equal to the intercept on the normal to the catenary at P between the point P 
and the line y= c. 


19. Hamilton’s principle.* Suppose that the n particles whose coördi- 
nates and masses are 24, Yi, 2, Mi (i= 1, ++, n) move in a field of force 


* Bolza [3, p. 554]. 
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in space such that the force acting at any instant on the i-th particle has 
components ; l 
Xi = Ury Y, = Uy; A= Ur, 


where U is a function of the time ¢ and the 3n coördinates zi, yi, 2. Suppose 
further that the motions of the particles are restricted by conditions of the 
form 

Pa == 0 (a= 1,- m < 3n), 


where the functions ¢, also depend upon ¢ and the coördinates. The differ- 
ential equations of motion of the particles, as established in treatises in 
mechanics, are 

Mazi” = Uz: + SaAabazı, 
(92) miyi” = Uy, + 3eAabanı, 

mizi” = U ži + ZaAabarız 


where æ has the range from 1 to m. In this and the following sections of this 
chapter sums will be indicated as usual and no umbral indices will be used. 

Hamilton’s principle is simply the statement that the differential equa- 
tions (92) are the differential equations of the minimizing arcs of the problem 
of finding in the class of 3n-dimensional arcs 


ti = ti(t), yayıll), walt) (4 StS; i—l,---,n) 


joining two given points and satisfying the equations ġa == 0, one which 
minimizes the integral 


Vice f” (T4U)di 
dı 


where U is the force function and T the so-called kinetic energy 
T == Yu mw? = Yodumi (u? + ys? + 2/7). 


It is very easy to show that the equations (92) are the Euler-Lagrange 
equations for this problem. We have only to set up these equations for the 
function 


P =T + U + Barada 


An important application of Hamilton’s principle is that of determining 
the equations of motion in terms of the so-called generalized codrdinates of 
Lagrange. The number of coördinates a, yi, zı is 3n and the number of 
equations ġa = 0 is m. It is in general possible in an infinity of ways to 
express these coördinates as functions of t and 3n -— m arbitrary parameters 
Qi,’ ` "> Qan-m Satisfying identically the equations da = 0 and giving all’ the 
solutions of these equations. The functions T and U then take the form 
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T=T(t¢7), U=U(t q), 


and the problem is transformed into that of finding among the ares gr = qr (t) 
(r= 1,: : +,32—m) joining the two given points one which minimizes the 
integral I. No adjoined conditions ġa == 0 are now necessary. The differ- 
ential equations of the minimizing arcs for the new problem are the equations 


d ôT ö 
ie FE (1, ,3n—m). 


The important result is that the form of these equations is the same no matter 
what new coördinates q1,° * *,Qsn-m with the properties described above are 
used. 


20. Two forms of the principle of least action.“ Let us now consider 
the somewhat special case where the functions U and ġa of the last section 
do not contain the time ¢ explicitly. If the equations (92) are multiplied 
by ai’, yi’, 2, respectively, added, and integrated we find the well-known 
relation 

T=U+h 


where h is a constant of integration. This is the principle of the conservation 
of energy which says that the sum of the kinetic energy 7’ and the potential 
energy — U of a system satisfying equations (92) is always a constant. 

Jacobi’s form of the principle of least action states that the totality of 
dynamical trajectories satisfying equations (92) and having a given energy 
constant h is identical with the totality of extremals for the problem of finding 
among the arcs 


gi = Tilu), yi = yiu), zı = zi (u) (i= 1,: n; Uu Sus uw) 
joining two given points and satisfying the equations a= 0 one which 


minimizes the integral 


i= in [2(U + h)S]%du, 
tir 
where $ is simply a notation for the sum 
S = mi (Lin? -+ Yiu" + Ziu?) . 


The parameter w is not in this case the time, but if at the time i, the particles 
are at the places defined on their trajectories by the parameter value uo, then 
it turns out that the time at the place defined by u is 


* Bolza [3, pp. 556, 586]. 
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(93) . i= i + Í " {8/[2(U + h)]}*du, 


as one would expect from the relation S(du/dt)? —2T—=2(U +h). 
To prove these statements we note that the function F for the minimizing 
problem just described is 


FPe=[2(U + h)8]* + Satapa 
A typical one of the Euler-Lagrange equations is 
(d/du) {[2(U + h)]/S}*mitin — Ue, {8/[2(U + h)]}* — Zapaparı = 0. 


If we introduce the parameter ¢ along a solution of this equation by means of 
the formula (93) then the equation itself takes the form 


Miti” T Us TF BadaPaz, == 0 


when Àa = pa (du/dt), which is the same as the first equation (92). 

Lagrange’s form of the principle of least action is again a principle for 
describing those mechanical trajectories which satisfy equations (92) and 
have a given energy constant h. They are extremals for the problem of 
finding among the arcs l l 


vi == tilt), Yi = y(t), zi = z(t) (i=l, e,m, h E tS te) 


passing through given initial values of the coördinates for a given initial time 
tı, passing through given end-values of the coördinates for an unspecified time 
te, and satisfying the equations 


(94) Pee. Boas 


one which minimizes the integral 


ta 
t= f Tat. 
ta 


This is a problem with a variable second end-point since t, is not specified. 
The function F for it is 


F =T + A(T — U — h) + Zapapa 
and a typical Lagrange equation is 
(95) (d/dt) (1 + A) Mit + Ma, =i Zakabazı = 0. 


When this equation is multiplied by x,’ and added to the other similar ones, 
it is found with the help of equations (94) that 
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A= (k/2T)— 1/2 
where & is a constant. 
If all the end-values except z are fixed in the theorem of pages 692-3, 
then the matrix (48) is square and its vanishing requires that 


F(%2)— Sy Pr (za)= 0. 


Interpreted for the function F above this gives A= — 1/2 at t == t, with the 
help of equations (94). It follows that in the formula deduced above for A 
we must have k= 0 and hence that A= — 1/2 for all values of ¢. Equation 
(95) then takes the form of the first equation (92) when we set Ag == Rpa. 


CHAPTER II. 
FURTHER NECESSARY CONDITIONS FOR A MINIMUM. 


In this third chapter three further necessary conditions on a minimizing 
arc for the Lagrange problem will be developed, analogous to those of Weier- 
strass, Legendre, and Jacobi for the simpler types of problems of the calculus ' 
of variations. The analogue of Legendre’s condition was first deduced by 
Clebsch [20] and the analogue of Jacobi’s condition by A. Mayer[ 24]. For 
the deduction of these necessary conditions and for a number of other pur- 
poses we shall find the auxiliary theorems of the next section convenient. 


21. Two important auxiliary theorems. Consider a one parameter fam- 
ily of admissible arcs 


(96) yi=yi(a,b), (b) S2X-a,(b), sr) 


for which the functions 2,(b), z,(d), yi(z,b), yı’(z,b) are continuous and 
have continuous derivatives with respect to b in the domain of values 
(z,b) defined by the inequalities b = b = b”, 2,(b) Sr=x,(b), and whose 
end values describe two arcs C and D. The values of J taken along the arcs 
(96) are given by the formula 


10) = f “Fle, 9(2,b),y (a,b) dz 


which has the derivative 
be 
r (b) = fzli + f. {funy + Fy, Yide. 


The index here is umbral and we shall use umbral indices freely elsewhere in 
this chapter. Since the arcs (96) are all admissible this result may also be 
written in the form 
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(97). Aol" (b) = Fait | Puyo + Furya)da, 
where the multipliers A», Ag(#) in the function 
F == dof + Aada 


are entirely arbitrary. If now a particular arc of the family (96) satisfies 
the equations 


g 
Pu = f Pudeti 


with a set of multipliers Ao, Aa (2), then the introduction of these multipliers 
enables us to replace formula (97) by 


A (b) = Fas + Fyr yo |$ 


where b is the particular value defining that arc. Since the equations of C 
and D are deduced from 


e=2(b), yı = yıle(b), b] 





by replacing (b) by x;(b) and z,(b), respectively, it follows that along either 
of these arcs 


dyı = yıda + Yındb, 
and therefore that 
Aodl = Fda + (dyi— yida) Fy, les 


Hence we have the following theorem: 
AUXILIARY THEOREM. I. Let 
(98) yi = yi (a, b), (b) S2r=2,(b), (1, ea n) 


be a one-parameter family of admissible arcs without corners whose end-points 
describe two arcs C and D. If one of the arcs (98) satisfies the equations 
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@ 
(99) ae f Fude + 6 
gı 


with a set of multipliers Ao, Aa(£) then for the value of b defining it the values 
of I along the arcs (98) have a diferential defined by the equation 


(100) àodI == Fda + (dyi—yi'dx) Fy, |$. 


In this formula the differentials dx, dy; at the point 8 are those of C, and at 
the point 4 those of D. 


If the particular arc along which the equation (99) holds is a normal 
arc then A, can be taken equal to unity in formula (100). If each of 
the curves (98) has a set of multipliers A,(b), Au(z,b) with which it satis- 
fies equations (99), then the formula (100) holds along every arc of the 
family. We suppose that the functions A,(b), a(x, b) are continuous for 
DSDS b”, 2,(b) S¢S-2,(b), and then we have 


AUXILIARY THEOREM Il. Suppose that the ares of the family (98) are 
all extremal arcs with multipliers of the form Ay==1, a(z, b). Then the 
values -of I on two arcs Es, and Ess of the family satisfy the equation 


I( Ese) —I(Hs,) = I* (Dag) — I” (Css) 


with the values of the integral 


[t= f {Pdr + (dyi — yide) Fy ,} 


along the corresponding segments Css and Das shown in the last figure. 


This is readily found by integrating both sides of formula (100) with 
respect to b from the value 5’ defining simultaneously the points 3 and 4 to 
the value b” defining similarly 5 and 6. The integrand of the integral I* 
is readily seen to be a continuous function of b on the arcs Css and Das cor- 
responding to the interval bb”, on account of the properties of the functions 
z(b), yı(z,b) defining the family (98). 


22. Necessary conditions analogous to those of Weierstrass and Legendre. 
Suppose that the equations 
yi = yi (2) Gel °°, 03% SS a) 


are those of a minimizing arc E, for our problem. 
We shall designate a set of values (7z, y, y) as admissible if it lies in the 
neighborhood R of page 1, satisfies the equations ġa == 0, and gives the matrix 
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| day, || the rank m. Let 3 be an arbitrary point on the are Hi. and 
let (£s; Yis, Y’is) be an admissible set. There is always an admissible arc 
(C) yi = Yı (z) (t3 S£ S g +h) 
through this set since the equations a == 0 determine uniquely m of the func- 
tions Y;(x) passing with their derivatives through the values prescribed by 
this initial set when the n — m other functions Y;(#) have been chosen with 
initial values of themselves and their derivatives through their corresponding 
initial values of the set. 
C 


3 


Suppose now that the are Æ, is normal on every sub-interval, and let 
4 be so near to 3 on #,, that the arc Fs, contains no corner. There is a 2n- 
parameter family of admissible arcs y: == y; (x, ba, °° +, ben) containing Fy. 
for (0:,° -> +, ben) == (0, - +, 0) and having 2n sets of variations yi(z) for 
which the determinant (38) with z,, x, replaced by as, 24 is different from 
zero. The 2n equations 


Yi (2s, by, sy Don) = Yi (2s), Yi (Xa, di, ne ben) = Yis 
have the initial solution (#5, b1,- - +, ben) = (z3, 0, - :,0) at which their 
functional determinant for 6,,- * -, ber is the determinant (38) with 2, = 2, 


Ta = 2, and different from zero. Hence they determine 2n functions bu = 
Bu(as) which vanish for vs == s}. The family 
yi = yi[@, Bi (ts), +, Bon(as)] = y: (2, 25) 
is now a one-parameter family of arcs joining the curve C of the figure to 
the point 4. The sum 
© (x3) =I (Css) +I (Ess) 


= |7, Y, Y’)de + f ti Y(T, ts), Y (£, 2) ]Jda 


must have its derivative = 0 at æ, if I(Eı.) is to be a minimum. But with 
the help of formula (100) this derivative is seen to be 
(2) = E(x, y, y’, Y, A) | 
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if we define the #-function by the formula 
(101) H=F(a,4,¥',A) —F(2,y,y7,4) — Y? — wi) Py (yy A). 


The multipliers in F are those associated uniquely with the normal minimizing 
are Hy. Evidently one may always replace f by F for admissible sets 
(z,y,y’). We have then the following necessary condition: 


_ ÅNALOGUE oF WEIERSTRASS NECESSARY CONDITION. At each element 
(2,9,y,ı) of a minimizing are which is normal on every sub-interval the 
inequality 

Elsy y, EA) Z0 


must be satisfied for every admissible set (x, y, Y) ~ (my y’). 


The proof just given does not apply to the values z, y, y’,A at the right- 
hand end of an arc abutting on a corner, but it can be modified easily to be 
applicable by taking the point 4 at the left oi 3, or one can infer the desired 
result by continuity considerations. 


Consider now a set of values q; satisfying the equations 


(102) day.’ Ti = 0 


at an element (v, y, y) of Ei By means of the equations 
(103) l Pry Ti = Kr 


these define n — m further quantities xr. . The equations 


Qa(T, Y» p) = 0, Bam, P) = Zr + ekr 
now have the initial solution (9, ° ' >, Pa) = (0, 41',° + +, Yn) and deter- 
mine uniquely a set of solutions p;(e) with initial values p:(0) = y. The 
derivatives p; (0) of these functions satisfy equations (102) and (103) when 
` inserted in place of the numbers m; and hence must coincide with them. The 
sets (x,y, p(e)) are now all admissible for sufficiently small values of e, and 
according to the last theorem must satisfy the condition 


E(a,y, y, ple), à) = 9: 


But we readily verify that this expression vanishes with its first derivative for 
e at the value e= 0. Its second derivative 


Fyr u wie 


at e == 0 must therefore he = 0, from which we infer the 
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NECESSARY CONDITION OF CLEBSCH. At every element (2, y, y, A) of a 
minimizing are which is normal on every sub-interval the inequality 


ei t 
Ep m (Y, Y, A) wim: = 0 


must be satisfied by every set (mi, ' + +, ma) 3F#(0,° © -,0) which is a solution 
of the m equations 


day! (L,Y, Y Jri = 0. 


23. The envelope theorem. According to the theorem of page 687, every 
extremal are Hy. along which the determinant R is different from zero is a 
member of a 2n-parameter family of extremals of the form 


yi = y(t, b), da == Aa (T, G, b) 


for special values «io, bio of the parameters. The family can be so.chosen that 
the determinant (36) is different from zero at z,, and we shall see in Section 
27, page 727, that this determinant is in fact different from zero everywhere 
on Hy. If the constants ai, b; are replaced by functions a:(¢), bi() with the 
initial values «:(0) = dio, 6:(0) == bio a one-parameter family of extremals 
is defined containing the arc #2 for the special parameter value t= 0. The 
arcs of this family will pass through the point 1 for ¢ = m, and will touch 
an enveloping curve D at the points defined by a suitably chosen function z(t), 
if the equations l 

T =k, Yit + Yio + yar, be = EYis 

Yir = Yi (Tı, a,b) 


hold identically in ¢ when 7, a:, b; are replaced by the functions of ¿ described 
above and the primes denote derivatives with respect to ¢. The first row of 
equations imposes the condition that the direction of the tangent to the curve 
D shall coincide with the direction 1: y,’: +--+: zu’ of the tangent to the 
extremal. In order that these equations may be true it is evidently necessary 
and sufficient that the equations 


Yia, [E (2). a(t), b(t) ] a + yin, [e (t), a(t), dt) ] x’ = 0, 
Yio, [Eu a(t), b(t) ] a + Yin, [21 a(t), B(t)] bx’ = 0, 


hold identically in ¢. If the derivatives a7, bi’ are not zero it follows that the 
determinant 
Yin, (T, a, b) Yin. (T, a, b) 


104 A Ts Pis Q, b >= 
en Fr l Yia,(21,0,0) Yin, (21, @, b) 


vanishes identically in 3 when z(£), a:(¢), b:(t) are substituted. 


720 Buiss: The Problem of Lagrange in the Calculus of Variations. 


DEFINITION OF A CONJUGATE POINT. A value 2; 542; is said to define a 
point 3 conjugate to 1 on the extremal arc Hy, if it is a root of a determinant 
A(T, Tis los bo) belonging to a 2n-parameter family of extremals yı = 
yi(@, a, b), Ma == àa (T, a,b) for which the determinant 


Yiar Yidy 
Via, Vid, 








is different from zero on Hy. as described on page 727. 

Suppose now that 3 is such a conjugate point, and furthermore one at 
which the derivative A, does not vanish. It is evident that if A, <0 one at 
least of the minors of order 2n — 1 of A does not vanish at 3, and that the 
same property is therefore possessed by one at least of the determinants of 
order 27 of the matrix 

Az Aa, Ay, 
0 Yia, (2, a, b) Yiv, (T, a, b) 
0 Yta,(%1,0,8) Yin, (21, t b) 


since one at least of these determinants is the product of A, by a non-vanishing 
minor of A. Then the first of the differential equations 


A,(a, Tis ly b) dx + Aa, (2, Ti, a, b) dar + Ay, (2, Tis @, b) dbr vee 0, 
(105) Yia,(2,a,b)dn + yin, (&, a, 6) db, = 0, 
Yio, (21, a, b) där + Yid, (Tis a, b) dbr = 0, 


with 3n — 1 of the others determine functions x(t), ax(t), ba(t) with the 
initial values z(0) = Za, a%(0) = ax, dr(0) = bro, and with derivatives 2’, 
a, by’ not all zero att==0, Since A, =~ 0 at 3 it follows further that ay’, br’ 
can not all vanish at ¿==0. Since A vanishes at these initial values and has 
its derivative with respect to ¢ identically zero, it must be itself identically 
zero in t. One sees readily then that the one remaining equation (105) is a 
consequence of the others when x(t), ax(¢), bu(¢) are substituted. The fol- 
lowing theorem is established : 


Let Ey be an, extremal are along which the determinant R ıs different 
from zero, and let 3 be a point conjugate to 1 on Ey. at which the derivative 
A, of the determinant (104) is different from zero. Then there exists through 
the point 1 a one-parameter family of extremals 


(106) ` Yi = Yi (£, t), Aa == Aa (z, t) 


containing Eiz for the parameter value t = 0 and having an envelope D which 
touches Fis at the point 3. The functions Yi, Yie, Aa and the function x(t) 


e 
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defining D have continuous derivatwes in a neighborhood of the values x, t 
belonging to the are Era. 


The last statement of the theorem is a consequence of the hypothesis (b) 
of page 676. For as a result of this hypothesis the functions Yi, Yis; Aa of the 
theorem on page 687 have continuous derivatives of the second order at least, 
and the solutions x(t), ax(¢), ba(t) of the equations (105) must therefore 
have continuous derivatives of at least the first order. 


THE ENVELOPE THEOREM. If the envelope D of the one-parameter fam- 
ily of extremals (106) has a branch projecting backward from 3 toward the 





u 


point 1, as shown in the figure, then for every position of the point 4 on D 
preceding and near to 8 the arc Ey, + Dis + Ese is an admissible arc satis- 
fying the equations pa == 0. Furthermore for every such arc 


I(E + Dis + Eig). = I(E) . 
Expressed in integral form the value of I (E14, + Das) is 


RD im ESTER ACRE’ +f" fal dt 


where the arguments in f in the last integral are x(¢), yle (t), tl; y’[v(t), t]. 
The differential of the first integral with respect tet is given by formula (100) 
of page 716, and that of the second integral is readily found. It follows that 


dl (Ey, + Das) =— E (z, y, y', Y’, d) de |$ 


where Y” is the slope of D. But this vanishes identically in ¢ since Y’ = 7’ 
at every point of D, and the final conclusion of the theorem is established. 
Evidently the envelope D satisfies the equations ġa == 0 at each point 4 since 
it is tangent at that-point to the extremal arc E4. 


eo RA The analogue of Jacobi’s condition. The analogue of Jacobi’s con- 
dition was discovered for the Lagrange problem by A. Mayer. Its statement 
is as follows: 

4 
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THE NECESSARY CONDITION OF MAYER. Let Eis be an extremal are for 
the Lagrange problem which is normal on every sub-interval of zx and has 
the determinant 
F vr Uy Payı' 
Pan 0 


diferent from zero at every point of it. If Eis is a minimizing arc for the 
problem then between 1 and 2 on Ez there can be no point 3 conjugate to 1. 


R= 








The proof of the statement for the case when the envelope has a branch 
as described in the envelope theorem is not difficult if one accepts the asser- 
tion.that every extremal arc of a family y;(2, a,b) whose end-values zı, x, and 
parameters a,b are sufficiently near to those of a normal extremal are of 
the family is also normal. The proof of this assertion depends upon the fact 
that when the functions y:(x,a,0) are substituted in the equations of varia- 
tion, the solutions m (z,a,b) of those equations are continuous in the para- 
meters a,b as well as v. Hence if there are 2n sets of variations yis (s = 1, 
- ++, 2n) making the determinant (38) different from zero for the values 
£10) Leo) Mo, bo defining the normal extremal, then this determinant will remain 
different from zero for neighboring values Tis Te, a, b. 

If the arcs F14 + Das + Es: of the envelope theorem were all minimizing 
ares they would necessarily have continuous multipliers since they have no 
corners. According to the assertion discussed in the last paragraph those 
sufficiently near to Hy, would be normal on the intervals a2, and 2,0, since 
by hypothesis F,» is normal on every sub-interval and hence E,, and Hz. are 
both normal. It follows readily that the composite are Ei, + Das + Eaz 
would have the multipliers of the extremal #,, along Hi,, the multipliers of 
the extremal tangent to Das at each point of that arc, and the multipliers of 
the extremal Fıs along #32. Hence on the composite arcs near Hy, the value 
of R would be everywhere different from zero as on Ei», and by the differen- 
tiability condition of page 684, each such.arc would necessarily be an extremal. 
_ The extremal Fz is, however, the only one having its values yi, vi at T= Te, 
or what is the same thing, its values yi, yi’, Ac at = g, Hence the arcs 
Ea + Dis + Es, can not all be minimizing arcs since otherwise all of them 
and the envelope D would necessarily fall upon Hy, and their multipliers 
would coincide with those of Fy». But this is impossible because the deriva- 
tives ay’ (t), bx (t) of the family as determined on page 720 do not all vanish. 

If an are Bi, -+ Das + Ess is not a minimizing are it is always possible 
to find a neighboring admissible arc which joins the points 1 and 2 and gives 
the integral I a smaller value than I(Bi,-+ Das + Hoo), that is, a smaller 
yalue than I(H,.), and hence /(E,.) can not be a minimum. 
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The preceding proof of the necessary condition of Mayer is a very satis- 
factory one geometrically because it emphasizes the geometrical interpretation 
of the conjugate point and the envelope theorem. But it rests upon two 
restrictive assumptions, namely, the non-vanishing of the derivative A, at 
the conjugate point 3, and the requirement that the envelope have a branch 
projecting from 3 toward 1. In the following sections a proof of an entirely 
different sort is given which is free from these disadvantages. 


25. The second variation for a normal extremal. It has been proved 
on page 17 that if the functions (2) of a set of admissible variations for a 
normal extremal arc Fıs satisfy the relations yi (71) == q: (£2) == 0, then there 
is a one-parameter family of admissible arcs 


yi = y(x, b) (z, S s S ta) 


joining the points 1 and 2, containing F,» for the parameter value b= 0, 

and having the functions (=) as its variations along #,.. When the various 

members of the equations 

1(b) = f "Pie yle, b) y (2, b)]de, 
0 = salz, y(x, b), y (z, b)] 


are differentiated for b it is found that 
rb) = T (fnyiv + fur yir’) de, 
0 == payı Yiv F haio, 
and a second differentiation gives for b = 0 
I” (0) = i (f pit + Fre yaoo’ + fonmi + fon mw + fu'n nine’) de, 


0 = day Yiw + bay, Yioo’ + pannin + bays! mm + bays" venim. 


When the last equations are multiplied by the factors Ag, integrated from 2, 
to z, and added to Z” (0) this derivative is found to have the value 


g2 ' i 
(107) (0) = f” (Pay + Fae yin + 20) de 
R © 
where 
(108) 20 (mq 9) = Fynn + Fun nine + For a mm. 


On account of the equations 
(d/de) Fy: = Fy, - 
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the first two terms in the integral (107) have the anti-derivative Fy, yim and 
this vanishes at x, and x, as one reädily sees by differentiating the equations 


Yin = Yi (Tis b), Yiz = Yi (To; b) 
twice with respect to b. Hence the following conclusions are justified : 


Along a normal drema arc Eiz the second variation of the integral I 
as always expressible in the form 


7”(0) =f" ae ) dee 


where 2w is the quadratic form defined by equation (108). If I(B,.») is a 
minimum for the Lagrange problem then this second variation must be = 0 
for every set of admissible variations (x) whose functions satisfy the rela- 
tions er 

(109) mhz) = m (22) = 0. 


Since admissible variations satisfy the differential equations of variations 


(110) Balz, 0, 1) = paum + parn = 0 


it is clear that these properties of the second variation suggest a minimum 
problem in æy-space of the same type as the original Lagrange problem in ` 
xy-space. There is an integral Z” (0) which must be = 0 in the class of arcs 
ni = p(s) in zy-space satisfying the differential equations (110) and pass- 
ing through the two fixed points (#,71,°- *,9n) = (2,0,°'',0) and 
(T, © sga) = (%2,0,- ';0),.as indicated by equations (109). Evi- 
dently the minimum of 1(0) in this class of arcs must be = 0 if Hy, is to be 
` a solution of the original Lagrange problem. 

The differential equations of the extremal ares for the problem in zy-space 
are the equations 


(111) (d/dz)Q, =Q Balz, M, g) = 0 
where Q is a function of the form 
(112) Q(T, 957, B) = pow + paa. 


These are called by von-Escherich [31, Vol. 107, p. 1236] the accessory system 
of linear differential equations. They are the analogues of the Jacobi differ- 
ential equation for the simplest problem in the plane. If the arc Fis is a 
normal extremal arc for the original Lagrange problem, then every extremal 
are for the new problem in æy-space has this property, since the equations of 
variation of the linear equations ®, = 0 for the zy-problem are these equations 
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themselves. Hence it is proper when J, is normal to set po = 1, the multi- 
pliers wo == 1, wa(x) for an extremal arc of the wy-problem being then unique. 
The quadratic form Q(z, n, 7’, 4) has the properties 


(113) 2Q = Niyi T EG + Bappa 
(114) WiQy, H U Qoe F Paloa = ViQu, + UDO + Calpa 


where the derivatives of Q are understood to have the arguments (h, 7, u), 
(u, w, p), or (v, v’, c) as indicated by their subscripts. These are well-known 
formulas for quadratic forms which are readily provable and which will be 
useful in the following paragraphs. 

A final remark concerning the accessory differential equations (111) is 
also important. These equations are linear and homogeneous in the variables 
Nis Mis Ni”, Pay Ka, and the determinant of coefficients of the variables 1”, pa’ 
is the determinant Æ which will be assumed different from zero along E12. 
The arguments of Section 6 therefore tell us-at once that the accessory equa- 
tions have one and but one solution Ñi, Ma taking prescribed values’ of qi, Que 
at a given value of x, or, what is the same thing, prescribed values of yi, 73’, Ha 
satisfying the equations of variation. In particular the only solution taking 
the values ni = Qy == 0, or qi = = pa = 0, at a given v is the set of func- 
tions 7: (©) == pa (£) =0 which one readily sees to be a solution since the 
accessory equations are linear and homogeneous in yi, yi’, ni”, Ras Pa - 


26. A second proof of the analogue of Jacobi’s condition. Consider now 
a minimizing arc £ı, for the original Lagrange problem, which has no corners 
and along which the determinant R of page 684 is everywhere different from 
zero. According to the differentiability condition on that same page the arc 
E must then be an extremal as defined in section 6. For the developments 
of the present section the additional assumption will be made that the extremal 
E: is normal on every sub-interval of 2,22. 


DEFINITION or CONJUGATE Point. A value v, is said to define a point 
3 conjugate to 1 on the are Hy, if there exists an extremal yi == wi(z), 
Pa == pa(x) for the xy-problem whose functions w;(z) satisfy the relations 
Ui (21) = ti (2) = 0 but are not identically zero on 243. We shall presently 
see that the definition of a conjugate Peine on page 720 is equivalent to 
the one here given. 

With this definition agreed upon the necessary condition of Mayer as 
stated on page 722 can be proved by showing that if there exists a point 3 
conjugate to 1 between 1 and 2 on Fy, then there exists also an admissible 
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set of variations (x) making 7”(0) <0. Asa first step consider the func- 
tions 9: (7), pa(x) defined by the equations 


(115) ni(a) =t: (2), Balz) pole) on mM STS T, 
ni (vz) = 0, pa(a) = 0 on Z & T =, 


where the functions (£), pa(v) are those indicated in the definition just 
given for the conjugate point. With the help of the equations (112), (111), 
(113) it follows readily that for these functions 7; (x) : 


o pe 
I” (0) -f Bol m9 )de— |. 20(2, u,v’, p)de 
1 r 
zà 
Zu J. (Wr F W Quy + papa) dx 
© 


= Uiu" |È R 0. 


The functions y (zY in (115) can not minimize Z” (0), however, since, as will 
be shown in the next paragraph, they do not satisfy the corner conditions 


(116) 2‘ [2,7 y (z == 0); #(2—0)] =,’ [z, Js q (2 a 0), p(x F 0)] 


at the point z, Hence there must be.other admissible variations (x) van- 
ishing at x, and x, and giving I” (0) a value less than zero, and I (E12) can 
not be a minimum. 

To show that the corner conditions are not satisfied one may calculate 
readily the values of the derivatives Q, for the functions (115) at the left 
and right of s, It is found then that the corner conditions (116) would 
require that Qu,’ = 0 at the point za as well as u; = 0, and according to a 
remark at the end of the preceding section the functions ux(x), pa(w) would 
then have to be identically zero, which is not the case. The proof of Mayer’s 
condition is now complete. 


2%. The determination of conjugate points. For a one-parameter fam- 
ily of extremals 
ys=yilt,b),  Ma= (z, b) 
the equations 
(d/da) Fy = Fro ¢a=0 


are identities in 2 and b. When they are differentiated with respect to b 


we find 


(d/da) (Fur yk + BP yy a! Yun + Py haAav) = Fyny + Pow! Yue + Py dgAaby 
bay Ya + pays’ Yar’ = 0, 
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and these are precisely the accessory equations with the arguments 9; == yi, 
Ya = Aat- A 2n-parameter family of extremals defined by equations similar 
to equations (35) or (37) on pages 686-7 furnishes by this differentiation 
process 22 solutions 


(117) Yiars ` " "> Ynags Alap mg Amey 
Yid '"" "5 Yndy 5 Arby ie Pg Amb, (k =1, mS n) 


of the accessory equations. The formulas of most importance here are those 
for 2n-parameter families for which the determinant (36) is different from 
zero at some point, say zı. We shall see in the next paragraph that it is then 
different from zero for all values of x. l 

Since the determinant R is different from zero along Æi the equations 


Ei = Oy! an Balt, q) = 0, 


analogous to equations (30) on page 685, can he solved for m’, pp. The solu- 
tion has the form 


(118) m = Gn(@, 9,6), pp==Hg(2,, 6), 


and the accessory equations are equivalent to the equations 
(119) (din /da) = G(x, 9, €), (der/de) = Qy (2, 9, G (a, 9, E), H (2,9; E) )- 


All of these equations are linear and homogeneous in the arguments ni, m’, 
Ka, či where they occur. For equations of the type (119) it is well known * 
that 2n solutions (nx, én) whose determinant is different from zero at a single 
value of v, will have that determinant different from zero for all values g, and 
that every other solution is linearly expressible with constant coefficients in 
terms of 2n solutions which have this property. Every solution of the acces- 
sory equations is therefore expressible linearly with constant coefficients in 
terms of the 2 corresponding sets (nr, ag) defined by the second of equa- 
tions (118).* 

Since the determinant (36) of page 687 is different from zero at 2 =a, 
it follows that it is different from zero for all values of x. For the 2n solutions 
117) of the accessory equations define 2n solutions (m, Er) of equations 
(119) whose determinant is different from zero. Hence every solution 
(ni, Ha) == (Ui, pa) of the accessory equations is expressible in the form 


ui CeY tay + AY ivy Pa = CrAaap + drAas;,- 


* See, for example, Goursat, A Course in Mathematical Analysis, translated by 
Hedrick and Dunkel, Vol. 2, Part 2. pp. 153-4. 
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The values x; determining conjugate points according to the definition on page 
725 are those for which the equations 


Ut (zs) = CxY ia, (xs) -+ dribe (Xs) == 0, 
Ui (E1) = OrYia,(Tı) + deyio, (#1) = 0, 


have solutions cz, d; not all zero. But these are precisely the values g, for 
which the determinant A(z, %1, a,b) vanishes, as indicated in the definition on 
page 720. We shall see on page 740 that for every é on 2:22 the zeros of 
A(z,&,a,b) are isolated from é when an extension of E1 is normal on every 
sub-interval. 

Consider now an n-parameter family of extremals 


Yı = yı (T, Gy hts bn), da = Ma (T, Dig = 5 bn) 


all of which pass through the point 1, and such that the functions v: = Fy 
for the family have their determinant | vi, | different from zero at s. All 
of the derivatives yi», vanish at s, as one may see by differentiating the 
equations 

Yir = Yı (T, botte’ bn) 


with respect to bz. Every solution 1, Ha of the accessory equations for which 
the functions y;(x) all vanish at x, is expressible in the form Í 
Ni = CeYidys Ma CrAadys 


where the coefficients cs are constants. For such a solution is uniquely deter- 
mined by its set of values qi == 0, i = Qu at s= z, If the constants cx 
are solutions of the equations 


&(aı) = CxViv, (tr); 


which in fact determine them uniquely, then the two solutions yi, pa and 
CuY id», CrAad, Of the accessory equations have the same values mi==0, & at 
“==, and hence are identical for all values of x. It follows that the points 
3 conjugate to 1 on Ey, are determined by values x; for which the equations 


CuYid, (3) == 0 


have solutions cz, not all zero, that is, by values z; x, which make the deter- | 
minant D(x, b) == | Yip | vanish. These results may be summarized as 
follows: 


Let Ey. be an extremal are which is contained in a 2n-parameter family 
of extremals 
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Yi = Yi (T, Oy, -tty lm Dy, °° "> bn), Aa = da (T, Ga; tty Oy byt, bn) 
for special values Qio, bio of the parameters. Suppose furthermore that the 
determinant 
Yio, Yidy 


Vie, Viby 








of the family, where vı = Fy; (2,9, y',A), is different from zero at the point 
lon Er. Then the points 8 conjugate to 1 on Ers are determined by the roots 
£ £ £, of the function A(z, %1, Go, bo) where 


Yia, (z, a, b) Yin, (z, a, b) 


A(T, tı, 4,0) = 
(x Tis 0 ) Yio, (21, a, b) Yid, (Tas @ b) 








If Ey, is a member of an n-parameter family of extremals 
Yi = yi (2, bat mY bn); Aa = ìa (T, b,, . my bn) 


all of which pass through the point 1, and such that the determinant | vin, | 
for the functions vi = Fy, belonging to the family is different from zero at the 
point 1 on Eis, then the points conjugate to 1 on Ey, are determined by the 
roots Zs #2, of the function D(a, bo) where 


D(a, b)= | ying | 


and the bi, are the parameter values defining E12. 


CHAPTER IV. 
SUFFICIENT CONDITIONS FOR A MINIMUM. 


The conditions developed in the preceding chapters are conditions which 
must be satisfied by every minimizing arc for the Lagrange problem, but they 
have not been shown to actually insure the minimizing property. In this 
chapter it is proposed to discuss sets of conditions which are sufficient for a 
minimum. The methods of proof used are in essence those which Weierstrass 
applied in similar cases and which have been extended to the Lagrange prob- 
lem by A. Mayer, Bolza, and others, but they involve important simplifications 
and improvements. 


28. Mayer fields and the fundamental sufficiency theorem. The notion 
of a field has been defined in a number of different ways. The definition given 
here is not the usual one and is somewhat sophisticated, but it emphasizes 
properties which are well known for fields of the simplest problem in the 
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plane, and leads promptly to the theorem which is fundamental for all of the 
sufficiency proofs. In order to phrase this definition as simply as possible let 
us agree to call a set of values (x,y, y) admissible if it lies interior to the 
region A where the continuity properties of the functions f and ġa have been ' 
assumed, and satisfies the equations ¢,==0, and gives the matrix || day,’ || 
the rank m. | 


DEFINITION OF A Mayer FIELD. A Mayer field is a region % of zy-space 
containing only interior points and having associated with it a set of functions 


Pi (z, y)» f la (2, y) 
with the following properties: 
(a) they have continuous first partial derivatives in %; 
_ (b) the sets (z, y, p(z, y)) defined by the points ir y) in % are all ad- 


missible ; 
(c) the integral 


= f {F (x, y, p, de + (dy: — pide) Fy! (£, Y, p, 1) } 


formed with these functions is independent of the path in $. 
The integral I* can also be written in the form 


P= f {Adz + Bidy:} 
where l 
A(z, y) = F(t, y, P I) — prPy,! (£, Y P» l), 
Bi(z,y) = Fy (8, Y p1). 
If such an integral is independent of the path every arc is a minimizing are 
for it and the Euler-Lagrange differential equations applied to it give the well- 
known conditions 


(120) 0A/dy, = 0Bi/dx, 8B,/0yn = OBr/dyı 
as necessary conditions for its invariantive property. One may readily prove 
the identities 
(121) 04/0y: —0Bi/de—= Fy, — (0/00) Fy — pe (8/0y,) Foy 
+ px (0Bi/Oyx — OBx/Oyi) + ba Bla /Oyi 


where the partial derivatives indicated by the symbols @ are taken with respect 
to the independent variables 2, Yi which oceur Ley and also in the field 


functions 9: (2, y), lalt, y). 


t 
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From these results it is easy to see that in the field % every solution y; (2) 
of the equations 


` (122) dyi/dxz = pi (z, y) 


is an extremal with the multipliers Ag = la (£, y(x)). For in the first place 
such an arc necessarily satisfies the equations ġa == 0, since the values (7, y, p) 
are all admissible ; and in the second place the equations (120) and (121) then 
show that along such an are 


Fy, == (d/dz) Fy," oa Fy, ag (0/0x) Fy — pu(0/dyx) Py! = 0, 


The ares satisfying equations (122) are called the eatremals of the field. 
Through each point of % there passes one and but one such extremal arc since 
the equations (122) are of the first order. Furthermore the value of /* along 
an extremal are of the field is equal to that of the original integral J, since 
the equations dy; — pidx = 0 are all satisfied along the field extremals. 


If Ey, is an extremal are of a field % then for every admissible are Cre 
in the field joining the same two points 1 and 2 the formula 


(123) I (Ci) — I(E) = f” ris, y, p(z,y), Y, U(x, y) \da 
holds, where 


E=F(a,y,y',1) — F(a, y, p1) — (yi — pi) Py (a, y pl) 
and the arguments y(x), y (x) in the integrand are those belonging to Ciz 


The formula (123) is the analogue of a well-known one of Weierstrass 
and the proof of it is very simple. For since J* is independent of the path in 
wy and has the same values as Z along an extremal of the field it follows that 


I(E) = I* (Bye) = I* (Cio), 
and hence that 
I (C2) ze) I(E) = I (Cia) ar I* Ce). 


The last two terms give the integral in the second member of the formula 
(123) when the integrand f in I(C.2) is replaced by F. This is evidently 
permissible since Cis is by hypothesis an admissible arc and therefore satisfies 
the equations da = 0. 

With these results in mind it is now possible to prove the following 
important theorem : 


THE FUNDAMENTAL SUFFICIENCY THEOREM. If Hj. is an extremal are 
of a field & and if at each point of the field the condition 
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Elz,y, p(y), ¥,(a,y)] > 0 


holds for every admissible set (a, y,y') different from (a,y,p), then the 
inequality I(Cy2) > I(Eı2) is true for every admissible arc Cis in the field 
and joining the end-points of Hy, but not identical with By». 


It is evident from formula (123) that the inequality (Ca) I(Eız) 
is necessarily satisfied. The equality sign is appropriate only if the #-function 
vanishes at every point of Cız, that is, only if the equations y; = pi are 
satisfied at each point of Cio. But in that case the are Cis would coincide 
with E: since the equations y: = p; have only one solution through the 
point 1 and that is Hy, itself. 


29. The construction of a field. The extremal arcs of a field may be 
regarded as forming an n-parameter family since one of them passes through 
each point of the field. By analogy with the properties of fields for the 
simplest problem of the calculus of variations in the plane it might be expected 
that every n-parameter family of extremals which simply covers a region in 
xy-space would provide a set of slope functions and multipliers p(z,%), ` 
Ia(x,y) which would make the integral /* independent of the path in that 
region, and hence form a field over the region, but such is not the case. The 
n-parameter families which can form fields are special in character in some- 
what the same way that a two-parameter family of straight lines in zyz-space 
is special if it is cut orthogonally by a surface. It is well known that not 
every such family of straight lines has an orthogonal surface. 

Let the equations 


(124) Yi = Yı (T, Oa, * : +5 ün) da = Àa (T, Gh," * san) 


be an n-parameter family of extremals with the property that the functions 
Yi, Yin, Aq have continuous first partial derivatives for all values (2, d1, '*'',đn) 
satisfying conditions of the form. 


£ (an © +, dn) S a 5 ț éa (aa ++, Aa). 


125 í 
en (a1: * *,@,) in a region A. 


Suppose further that there is an n-space 


g= T(t t tn), Kerala Bn) as? sc) 


cutting the extremals (124) for which the function 2; (0,45, Gm) has con- 
tinuous first partial derivatives in A. The extremals (124) are said to simply 
cover a field % of points (x, y) if to each point of the region there corresponds 
one and but one set of values v, a: (x, y) satisfying the first n equations (124) 
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and the conditions (125); and if the functions &(z,y) so defined have con- 
tinuous derivatives in %. The functions 


Pi (z, y)= Yis [z, a(z, yl la (x, y)= Aal, a(z, y)] 


are then a set of slope-functions and multipliers for the region %, and the 
following theorem can be proved: 


Suppose that an n-parameter family of extremals 
(126) Yi = Yi (L, day slim); Aa = Àa (T, Q` + +, Gn) 
is intersected by an n-space 
(127) lan‘ +, On), Yi == yılzlay * `, An), Gi," © `, On) 


and simply covers a region % of zy-space containing only interior points, in 
the manner described in the preceding paragraphs. If the parameter values 
of the extremal through a point (x,y) are denoted by ai(z,y) then the region 
wy is a field with the slope-functions and multipliers 


(128) pi(z, y)= yi [z a(z, y)], lale, y) = dale, a(x, y) | 
provided that the integral I” is independent of the path in the n-space (127). 


The proof may be made with the help of the Auxiliary Theorem II of 
page 716. For an arc Dss in % with equations of the form 


r= g(t), yer y(t) (C StEtS t’) 


defines a one-parameter family of extremals intersecting it, and a correspond- 
ing arc Oss in the n-space (127), by means of the functions a(t) = 
aile(t), y(t)]. According to the auxiliary theorem cited it is then true that 


I* (Das) = I* (Cas) + I(Ess)— I (Es4). 


The three terms on the right are completely determined when the end-points 
of Dss are given, since by hypothesis the value I*(Os;) is the same for all 
arcs Cas with the same end-points in the n-space (127). Hence the integral I* 
is independent of the path in the whole of the region %, as required by the 
definition of a field. 

The preceding theorem suggests at once a number of methods of con- 
structing fields by means of n-parameter families of extremals. One may take 
the n-parameter family through a fixed point O and regard the point O as a 
degenerate n-space (127). Certainly on this degenerate n-space the integral 
I* is independent of the path. Every region in zy-space simply covered by 
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i 


the extremals will then be a field with the slope-functions and multipliers 


` 5 


(128). 
If an n-space 
(129) s= X (t, °°, Qn); y—Yıla,- ean) 


and a function W (a, * *,@») are chosen arbitrarily in advance the n + m 
equations l 


(130) FXa + (Yro, dg Yr Xa,) Fw = We, oa = 0, 
where the arguments of F, da are X, Yi, yi’, Aa, may under certain conditions 
be solved for the n + m variables y;’, A, as functions of a, ° + ",@n. At each 


point of the n-space an initial element x, Yi, yi’, Aa of an extremal is thus 
determined, and the extremals which have these initial elements form an 
n-parameter family. The integrand of the integral J* for this family has 
the value dW on every arc in the n-space (129), on account of the equations 
(130), since along such an arc the differentials dx, dy, have the values 


dz = Xa dai, dyr = Yra,dai. 


Hence the integral J* will be independent of the path on the space (129) and 
every region of zy-space simply covered by the family of extremals will form 
a field. If the derivatives Wa, all vanish then an n-space (129) which satis- 
fies the equations (130) with the extremals of the family it is said to cut 
the family transversally. 

A similar discussion can be made for initial spaces (129) of lower 
dimensions. 


30. Sufficient conditions for a strong relative minimum. In the follow- 
ing paragraphs the necessary conditions deduced in the preceding chapters 
will be designated by the numerals I, II, III, IV. These are, respectively, 
the necessary condition of page 683, the analogue of Weierstrass’ condition on 
page 718, the condition of Clebsch on page 719, and the condition of Mayer 
on page 722. The notations IT’, ILY will be used to designate the conditions 
II and III when strengthened to exclude the equality sign which occurs in 
their statements. Similarly IV’ is the stronger condition of Mayer which 
excludes the conjuate point 3 from the end-point 2 of Fıs, as well as from the 
interior of that arc. An are Ly, with multipliers Ay = 1, Ag (x) will be said 
to satisfy the condition II,’ if the inequality 


E(a, 4, Y, ¥’,rA)>0 
holds for every set of elements (x, y, y’, Y’, A) for which the set (x,y, y’, A) 
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is in a neighborhood of similar sets belonging to Fiz, and (z, y, Y’)A(2,y,y’) 
is admissible. 

Every extremal are E.s defined on an interval zız., and on which the 
determinant R is different from zero, defines an extended' extremal on an 
interval z, — d Sv q -+ d which contains Hi, as part of it. We may call 
this longer extremal an extension of Eı.. 

With these agreements we can state the following theorem: 


SUFFICIENT CONDITIONS FOR A STRONG RELATIVE Minimum. If an ad- 
missible arc Ey», without corners and with an extension normal on every 
subinterval, satisfies the conditions I, II’, III’, IV’, then there is a neigh- 
borhood % of the points (x, y) on Ers such that the inequality [(C12) > I (E12) 
holds for every admissible are Cio which is in & and not identical with Eye. 


The minimum furnished by F,» is called a relative minimum because 
it is in a class of ares restricted to lie in a neighborhood % of Eis; and it is 
a strong relative minimum because the neighborhood % lays no restriction 
on the slopes y:’ of comparison ares which lie in it. 

In order to prove the theorem we should note in the first place that the 
condition J and the normality of £12 imply a unique set of multipliers A, = 1, 
Aa({z) and constants c; with which Eız satisfies the equations (24) of page 683. 

The condition ZII’ now implies that the determinant R of page 684 is 
different from zero at every element (2, y,y’,A) of Bis. For at an element 
where R vanished the linear equations 


(131) By yy! M; + bay,’ ha = 0, ayy! Ux = 0 


would have solutions Iy, pa not all zero, with the numbers II; also not all zero 
since the matrix || day, || has rank m. But when the first equations (131) 
are multiplied by IL,‘ - +, II, and added it is found that 


Py, n Wh, = 0, 


as a result of the second set of equations (181), which would contradict the 
condition ITT’. . 

Since the determinant R is different from zero along Eı> it follows from 
the differentiability condition of page 684 that E, must be an extremal. Ac- 
cording to the developments of Section 6, page 687, there exists a 2n-parameter 
family of extremals 


Yi = yi(z, a,b), Arial, a,b) 


containing Fs for special parameter values @io, bio. The functions yi, Yiz, Aa 
have continuous partial derivatives of the first three orders near the values 
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(x, ai, bi) belonging to Es, and the determinant (36) of page 687 is different 
from zero at the point 1 on Ei». 

It will be shown in Section 32 that for an arc Hy, with an eh nor- 
mal on every sub-interval there is always an interval s, — h= eS t +h 
containing no pair of conjugate points, or in other words, containing no two 
values z, zo which satisfy the equation A(T, Zo, os bo) = O, where A is the 
determinant (104) of page 719. Hence if a» < a, be chosen sufficiently near 
to x, the function A(z, 2, do, bo) will be different from zero on the interval 

t, S £ S t, + h, and different from zero also in the interval z, + h S g a2 
on account of the continuity of A and condition IV’, The equations 


(182) Yı = yi (2,0, b), Yo Yi(To, a,b) 


have now as initial solutions the totality of values, (x, y, a, b) belonging to Eiz, 
and their functional determinant A(z, zo, @, b) with respect to the parameters 
ai, bi is different from zero at these initial solutions on account of the choice 
of a which has just been made. Well-known implicit function theorems then 
justify the statement that there is a neighborhood % of the points (z,y) on 
Fz in which the equations (132) have solutions a: (æ, y), bi(z,y) with con- 
tinuous partial derivatives of the first three orders since the functions (132) 
have such derivatives. This neighborhood ¥ is a field with the slope functions 
and mutlipliers 


pila, y)= Yiel@, a(z, y), b (x, y)]; àa (T, y) Za Ma [e a(z, y), b (x, y)] 


since the extremals which simply cover it all pass through the fixed point 0 
corresponding, on F, extended, to the value so. If the field % is taken suffi- 
cently small the values z, y, pi (£, Y), Au (z, y) belonging to it will remain in so 
small a neighborhood of the sets (x,y, y’, à) belonging to Hy, that according 
to the condition II,’ the inequality 


(133) E[z, y, p(z, y), y, Al, y)] > 0 
will hold for every admissible element (2, y, y) >£ (x, y, p) in}. The funda- 
mental sufficiency theorem then justifies the theorem which was to be proved. 


31. Sufficient conditions for a weak relative minimum. The conditions 
I, IIT, IV’ were the only ones used in the last section up to the very last 
paragraph. If they only are assumed it is not possible to establish the condi- 
tion (133). The E-function for admissible elements (w, y, y) in the field % 
is expressible, however, with the help of Taylor’s formula with integral re- 
mainder term, in the form a 


i 
(134) E= (y’—p) (an? — pe) f (1— 6) Fyn [2y p + 0(y’— p), A] dé 
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where pi = pi (T£, Y), Aa = àa (T, Y) are the slope-funetions and multipliers of 
the field, and the differences y; — p; satisfy the equation 


1 
da(Z, Y» y)— hala, Ys p) = (yi — pi) ÍS Qayi’ [@, Y, p -} oly = p) |dé = 0. 
On account of the condition IIT the quadratic form. 
1 
um S (1—~6) Fein [e y p+ Oy —P), 2100 


is positive for all sets (z, y, y’, II) for which (z, y, y’) is on the are Fiz where 
yi’ = pi(z, Y), and for which the numbers II; satisfy the equations 


1 
=i, m f P EE Op) dd a 


Hence it stays positive for sets of values (2, y, y’, II) for which the numbers 
II; satisfy these equations and the set (z,y,y’): lies in a sufficiently small 
neighborhood N of similar sets on Fıs. It follows readily that the #-function 
(184) of the field % is positive at least for all sets (x,y, y) = (zy, p) in 
the neighborhood N, and the following theorem is therefore justified : 


SUFFICIENT CONDITIONS FOR A WEAK RELATIVE Minimum. If an ad- 
missible arc Ey. without corners and with an extension normal on every sub- 
interval, satisfies the conditions I, III’, IV’ then there is a neighborhood N of 
the sets of values (x,y, y) on Erz such that the inequality I(C12) > I(E) 
holds for every admissible arc Cıa whose elements (x, y,y’) are all in N but 
which is not identical with Ezz. 


The minimum described in this theorem is called a weak relative mini- 
mum because the neighborhood N in which it exists requires the slopes yi’ of 
the comparison arcs C42, as well as their points (2, y), to be near those on Eiz. 


32. The justification of a preceding statement. It was stated on page 736 
that there is always an interval 7, — h = s S gı + h on which no two values 
£, ©, can satisfy the equation A(z, zo, @, do) = 0. The proof of this statement 
is not simple, but it can be made with the help of properties of solutions of the 
accessory differential equations 


(135) (d/d2) Qp — Qu = 0, Qua = Pa = 0 


for the arc £3. described on page 724. It is understood that the are Fıs is an 
extremal with an extension normal on every sub-interval and satisfying the 
condition ITI’. As a consequence of these properties the an E is 
different from zero at every point of Eı.. 

5 
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The equation (114) on page 725 
l Wo, F WO + paQeg = ViDu, + V Quy + Capa 
justifies readily the further relation 


wi [Qv, — (d/dx) w] + pao, — Vi [Qu, — (d/dax) Dur | — oopa 
= (d/de) (viQu,' — UR ). 


‘Hence for every pair of solutions ui, pa and Vi, o of the accessory equations 
the expression 
Y (Uy p, Vy 0) == ud — Vur 


is a constant. If this constant is zero the two solutions are said to be con- 
jugate solutions. ; 

There is one and but one set of solutions ți, ua of the accessory equations 
(135) for which q; éi == Q, take assigned values at the value zı, as shown 
for the original zy-problem on pages 685 and 686. A matrix of n solutions 
Uir, pax (k = 1,-- +, n} therefore exists for which at the value x, the matrix 
| we, || is:the identity matrix and the corresponding matrix of the functions 
ĉi = Q, has all its elements zero. The solutions tix, pax (k==1, >+, n) 
are conjugate in pairs, as one readily verifies, since their functions &; all van- 
ish at 2. The notations us, pa and Vi, og will be used for the linear ex- ' 
‘pressions 

Ut = Antik, Pa = Onpaks 
Vi = Uk Wik, Ca = Ak pak, 


where the coefficients a, are functions of x to be determined and the variables 
anf are derivatives of the coefficients ay with respect to x. Primes attached to 
expressions involving Wi, pa OF Vi, Ca will always indicate derivatives of those 
expressions with respect to w calculated as if the coefficients ax, ay were inde- 
pendent of'2. One readily verifies, then, the relations 


(Qu! y = u (w y == Qop Uy — ViQu, = 0, 
(d/dx) Qu == (Qur V F Qo = Qu, + De 


in which it is understood that the differentiation indicated by d/dx takes 
account of the fact that the coefficients a; are functions of 2. 

Let the functions 7; (x) be a set of admissible variations along the are Eis, 
satisfying therefore the equations a = 0. The equations 


(136) 


qi == Ui == Aik, Ha == pa = Uxpak 
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determine uniquely the coefficients a, and the multipliers a, as functions of x 
on an interval zı, — h & g S v, + h chosen so small that on it the determinant 
| uix | is everywhere different from zero. The derivatives y:’ have the values 


(137) ni = bin + Ox Wik = u + Vis 


With the help of Taylor’s formula, equation (113) of page 725, the equations 
(136) and (137) above, and the relations Qp, == Pa == 0, one verifies the 
further relations 


Rw (a, 9, 4) == 29 (a, 9, 7’; p) = A(x, uw + 4, p) 
== 20 (T, U, W, p) + iQ, + Py yy! Vive 
= + Ui Qu + Papa + vi + Fy yg Vite 
== Ui [Qu, + oy | + (ui! + vi) Quy + Form Vive 
== (d/de) (ya) + For at (m — ui’) (me — Ur). 


For arbitrary multipliers a.(2) taken with the functions (x) it follows 
therefore that 


O(m, 7 7°, a) = (d/dr) iQue F For a! (ni? — Ui’) (q — Ux’) 
and hence with the help of equation (113) on page 725 that 
iL Qn, —(d/dz) Dr] + (d/dz)n: (Ww — Dur) = Fyw (ni — ti’) (m — Ur). 


The last equation justifies the following lemma: 


LEMMA. There is an interval tı—h SgS gm -+h on which there 
exisls no solution (7), pal) of the accessory equations, except the solution 
ni == pa == 0, whose elements ni(x) all vanish at two points =’ and x” of the 
interval; or, in other words, there is an interval on which no pair of values 
©,” can define conjugate points on Eye. 


This is clear since the last equation shows that for a system of solutions 
M(x), Walz) of the accessory equations the sum qi (Q,,' — Qu) has a non- 
negative derivative on m — hA Sg S g, + h, on account of the property ITT’ 
of Eis. If the functions ni(z) all vanish at two points 2 and 2” the differ- 
ences yi — wu; = v; are identically zero on g's”, and this implies that the 
derivatives ax are all zero and the coefficients a, constants. But since the 
ni(t) vanish at =’ and | uix | is different from zero these coefficients are then 
all zero, and the functions y:(2) vanish identically on z's”. The multipliers 
pa(#) are also zero on g'g”. Otherwise they would form with às =Q a set 
of multipliers for Fıs, as one readily sees by examining the accessory equations, 
and this is impossible since the extension of Hy. is normal on g'e” if the 
interval ı — h S g S q, + h is taken sufficiently small. 
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As an immediate consequence of this lemma we have the following 
corollary : 


COROLLARY. There is an interval 4, —hSaexS2,+h on which the 
determinant 
Yio, (z) Yit, (T) 


A s Wy T > 
60) Yiar (To) Yio.(%o) 


formed for a family of extremals yi = yi (£, a,b), Au(®,a,b) as described in 
the theorem of page 687, can not vanish for any pair of points (£o 2)=(#, 2”). 


The solutions 4i, pa of the accessory equations are all expressible in the 
form 


(138) = Yio, + Aryiny Ma = Cran, + didat 
as was indicated on page 727. If A(2”,2’,a,b)—0 for points a’, 2” on the 
interval 2, —hS s Æ t, + h then there would be constants cr, de not all zero 
such that the solution (138) has m(x) = m(x”) = 0, and by the lemma it 
would follow that ņ; == ua = 0. In that case the corresponding functions 

Ei == CeVia, + Arvio, = Qy,! 
would also vanish identically, which is impossible since the determinant 

° 


Yio, Yib, 
Via, Viby 








of page 687 is by hypothesis different from zero. 


CHAPTER V. 


HISTORICAL REMARKS. 


A complete history of the problem of Lagrange would require an extensive 
presentation. The remarks in the following paragraphs are a sketch only of 
the development of the theory, in which an effort will be made to point out 
the memoirs which have been especially significant in the preparation of this 
paper. For more detailed references one should consult the articles on the 
calculus of variations in the Encyclopddie der Mathematischen Wissenschaften 
by Kneser [1, II A 8] * and Zermelo and Hahn [1, TI A 8a], the translations 
and extensions of them by Lecat in the Encyclopédie des Sciences Mathé- 
matiques [2], and the treatise by Bolza [3]. 


* The numbers in square brackets refer to the following bibliography. 
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Euler [2, p. 119; 7, p. 114] and Lagrange [8, I, p. 347] both studied 
special cases of the Lagrange problem which led up to the formulation of the 
more general problem and its multiplier rule by Lagrange [8, X, p. 420]. 
The proof of the multiplier rule which Lagrange gave was incomplete. The 
missing details were provided by A. Mayer [9], Hilbert [10], and Kneser 
[11, Sections 57-8]. Hahn [12] extended to the multiplier rule for the 
problem of Mayer, which includes that of Lagrange as a special case, the 
methods which Du Bois Reymond had applied to simpler problems of the 
calculus of variations. The argument in the text above is new but was sug- 
gested by papers by, Hahn [13, p. 271] and Bliss [16]. 

The distinction between normal and abnormal minimizing ares seems to 
have been first mentioned by A. Mayer [9, p. 79] but was emphasized by 
von Escherich [17] in connection with his theory of the second variation 
where it played an important role. Hahn [18, p. 152] adopts the definition 
of von Escherich. The definitions in Sections 7 and 8 above are modeled 
after that of Bolza [19, p. 440] and are applied to simplify the proof of the 
multiplier rule in Section 15 for the case when the functions ġa contain no 
derivatives. 

The necessary condition analogous to that of Legendre for simpler 
problems was first proved for the problem of Lagrange by Clebsch [20] as 
one of the consequences of his rather elaborate theory of the second variation. 
The necessary condition analogous to that of Weierstrass seems to have been 
first proved by Hahn [21] who deduced therefrom the necessary condition 
of Clebsch without appeal to the theory of the second variation. The method 
in the text above is that of Bolza [22], who supplied a step missing in the 
proof of Hahn, but the method is here further simplified by the use of the 
auxiliary formulas of Section 21 which are generalizations of formulas em- 
phasized by Goursat [23, p. 566]. 

For the Lagrange problem the necessary condition for a minimum analo- 
gous to that of Jacobi for simpler problems is due to A. Mayer [24]. The 
envelope theorem and the associated geometric proof of the Mayer condition 
are the work of Kneser [25]. The method of the preceding pages for the 
development of Kneser’s theory is modeled after Bolza [26], but with sim- 
plifications due again to the use of the auxiliary formulas of Section 21. The 
analytic proof of the Mayer condition by means of the theory of the minimum 
problem of the second variation was suggested by Bliss [27] and applied to 
the Lagrange problem by D. M. Smith [28]. By this method the advantages 
of the analytic proof are preserved without the necessity of using any com- 
plicated theory of the transformation of the second variation. 
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The theory of the second variation has been elaborately developed by many 
writers. The most important of the early papers is that of Clebsch [29] in 
which he transformed the second variation into its so-called reduced form and 
derived therefrom his necessary condition analogous to that of Legendre for 
simpler problems. The methods of Clebsch were modified by A. Mayer [30] 
who proved the necessity of a condition analogous to that of Jacobi for 
simpler problems, the so-called condition of Mayer described in the preceding 
pages. In a series of papers von Escherich [31] discussed in great detail the 
theory of the second variation and the various consequences which can be de- 
duced from it. A condensed treatment of his theory is given by Bolza [32]. 
Hahn [33] showed the relationship between the theory of the second varia- 
tion and certain aspects of the theories of Weierstrass as extended to the 
problem of Lagrange. The theory of the second variation takes a relatively 
simple form when it is viewed from the stand-point of the theory of the 
minimum problem of the second variation, as has been shown by Bliss 
[27, 34, 35]. 

The best reference for the sufficiency theorems in Chapter IV above is 
Bolza [86] to whom the precise formulation of the theorems and many details 
of the proofs are due. The properties of fields and their relation to the in- 
variant integral analogous to that of Hilbert for simpler cases were first dis- 
cussed by A. Mayer [37], and further material pertinent to the sufficiency 
proofs was discussed by Bolza [38] and Carathéodory [39]. The reader may 
refer to Kneser [11, 2d ed., pp. 290 ff.] for sufficiency proofs for the Mayer 
problem, and to Bliss [35] for a proof of the integral formula of Weierstrass 
and other properties of fields for the Lagrange problem. 
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Finite Geometries and the Theory of Groups.” 
l By R. D. CARMICHAEL. 


x 


Introduction. ` 


The general purpose of this memoir is to exhibit the close contact which 
exists between the finite projective geometries PG (k, p”) and the theory of 
finite groups and to utilize the geometry in constructing permutation groups 
and in investigating their properties. Special attention is given to the case 
of multiply transitive permutation groups. 

In the first division (§§ 1-6) a representation is given of the finite pro- 
jective geometries PG(k, p”) by means of Abelian groups of type (1,1,1,- - -) 
and order p“*!)™ where p is prime. For the purpose of effecting this repre- 
sentation a system of coördinates for denoting the elements of such an Abelian 
group is introduced by means of the marks of the Galois field GF[p”]. It is 
believed that these codrdinates will be found useful for other purposes than 
those to which they are here put. They are used to aid in the selection and 
definition of a normal set of subgroups, which subgroups are interpreted as 
the points of a finite projective geometry PG (k, p”) of k dimensions. The 
elements themselves of the given Abelian group then become the points of a 
Euclidean geometry HG(k-+-1,p") of &-+1 dimensions. The theory of 
the finite geometries thus becomes available for developing the theory of 
Abelian groups of type (1,1,1,:--), and gice versa. In particular, it is 
shown in § 6 that every theorem relating to a general projective space or a 
proper projective space or a modular projective space or a rational modular 
projective space (in the sense of Veblen and Young, l.c.) may be translated 
into a theorem about Abelian groups of type (1,1,1,---). Thus by a single 
act of thought a significant extension is given to the theory of Abelian groups 
and a method is made apparent by which the theory may be further developed. 

By means of the coördinates introduced in § 2 to denote the elements of 
an Abelian group @ of order p“". and of type (1,1,1,- +) analytical 
representations are set up in the second division of the memoir (88 7-11 ) 
for the group of isomorphisms of the named Abelian group and for its holo- 
morph. These representations afford generalisations of known results. In- 
cidentally to the study of certain subgroups of the group of isomorphisms a 
generalisation of the Betti-Mathieu group appears (§9). Finally, in the 


* Presented to the American Mathematical Society (Kansas City), Dec. 29, 1925. 
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last section of this division certain transformation groups in PG(k + 1, p") 
are formed from the earlier groups-in the division by aid of the interpretation 
of the given Abelian group by means of the Euclidean space EG(k + 1, p”). 

The third division of the memoir (§§ 12-14) is devoted to the develop- 
ment of certain central theorems concerning -collineation groups in the finite 
geometries and their subgroups. The main results are given in the first and 
third theorems of § 12 and the first theorem of § 13. The results include and 
generalise several known theorems concerning doubly transitive and triply 
transitive groups. In particular the existence is shown of several infinite 
classes of triply transitive and of doubly transitive groups, including certain 
such classes already known. Moreover, infinite classes of simply transitive 
primitive groups are also exhibited. It is proved that there is no upper limit 
K to the number of primitive groups (of varying degrees \ in a set of primitive 
groups each of which is simply isomorphic with each of the others in the set. 
Furthermore, it is shown that, for every integer L there exist integers s[t] 
such that the number of the doubly transitive [triply transitive] groups of 
degree s[¢] is greater than L. 


J. REPRESENTATION OF THE FINITE PROJECTIVE GEOMETRIES PG (k, p”) 
i BY MEANS OF ABELIAN GROUPS: 


1. The Finite Projective Geometry PG(k,p"). Let p be any prime 
number and & be any positive integer. Let us consider the Abelian group 
Gs of order p*1 and type (1,1,1, - +). Every element of this group except 
the identity is of order p. The number of these elements is pP? —1. Each 
of them generates a subgroup of order p, the same subgroup being generated 
by each of p—1 different elements. Hence the group Grka contains 


(p11) /(p—1), or itptp te tpt, 


distinct subgroups of order p. The totality of these subgroups contains all 
the elements of Gr; and no two of these subgroups have any element in 
common except identity. . 

Each of these subgroups of order p in Grau will be called a point in the 
finite geometry PG(k,p) which we are engaged in constructing. This k- 
dimensional finite geometry then contains just 1 + p + p? +-+ + p* points. 

Now consider any two points of the PG (k, p). From the group-theoretic 
point of view they are two subgroups of Gr+ of order p. The group generated 
by them is of order p? and type (1,1). It contains 1+ p subgroups of 
order p; and no two of these subgroups have any element in common except 
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identity. From the geometric point of view these 1 + p subgroups are 1 -+ p 
points of the PG(k,p). We shall say that they form a line in the PG (k, p). 
Thus any two points in P@(k,p) determine a line of PG(k, p), and this 
line has just 1 + p points on it. We shall denote by AB the line containing 
the two distinct points A and B. 

Let us determine the number of lines in PG(k, p). In determining a 
line we may select a first point in 1 -+ p -+ p? +- -+ p” ways and then a 
second point in p -+ p?-+----+ pë ways. But this procedure will select the 
same line in as many ways as two points on it may be chosen in an assigned 
order. The first point may be taken in 1 -+ p ways and then the second in 
p ways. Hence the number of lines in PG(k, p) is 

(i-+ptete te) (pte tw) /A+ Pp 
or 


(pet — 1) (p* —1)/(p? —1) (p—1). 


This of course is the same as the number of subgroups of order p? in Ges. 

An m-dimensional space in PG(k,p), mk, may now be defined as 
the set of points each of which is identified with the corresponding subgroup 
of order p in a given subgroup of Gis: of order p™*1, its type of course being 
necessarily (1,1,1,:- +). For m= 2 we have the case of a plane. The 
number of points in the m-dimensional space is 


1+r+pP +: . -+ p”. 


It is obvious that this m-dimensional space is completely determined by any 
m--1 of its points so selected that they do not all lie in any (m—1)- 
dimensional space. 

In this m-dimensional space PG@(m,) there are included (m —1)- 
dimensional spaces PG(m—J1,p). Let us consider any such space Sm. of 
m — 1 dimensions, m now being greater than 1; and let P be a point not 
in Sm+. Let T be the set of points each of which is collinear (on the same 
line) with P and some point of Sm... From the group-theoretic interpretation 
it is clear that the set of points 7’ constitute an m-dimensional space PG(m, p). 
Thus we may have an inductive definition of the points of a space of m di- 
mensions. A point is a O-space. If Pi, Pat +--+, Pma are points not all in 
the same (m — 1)-space, then the set of all points each of which is collinear 
with Pm» and some point of the (m —1)-space (Pı, Ps,- +--+, Pm) is the 
m-space (Pi, Pat + >, Pma). It is obvious that this inductive definition is 
equivalent to the definition already given. 

The number of ways in which m + 1 points may be selected in a given 
order so that they do not all lie in any (m — 1)-dimensional space is 
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the factors of this expression in the order written being the number of ways 
in which the first point, the second point,- --, the (m + 1)-th point, re- 
spectively, may be selected. The number of ways in which m +1 points of 
a given PG(m,p) may be selected in a given order so that they do not all 
lie on any (m—1)-dimensional space is 


CP ee) Pan a oe) 
x (p? + p? + p”) s. (pri + p™) pm. 
It is obvious that the number of m-dimensional spaces PG(m, p) in the given 
PG(k, p) is the quotient of the first of the two foregoing products divided 
by the second; this quotient may be written in the form 


(ph — 1) (pt —1) (p I) «(perm — 1) 
(pt — 1) (p™ — 1) (p —1)- + (g —1) (p—4) ' 
This of course is the same as the number of subgroups in Gr of order pt, 
When m + 1 generators of Gz are selected for generating the subgroups 
corresponding to a given P@(m,p) there are left in Gy. k— m other inde- 
pendent generators independent of the m+ 4 already employed. These ‘give 
rise to a PG(k— m — 1, p). Thence we see that the number of m-spaces in 
PG(k, p) is the same as the number of (k-—-m-——1)-spaces. In particular, 
the number of points in a plane is equal to the number of lines in the plane. 
Veblen and Bussey * define a finite projective geometry in the following 
way. It consists of a set of elements, called points for suggestiveness, which 
are subject to the following five conditions or postulates: 


I. The set contains a finite number (> 2) of points. It contains one 
or more subsets called lines, each of which contains at least three points. 

II. If A and B are distinct points, there is one and only one line that 
contains both A and B. 

III. If A, B, C are non-collinear points and if a line J contains a point 
D of the line AB and a point E of the line BC but does not contain A or B 
or C, then the line ! contains a point F of the line C/A. 

IV; If m is an integer less than k, not all of the points considered are 
in the same m-space. 

Vx. If IV» is satisfied, there exists in the set of points considered no 
(k + 1)-space. 


#0. Veblen and W. H. Bussey, “Finite Projeetive Geometries,” Transactions of 
the American Mathematical Society, Vol. 7 (1906), pp. 241-259. 
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The geometry so defined is a geometry of k-dimensional space. 

In this system of postulates the terms point and line are left undefined. 
A point is called a 0-space and a line is called a 1-space. Spaces of higher 
dimensions are defined inductively by the method which we have already 
shown to be equivalent to our first definition of an m-space. To show that 
the set of points which we have defined constitute a finite projective geometry 
it is therefore sufficient to prove that each of the foregoing postulates is 
satisfied. From the properties of the group Gai it follows at once that 
postulates I, II, IVz, Vz are satisfied by the set of points in PG(k,p). It 
remains to show that postulate III is verified. For this purpose let a, b, c 
be generators of the subgroups of Qk» corresponding to the points A, B, C 
respectively. Then the groups corresponding to the points of the lines AB, 
BC, CA have respectively as generators the elements 


auhpı, l beça, cYsam, 


where each exponent belongs to the set 0, 1, 2, +- +, p— 1 and at least one 
exponent in the symbol for each generator is different from zero. If a gen- 
erator of the group corresponding to D in the postulate is a*b® then both 
a and ß belong to the set 1, 2,-- +, p— 1, since D is different from A and B. 
Likewise both p and o in a generator bPc” of the group corresponding to E 
belong to the set 1, 2, *, p—1. -Then the line DE corresponds to the 
group {a®bP, brer}. The elements in this group are ad DM ber cH where 
A and „ range independently over the set 0,1, 2,- -, p— 1. Now à and p, 
both different form zero, exist such that AB + »p==0 modulo p. The corres- 
ponding element of the group is then ac". This generates a group corres- ' 
ponding to a point on the line AC; it is different from A and C since each 
of the numbers «, c, A, m is incongruent to zero modulo p. This is the point 
F common to DE and CA whose existence is asserted by postulate III. Hence 
the set of points in our PG(k,p) satisfies the foregoing postulates and there- 
fore constitutes a finite projective geometry.* 

It is desirable to introduce homogeneous coördinates for representing the 
points in the finite projective geometry PG (k, p). For this purpose let us 
consider a set of k + 1 independent generators a, da, Ge,‘ * "ax of the group 
Gr. Then the elements of this group are all represented uniquely by the 
set of symbols 

AAA. + + aye 


* The special case of the geometry PG (3,2) is treated briefly in a manner similar 
to the foregoing by U. G. Mitchell in his dissertation (footnote on p. 34). 
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where po, Bis" * *, pe Tun independently over the set 0, 1,2, ,p—1 of 
p numbers. An element of G+ may therefore be denoted uniquely by the 
symbol 

{H0, Pay Ha)” * Hk} 


where each u is a number of the set 0, 1, 2,- - +, p — 1, provided it is under- 
stood that the symbol represents the product aoa,“ - - ax, the as forming 
a fixed set of independent generators of Gia. Two such symbols are to be 
considered equivalent if their corresponding elements are congruent modulo p. - 
For the multiplication of these symbols (corresponding to multiplication of 
elements in Gk) we obviously have the following formula 


{po Bas ' 4 "5 pey {vo Yi’ i "vor = {uo + Pos par + Yo’ 5 > pk + ve}. 


Now consider the set of elements 


{upo Plas” * " Mr} 


where yo; pry‘ * *, pp Constitute a fixed set of k + 1 numbers taken modulo p 
and not all of them are congruent to zero modulo p, „ being a variable integer 
taken modulo p.. It is easy to see that this set of elements forms a group of 
order p having {, pu’ * *, ur} for a generator. This group may be denoted 
by the symbol 


(Ho Pas’ " "5 pn). 


The same group is also represented by the symbol 


(pos pas’ * *, pek) 


provided only that p is a fixed integer incongruent to zero modulo p. The 
corresponding point will be denoted by the symbol 


(Ho, Hay" * * > Me) 


and ko Br" * *, px Will be called homogeneous coördinates of the point. The 
condition that such a symbol shall represent a point is that the ws shall be 
integers and that one of them at least shall be different from zero modulo p. 
Two such symbols represent the same point if the corresponding coördinates 
are proportional modulo p. Except for this factor of proportionality there is 
thus a unique correspondence between the points of PG (k, p) and the symbols 
which represent them by means of codrdinates. 


2. Generalization to the Finite Projective Geometry PG (k, p”). Let us 
consider more generally an Abelian group Guin of order p#D” and type 
(1, 1, 1.- -), p being a prime number and k and n being any positive in- 
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tegers. The points of our finite geometry PG (k, p”) are to be certain sub- 
groups of Gaya of order p”. To begin with, these subgroups* are to be 
selected in such a way { that no two of them shall have any element in common 
except identity and so that the set shall contain all the elements of Garin 
‘The number of elements other than identity in @@syn is pet?" — 1; and the 
number of such elements in a subgroup of order p” is p»—-1. Hence a set 
of subgroups of G@uiyn of order p” and having the properties named will 
consist of 


(p Dn — 1)/(p" — 1), or 1 +. p” -} p?” + eae 8 + per, 


subgroups. Therefore the k-dimensional geometry PG (k, p”), to be defined, 
will consist of 1 + p” + p?” -+> +--+ p* points. 

In order to select an appropriate set of subgroups of order p” for the 
purpose in hand we shall first develop a method of representing the elements 
of Gan by means of the marks of a Galois field, thus generalizing the 
results at the end of the preceding section. This mode of representing the 
elements of an Abelian group of type (1,1,1,---) we shall find useful for 
other purposes besides the geometrical one which now engages our attention. 

Let us denote a set of (4-+1)n independent generating elements of 
G an by 

Gory Qoz, Goa," °°» ony 
lir Ging Gia,’ © t, Gin, 


Okt Oa, VER BR 3 Qin. 
Then every element in Gouin may be represented uniquely in the form 
k 
II Aif lias + + Fr 
i=0 
where the exponents s are integers taken modulo p. The element denoted by 
this product for a fixed set of exponents s will be represented by the symbol 
{uo Bi Bor’ * 5 Ar} 
where u (t= 0,1, 2,- ++, k) denotes that mark of the Galois field GF[p"] 
which may be written in the form 


Hi = Sta F Sizo + Sign” He + + + Sino, 


* The special case when p=2 and k= I is treated incidentally (in a different 
manner) by L. E. Dickson, Bulletin of the American Mathematical Society, Ser. 2, 
Vol. 11 (1905), pp. 177-179. 

T See G. A. Miller, Bulletin of the American Mathematical Society, Ser. 2, Vol. 12 
(1906), pp. 446-449, for theorems relating to this problem. 
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o being a fixed primitive mark of GF[p"]. This correspondence of elements 
and symbois is unique in the sense that to each element there corresponds 
a single symbol and to each symbol there corresponds a single element. 

For the multiplication of these symbols, corresponding to the multiplica- 
tion of elements in Gaus)n, we have the following obvious formula: 


{uo Bay" * 7 Bud {Vo vo" * + y Ve} = {Bo F Yos pa F vat °° pe + vehe ; 


Now suppose that po, p1 * © "; pe is a fixed set of k + 1 marks of GF[p"], 
at least one of them being different from zero; and consider the set of 
elements j 


{upos HPs © " > Kir} 


where w is a variable running over the p” marks of GF[p"]. It is obvious 
that the elements in this set are all distinct and that their number is p”. 
Moreover, the product of any two of them is in the set, as one sees immediately 
from the law of multiplication and the properties of the marks of a Galois 
field. This set of elements therefore constitutes a subgroup of Gan of order 
p”. It is easy to see that the elements 


{wno otm,’ j ', ote} (i =0, 1,2, '„n— l1), 


constitute a set of independent generators of this subgroup. If o is any non- 
zero mark of the Galois field the same subgroup obviously consists of the set 
of elements | 


{popio, pops," © * y MO}; 


¿œ varifying as before. The subgroup itself may therefore be represented by 
the. symbol 


(Ho, M1," * pi) 


where po, Bi, °° `, #e are interpreted as the “homogeneous coördinates ” of 
the subgroup. On multiplying each of the coördinates by one and the same 
non-zero mark of the field we have merely proportional homogeneous coördi- 
nates of the same subgroup. To each set of ordered coördinates, one at least 
of the coördinates being different from zero, there corresponds a subgroup of 
Gin Of order p”, u 

The number of subgroups in the set denoted by (po Ai," © +, mx) for 
varying ws is readily determined. Each symbol » may be chosen in p” in- 
dependent ways except that they cannot all be zero. Hence the number of 
choices is p#»” — 1. To obtain the number of subgroups we must divide 
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this by the number p” — 1 of possible factors of proportionality in the various 
notations for the same group. Hence the number of groups in our set is 


(parr — 1)/(p® — 1), or 1 -+ p” + p?” -+ en -|- oe, 


Once Gas has been given, this selection of groups depends on two 
things: the ordered set of (k +1)n independent generators and the primi- 
tive mark e by means of which the marks »; were first introduced. With 
reference to this selected basis of determination we shall call the set of sub- 
groups just determined a normal set. By means of other sets of generators 
and other primitive marks we might in certain cases select other normal sets 
of subgroups of Gasa. Since we shall use the same basis throughout this 
memoir we shall speak of the foregoing normal set of subgroups without 
reference to the basis on which it has been defined. 

For the case n = 1, it is to be observed, a subgroup of a normal set is 
simply any subgroup of order p. 

No two subgroups of a normal set have any element in common except 
identity, as one may readily prove by means of the symbols which represent 
their elements. Moreover a given element of Gauiyn occurs In some subgroup 
of a normal set. Hence the subgroups of a normal set have the properties 
demanded at the beginning of the section for points. Accordingly for the 
points of PG(k, p”) we take the subgroups of a normal set of subgroups of 
Gasyn. That the latter group has (when n > 1) other subgroups of the 
same order p” will not concern us at the present. 

We shall represent a point of PG (k, p”) by the same symbol 


(Ho; Hay’ © "5 Mr) 


as we have already employed to denote the subgroup of order p” which we 
identify with this point. Thus we have a set of homogeneous coördinates 
to represent the points of PG (k, p”), each one of the coördinates being a mark 
of GFIp"). 

An m-dimensional space, or an m-space, in P@(k, p”), m Sk, may now 
be defined as the set of points corresponding to the groups of a normal set 
of subgroups of Gasiyn Which are contained as subgroups in the group gen- 
erated by m-+-1 of the groups of a normal set, these m + 1 groups being | 
such that no one of them is contained in the group generated by the other m. 
A point will be called a 0-space; a 1-space will be called a line; a 2-space we 
will call a plane. It is clear that this definition is again equivalent to the 
inductive definition given in $1 for the special case when n—=1. 

To show that the P@(k,p”) is a finite projective geometry in the sense 

6 
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of Veblen and Bussey we have now only to prove that the postulates given 
in $1 are verified when interpreted as referring to our PG(k,p"). That 
postulates I, II, IV}, Vz hold is immediately obvious. It remains only to 
verify postulate III. 

Í For this purpose consider three non-collinear points A, B, C and let 


(Mo, Gi," * t, ak) (Bo, Bu‘ ` "s Br) (Yo Ys” i "5 ye) 


respectively be their codrdinates. Then a point D on the line AB determined 
by the points A and B has the coördinates 


(2a + BBo, 24, + BBi,* © +, Aak + BBx) 


where « and 3 are marks of GF[p"]. A necessary and sufficient condition that 
this point shall be different from ‘A and B is that both « and 8 shall be dif- 
‘ferent from zero. Hence we take them to be different from zero. Likewise 
a point E on BC has the coördinates 


(pBo + oY0; pP1 + oyn’ ts ppe + Tyk) 


where p and o are marks of GF[p"]. We take p and o to be both different 
from zero so that E shall be different from both B and C. -Now a point on 
the line DE has the coördinates 


(Acido -+ ABBo + mpßo + moro,” * +, AGM, + ABBE + upße -+ poyr) 


where A and p are marks of GF[p"]. Since 8 and p are both different from 
. zero there exist non-zero marks A and a such that A8 + pp is zero. For such 
a pair of values of A and yw the corresponding point F of DE has the coördinates 


(ARIK + poy,” * ACM poyre). 


This F is a point on the line CA; and it is different from both C and A, 
since each of the marks «, 8, A, m is different from zero. From the relation 
thus established among the points A, B, C, D, E, F it is seen that postulate 
III is verified. 

Hence, the P@(k, p”), as we have defined it, is a finite projective geo- 
metry in the sense of Veblen and Bussey. 

Veblen and Bussey (Joc. cit.) proved that when k > 2 every finite pro- 
jective k-dimensional geometry satisfying the definition which we have repro- 
duced in §1 is a geometry of points whose homogeneous coördinates may he 
taken as the marks of GF[p*] in precisely the same way as we have used 
homogeneous coördinates to represent the points of our PG(k,p"). This 
justifies us in using for these geometries the symbol P@(k, p”) already em- 
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ployed by Veblen and Bussey. Moreover, we may say that the foregoing 
group-theoretic construction of PG(k,p") affords an interpretation in the 
theory of Abelian groups of type (1,1,1,: >) of every possible finite pro- 
jective geometry of more than two dimensions. We shall not now treat the 
problem of possible group-theoretic interpretations of the remaining finite 
geometries, namely, certain of those of two dimensions. 

It is now evident that every theorem relating to PG (k, p") can be trans- 
lated into a corresponding theorem about the group Gaayn. We shall illus- 
trate the remark by so interpreting the following geometric theorem: 


If Land m are positive integers less than k and such that I- m — k 
=r Z 0, then, in the gwen k-space, an I-space and an m-space have at least 
an v-space in common. 


The group-theoretic interpretation is as follows: 

Let S1, S2,° ° +, Sta be any t+ 1 subgroups of a normal set of subgroups 
of Gain such that no one of them is contained in the group generated by 
the other 7, and let c, o2,° © *, om: be a like set of m-+1 such subgroups. 
Then, if | < k, m < k, l+-m—k =r = 0, the groups {S1 S27 + +, Sia} and 
{o1, 03° © ",0m,1} contain at least r- 1 subgroups of a normal set such that 
no one of these subgroups is contained in the group generated by the re- 
maining r of them. 

The number of m-spaces PG(m, p"), m < k, contained in the given 
k-space PGi(k,p") is readily determined in the general case by the same 
method as that employed in §1 for the special case n==1. This number 
turns out to be 


(gern a 1) (pm ans 1) (pen __ 1): <3 (pemn fie 1) 

(pmt+Dn RE 1) (pm a 1) (porbn DE 1): a “(p" TA 1) 2 

In the foregoing part of the section we have given an analytic method 

for determining normal sets of subgroups of G@iyn, It is desirable to have 

such a set characterised by means of properties which are immediately group- 

theoretic in their character. The subgroups of a given normal set have the 
following properties and mutual relations, as we have already seen: 


1) Each of these subgroups is of order p”. . 

2) No two of these subgroups have a common element except identity. 
3) Any given element of Gyn is contained in some subgroup of a 
normal set. . 

4) If A, B, C are three subgroups of a normal set such that no one of 
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them is in the group generated by the other two, and if D is a 
subgroup of the group {A,B} and is different from A and B and 
belongs to the normal set, and finally if E is a subgroup of the 
group {B,C} and is different from B and C and belongs to the 
normal set, then the groups {C,A} and {D,E} have in common 
a group F which belongs to the normal set. 


Now any set of subgroups of Gun which have these properties alone 
clearly satisfy the five defining postulates given in §1. They therefore afford 
a representation of a finite geometry. But Veblen and Bussey (loc. cit.) have 
‘shown that every ‘finite projective k-dimensional geometry satisfying the 

definition reproduced in § 1 is a P@(k, p”), in the sense of their use of this 
‘symbol, provided that k > 2. Hence one can introduce coördinates into this 
geometry by means of the marks of a Galois field. On doing this in the case 
of the given group-theoretic representation of the geometry we exhibit the 
set of subgroups involved as a normal set in accordance with the definition 
of such a set. Therefore when k > 2 the properties 1), 2), 3), 4) of a normal 
set of subgroups furnish a complete group-theoretic characterization of such 
a set. The conclusion will also hold for k==1 or 2 if we suppose that the 
normal set of subgroups is so chosen that it may be taken as a part of the 
normal set of subgroups in a group of order p*” and. type (1, 1,14,- > +) which 
contains the given group Ggayn for k == 1 or 2. 
Consider now the PG (k -+ 1, p”) whose points are denoted by the symbols 
(po Hu” "> Baer) Where each » is a mark of GF[p"]. Those points for 
which pri is different from zero constitute the Euclidean finite geometry 
'EG(k +1, p”), this being obtained by omitting from PG(k + 1, p”) those 
points for which the last coördinate is zero. For the points of ZG(k + 1, p”) 
we may take ux = 1. Then the coördinates po, a," * -, x may be taken as 
the non-homogeneous coördinates of points in EG(% +1, p”). Such a point 
(Ro; Has" * *s Pæ 1) may then be identified with the element {uo au * *, pe} 
of Gamin Hence the elements of this group may be taken as the points of 
the Euclidean finite geometry EG(k +1, p”). Hence the theorems in the 
latter geometry may be interpreted as theorems concerning the elements of 
Gern. 


3. The Principle of Duality. The principle of duality is valid in the 
finite geometry PG(k, p”). If 1 is less than k the dual of the set of I-spaces 
in PG@(k, p*) is the set of (k—1— 1)-spaces. In particular the dual of the 
set of points in PG (k, p”) is the set of (k—-1)-spaces contained in the given 
k-space. Since the number of elements [J-spaces] in a set of subspaces is’ 


w 
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equal to the number of elements [(k—1-—1)-spaces] in the dual set of 
spaces, it follows in particular that the number of subgroups of a normal set 
of subgroups of Gian is equal to the number of subgroups each of which 
is generated by k— 1 independent subgroups of the normal set. For n==1 
this reduces to the well known theorem that the number of subgroups of order 
p in an Abelian group of order p**! and type (1,1,1, +) is equal to the 
number of subgroups of index p. , More generally, if J is less than k +1 the 
number of subgroups of order p? in this group Grn is equal to the number 
of subgroups of index p? 

In general every theorem about the Abelian group of order p” and type 
(1, 1, 1,:--), which is capable of interpretation as a theorem in a finite 
geometry PG@(k,p"), may be dualized. It will thus lead to a new theorem 
about the Abelian group, except in the special. case when the theorem is its 
own dual. For the purpose of obtaining these theorems about a given Abelian 
group of order p” and type (1, 1, 1,- + +), one may construct a corresponding 
geometry PG(k,p") for every pair of positive integral values of k and n 
such that (k-++-1)n—m. Thus if m is highly composite the given Abelian 
group may be investigated by means of any one of several finite geometries 
constructed in the manner indicated. The case k+I=m and »=1 will 
be especially useful for this purpose since in this case the normal set of sub- 
groups consists of all the subgroups of order p. 

From the principle of duality it follows that one of the requirements for 
points named at the beginning of § 2 is superfluous, at least, in the form there 
stated. It was prescribed that the subgroups which were to represent points 
were to be selected in such a way that no two of them should have any element 
in common except identity. Now that the geometry has been constructed a 
new one can be made from it such that the points in the new geometry are 
the dual elements of the points in the old geometry. In this new geometry 
two given points, when considered as subgroups, will have elements in common 
besides the identity. And yet the new geometry will serve a well as a 
means of investigating the given Abelian group. 

Once this general principle of duality in the theory of Abelian groups 
is recognized, a number of properties of these groups heretofore discovered 
become almost or quite obvious, since a fundamental reason for their ap- 
pearance is manifest. 


4. The Complete Quadrangle. In the finite projective geometries 
PG(k,p*) there is an important distinction to be made according as the 
prime p is equal to 2 or is odd. This distinction was investigated by Veblen 
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and Bussey in the article cited. They showed (p. 245) that the diagonal 
points of a complete quadrangle are collinear when p = 2 and are non-collinear 
when p is an odd prime. Thus an important and simple geometric fact 
sharply distinguishes between the two named cases of these finite geometries. 

This difference in the geometries (for the two cases) must be reflected 
in an important way in the theory of Abelian groups of order p™ and type 
(1,1,1,---). Early in the development of the theory of these groups it was 
noticed that their properties differ owing to whether p is 2 or is an odd prime. 
From our geometric interpretation and the facts just stated (in this section), 
the fundamental basis for this difference is apparent. Hence, in investigating 
these groups, one will now know precisely from what place to begin to develop 
those features of the theory which depend on the even or odd character of p. 

For the case of the Abelian group Gas, with the geometry PG(k, p”) 
constructed from it, the distinguishing difference of the two cases may be 
stated in group-theory language as follows (it being assumed now that k > 1): 
Let A, B, C, D be four subgroups of a normal set of subgroups of Gigai» 
such that no one of them is contained in the group generated by another 
two while D is contained in the group {A, B, C}. Let E be the (unique) 
subgroup of the normal set common to the groups {A, B} and {C, D}, F that 
common to the groups {A, C} and {B, D} and @ that common to the groups 
{A, D} and {B,C}. Then each of the subgroups E, F, G is in the subgroup 
generated by the other two when and only when p==2. 

A large part of the theory of the geometry PG (k, p”) can be developed 
independently of any hypothesis as to the collinearity or noncollinearity of 
the diagonal points of a complete quadrangle (see §6 of this paper). These 
theorems will give rise to corresponding theorems about Abelian groups of 
order p” and type (1, 1, 1,- -) which are independent of the odd or even 
character of p. 


m 


5. The Theorems of Desargues and Pascal. As an example of another 
interesting theorem in the theory of groups obtained from a geometric fact, 
let us consider the following. 

The theorem of Desargues, which is valid in the PG (k, p”), may be stated 
thus. Let ABC and abc be two triangles in the same plane and let them be 
perspective from a point O so that O, A, a are collinear, O, B, b are collinear, 
and O, C, c are collinear. Let y be the point of intersection of AB and ab, 
ß that of AC and ac, and « that of BC and be. Then the points «, 8, y are 
collinear. 

Let us translate this result into a theorem concerning the Abelian group 
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Gn Viewed as indicated in §2 in the light afforded by the geometry 
PG(k, p”), it being assumed now that k > 1. 

Let A, B, C be three subgroups of a normal set of subgroups of G kryn 
such that no one of them is in the group generated by the other two. We 
select other subgroups of the normal set as follows, each of them to be in 
the group {A, B, C}: O is any such subgroup which is not contained in any 
one of the groups {A, B}, {B,C}, (C, A}; a, b, c are such subgroups different 
from O, A, B, © and contained respectively in the groups {0, A}, {0, B}, 
{0,C}. Let y, « 8 be the subgroups of the normal set of sub-subgroups 
common to the respective pairs of groups . 


{4, B}, {a,b}; {B,C}, {b,c}; {0,4}, {ca}. 


Then each of the subgroups «, 8, y is in the subgroup generated by the 
other two. 

The generalizations of the theorem of Desargues to higher dimensions 
yield likewise interesting theorems concerning Abelian groups. As phrased 
abstractly tne theorems seem to be rather complicated; but in their geometric 
formulation they are easily comprehended and retained in mind. 

As affording a final illustration of this method of translating geometric 
theorems into theorems about Abelian groups, let us consider the following 
which gives rise to the configuration of Pappus (Veblen and Young, Pro- 
jective Geometry, Vol. I, p. 98). If A, B, O are any three distinct points 
ot a line J, and A’, B’, C’, are any three additional distinct points on another 
line U’ meeting / in O, the three points y, «, 8 of intersection of the respective 
pairs of lines 

AB’, £B; BC’, BC; CA’, (A 
are collinear. 
Translating as in the previous case we have the following theorem: ° 


Let O, A, A’ be three subgroups of a normal set of subgroups of Guarin 
such that no one of them is in the group generated by the other two. Let 
B and C be two additional subgroups contained in the group {0, A} and 
belonging to the normal set, and B’ and C be two additional such subgroups 
contained in the group {0,A’}, these groups being existent when and only 
when p” > 2 and k >i. Let y, a, B be the subgroups of the normal set which 
are common to the respectwe pairs of groups 


(A, BY}, {A’, B}; {B,C}, {B.C}; {0,4}, {07,4}. 


š 


Then each of the subgroups a, B, y is in the subgroup generated by the 
other two. i 
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6. Geometries Affording Applications to Abelian Groups. The analysis 
and development of projective geometry given by O. Veblen and J. W. Young 
(Projective Geometry, Vol. I, 1910; Vol. II, 1918) afford a convenient means 
of ascertaining what geometries have direct applications to the theory of 
Abelian groups by means of the representations of finite geometries given 
in the foregoing pages. In vol. II (p. 36) of this work, Veblen describes nine. 
classes of geometries characterized by means of the assumptions which underlie 
them. Using capital letters to denote the assumptions and employing the 
notation of Veblen and Young (see the index to vol. II under the word 
“ Assumption ”), we select for our purpose four of these geometries as follows: 
A space satisfying Assumptions 


A, E is a general projective space; 
A,E,P is a proper projective space; 

A,E,H is a modular projective space; 

A, E, H,Q is a rational modular projective space. 


It is easy to verify that the assumptions involved in these four geometries 
are all valid in the case of the geometry PG (k, p”), except that Q is valid 
when and only when n==1. Since the points of this geometry have been 
represented by certain subgroups of the Abelian group Gryn, it follows that 
every theorem in any one of the four geometries named is capable of immediate 
translation into a theorem: concerning the given Abelian group. In many 
cases a single theorem is capable of being so translated in a variety of ways, 
there being at least one such translation for every factorization of the number 
(k+ 1)n into a product of two factors & +1 and n such that k and n are 
positive integers. 

Hach of the four geometries may be divided into two parts. In one part 
we have the assumption Ho, namely: 

Hy. The diagonal points of a complete quadrangle are noncollinear. ` 
. In the other we have the assumption that these diagonal points are collinear. 
The consequences of this latter assumption are not developed in detail by 
Veblen and Young, but many of the theorems given as dependent on A, E, 
P, Hy (so far as the given proofs go) are provable without the use of He 
(cf. vol. I, p. 261, exercise). We have seen (§ 4) that Hp is valid in PG(k, p”) 
when and only when the prime p is different from 2. 

Now in volume I of the work named no assumptions are used except 
those which are valid for P@(k, p”). Hence every theorem in volume I may 
be translated, in the way indicated, into a theorem about Abelian groups. 
The same remarks may be made about certain parts of volume II, and in 
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particular about chapter III and the first part of chapter IV. It is thus 
apparent that our representation of the PG (k, p”) by means of Abelian groups 
carries at once a large part of the results of projective geometry into the 
domain of Abelian groups and that they there become theorems aboüt Abelian 
groups. Thus by a single act of thought a significant extension is given to 
the theory of Abelian groups and a method is made apparent by which the 
theory may be further developed. 


Note on a Certain Generalization of the Preceding Results. Let us now 
consider more generally an Abelian group A whose order is a power of a 
prime p and whose type is (Mi, Ma,‘ °°, Mann). Let us denote a set of 
independent generators of A by 


foi, G Qoz Goa, mrs lons 
11) Qiz; a133 RRAS 3 lins 
kis Une, Ans,’ " *, Akns 


these being chosen so that ai; is of period p™'=, Then every element of A may 
be represented uniquely in the form 


k 
II llas liasta o 8 « Qin? 
i=0 

where the exponent s;; is a number of the set 0, 1, 2, + -, prims.— 1. 


Consider the following subset of these elements, namely, 


k 
TI Qilli > + Aint 
4=0 , 
where each o runs over the set 0,1,2,:' -,p—1, or more generally the 
exponent oi; runs over the set Jp for !=0,1,2,: : ',p—1, the fixed 


integer ai; being non-negative and less than Mins An element of this sort, 
for the fixed set of exponents o;;, 


oij == Lip, 


the ai; and the ai; having been chosen once for all, may be uniquely repre- 
sented by the symbol 


{Hoy Bip’ "> Mr} 


where wi (t==0,1,2,---,%) denotes that mark of the Galois field GF[p"] 
which may be written in the form 


mi ==Liy + bio + bio! + + Imarl, 
w being a fixed primitive mark of GF[p"]. - 
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Now let xo, #1, ° ° *, ux be a fixed set of k + 1 marks of the field GF[p"], 
at least one of them being different from zero; and consider the set of elements 


{upo Bay" "> Mi} 


where » is a variable running over the p”— 1 non-zero marks of GF[p"]. 
These elements generate a certain subgroup of A which we denote by the 
symbol (umo i,’ ',#r)e The same subgroup is denoted by the symbol 
(opo, ep‘ © *, opr) Where o is any non-zero mark of GF[p"]. The total set 
of such subgroups we will call a normal set of subgroups of A. 

The subgroups each of which is denoted by a symbol of the type 
(Pos ki‘ " "> A) Will be taken as the points of the geometry we are con- 
structing. The point corresponding to the subgroup (po, Ai’. *, pr) Will 
be denoted by the symbol (uo, A’ °°, me), and po, wr,‘ * +, pe Will be called 
. the homogeneous coordinates of the point. In the geometry thus constructed 
the points are denoted by the same symbols as those employed in § 2 in con- 
structing the geometry PG (k, p”) and the number system (the Galois field 
GF[p"]) bears the same relation to the geometry in the new case as in the 
old. Hence the two geometries are abstractly the same. That is to say, the 
geometry constructed in this note is but another concrete representation of 
the abstract geometry PG (k, p”). 

From this it follows that certain properties of the group A in the en 
case are identical with those for the special case when the type is (1,1,1,° ©), 
namely, those properties which may be expressed in terms of the points (and 
classes of points—lines, etc.) of the geometry PG(k,p”). For the sake of 
simplicity we shall deal with the special case when the group is of type 
(1,1,1,° - +); but the results will have the obvious extension indicated. 


IT. GROUPS or ISOMORPHISMS OF ABELIAN GROUPS OF Typs (1,1,1,:- -). 


Y. Relation between the Groups GLH{k + 1, p*} and I. Let Gasın as 
before be an Abelian group of order p+!) and type (1, 1,1,- +). We denote 
it more simply by G when there is no danger of confusion. Let Z denote the 
group of isomorphisms of G. As in the earlier part of § 2 we denote an ele- 
ment of this group by the symbol {zo, 2, &,' * +, £p} where 2, %,° °°, Th 
are marks of the Galois field GF[p”]. 

Let us consider a linear homogeneous transformation 


ay! = 3 ij}, (t= 0,1,2,---+,&), 


on the marks of this symbol, the Bo ai; being marks of ole") and, 
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the determinant | ai; | of this transformation being different from zero. If 
{Zo 21,‘ * °, 2x} runs over all the elements of the group @ it is clear that 
(zo, @’,° °°, 2x} likewise runs over all these elements. The transformation 
thus establishes a one-to-one correspondence of the elements of the group to 
its elements in some order. In each of these the identity corresponds to itself. 
Moreover, if {po #1," °°, pn} and {vo v1," °°, vwe} corresponds respectively 
to {uo ms sum} and {vo, v1’, - +, %’}, then the product {yo + ro’ °°, 
pu + ve} of the first pair of elements corresponds to the product {p0 + vott 
pe ++ v7} of the corresponding (second) pair. Hence the correspondence of 
elements brought about by the given linear substitution effects an isomorphism 
of the group with itself. It is obvious that two distinct transformations effect 
different isomorphisms. Now the totality of linear homogeneous transforma- 
tions of the given type constitutes the general linear homogeneous group 
GLH{k + 1, p"} on k + 1 indices with coefficients in the Galois field GF'[p"]. 
It is well known (and easily proved) that the order of this group is 


(pDn 2 1) (pn sm n) (ppn RE p2») e a'e’ (p™ Dn Sule per) 2 


This is a factor of the order 


(p&rbe nm 1) (go ner p) (ppn — p): :- (p (k+1)n — pikrl)n-1) 


of the group I of isomorphisms of @; and it is a proper factor except when 
n=1. Hence we have a proof of the known result that GLH{k + 1, p"} 
is a subgroup of I; it is a proper subgroup when and only when n > 1. 

Let us consider more closely isomorphisms of G with itself which are 
effected by the named GDH{k-+-1, p"}. Let {no p° + +, pe} be any element 
of @ other than the identity and let {uo, u’, > -,px’} be the element to 
which it corresponds under a given substitution belonging to GLH{k + 1, p"}. 
Then the element {po, Mpi *** , ppr} corresponds to the element 
{upo Mars" © +, 4px} under the same substitution. Hence the subgroup 
(ko, as’ * ", ur) corresponds to the subgroup (uo, a,‘ °°, pe’). Therefore 
every substitution in the group GLH{k + 1, p”} effects an isomorphism of G 
with itself such that every subgroup of the corresponding normal set of sub- 
groups corresponds to a subgroup of this set. Moreover, the multiplication 
of each coefficient a;; in the transformation by one and the same non-zero 
mark p of the field gives a new transformation in which the’ correspondence 
of subgroups of the normal set as subgroups is unaltered while any other 
modification of the transformation, resulting in another transformation be- 
longing to the group GLH {k + 1, p"} leads to a diferent correspondence of 
the subgroups as such. 


- 
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Now. the group GLH{k +1, p"} has (p”— 1,1) isomorphism with the 
group P(k, p”) formed from the substitutions in GLH{k + 1, p"} by treating 
Zo, Tı, * °°, a8 the homogeneous codrdinates in P@(k, p”), so that a sub- 
stitution is now unchanged by multiplying each of its coefficients by one and 
the same non-zero mark p of the field. This group P(k, p”). is the projective 
group in PG(k, p”). From the result of the previous paragraph it follows 
that each substitution of the group P (k, p”) carries a subgroup of the normal 
set of subgroups into such a subgroup.. Expressed geometrically this means 
that it transforms among themselves the points of the PG (k, p”). 

When viewed geometrically, it is obvious that the group P (k, p”) also 
transforms planes into planes, 3-spaces into 3-spaces, and so on—facts which 
might be expressed also in the language of group theory. Thus a given sub- 
stitution of P(k, p”) makes any given group generated by two subgroups 
of a normal set correspond to a group generated by two such subgroups; it 
also makes any given subgroups generated by three subgroups of the normal 
set correspond to a subgroup generated by three such subgroups; and so on. 


8. ‘Analytical Representations of the Group I of Isomorphisms of G. 
Let us consider the more general transformation . 


n k : 
=) > Ai isu j?"", (t= 0,1,2,°--,&), 


s=1 j=0 
where the coefficients aij; are marks of GF[p"] such that these transformation 
equations have a unique solution for the symbols a; in terms of the symbols 
ay’. If . 


k 
Di! = > bijet", (i= 0,1,2, k), 


is a second transformation of the same kind, then the product of the two may 
be written in the form ` 


n k n k 
si =) D tyul È bport) 
s=1 j=0 =l X0 


= a ui = R-S 203-0 
= DF D uyl D dr) 
s=1 j=0 o=1 A=0 ? 
n k n k 2 
=5 > Ds 
o=1 A=0 ‘ext j=l , 
n k ar a 
= 2 2 Az, (0, dey ade) 


the œs being. defined in a way which is obvious from a comparison of the 
last two members of the equation in the light of the fact that sw” =s. Thus 
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the product of two transformations of the class in consideration belongs also 
to the class. The named class of transformations therefore constitutes a group. 
This we shall call the group T. We shall prove that T, when interpreted as 
in the next paragraph, is identical with the group I of isomorphisms of G 
with itself. This result is known already for the case k==0 and for the case 
n=]. 

Let (po, wm, an} and {w, vi," tave} be the elements corre- 
sponding to {uo Ri,‘ * *, pn} and {vos v1,° * ', vey respectively under the given 
transformation with coefficients «ij. Then under the same transformation 
we have 


n k 
mil evs = DDL tijelu + v7") 


s=1 j=0 


n k 
=) 2 Gigs (my + vi)", =, 1, Zu ‘,k). 
s=1 j=0 
Hence {po + vo, © +, yx’ + vr } corresponds to {uo + vo," + +, we + ve} under 
the same transformation. Thence we see that if two given elements of G 
correspond respectively to two other given elements of G under a given trans- 
formation of 7, then under the same transformation the product of the first 
pair of elements of Œ corresponds to the product of the second pair. Hence 
the substitution sets up an isomorphism of G with itself. Hence 7’ is con- 
tained in the group I of isomorphisms of G. It remains to show that every 
element of I is in T. 
For the latter purpose it is convenient to represent the group T in a 
different form.“ Let o be a primitive mark of GF'[p"]. Then any mark of 
GIF [p"] may be written in the form 


ytret yaw? bb yaw 
where each y: is a mark of GF[p] and hence is an integer taken modulo p. 
Then we may write 
n-i n-1 


n-1 
um. éno, =D Fact, Ms D Mine‘, 
A=0 A=0 A=0 


where the éin éin Gijan are integers taken modulo p. Then the transforma- 
tion + of T, which has the coefficients @ijs, may be written in the form 


* The argument here is similar to that employed on pp. 69-70, of Dickson’s Linear 
Groups. 
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nl n-1 Er 
= Aizsnw ( 2 E, yoo!) ? 
n-1 n-1 

z 2 Qijsréju pe rr 
A=zQ f= 

n-i n-1 


> > Bigsrjpot” N, 
A\=0 2=0 


M 
wre 
z 
| 
Ms 
Mz 


i 
© 
“ 

ii 
H 
= 

u 
© 


i of 
3 i Ms 
o 


co 
n 
pan 
~ 
li 
© 


(1==0, 1,2, +, k). 


Now every power of o can be expressed linearly in terms of o°, ol, @2,* - * ‚ar 


with coefficients which are integers taken modulo p, since w satisfies an equa- 
tion of degree n with coefficients which are integers taken modulo p. On 
effecting this reduction we may write the last equation in the form 


n-1 j n-1 n-1 k ; 
2 i007 = > > Ci guosjpw’, (= 0, 1, 2, 0, k), 
si > HzO g=1 j=0 
where the &ijpo are integers taken modulo p. Equating coefficients of like 
powers of œ we have 


n-i k 
fa 2 à men (1==0, 1,2, k; A=0,1, 2,- ,n— 1). 


Thus we have a linear transformation on the (k+ i)n quantities &;,, the 
`- coefficients of the transformation being integers taken modulo p. Since the 
zı are uniquely expressible in terms of the g; it follows that the éi are 
uniquely expressible in terms of the €; and thence that the transformation 
on the é’s is non-singular. 

Now the totality of such linear transformations on the é: is simply 
isomorphic with the group J of isomorphisms of G, as we see from the result 
at the end of the second paragraph of § 7 with n taken equal to 1. Hence in 
order to complete the proof that 7’ is the group of isomorphisms of G it is 
sufficient to prove that each non-singular transformation on the éin, such as 
the foregoing, is equivalent to a corresponding transformation in 7’. 

In order to attain this end let the last foregoing transformation now be 
any non-singular linear transformation on the én with coefficients which are 
integers taken modulo p. Change A to o, in the resulting equation (for fixed c) 
multiply both sides by w°, then sum as to o from 0 to n—-1. Thus we have 
the next preceding system of equations. From it we can go to the one which 
next precedes it provided that we are able to write 

n-1 n-1 k n k 
> > >, Gi jpokjpo? = > > 2 > Gijsr€jpot” ">, (t= 0, 1.2: sh); 
#=0 0=1 J=0 s=1 j=0 A=0 4=0 


where the coefficients aijs, are integers taken modulo p. If we have this 
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relation we can readily continue the reverse transformations through the 
equations written till we reach a transformation in the group T and having 
the coefficients aijs, these being marks in GF[p"]. Hence, in order to show 
that every non-singular linear transformation on the gin (of the type in con- 
sideration) leads to a transformation of the group T it is sufficient to prove 
the existence of the integers aijs, modulo p such that the last foregoing 
system of equations reduces to an identity in the jp. For this purpose it is 
necessary and sufficient to show that integers aij, modulo p exists such that 
the equation 


n-1 n nl 


> Cijpow? == D D dijo?" 
g=0 s=1 A=0 


is valid for each set of values i, j, p Let us write 


n-1 
EP HA puoso, 
o=0 
where the coefficients puesı are integers taken modulo p. Then for the 
existence of the quantities aijs, it is necessary and sufficient that we have the 


relations 

> > Pnosı lijs = Kijpo 

s=1 X=0 
for every 4, f, mo. If iand j are held fixed, these become n? equations in 
the n? unknown quantities aijs,, s==1,2,--°,n, X=0,1,-°-,n—1. In 
order that they shall have a solution it is sufficient that their determinant D 
shall not vanish modulo p. 

In order to prove that D does not vanish modulo p we shall show that 

we are led to a contradiction if we suppose that D=0 mod p. If D=0 
mod p then integers zs) exist, not all congruent to zero modulo p, such that 


R n- 


1 
2 Storno = 0, (m, o = 0,1,2,° ° + ,n— 1). 
For fixed « multiply both members by w”; then, summing as to e we have 
a result which may be put in the form 


n n-i 


n-1 
= È ta È prsno” = 0, (u= 0, 1, 2, “,p—1); 


or, in view of the definition of the quantities p, 
n I-u 


D D tote == 0 ; 
s=1 A=0 
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% 


or, ; 
Š ori S tao) = 0, (u=0,1,°°--,2—1). 
s=1 A=0 ; 

Now no given one of the sums in the parenthesis can be zero unless every ter 
in that sum is zero. Hence, since not every ts, is zero, one at least of these 
sums in the parenthesis is different from zero. Then the consistency of the 
foregoing system of equations requires that the determinant _ 


1 1 E ë Aaea 1 

we" we" Gee ka o? 
Am | om weer aP re WP 

o PD pr omp onI Ba . this orp 


shall vanish. But this determinant is, apart from a constant factor, equal to 
a product of factors each of which is of the form 


we, (a, 8 = 1,2,--:,n—1, a8). 


But, since œ is a primitive mark of GF'[p”], no one of these factors can vanish. 
Hence A +4 0 in GF[p"]. We have been led to this contradiction by assuming 
that D=0 mod p. Hence this congruence is not valid. 

Summing up the argument, we have the following result: 


The group T, defined and interpreted at the beginning of this section, 
is identical with the group I of isomorphisms of the Abelian group G of type 
(1,1, +>). 


If the group @ is of order p” then we have a different analytical repre- 
sentation of the group I of isomorphisms of G for each factorization of m 
in the form (k-+1)n. For the group I itself we have the simplest repre- 
sentation when n—1. The different possible representations, however, will 
furnish varying information (as we shall see later) concerning various sub- 
groups of J. : 


9. On Certain Subgroups of I. When the group I of isomorphisms of @ 
is written in the form of the transformation group T in GF[p"], certain 
interesting classes of subgroups become obvious. To construct the first one 
of these classes we proceed as follows. Let d be any divisor of n and write 
n = dv. Then in the typical transformation of T put aij equal to zero when 
s is not divisible by d. Then the transformation takes the special form 


et ee ee, : 
Ti =) D din? > (i= 0, 1, 2,- i ", k). 
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The product of this transformation by another of the same form may be 
written as a transformation of this form, the method of reduction being the 
same as that employed at the beginning of §8. The named transformations 
therefore form a group Ta which is a subgroup of the group T, and hence 
(under the interpretation used in § 8) a subgroup of the group I of iso- 
morphisms of G. It is obvious that 7, is identical with T. 

The group Ta thus formed is a generalization of the Betti-Mathieu group 
(see Dickson’s Linear Groups, pp. 64-70). Just as the Betti-Mathieu group 
may be identified with a linear homogeneous group (Dickson, I. c., p. 69), 
so can its generalization Tg be similarly identified with a like group. The 
argument is a generalization of one employed in the preceding section, whence 
it is sufficient merely to outline it., 

Let w be a primitive mark of GF[p"]. Then any mark of GF[p”] may 
be written in the form i 


yo + yow et o H yrat 


where each y; is a mark of GF[p*]. Then we may write — 
p-1 ; v-1 v-1 
t= Deno, t= Deno, dize =D Gijno, 
Azo A=0 A=0 


where the éin, fin Gij are marks of GF[p*]. The argument now proceeds 
in the same way as in the previous case and we find that 


Eac Samiım Gl sk, A=—O,1,-- rl), 
=O 5=0 l 

where the &;;., are marks of GF[p%]. Thus a given transformation in Ta 
can be put into the form just written. Conversely, any transformation of 
the latter form ean be put into the form of a transformation of Ta, the method 
of proof being that employed in the preceding section. 

We have thus exhibited the group Ta as a homogeneous linear group in 
the Galois field GF[p?]. . 

We shall now determine certain subgroups of I yielding point trans- 
formations in PG(k, p”). Let us consider the transformation 


k 
Wu, (i=0,1,-- -,k), 
I= 


belonging to the group T of §8. On combining this transformation with the 
similar transformation 


xi 5 2 Ripa”, (i= 0, Ly? ® gels 
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we have 
i’ == ` 
j=0 
k 


k 
=2 Dd aip” ran” 
=O g=0 


k k 
Z ajel = Binan)” 


where the exponent r + ¢, when not less than n, is to reduced modulo n. 

From this it follows that the foregoing set of transformations forms a 
group T if the coefficients aj: are marks of GF[p"] and £ varies over the set 
0,1,2,- © + ,n— 1. If dis any divisor of n and ¢ ranges over the multiples 
of d in the set 0,1,2,° * *,n—1 we have a subgroup Ta of the group I. 
Thus we have a group Ta for each divisor d of n. Evidently T, is the same 
as T. We denote by T, the group in which ¢ has the value 0 alone, this being 
a linear group. 

Now in any particular transformation of T the quantities x enter homo- 
geneously. Hence T has (p”— 1,1) isomorphism with the group of point 
transformations which it generates in PG (k, p”). This group of point-trans- 
formations we shall denote by O (k, p”). The subgroup corresponding to the 
subgroup Ta of T we shall denote by Ca(k, p”). The groups Ca(k, p”) are 
groups of point-transformations in P@(k,p*). The group (C)(%, p”) is 
identical with the projective group P(k,p") which we encountered in § 7. 
We shall return in § 12 to a further study of these groups, 


10. The Holomorph of G. The set of transformations of the form 
vif = Ti + 4i, (i= 0, 1,- : 5.70); 


where the a; are marks of GF[p"], clearly form an Abelian group G of order 
p®*Dr and type (1,1,1,°  :). It is therefore simply isomorphic with the 
given Abelian group Gand may be taken as a representation of it. The group 
generated by this group and group T of § 8 is therefore a representation of 
the holomorph of G—a fact which generalizes a well-known result (see for 
instance Burnside’s Theory of Groups, 2nd ed’n, p. 245). The holomorph of 
G may therefore be represented by the set of non-singular transformations 
each of which has the form 


n k 
Ci = = 2 535% ge" + ti, (i= 0, 1,20%; k), 
s=1 j=0 
where the a’s are marks of GF[p"]. For n=1 this is a well-known result. 
The transformation group so defined will be represented by the symbol H. 
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It is well-known that the group @ is a self-conjugate subgroup of H. 
It is therefore a self-conjugate subgroup of every subgroup of H which con- 
tains G. In particular G is transformed into itself by the group Ts defined 
in §9. Hence the group {Tu G} is a subgroup of H of the same index as 
that Ta in T. We thus have a ready means of constructing it. Certain of 
its subgroups are obvious, namely those of the form {Te, Gi} where Gi is a 
subgroup of G. An analytical representation of {T., @} is afforded by the 
set of non-singular transformations 


j P En dw-t) e 
t= > Üijtt;?” + ai, (1== 0, Ies -s k), 
=1 j=0 


of 


where the a’s are marks of GF[p"] and d is any factor of n. 

Again we can form other subgroups of H in a similar manner by taking 
the groups Ta of § 9 and combining each of them with G. The forms of the 
analytical representations of these groups are obvious. 


11. Certain Homogeneous Groups Suggested by T and H. At the end 
of § 2 we saw that the points of the Euclidean finite geometry EG (k + 1, p”) 
may be identified with the elements of the group Gas”. Hence the group J 
of isomorphisms of G41)n may be considered as a group of point transforma- 
tions in EG(k + 1, p”). This suggests the derivation of homogeneous groups 
from T and H and their subgroups and the interpretation of these in 
PG(k-+1,p"). Accordingly we shall consider the homogeneous group whose 
transformations are of the form 

af = X mpap” g > > ligati ap, POOP OO ZUR ane, 
z yo (é~=0,1,2,-- -,h), 


J dw-D 
E tal = Er? > 


where d is any positive integral divisor of n and n== dy (it being understood 
that the second summation in the first of these equations is to be omitted 
when v==1). When one of the variables a. and =’. is 1 (or 0) the other 
has the same value. Therefore the given transformation transforms the points 
(20%, ° ` *, a, 1) of EG(k +1, p”) according to the same permutation as 
that by which the corresponding transformation in {Ta, G} (obtained by 
replacing 21 by 1) transforms the elements of Gaæsn when denoted by 
coördinates as in $2. The fixed PG (k, p”), namely xx, = 0, is transformed 
by the foregoing substitution according to the substitution 


, id d(y-1) . 
Tti =) liji? 2 (0, Leng 2 ',k), 
3=0 ee 


it being assumed that the aij, are now such that this transformation is non- 
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singular. The total homogeneous group whose transformations are of the 
form of the first foregoing substitution on To, 21,‘ * *,%% we shall denote 
by Ha; the subgroup in the transformations of which each a; is zero we shall 
denote by Ta. These are the transformation groups on the points of 
PG(k + 1, p”) which are suggested by the non-homogeneous groups of §§ 8-10. 
The case when d==1 deserves special attention on’ account of its connection 
with the group of isomorphisms and the holomorph of Giren 

It is obvious that there exists in PG(k +1,p") a similar group for 
every k-space and corresponding Euclidean space in this (k + 1)-space, such 
k-space in the new group playing the role which the k-space a1 0 plays 
in the group as originally defined. 


III. /COLLINEATION GROUPS. ` 


12. The Collinention Group in PG(k, p”). We shall now prove the 
following theorem concerning the collineation group in PG (k, p”) and certain 
of its subgroups. 


THEOREM I. The collineation group C(k, p”) in PG(k, p”) is repre- 
sented analytically by the homogeneous transformations 
: , 
(A) pts = D Biya”, (i =0,1,- i "sk, stage 1: ', n—1), 
ee 


where the Bijr are marks of GF'|p"] such that the determinant 


Boor Borr . . >» Borr 
Bior Birr g car oa Bikr 


Bror Bhar so Biker 


is different from zero for each value of 7. Its order is n times the order of 
its projective subgroup P (k, p”), or Co(k, p”), made up of those transforma- 
tions of (A) in each of which r==0 and is therefore * 


nu( pein — 1) pen (gen — 1) peda (pe Da 1) « - p?» (p21) gn 
ne —1)} TI (ps pm). 
The group © is generated by Co and the collineation 
pi’ = TP, (i=0,1,''',k). 
The last element transforms Co into itself. 


* Compare Dickson’s Linear Groups, p. 87. Our group P(k,pn) is equivalent to 
the group of linear fractional transformations here treated by Dickson. 
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If d is any proper divisor of n, then we have a subgroup Ca(k, p") of 
C(k,p") (with C.==C) generated by Co and the collineation 


d i P 
pEr == vi” , (i= 0, 1, > 5h); 


and Oa is of index din O. The transformations in Ca are of the form of (A) 
with the restriction on r that it shall be confined to the multiples of d belonging 
to the sequence 0,1, >°, ,n— 1. 

Those transformations in Ca whose determinants A, are (k + 1)-th powers 
in GF[p"] form a subgroup Ca(k, p”) of Ca of index p where p is the greatest 
common divisor of k+ 1 and p” — 1. 

The projective group P (k, p"), considered as a permutation group on the 
points of PG (k, p”), is triply transitive when k= 1 and is doubly transitive 
when k >1. The same property of transitivity belongs to each of. the pre- 
viously named groups which contains P (k, p*) as a subgroup. 

The group Calk, p”) is doubly transitive, when considered as a permuta- 
tion group on the points of PG(k, p”). 

Finally, in a special case, we have another subgroup of C defined as follows. 
Let kk +1 be a divisor of n, and let o be a fixed divisor of n/(k +1). More- 
over, let k-+1 be a factor of pP —1. Any multiple of o in the set 
0,1, + +, n— 1 can be written in just one way in the form {(k + 1)s + a}o 
where 0S ak and s is a non-negative integer. For every such multiple 
of o form the entire set of homogeneous transformations 


k+1) 8+ : ` 
{Ds pas (i=0, 1, k), 


k 

(B) ptr = 2 Bijsaty” 
in which each determinant | Bijsa | of a transformation (s and a being fixed 
for a particular determinant) is equal to w% times a (k+ 1)-th power in 
GF[p"], o being a primitive mark of GF[p"]. The totality of these trans- 
formations forms a subgroup Ho(k, p”) of C which is of index (k -+ 1)o in C. 
Moreover Ho is contained in Co and is of index k+1% Co. The group 
lo is generated by Co and the transformations of the form 


(C) pTi uch Pe (Peele. (i= 0, 1, er, k), 


where to +t,+:-+++i==«mod (k + 1). When considered as a permuta- 
talion group on the points of PG(k, p”), the group Ho(k, p”) is triply transi- 
tive when k==1 and is doubly transitive when k > 1. 

The collineation group described in the first paragraph of the theorem 
is the group to which we were led in $9 in treating the subgroups of the 
group T of isomorphisms of G. It is an easy step to prove that the group is 


774 CARMICHAEL: Finite Geometries and the Theory of Groups. 


a collineation group. To prove that it contains all collineations in P@(k, p”) 
is more difficult. But this has been effected by Veblen * through the aid of 
earlier work by Veblen and Bussey and by Levi. The result stated in the 
first paragraph of the theorem is therefore already known. 

The proof of the statement in the second paragraph is omitted since it is 
almost immediate. 

I£ two substitutions in Ca have their determinants equal to (k-- 1)-th 
powers, then their product has its determinant equal to a (k + 1)-th power, 
as one may prove easily by combining these substitutions and making use of 
the fact that the p-th power of a determinant D whose elements are in 
GF[p"] is equal to the determinant D whose elements are the p-th powers 
of the corresponding elements of D. This proves the existence of the sub- 
group named in the third paragraph of the theorem. That this subgroup 
is of index p in Ca is proved in general by the same method as that employed 
by Dickson (1. c., p. 87) for the case of the group Oo. 

The transitivity properties named in the fourth paragraph are immediate 
consequences of the fact that there exists in P(k, p”) a transformation which 
carries any k + 2 points of PG(k, p”), no k +1 of which are on the same 
(% —-1)-space, into any like set of k +2 points. 

To show that Cg is doubly transitive we note first that the transformation 
(A) carries the points (1,0,0,---,0) and (0,1,0,- -,0) into the points 


(Boor; Bior” i *, Bror) and (Boirs Bur’ x >, Baar) 


respectively. Call these the points C and D respectively. The transformation 
may be chosen so that C and D are any two assigned points of P@(k, pr). 
Since C and D are different points there exist integers A and p such that the 
determinant Bror Burr — Brrr Buor is different from zero. Suppose now that 
& > 1. From the transformations (A) which carry the first named points 
into C and D respectively choose one as follows: take Bysr = 0 = Bus; for 
s = 2,3, +,h; choose the remaining Ai; for which j > 1 so as to give to 
the determinant A, any preassigned value different from zero. It is obvious 
that this can be done. Hence the choice of the f’s and r can be made so that 
the transformation (A) thus constructed belongs to the group Cy. Hence the 
group Oa(k,p") is doubly transitive when k>1. It is well known (cf. 
Dickson, J. c., p. 261) and is easily proved that it is doubly transitive when 
k=1. Hence the group Ga is doubly transitive in all cases. 

Tt remains to prove the statements in the last paragraph of the theorem. 

To show that the system of transformations named constitute a group, 


* Transactions of the American Mathematical Society, Vol. 8 (1907 ), pp. 366-368. 
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consider two transformations of the named form, in one of which s and @ are 
replaced by sı and a, and in the other of which they are replaced by sz and a. 
The product of these two transformations (in one order) may, be written in 
the form 


k k ; 
pai 3 Bitmas | È Biroa (ADe) armen) 
5-0 8=0 
k k 
(k+L ata 10 R (K+) (Srta) tartraat 
ET È Buma (Bimma PS) aye meter 


for i= 0, E -- k. It is easy to see that the determinant of this product 
transformation can be written as a product of determinants in the form 


| Bisex, | . | Bia | of tD stgo 


Now the exponent on the second determinant is congruent to 1 modulo Æ -+ 1 
since 9° — 1 is divisible by k +1. Hence the determinant of the last written 
transformation is of the form of a (k-+1)-th power in @F[p"] times 
| Biss, |* | Bipssa |- But these two determinants (by hypothesis) are equal 
to (k -+1)-th powers in the GF [p"] times w% and w® respectively. Hence 
the determinant of the product transformation is equal to a (k -+ 1)-th power 
in GF[p™] times o%*%, From this and the fact that n is a multiple of 
(k+ i)e it follows that the product transformation belongs to the set of 
transformations defined in the last paragraph of the theorem. That set 
therefore forms a group Ho. It is obviously contained in C. 

It is obvious that a general transformation (B) of Ho may be multiplied 
by a suitable transformation (C) so as to produce a transformation belonging 
to Co. From this and the fact that every transformation (C) is in Ho it 
follows readily that Ho has the named generators. 

It is obvious that Ho(k, p”) is a subgroup of Co(k, p”). Moreover the 
general transformation in Co has its determinant restricted to be different 
trom zero while a like transformation in He has a further restriction that 
the value of its determinant shall be of a certain form relative to (k + 1)-th 
powers so that the possible values for the determinants of transformations 
in Co of given form are k + 1 times as many in number as the possible values 
for the determinants of the corresponding transformations in He. From this 
it follows without difficulty that Ho is of index k +1 in Go. It is therefore 
of index (k-+1)o in O. 

It remains to establish the transitivity properties of the group Ho(k, p”). 
For the case k=1 the group was investigated by E. Mathieu.* In particular, 


* Journal de Mathématiques, Ser. 2, Vol. 6 (1861), pp. 241-323. 
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he proved (p. 264) that it is triply transitive. Hence it remains to consider 
the case in which k > 1. In this case the same argument can be used as 
that by means of which the double transitivity of Oa was established and with 
the conclusion that Ho(k, p”) is doubly transitive when k > 1. 

This completes the proof of the theorem. 

The transformation groups appearing in the foregoing theorem have been 
interpreted in it as permutation groups on the points of PG(k,p"). But 
these groups transform lines into lines; hence they transform the m-spaces 
PG(m, p") contained in PG(k, p”) among themselves for each value m of 
the set 0,1,2,---+,4—-1. (Here we are taking k to be greater than 1.) 
Hence they may be interpreted as permutation groups on the symbols denoting 
the m-spaces for each particular value of m. 

In particular, the (4—1)-spaces are transformed among themselves. 
The corresponding permutation group is of the same degree as that on the 
points of PG(k, p”), since the number of (4-—1)-spaces in P@(k, p”) is 
equal to the number of points in this %-space. In view of the principle of 
duality it is not difficult to show that the two permutation groups arising 
from C (k, p”) are identical as permutation groups; for every transformation 
(A) on the points of PG(k, p") can be expressed in the form of a trans- 
formation of the same general type on the coördinates which represent in a 
dual way the (k—1)-spaces PG(k—1, p"). in PG(k, p”). Moreover, the 
transformations (A) themselves set up a one-to-one correspondence among 
the elements of C (k, p”) when interpreted on the one hand as permutations 
on the points of PG(k, p”) and on the other hand as permutations on the 
(k —1)-spaces in PG(k, p"). Furthermore it may be seen that this corre- 
spondence is not the identical correspondence; for there are transformations 
leaving fixed the (k—1)-space a0 without leaving fixed any point of 
PG(k,p"). Detailed evidence of this fact will appear in the next section; 
it is involved in the fact that both the subspace v4 = 0 and the corresponding 
Euclidean space EG (k, p”) may have all its points permuted among themselves 
by one and the same transformation of O (k, p”). 

The results of the last paragraph may be generalized to the case of 
i-spaces and their duals the (4 —1 —1)-spaces. Each of these sets of spaces 
is permuted by the transformations of C(k,p") and the two permutation 
groups thus arising are identical as permutation groups. Again the simple 
isomorphism which is established between them is not the identical iso- 
morphism, except in the special case of a self-dual set of spaces. This may 
‘ be seen by observing that a space of the one type may be held fixed while no 
space of the other type is held fixed. 
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Hence we have the following theorem: 


Treorem II. The collineation group C (k, p”) (when k.> 1) transforms 
the (k—1)-spaces PG(k—1,p") in PG(k, p”) according to the same per- 
mutation group as that according to which it transforms the points of 
PG(k, p*) ; it sets up a simple isomorphism of this permutation group with 
itself which is different from the identical isomorphism. More generally it 
sets up a like correspondence between two identical permutation groups the 
letters of one of which are the symbols for the l-spaces of PG(k, p”) while 
the letters of the other are the symbols for the dual (k —1—1)-spaces (except 
that the isomorphism may be identical in the case of self-dual spaces). These 
several permutation groups (of different degrees) are all simply isomorphic 
since each of them is simply isomorphic with C (k, p”) üself. 

It is obvious that similar results may be established for each of the sub- 
groups of O(k, p*) described in theorem I. Of particular interest is the 
corresponding theorem for the case of the projective group P (k, p”). Thus 
theorem II becomes a new theorem of interest if throughout it we replace 
C(k, p”) by.P (k, p”) wherever the former. occurs. 


For the case when k>1 the lines of PG(k, p”) are permuted among 
themselves by P(k, p”), or C(k, p”), according to a transitive group, since 
any k +2 points no k+ 1 of which are on a (4 —1)-space may be trans- 
formed into such a set of k +2 points by either of the named groups. If 
k > 2 the PG(k, p”) has pairs of intersecting lines and pairs of lines which 
do not intersect: since a pair of one of these sorts can not be transformed 
into a pair of the other sort, it follows that this permutation group on the 
lines of PG(k, p”) can not be doubly transitive when k > 2. When k= 2 
the lines are transformed according to the same permutation group as the 
points, the latter being the dual of the former in this case. Hence the lines 
of PG(2, p”) are transformed among themselves according to a doubly transi- 
group both by C (2, p”) and by P(2, p”). 

More generally it may be shown in the same way that the m-spaces 
PG(m, p") in PG(k, p”), when m < k and k > 1, are permuted according 
to a transitive group by either P(k, p") or C(k,p"). If O< m < Wk this 
group is simply transitive since there exist two sorts of pairs of m-spaces, 
namely, pairs in which the two spaces intersect and those in which they do 
not intersect, and a pair of one sort can not be transformed into a pair of the 
other sort by either group in consideration. Thence by means of the principle 
of duality it is seen that this permutation group is also simply transitive when 
Yok <m <k—1. We have to consider further the case when k is even and 


778 CARMICHAEL: Finite Geometries and the Theory of Groups. 


m==14k. Since this case has already been treated when k= 2, we shall now 
suppose that k > 2. Then for this case we have m 2. It is clear, then, 
that there exist again two sorts of pairs of m-spaces, namely, pairs in which 
the elements have an (m-—1)-space in common and pairs in which the 
common elements constitute a space of fewer dimensions. Since a pair of 
one of these sorts can not be transformed into a pair of the other sort by 
either P (k, p”) or O (k, p”) we conclude in this case also that the permutation 
group on the m-spaces as symbols is simply transitive. 

We shall now show that the permutation group generated in the m-spaces 
by P(k, p”), and hence that generated by C(k, p”), is primitive. Since the 
group is doubly transitive when m == 0 or k— 1 we may confine ourselves to 
the case in which 0 < m < k— 1. We assume that the group is imprimitive 
and show that we are thus led to a contradiction. Since the m-spaces in any 
given (m + 1)-space of PG(k, p”) are permuted among themselves in a doubly 
transitive way by the subgroup which leaves this (m + 1)-space invariant, 
it follows that the m-spaces in any given (m + 1)-space must all belong to 
the same set of imprimitivity. Thence it follows that the set of imprimitivity 
to which any given m-space M belongs must contain all the m-spaces included 
in the totality of (m + 1)-spaces each of which contains M. Iim-+1<k 
fix attention on all the (m -+ 1)-spaces containing M and lying in one and 
the same (m +- 2)-space, and also all the (m -+ 1)-spaces in this (m + 2)- 
space and containing any m-space already obtained by this process of con- 
struction. Since every two (m-+1)-spaces in the (m + 2)-space contain 
an m-space in common it follows that the named process brings into considera- 
tion all the (m -+ 1)-spaces in the given (m + 2)-space. Hence every m-space 
in the (m -+ 2)-space belongs to the same set of imprimitivity as M itself. 
IE m +2 < k one can prove in a similar manner that the set of imprimitivity 
containing M contains also all m-spaces in a given (m + 3)-space containing 
the given (m -+ 2)-space; and so on. Hence the given set of imprimitivity 
contains all the m-spaces in PG (k, p”). Since this is impossible for a set of 
imprimitivity, we conclude that the permutation group in question is primitive. 

Gathering up the results, we have the following theorem: 


THEOREM IIT. When k >1 the collineation group C(k, p*), or its pro- 
jective subgroup P(k, p”), transforms the m-spaces of PG(k,p"), m < k, 
according to a primitive permutation group; this group is doubly transitive 
when m =Q or k—1, otherwise it is simply transitive. 


From theorems IT and III and from the groups Ca(&, p”) of theorem I 
we have the following theorem as an obvious corollary: 
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Turorem IV. There is no upper limit K to the number of primitive 
groups (of varying degrees) in a set of primitive groups each group of which 
is simply isomorphic with each of the others in the set. For every integer L 
there exist integers s[t] such that the number of doubly transitie [triply 
transitive] groups of degree s[t] is greater than L. 


13. Collineation Groups Leaving Invariant an EG(k, p”). The groups 
described in theorem I of § 12 obviously have corresponding subgroups each of 
which leaves invariant a PG(k—i,p") in PG(k, p”). The points of 
PG(k, p”), not in a particular PG(k—1, p") contained in it, form a Bu- 
clidean finite geometry of p*" points; it is denoted by EG (k, p*). The named 
subgroups, leaving invariant a PG(k—1,p"), obviously transform among 
themselves the points of the corresponding EG (k, p*). Without real loss of 
generality we take the fixed PG(k—1, p”) to be that defined by the equation 
%==0. We then use EG (k, p”) for the corresponding Euclidean finite geom- 
etry. Concerning the named subgroups to which we are thus led, we have 
the following theorem which we shall now prove: 


THEOREM I. The collineation group C(k, p") has a subgroup EC (k, p”) 
whose transformations may be represented analytically in the form 


_ po a Brit?” ? : (Br Æ 0), 
(A) pea : 
pri = & Bisa? > (t= 1,2,°° ',k), 
where r runs over the sequence 0, 1,2," -,n— i. Its order is n times the 


order of its subgroup EP (k, p"), or ECo(k, p”), made up of those transforma- 
tions of (A) in each of which t ==0 and is therefore 
k-1 
np*” II (pin — pt”). 
4=0 
The group EC is generated by EC, and the collineation 
- pEr = TP, (1 = 0, 1,2, k). 


The last element transforms EO, into itself. 
If d is any proper divisor of n, then we have a subgroup ECa(k, p*) of 
EC (k, p”) (with EC, = EC) generated by EC, and the collineation 


T . 
Pr? = 2", (=0,1,2,°-,k); 


and ECa is of index d in EC. The transformations in ECa are of the form 
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of (A) with the restriction on r that it shall be confined to the multiples of d 
belonging to the sequence 0,1,2,--+,n—Jl. 

Those transformations in ECa whose determinants are (k + 1)-th powers 
in. GF[p"] form a subgroup ECa(k, p”) of ECa of index p where p is the 
greatest common divisor of k +1 and p"—1. 

The group EP(k,p"), considered as a permutation group on the pi 
points of EG(k, p”), is doubly transitiüe. Moreover, it is triply transitwe 
when k >i and p—=2. The same property of transitivity belongs to each 
of the previously named groups which contains EP (k, p”) as a subgroup. 

Considered as a permutation group on the p** points of HG(k, p”), the 
group ECa(k, p") is doubly transitive when k > 1 and also when k=1 and 
p=2; it is singly transitive when k =1 and p is an odd prime. This singly 
transitwe group is primitive. 

Finally, in a special case, we have another subgroup of EC defined as 
follows. Let k -+1 be a divisor of n and let o be a fixed digisor of n/(k +1). 
Moreover, let k +1 be a divisor of p—1. Any multiple of o in the set 
0,1,2,° + +,2—1 can be written in just one way in the form {(k+1)s+a}o 
where 0S ak and s is a non-negative integer. For every such multiple 
of « form the entire set of homogeneous transformations 


pl an Beate? NE : (Bsa of 0) i 


(B) pr; =X Bina p (D), (i= L 2, res, k), 
in which each determinant of a transformation is equal to œ% times a 
(k +1)-th power in GF[p"], w being a primitive mark of GF[p"]. The 
totality of these transformations forms a subgroup EHo(k, p”) of EC which 
is of index (k-+1)c in EC. Moreover, EHe is contained in ECo and is of 
index k+- icin ECo. The group EHo is generated by EC, and the trans- 
formations of the form 


(©) pti = wtig,? {mnayo i= Ost EE T 


where to + ty + t2 + +-+t,==a mod (k +1). When considered as a per- 
mutation group on the p™® points of EG (k, p”), the group EHo(k,p*) is 
doubly transitive. 


That the transformations named in the first paragraph of the theorem 
form a group is readily verified, as is also the fact that it is generated in the 
way indicated. It is also easily shown that EC, is invariant under trans- 
formation by the last collineation defined in the paragraph. As regards this 
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first paragraph of the theorem it remains to show that the order given for 
the group is correct. For this purpose we notice’that a necessary and suffi- 
cient condition on the coefficients Bij- is that for each r the determinant 


Burr Bier >. 8 œ Bikr 
Bair Boor > . . Berr 


> © © @ 8 č è £ č s» ç 4% © 


Brit Bier FR Bir | 
shall be different from zero. The number of choices of these ß’s and £r satis- 
tying this condition for fixed r is known (compare theorem I of § 12) to be 


k-1 


(pk De pir) 7 


The coefficients Bior may each be chosen in p” different ways for each value 
of r; and hence the set for each value of r may be chosen in p*” different ways. 
Taking r = 0 we see that the number of transformations in EC, is the number 
given in the theorem. From this it follows readily that HC has the order 
stated. 

The group EC, has been briefly treated by Veblen and Bussey (l. c. 
p. 255). It is obviously equivalent to the general linear (non-homogeneous) 
group on & variables. . 

After this the proofs of the statements in the second and third para- 
graphs of the theorem are immediate. 

To establish the transitivity properties named 'in the fourth paragraph 
note first that there is in P(k, p") a transformation that carries any k 4- 2 
points of PG(k, p”), no k +1 of which are on the same (4 — 1)-space, into 
any like set of k + 2 points and that in each of two such sets two points may 
be taken at will in EG(k, p”) while the remaining & points may be chosen 
from the (k —1)-space a =-0. This transformation leaves invariant this 
(k —1)-space; hence it belongs to EP (k, p”). Hence EP (k, p”), considered 
as a permutation group on the points of EG(k, p”), is doubly transitive. 

This transitivity property may also be established analytically and thus 
a verification may be had of the geometric property on ‘which the previous 
proof is based. Let A, and B be any two points of EG (k, p”). Then there 
is obviously a transformation in EP(k,p") taking A into the point 
(1,0,0,---+,0). Let C be the point into which this transformation takes B. 
To establish the named transitivity property it is then sufficient to show that 
C may be taken, by a transformation of EP (k, p”), into (1,1,0,0,:--,0) 
while (1,0,0,: ',0) remains invariant, or, what is equivalent, that 
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(1,1, 0,0,--+,0) may be so taken into the point C. The transformations 
which are available for this are those in which each Bioo is zero. Then the 
point (1,1,0,0,- + -,0) goes into the point (Bo, Biro, Bei0,° © "> Brio). Tt is 
-obvious that the #’s may be chosen so that this is the point O. Hence the 
named transitivity property is established analytically. 

It remains to treat further the case in which k > 1 and p*— 2. For this 
purpose consider those transformations of EP(k,%) which leave fixed a given 
point P of EG(k,2). This group is obviously simply isomorphic with the 
projective group in PG(k— 1,2), whence it may be seen that it is doubly 
transitive on the points of EG (k, 2) exclusive of the point P. Hence EP (k, 2) 
is triply transitive on the points of EG (k, 2). 

The remaining statement in the fourth paragraph of the theorem is now 
obviously true. Hence the part of the theorem which is contained in that 
paragraph is demonstrated. 

To establish the transitivity properties named in the fifth paragraph of 
the theorem, let us denote any two points C and D of EG (k, p”) by 


(Br, Bior Baor; Bror) and (Br; Bior + Birr Boor + Baır; oe 25 Bror + Bkir)> 
(Br 0). 


Since C and D are distinct by hypothesis it follows that at least one Bpr is 
different from zero. Let A be a fixed quantity such that £ur 5340. Then take 
Bxsr = 0 when s>1. Taking the quantities £, as thus defined, to be the 
coefficients in the transformation (A) which are denoted by the same symbols, 
we see that the points (1,0,0,---:,0) and (1,1,0,0,--+,0) are trans- 
formed by (A) into C and D respectively. Now if & > 1 the remaining coeffi- 
cients in the transformation can be so determined that the determinant of the 
transformation shall have any preassigned value. Hence these coefficients 
may be chosen so that the transformation belongs to the group ECa(k, p”). 
From this it follows that £Ca(k, p”) is doubly transitive when & > 1. 
It is easy to treat analytically the case when k==1 and to show that 
ECa(1, 2") is doubly transitive while HCa(1, p”), for p > 2, is only singly 
transitive. To prove that this singly transitive group is primitive we observe 
that its elements may be denoted in non-homogeneous coördinates by the 
transformations 7 = at 4- 8 where « is a square in GF[p"] and £ is any 
mark of GF{p"]. Then it contains the transformation ¥ == wt where œ is a 
primitive mark of GF[p"]. The corresponding permutation consists of two 
cycles each of order 4%4(p"—1). AU the letters in either cycle must belong . 
to the same set of imprimitivity if the group is imprimitive, whence it follows 
readily that the group is primitive. 
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[It may be remarked in passing that the set of transformations t= at + £ 
where & runs over the A-th powers in G@F[p*] and 8 over all the marks of 
GF[p"], A being a proper factor of p”— 1, form a singly transitive group 
of degree p” and order (1/A) p"(p"—1); and that this set of groups contains 
other primitive groups than those named in the preceding paragraph. In 
particular, this group is primitive when A is a factor of p—-1, as may be 
readily shown. There are also other conditions under which it may readily 
be proved that the group is primitive. There are also cases in which the 
group is imprimitive. ] 

It remains to prove the statements in the last paragraph of the theorem. 

The fact that the transformations (B) form a group may be proved in 
the same way as the corresponding fact was established in the case of theorem 
I of $12. The proof will therefore not be given. That EHe has the named 
generators is then proved in an obvious manner. That LHe has the named 
indexes in the groups mentioned is proved in the same way as that in which 
the corresponding results in theorem I of § 12 were established. 

The transitivity property stated in the conclusion of the theorem may be 
established by the method employed in establishing the transitivity properties 
of ECa(k, p”). The proof is therefore omitted. The result for k=1 is given 
by Mathieu (l. c., p. 38). 

This completes the proof of the theorem. 

If the coefficients Bioo in (A), 1=1,2,:--+,k, are zero, then the point 
(1, 0,0,---+,0) is left invariant by the transformation (A), and conversely. 
Hence we have an obvious analytical representation of that subgroup of each 
group in theorem I which consists of all the transformations in it which leave 
(1,0,0,:-+,0) invariant. Moreover the transitivity properties of these sub- 
groups follow immediately from the corresponding properties of the groups as 
given in the theorem. The subgroup of EC, (k, p*) which leaves (1, 0, 0,---, 0) 
fixed is obviously equivalent to the general linear homogeneous group on k 
variables, as Veblen and Bussey have pointed out (1. c., p. 255). 

It is obvious that the group EC (k, p”) is multiply isomorphic with the 
group C(k—1,p") in the PG(k—1, p”) defined by the equation a ==0. 
By a comparison of the orders of these two groups it is then readily shown 
that the isomorphism is p*"(p"-—-1) to 1. In a transformation (A) of 
EC(k, p”) a variation in the coefficients Br, Bior for +==1,2,-°-,k and 
r fixed has no effect on the permutation in the (4—1)-space 7 —0; and 
the variation of these coefficients gives p*"(p"— 1) different transformations 
in EC(k, p”) corresponding to a given transformation in the subspace. Corre- 
sponding to the identity in C (k — 1, p”) we have therefore the p(y" — 1) 
transformations 
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pty — Br&o, pai’ = Biorko + Lis (i = 1, 2, my k), 


in EO (k, p”). It is obvious that this carries the point (1, 0,0,:--+,0) to any 
assigned point in EG (k, p”), whence this subgroup is transitive in EG (k, p”). 
From this it follows that every subgroup of EP (k, p”) containing all the 
transformations of EP (k, p") corresponding (in the named isomorphism) to 
a given subgroup of P(k— 1, p”) is transitive. From this it follows that for 
every subgroup S of O(k— 1, p”) there is a corresponding subgroup T of 
EC (k, p”), transitive on the p* points of EG(k, p”), the latter subgroup 
having with the former a p**(p® —1) to 1 isomorphism. Moreover, if the 
former subgroup is transitive the latter is doubly transitive, a fact which may 
be established as follows. The largest subgroup of T which leaves fixed one 
point A of £G(k, p”) contains a transformation carrying any line through A 
into any other line through A. Hence any given point in EG (k, p”), other 
than A, can be carried by a transformation of T into a point B of EG(k, p”) 
on any other line through A, while ‘A itself remains fixed. Then, holding this 
latter line fixed, as well as the point A on it, we can take a transformation * 
in T which leaves point-wise invariant the subspace 2 = 0 and carries B to 
, any point C in EG(k, p”) and on the line AB. Hence the subgroup of T 
which leaves A fixed carries any given point of EG(k, p”) other than A to 
any such point. Hence the largest subgroup of 7’ which leaves A fixed is 
transitive on the p**— 1 points of EG (k, p”) other than A. Hence T itself 
is doubly transitive on the points of EG (k, p"). When $ is intransitive it is 
easy to show in a similar way that T is only simply transitive. 

We have thus demonstrated the following theorem, except for the state- 
ments about the primitivity of the singly transitive subgroups of FEC (k, pr). 


THEOREM IT. The group EC (k, p”) has a p*(p® — 1) to 1 isomorphism 
with the group O (k —1, p") on the points of the subspace r==0. The sub- 
group T of EC(k, p”) having a p*"(p"—1) to 1 isomorphism with a given 
subgroup S of C(k—1, p”) and corresponding to it in the isomorphism just 
mentioned is a transitive group, when considered as a permutation group on 
the p* points of EG(k, p”). Moreover, when S is transitive, the group T is 
doubly transitive; otherwise it is simply transitive. When S is intransitive, 
a necessary and sufficient condition that the simply transitive group. T is 
primitive is that it is generated by the largest subgroup leaving the point 


*If A is taken to be the point (1,0,6,..-,0), as it may without loss of gen- 
erality, the available transformation is of the form 


v= @,, wo," = Pt; B40, i=l,2,...,K 
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(1,0,0,--+,0) fixed and any (every) single transformation whatever of T 
that does not leave this point fixed. 


It remains to prove the statement in the last sentence. It is an.imme- 
diate consequence of the general theorem * that a necessary and sufficient 
condition that a transitive group @ is imprimitive is that the largest subgroup 
of G which omits one letter is contained in a larger proper subgroup of G. 

Every line in the Euclidean k-space EG(k, p”) has a point in common 
with the projective (k — 1)-space zo == 0 which was excluded from PG@(k, p”) 
in forming EG (k, p”). With a line of EG(k, p”) and a point of it not on 
this line we may form a Euclidean plane lying in EG (k, p") ; as a plane of 
PG(k, p”) it contains a line in the excluded (k—1)-space. With such a 
plane and an additional point of EG (k, p”) we may form a three-space which 
is composed of a Euclidean three-space. and a plane lying in the excluded 
(k—-1)-space. It is clear that this process may be continued and that one 
may conclude to the existence in EG (k, p”) of a Euclidean m-space EG(m, p”) 
for every value m of the set 1, 2,- - >+, k — 1; and in each case the remainder 
of the projective space PG(m, p”) which contains EG (k, p”) lies in the 
excluded (4—1)-space £o == 0. 

Now any collineation group in EG (k, p”) obviously permutes among them- 
selves the m-spaces EG(m,p”) contained in EG (k, p”). Hence each of the 
named groups in theorems I and II, interpreted there as a permutation group 
on the points of EG (k, p”), may likewise be interpreted as a permutation group 
- on the lines of EG (k, p”), or on its planes, or on its three-spaces, or in general 
on its m-spaces. ‘The several permutation groups arising in this way from 
one and the same transformation group are obviously simply isomorphic each 
to each so that they are identical as abstract groups. 

Hence we have the following theorem. 


THEOREM III. Any collineation group in EG (k, p”) may be interpreted 
as a permutation group on the included m-spaces EG (m, p”) for each value m 
of the set 1,2,---,&—1. The several permutation groups, obtained by 
varying the value of m, are simply isomorphic each to each. 


We shall next prove the following theorem. 


THEorrm IV. Let T and § have the same meanings as in theorem II. 
If 8 is transitive on the points of the (k —1)-space so = 0, then, the group T 
is transitive when interpreted as a permutation group on the lines of EG (k, pr). 
If S is transitive on the projective I-spaces contained in the projective (k — 1)- 


*See Miller, Blichfeldt and Dickson’s Theory of Finite Groups, p. 39. 
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space To =Q, then T is transitive on the Euclidean (1 + 1)-spaces contained 
in EG(k, p") ; this group T is imprimitie.. 


The truth of the statement contained in the second sentence of the 
theorem is an obvious consequence of theorems II and III. To prove the 
statement in the last sentence we observe first that T contains a transformation 
carrying one point of LG(k, p”) into any other while at the same time the 
projective (4—1)-space is left pointwise invariant. Now any Euclidean 
(2-+1)-space in EG(k, p”) may be defined by a projective /-space in the 
subspace %)==0 and a point of EG (k, p”), it being understood that all points 
of EG(k,p*) collinear with the given point and the given I-space constitute 
the named (+ 1)-space. Now let A and B be two Euclidean (7 + 1)-spaces 
so defined and let P and Q be the points in EG (k, p”) used in thus defining 
‘them. Leaving the subspace z,—=0 pointwise invariant, take P to Q by 
means of a transformation belonging to T. Then holding Q fixed, take the 
I-space of A which is in the subspace x, ==0 into the corresponding I-space 
of B by means of an element of T. These two transformations taken in order 
carry A into B. Hence T has the required property of transitivity. 

It remains to be shown that the group 7 is imprimitive on the named 
(1 + 1)-spaces. For this purpose it is sufficient to observe that all the (7 + 1)- 
spaces of E@(k, p”) which are based, in the way indicated, on a given I-space 
of the subspace a = 0 are permuted among themselves when that I-space is 
left invariant and that they are transformed into a like set of (2 + 1)-spaces 
when the given /-space is transformed into another like I-space. 


14. Collineation Groups Leaving Other Subspaces Invariant. 
' We shall now prove the following theorem: 


THrorEM. The group O® (k, p") consisting of all transformations of 
the form 
H 
pt; = I bint, (i==0, 1, 2° "5 l), 
(A) er 
pty = 2 Bijrtj?" (a==t-+1,1+ 2,- i sk), 


3 


where OS1I<k, r runs over the sequence 0,1,2,' " ',n—1, and the co- 
efficients B are marks of GI[p"], is a collineation group in PG (k, p") which 
leaves invariant the subspace PG(k—1t—1, p”) defined by the equations 


To = 0, tı == 0,° 5 -g= 0. 
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It also leaves invariant the complementary set of pr + pin 4... + per 
points in PG(k, pr). Its order is 
pe l k-1-1 . 
Ze ee . II (p Dn — pin) . II (pe bn — pir), 
P — i=0 i=0 
The group is generated by its subgroup Co (k, p”) for which r—0 and the 
collineation 


(B) pty = ti”, (i=0, 1,2, k). 


The last element transforms Cy (k, p") into itself. 

For each proper divisor d of n the group OP (k, p”) has an obvious 
subgroup Ca” (k, p”) of index d generated by Co (k, p*) and the d-th 
power of the collineation (B). Moreover Oa? (k, p”) has an obvious subgroup 
Ca (k, p”) of index u consisting of those transformations of Ca™® (k, p”) 
whose determinants are (k-+-1)-th powers, p being the greatest common 
divisor of k-+ 1 and p” —1. 

The common subgroup of CC® (k, p”) and the group Ho(k, p”) of theorem 
I of § 12 consists of the entire set of transformations of the form 


Sy Biisat; a a (i 2E 0, 1, 2, rey Ly 
j=0 


eS S pna OO (i=1+41,1+2,---,k), 
j=0 
the notation being that of theorem I of § 12 and the determinant | Bijsa | being 
restricted as in that theorem. 
The group Cy (k, p”) is transitive when interpreted as a permutation 
group on the set of p%P™-+- +++ phn points mentioned in the first para- 
graph of the theorem. 


That the given set of transformations form a group leaving invariant 
the named subspace, and hence the complementary set of points, is obvious. 
To determine the order of the group we notice first that the determinant of 
the coefficients Bij, for i and j running over the set 0,1,2,-:--+,2 must be 
different from zero; whence it follows (from a comparison with theorem I 
of § 12) that these Seltene can be chosen in 


* Ht (an er pir) 


different ways, r remaining fixed. The coefficients @:;, for i and f running 
over the set /-++1, 1-+-2,:  ,k and 7 remaining fixed can then be chosen 
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independently in any way so that their determinant shall be different from 
zero; and hence they can be chosen in 


k-1-1 
H (p&-Dn — pir) 


different ways. Then for r still fixed each of the remaining (k—I) (1+1) 
coefficients 8 can be chosen independently in p” ways, so that altogether this 
set of coefficients can be chosen in 


-D (Ln 
Pp 


different ways. Finally there are n values for r. Hence the order of the 
group is the product of n and the three numbers just determined, all divided 
by p"—1, this divisor being introduced to allow for the factor of propor- 
tionality. From this it follows that the order of the group is that stated in 
the theorem. 

That the group is generated in the way indicated is obvious. 

The propositions in the second paragraph of the theorem are obvious in 
view of the corresponding parts of theorem I of § 13. 

The proposition in the third paragraph of the theorem has an obvious 
demonstration in view of the proof of the corresponding part of theorem I 
of § 12. 

Since any k +2 points no k -+ 1 of which are on a (k— 1)-space can 
be carried by the projective group into any other such set, it is obvious that 
an I-space may be held fiexd while any point not on it is transformed into 
any other such point. Thence follows readily the truth of the last proposition 
in the theorem. 


Grundlagen der kombinatorischen Logik. 
TEIL II* l 


von H. B. Curry. 


C. DARSTELLUNG DER KOMBINATIONEN DURCH KOMBINATOREN IN DER 
NORMALFORM. 


In diesem Abschnitte gebrauchen wir gewisse Zeichen, die wir Variablen 
nennen wollen. Diese Variablen sind nur ein Hilfsmittel, womit wir zeigen 
können, dass eine gewisse Art von Vollständigkeit und Verträglichkeit des 
Grundgerüstes vorliegt. Sie sind nicht als Ableitungen des Grundgerüstes 
anzusehen. Die Ausführungen dieses Abschnitts haben daher mit der formalen 
Darstellung nichts zu tun, sondern sie betreffen die Verwandtschaft zwischen 
dieser und der gewöhnlichen Logik. Diese Variablen sind als Etwase ohne 
besondere Eigenschaften zu behandeln. 

Die Hauptergebnisse dieses Abschnitts sind die letzten Sätze von $1 und 

$5. Unter den ersten kommt der Hauptsatz I von Abschnitt A vor; dagegen 
er § 5, Satz 2 den Kern des Hauptsatzes II aus. 


$1. Allgemeines über Reduktion und Entsprechen; ihre Eindeutigkeit. 


Festsetzung 1. In dem Folgenden betrachten wir Ausdrücke, die aus 
gewissen Variablen 21, To, 73," ° © und Etwase formal aufgebaut werden, d.h. 
so dass die Variablen als Etwase ohne besondere Eigenschaften behandelt wer- 
den. Auf solche Ausdrücke werden die vorhergehenden Festsetzungen und 
Definitionen ausgedehnt. 


Festsetzung 2. Wir betrachten nun ein X, das eine Kombination von 
Kombinatoren und Variablen ist. Wir nehmen an, dass X mit den nach I C, 
Def. 1, erlaubten Auslassungen von Klammern geschrieben ist, und dass alle 
die anderen in den vorigen Abschnitten definierten Bezeichnungen dureh ihre 
Definitionen ersetzt sind. Dann ist X von der Form (4 oX1X2° * - Xn), wo 
X, entweder B, O, W, K oder eine Variable x; ist, und die X, für i> 0 Aus- 
drücke von derselben Form wie X sind. 

Inbezug auf einen solchen X setzen wir zwei Arten von Reduktionspro- 
zessen fest, wie folgt: 


1.) Wenn Xo, B, C, W, oder K ist und n gross genug ist, so dürfen wir für 


* Teil I erschien in diesem Journal, Bd. 52 (1930), S. 509-536. 
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XXX bzw. XX: XX; sein Aquivalent nach der betreffenden Regel B, C, W 
oder K ersetzen, z. B., wenn X,=B,* so haben wir X, (XX) Xa Xn 
anstatt XoX:X:-XXa' * Xn. Hine solche Ersetzung soll ein Reduktions- 
prozess erster Art heissen. 

2.) Es mag sein, dass ein Bestandteil von X (d.h. ein eingeklammerter 
in X erscheinender Ausdruck) durch einen Reduktionsprozess erster Art um- 
geformt werden kann. Eine solche Umformung soll ein Reduktionsprozess 
zweiter Art heissen, wenn ein Reduktionsprozess erster Art sowohl für den 
Gesamtausdruck wie auch für jeden Teilausdruck, der den betrefienden ein- 
schliesst oder links von ihm steht, unmöglich ist. 


Festsetzung 3. Ein Ausdruck X reduziert sich auf. einen anderen Y, 
wenn durch Anwendung dieser Prozesse X in Y umgeformt wird, und zwar 
im ersten Sinne, wenn nur Prozesse erster Art nötig sind, und im ‚zweiten 
Sinne, wenn auch Prozesse zweiter Art nötig sind. Dass X sich auf Y re- 
duziert wird auch durch das Zeichen X = Y ausgedruckt. 


Festsetzung 4. Es sei ein Ausdruck Xm gegeben, der Zm, aber keine Sn, 
n > m, enthält, und der ferner nicht von der Form Xn-ı%m ist. Dann denken 
wir an die unendliche Zeichenfolge, welche entsteht, wenn man rechts von Xm 
die Variablen Zar, ms2,° © * ad infin. setzt; diese heisst die durch Xm be- 
stimmte Folge. Der Teil dieser Folge, welcher einem bestimmten zn, n > m, 
vorangeht, ist ein Ausdruck, der ein Abschnitt der Folge heisst. Also ist Xm 
selbst ein Abschnitt der durch ihn bestimmten Folge. 


Festsetzung 5. Ein Ausdruck X enthält eine Variable €m wesentlich, 
wenn für n > den Index irgendeiner in X erscheinenden Variablen, und für 
p = 0, in der Reduktion von (Xantni-° * ` Enp) die Variable am nie ausfällt.t 
2. B. der Ausdruck B(Kz,)x, enthält zı, wesentlich, aber nicht gə Die 
höchste wesentlich erscheinende Variable in X heisst der Grad von X. (Wenn 
keine Variable wesentlich erscheint, so heisst der Grad 0). 


Festsetzung 6. In der Reduktion eines Ausdrucks X auf einen anderen 
Y heisst eine Variable =„ nicht gestört, wenn 1) X von der Form 
Anka" ` " Enep ist, wo X’ die Variablen En, Znsız * ‘ » Enap nicht wesentlich 
enthält, 2} Y von einer ähnlichen Form Yantra: © * Bnp ist, 3) X sich 
auf Y’ reduzieren lässt. Sonst heisst eine in X erscheinende Variable gestört. 


Festsetzung T. Ein Ausdruck X entspricht einer Folge X, wenn die fol- 


* Der leser soll bemerken, dass Ausdrücke wie X=Y und -X. Sätze be- 


deuten. (s. IC). . 
7 Natürlich soll s nicht in X selbst fehlen. 
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gende Bedingung erfüllt ist: es gibt ein p20, so dass der Ausdruck 
(Kanne © Enp) wo n der Grad von X ist, sich auf einen Abschnitt 
von & reduziert, und zwar so, dass tarp, wenn n -+ p > 0 ist, nicht ausgelassen 
wird. Wenn aig die höchste in dieser Reduktion gestörte Variable ist (bzw. 
q == 0, wenn keine nicht in X wesentlich erscheinende Variable gestört wird), 
so sagen wir, dass X der Folge mit der Ordnung q entspricht." Endlich 
sprechen wir von einem Entsprechen im ersten bzw. zweiten Sinne, wenn die 
Reduktion sich im ersten.bzw. zweiten Sinne vollzieht, 


Festsetzung 8. Zwei Ausdrücke X und Y heissen dquivalent im 


1) ersien Sinne, wenn sie denselben Grad haben und derselben Folge von 
lauter Variablen entsprechen, 


2) zweiten Sinne, wenn sie denselben Grad haben, und derselben Folge 
vun lauter Variablen mit derselben Ordnung entsprechen, 


3) dritten Sinne, wenn sie denselben Grad haben, und derselben Folge 
‘von lauter Variablen in demselben Sinne entsprechen. 


4) vierten Sinne, wenn sie denselben Grad haben, und derselben Folge 
von lauter Variablen in demselben Sinne und mit derselben Ordnung ent- 
sprechen. 


r 


Bemerkung: Die folgenden Sätze haben als Zweck den Beweis, dass, wenn 
eine Formel der Form H X == Y aus unserem Grundgerüst ableitbar ist, ein 
gewisser Sinn von Aquivalenz zwischen X und Y besteht. Eine gewisse Art 
von Übereinstimmung mit Logik und Unabhängigkeit wird dabei für die 
kombinatorischen Axiome gewährleistet. Dies ist die einzige solche Unter- 
suchung dieser Abhandlung; eine allgemeine Vollständigkeits-, Widerspruchs- 
losigkeits- oder Unabhängigkeitsuntersuchung wird von dieser Abhandlung 
ausgeschlossen. 


Hilfssiize. Das Reduzieren ist seiner Definition nach ein eindeutiger 
Prozess, also haben wir leicht die folgenden Hilfsätze. 

1. Wenn ein Ausdruck sich auf zwei verschiedene Ausdrücke reduziert, 
so reduziert einer dieser beiden sich auf den anderen. 


* Man darf hier annehmen dass entweder p =q oder p =q + 1 ist. Denn nach 
den Voraussetzungen reduziert Xa, 2, ,,-+-®,,, sich auf ein Gr, ,..1® or. 


A n+1 142 nap HAI” 24942 "np 
= Zwar SO, dass Daig Paige? © "> Paap dabei ungestört werden. Daher reduziert 
L 2, 


nna" Oma Sich auf & ; und dieser ist ein Abschnitt der Folge %, näm., 


æ 
NHL? 
Ce æ .... Wir wissen ja auch, dass Io,‘ EE sich auf & reduziert, 


N+g+1L Nn+Q+2 
aber davon können wir nicht schliessen, dass immer p=gq sein kann, weil & nicht 


ein Abschnitt der Folge 55 ist, falls æ, q in der Reduction ausfällt. 
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2, Ein Ausdruck kann nie auf zwei verschiedene Kombinationen von 
Variablen reduziert werden. i 
3. Ein Ausdruck kann nie zwei verschiedenen Folgen von Variablen 


entsprechen. 
4. Wenn X und Y denselben Grad n haben, und wenn ferner die zwei 
Ausdrücke (X@ns%nse' ` * Smp) und (Yanıkmıa‘ * nn) sich auf dieselbe 


Kombination lauter Variablen reduzieren, so sind X und Y äquivalent in dem 
ersten Sinne. 

5. Wenn X und Y denselben Grad n haben, und wenn ferner für jedes p, 
wofür einer der beiden Ausdrucke (Kann ° Enap) und (Ynsıknız ''' Enp) 
auf eine Kombination von lauter Variablen reduziert wird, die beiden sich 
auf dieselbe Kombination reduzieren, so sind X und Y in dem zweiten Sinne 
äquivalent. l 


Sarz 1. Sind Wr; Ma, POR ‚Ay; H, B,, ar By, X, Y, Kombinationen 
von Kombinatoren und Variablen Tı, £2,° * *, Em derart, dass 


1) für jedes i (i= 1,2,---N) die beiden Ausdrücke Ui und P; den- 
selben Grad haben, und weiter derselben Folge mit derselben Ordnung und 
im ersten Sinne entsprechen, 

2) X einer Folge von lauter Variablen entspricht, 


3) aus den Voraussetzungen 
(1) cb We = Bi 
mit Benutzung nur der Eigenschaften der Gleichheit (ID) folgt, dass 
(2) X=Y; 


dann sind X und Y äquialent im zweiten Sinne, und zwar, wenn jedes Wi 
und jedes B; wirklich Kombinatoren enthält, im vierten Sinne. 


Beweis: Es genügt, den Satz für den Fall zu beweisen, dass X aus Y 
durch eine einzige Ersetzung entsteht, nämlich der Ersetzung eines in X 
erscheinenden A durch seinen Gegenwert $, oder umgekehrt. Das allge- 
meinste Y ergibt sich aus X durch eine Reihe von solchen Ersetzungen. 

Nack Hp. 2 gibt es ein n, wofür (Ixmıtmız‘ ` * Emm) sich auf eine 
Kombination von Tı, Le," ` * , mın reduziert. Ich möchte diese Kombination Z 
nennen, und die Ausdrücke (X@miutmiz* ` "Zmn) baw. (Ylmılmız‘ ` * man) 
mit X’ und Y’ abkürzen. Ich zeige zunächst, dass Y” auf Z reduziert wird, 
und zwar, wenn die X; und $, alle wirklich Kombinatoren enthalten, in 
demselben Sinne. 
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A sei der ersetzte Ausdruck in X und B sein Gegenwert, so lässt Y” sich 
von X’ nur dadurch unterscheiden, dass in Y” $ die Stelle von Y einnimmt. 
Dann können im Laufe der Reduktion die folgenden drei Möglichkeiten 
geschehen: ` 


I. Wir kommen zu einer Form an, worin W am Anfang steht, d.h. zu 
einer Form 


(3) (AXXa: + + Xp), 
wo die Xa, X2,- * *, Xp Kombinationen von Kombinatoren und Variablen sind. 


Il. Ein eingeklammerter Teilausdruck, der W enthält (bzw. W selbst), 
wird als ein Ganzes durch K ausgestrichen. 

III. %& bleibt innerhalb des Gesamtausdrucks (d.h. nicht am Anfang), 
bis in der Reduktion durch Prozesse zweiter Art die Reihe an es kommt, und 
' dann steht es am Anfang eines Teilausdrucks der Form (3), wo p = 0 ist. 

Diese drei Möglichkeiten sind erschöpfend, weil Reduktion so definiert 
ist, dass Ñ sonst ein untrennbares Ganzes ist. Ich behandle die drei Fälle 
jetzt besonders. 

Fall I. Nach der Voraussetzung dieses Falles reduziert X’ sich auf einen 
Ausdruck X” der Form (3). Dann reduziert sich Y’ durch genau dieselbe 
Reihe von Reduktionsprozessen auf ein Y” der Form 


(4) (BAe: - ' Xp), 


wo die X,, X2: * °, Xp dieselben Ausdrücke wie in X” sind. 

Es werde nun angenommen, der Ausdruck W = Ninstmız‘ * * Lmap) Te- 
duziert sich im ersten Sinne auf einen Ausdruck © Dann, wenn wir überall 
in dieser Reduktion Zm: miss‘ ` "Emm durch X, Xo,---Xp ersetzen, 
liefert die so entstehende Folge von Ausdrücken wieder eine Reduktion im 
ersten Sinne. Daher reduziert sich X” durch Prozesse erster Art auf ein X”, 
welches entsteht, wenn man in © die betreffenden Einsetzungen macht. Eine 
ähnliche Bemerkung bezieht sich auf FY”. 

Nach Hp. 1 entsprechen A und B beide derselben Folge %. ~r sei die 
Ordnung, womit X dem % entspricht. Dann zeige ich, dass rSp ist. In 
der Tat nehmen wir das Gegenteil an. Dann reduziert der Ausdruck 
(WM tmipit Im‘ ` " Emery) Sich auf einen Abschnitt von % und zwar so, dass 
Empa gestört wird.“ Unter der durch diese Reduktion erzeugten Reihe von 
Ausdrücken gibt es ein (Bummi ` ` Emr) derart, dass die Reduktion 
sich bis auf diesen Ausdruck ohne Störung von mp‘ * Emera erstrickt, 


* S. Festsetzung 6, Anmerkung. 
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während im nächsten Schritte der Reduktion tmp gestört wird. Also muss 
© von der Form 


( 5) : (Kr Ar X n a n X’) 


sein, wo entweder 1) X,” B oder C ist und q < 3 ist, oder 2) Xo” W oder K 
ist und g < 2 ist. Nach Festsetzung 6 reduziert W sich auf dieses €. Dann 
reduziert sich X” nach dem vorigen Absatz auf ein X’” derselben Form (5). 
Aber in der weiteren Reduktion eines solchen X”” könnte der Kombinator X,” 
nie verschwinden, was der Voraussetzung, dass X’ .sich auf Z reduziert, 
widerspricht. i 

Also gilt rp. Dann reduzieren sich die beiden Ausdrücke (Menspı) 
und (B’zmıpı) auf einen Abschnitt (Carmipu) von %, und zwar so, dass 
Emp ungestört wird. Daher reduzieren sich W und W beide auf dasselbe © 
(Festsetzung 6). Diese Reduktion geschieht weiterhin im ersten Sinne. Nach 
dem vorletzten Absatz reduzieren sich dann X” und Y” auf ein gemein- 
sames X”, und zwar im ersten Sinne. Weil X’ auf Z reduziert wird, so 
reduziert sich X””, und also Y’ auf Z. Weil die einzigen Reduktionsprozesse, 
die in den Reduktionen von X’ und Y’ verschieden sind, zu der ersten Art 
gehören, so reduzieren X’ und Y’ sich auf Z in demselben Sinne. 


Fall II. Durch eine Reihe von Reduktionsprozessen reduziert X’ sich 
auf einen Ausdruck X”, der einen Teilausdruck der Form (KX,X2° - - Xp) 
enthält, wo Ñ in X, enthalten ist, und zwar so, dass beim nächsten Schritte 
die Reduktion auf einen X” führt, der sich vom X” nur dadurch unterscheidet, 
dass der obige Teilausdruck durch (X X,- - -X,) ersetzt ist. Genau dieselbe 
Reihe von Prozessen reduziert Y” auf einen Ausdruck Y”, der sich von X” nur 
darin unterscheidet, dass W die Stelle von ® einnimmt. Beim nächsten 
Schritte, der derselbe Prozess wie im vorigen Falle ist, kommen wir wieder auf 
X”. Daher reduzieren X’ und Y’ sich durch dieselbe Reihe von reduktions- 
prozessen auf denselben Ausdruck. Infolgedessen reduzieren sie sich endlich | 
auf dieselben Kombination, und zwar, weil die beiden Reihen von Prozessen 
dieselben sind, in demselben Sinne. 


Fall III. Nach der Voraussetzung reduziert X” sich auf einen Aus- 
druck X”, der einen Teilausdruck der Form (3) enthält, und zwar so, dass die 
weitere Reduktion von X” durch die Reduktion dieses Teilausdrucks fort- 
gesetzt wird. Dann reduziert Y’ sich auf ein Y”, welches sich von X” nur 
darin unterscheidet, dass der Ausdruck (4) anstatt (3) erscheint. 

Weil die Bedingungen von Fall I für diese Teilausdrücke (3) und (4) 
erfüllt sind, so reduzieren diese Teilausdrücke sich auf dieselben Kombina- 
tionen. Weil X” und Y” sonst identisch sind, so reduzieren X” und Y”, 
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und daher auch X’ und Y” sich auf denselben Ausdruck. Infolgedessen werden 
X’ und Y’ auf dieselbe Kombination von Variablen reduziert. 

Wenn Y und 8 wirklich Kombinatoren enthalten, so sind Reduktions- 
prozesse zweiter Art in den beiden Fällen erforderlich. Deshalb werden sie 
auf diese Kombination in demselben Sinne reduziert. 

Es ist nun bewiesen, dass X’ und Y’ sich auf dasselbe Z reduzieren. 
Daraus folgt zunächst, dass X und Y denselben Grad haben; denn jede 
Variable, die in der Reduktion von X verschwindet, verschwindet auch in 
der Reduktion von F’, und umgekehrt. Dieser Grad sei dann x. Setzen wir 
in den obigen Beweis z,,; statt zu.; ein, so folgt, dass die neuen X’ und Y’ 
auch auf eine gemeinsame Kombination lauter Variablen reduziert werden, 
wenn nur eines von den beiden sich auf eine solche Kombination reduziert. 
Also entsprechen X und F derselben Folge mit derselben Ordnung (Hilfsatz 
5), und auch, wenn die Y und Y wirklich Kombinatoren enthalten, in dem- 
selben Sinne, w. z. b. w. 


Satz 2. Sind I, Wee -, My, Bi, Batoe Br, X, Y, Kombinationen 
von Kombinatoren und Variablen 2, %1,° * `, 2m derart, dass die Bedingungen 
von Satz 1 erfüllt sind, ausser dass in Hp. 3 bei der Ableitung von (2) aus (1) 
auch Benutzung von den Regeln B, C, W und K erlaubt wird; dann sind X 
und Y im zweiten Sinne äquivalent. 


Beweis: Wir können von X zu Y durch eine Reihe von Schritten über- 
gehen, wovon jeder daraus besteht, dass wir entweder eine einzige Ersetzung 
aus den Formeln (1) machen, oder auch eine Regel B, C, W oder K einmal 
anwenden. Weiter dürfen wir unter einer solchen Anwendung den folgenden 
Prozess verstehen: zunächst setzen wir in einer Regel (B, C, W oder K) für 
die X, Y (und Z, wenn es erscheint) besondere Ausdrücke ein, sodass eine 
Formel 9% == H entsteht, und dann machen wir in einem schon aus X ab- 
geleiteten Ausdruck eine Ersetzung von M durch X oder umgekehrt. 

Jetzt betrachten wir alle die Formeln, die in diese Weise aus allen den 
im Uebergang von A’ zu Y benutzten Anwendungen der betreffenden Regeln 
entstehen. Fügen wir diese Formeln zu den Formeln (1) hinzu. Dann 
sind alle die Bedingungen von Satz 1 für die erweiterte WM, Wa: - Wy, 
War °°», Yan Br, Bar + +, By, Bray: > +, Ba, X, Y erfüllt. Also folgt der 
Satz aus Satz 1. 

Es soll bemerkt werden, dass die Nebenbedingung für den strengen 
Satz 1, nämlich dass alle die X; und Y; wirklich Kombinatoren enthalten, 
fiir die neue Wy,; oder Bx,; versagen mag, sogar wenn sie für die ursprüng- 
liche M; und YX; erfüllt ist. 
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Satz 3. Wenn W, Vs, Am Bu, Be, - +, By, X, Y Kombinatoren 
sind, die die Hypothesen von Satz 2 erfüllen; dann sind X und Y aquivalent 
im vierten Sinne. 

Beweis: Die W; und ®;, die sowohl in den ursprünglichen Formeln (1), 
als auch in denen, die dazu durch die Prozesse des Beweises von Satz 2 
hinzugefügt werden, erscheinen, sind Kombinatoren und enthalten daher Kom- 
binatoren. Also folgt der Satz aus Satz 1. 

Satz 4. Sind X, Y Kombinatoren, wofür 

1) es folgt aus den transmutativen Axiomen mit Benutzung der Regeln 
B, ©, W, K und den Eigenschaften der Gleichheit, dass H X = Y 

2) mindestens einer der beiden einer Folge von lauter Variablen ent- 
spricht; 

dann sind X und Y äquwalent im vierten Sinne. 

Beweis: folgt aus Satz 3, weil die betreffenden Axiome die do 
der Formein (1) erfüllen. 


Satz 5. Wenn Ar, A, An Bi, Ba, + +, By, X, Y Kombinationen 
von Variablen und Kombinatoren sind, derart, dass 


1) für jedes i (i= 1,2, <°, N) W und Bı denselben Grad haben und 
weiter derselben Folge mit derselben Ordnung entsprechen, 
2) X einer Folge von lauter Variablen entspricht, 


3) aus den Formeln 
(1) a HW = H; (1==1,2,---,N) 


mit Benutzung der Regeln B, C, W, K und der Eigenschaften der Gleichheit 
folgt, dass 
(2) Fe; 


‚dann sind X und Y äquivalent im zweiten Sinne. 

Beweis: Zunächst sehen wir sofort, dass der Satz, wenn er für den Fall 
bewiesen ist, dass im Hp. 3) die Benutzung nur von den Eigenschaften der 
Gleichheit erlaubt ist, im allgemeinen durch das Verfahren, das ich in dem 
Beweis von Satz 2 benutzt habe, bewiesen werden kann. Es genügt daher, 
den Satz für jenen Fall zu beweisen. 

Der Beweis verläuft nun wie der von Satz 1. Wir setzen ohne Beschrän- 
kung der Allgemeinheit voraus, dass Y sich aus X durch eine einzige Ein- 
setzung, die von W statt B, ergibt. Wir definieren X”, Y’ und Z wie dort, 
und schliessen, wie folgt, dass Y’ auf Z reduziert wird. Wir unterscheiden 
dieselben drei Fälle wie im Satz 1. | 
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Fall I. X und Y’ reduzieren sich auf X” bzw. Y” von der Form (3) 
bzw. (4). 

Es sei nun angenommen, der Ausdruck W (definiert wie im Satz 1) 
reduziert sich auf einen Ausdruck ©; dann, wenn wir überall in dieser Re- 
duktion Zma, Ems2s° * "> mp durch Xa, X2,- + -, Xp ersetzen, so schaffen wir 
eine Reihe von Ausdrücken, die, obgleich sie nicht immer eine Reduktion liefern 
müssen, doch nach Satz 2 (für N—=0) immer zueinander im zweiten Sinne 
äquivalent sind. Infolgedessen muss X”, und daher auch X’ mit einem X”, 
das aus © durch die erwähnte Einsetzung entsteht, im zweiten Sinne 
äquivalent sein. 

Nach Hp. 1 entsprechen Y und Y derselben Folge %. r sei die Ordnung, 
womit A dem % entspricht. Dann gilt r<p. In der Tat sei angenommen, 
dass r > p ist. Dann folgt, genau wie in Satz 1, dass W auf ein © der Form 
(5) reduziert wird. Daher ist X”, nach dem vorigen Absatz, mit einem X” 
der Form (5) im zweiten Sinne äquivalent. Dies ist aber unmöglich, weil X”, 
und daher X”, einer mit Z anfangenden Folge lauter Variablen mit der 
Ordnung 0 entspricht, während X”” keiner Folge lauter Variablen mit der 
Ordnung 0 entsprechen kann. 

Es folgt dann, wie im Satz 1, dass W und 8’ sich auf dasselbe © 
reduzieren. Daher sind X und Y nach dem vorletzten Absatz mit demselben 
X” im zweiten Sinne äquivalent. Aber nach der Voraussetzung reduziert X’ 
sich auf Z. Daher reduziert sich auch Y” auf Z. 


Der Rest des Beweises verläuft genau wie im Satz 1. 


Sarz 6. Sind X und Y Kombinatoren, wofür 


1) mindestens einer der beiden einer Folge von lauter Variablen ent- 
spricht, 

2) aus den transmutativen und kommutativen Axiomen folgt, dass 
> Xam; 

dann sind X und Y aquivalent im zweiten Sinne. 

Beweis: Folgt aus Satz 5, weil die betreffenden Axiome die Bedingungen 
der Formel (1) erfüllen. i 


Satz 7. Ag. I, ist nicht aus den übrigen kombinatorischen ‘Axtomen 
mit Benutzung der Regeln B, C, K, W und den Eigenschaften der Gleichheit 
ableitbar. , ' 

Beweis: Folgt aus Satz 6, weil die zwei Kombinatoren, die in Ax. I, auf 
den beiden Seiten des Zeichens = stehen, im dritten, aber nicht im zweiten 
Sinne äquivalent sind. 
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Sarz 8. Wenn wir in den Hypothesen von Sätzen 1-3 und 5 die folgenden 
Änderungen machen: 


1) 4: und B; brauchen nicht dieselbe Ordnung (inbezug K ihr Ent- 
sprechen einer gemeinsamen Folge) zu haben, 

2) nicht nur X, sondern auch Y einer Folge von lauter Variablen 
entspricht; 

dann folgen die Schlüsse dieser Sätze, wenn wir darin den vierten Sinn 
durch den dritten, und den zweiten Sinn durch den ersten ersetzen. 

Beweis: Die einzigen Stellen in den Beweisen der betr. Sätze, wo wir 
die Voraussetzung über die Ordnung von den M; und Y; benutzt haben, sind 
im Fall. I unter den Sätzen 1 und 5, und zwar wird sie da nur benutzt, 
um zu beweisen, dass W und W sich auf ein gemeinsames © reduzieren. 

Diesen Schluss können wir auch im vorliegenden Falle erreichen. Es 
folgt ohne Benutzung der betr. Voraussetzung, dass entweder W und ®’ sich 
auf ein gemeinsames © reduzieren, oder einer der beiden auf einen Ausdruck 
der Form (5) reduziert wird. n sei nun so gewählt, dass nicht nur X”, 
sondern auch Y” sich auf eine Kombination von lauter Variablen reduziert. 
Dies ist möglich nach Hp. 2 dieses Satzes. Dann folgt durch das Argument 
des dritten Absatzes des Falles 1 in den Sätzen 1 und 5, dass weder W noch 
W sich auf einen Ausdruck der Form (5) reduzieren lässt. Daher müssen 
sie sich auf einen gemeinsamen © reduzieren. 

Diese Änderung des n stört aber nichts in den Beweisen der betr. Sätze, 
ausser dass wir jetzt nicht schliessen können, dass X und Y dieselbe Ordnung 
haben. Also haben wir einen wirklichen Beweis, wenn wir die ganzen Beweise 
hindurch die Ersetzungen vom Schlusse dieses Satzes machen. Damit wird 
die Behauptung bewiesen. 


Satz 9. Wenn X und Y Kombinatoren sind, wofür 


1) sowohl X wie auch Y einer Folge von lauter Variablen entspricht, 


2) aus den transmutatwen Aziomen und Ax. Ia mit Benutzung. der 
Eigenschaften der Identität und Regeln B, C, K, W folgt, dass | X= 

dann sind X und Y im dritten Sinne äquivalent. 

Beweis: Folgt aus Sätzen 3 und 8. 


Satz 10. Die kommutativen Axiome sind nicht Folgerungen aus den 
anderen kombinatorischen Ariomen. l 

Beweis: Die Kombinatoren, die in diesen Axiomen auf den beiden Seiten 
des Zeichens = stehen, sind nicht im dritten Sinne äquivalent. Daher folgt 
der Satz aus Satz 9. 
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Satz 11. Sind X und Y Kombinationen von Variablen und Kombina- 
toren derart, dass 

1) sowohl X wie auch Y einer Folge lauter Variablen entspricht, 

2) aus den kombinatorischen Aziomen überhaupt mit Benutzung der 
Eigenschaften der Gleichheit und der Regeln B, C, K, W folgt, dass 
LY; 

dann haben X und Y denselben Grad, und sie entsprechen derselben 
Folge. 

Beweis: Nach den Sätzen 5 und 8 sind X und Y im ersten Sinne äquiva- 
lent. Daher folgt der Satz gleich aus der Definition der Äquivalenz. 


Satz 12. Sind X und Y Kombinationen lauter Variablen, wofür die 
Hy, 2 von Salz 11 erfüllt ist, so sind X und Y identisch. 

Beweis: Nach Satz 11 entsprechen X und Y derselben Folge; dies kann 
nur geschehen, wenn sie Abschnitte derselben Folge sind. Weiter haben sie 
nach Satz 11 denselben Grad; daraus folgt, dass sie genau derselbe Abschnitt 
sind. l 

Festsetzung 9. Ein Kombinator X stellt eine Kombination Y der 
Variablen 21, %2,° * `, €a dann und nur dann dar, wenn aus den kombina- 
torischen Axiomen mit Benutzung der Eigenschaften der Gleichheit und der 
Regeln B, 0, W, K folgt, dass 


F X Tə "Un == Y. 
Satz 13. Wenn ein Kombinator eine Kombination von 2, Ta, * `, En ` 


darstellt, so stellt er nur eine dar. 
Beweis: Folgt gleich aus Satz 12. 


§ 2. Normale Kombinationen und Folgen. 
Festsetzung 1. Unter einer normalen Kombination von Xo, Xu £s 
+ +,2X, verstehen wir einen Ausdruck der Form 
(XYY: Zu Yn), 
wo jedes Y; eine Kombination von Xi, Xa, © +, Xn ist. 


Festsetzung 2. Hiernach wird zuweilen auch das Zeichen x, als Variable 
gebraucht.“ 


*In der inhaltlichen Anwendung der vorliegenden Theorie wird im allgemeinen 
eine Funktion (wie ¢ in II A 3), die Stelle von Pa einnehmen. Die Variable By 
wird hiernach im allgemeinen nur für normalen Folgen usw. benutzt. 
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Festsetzung 3. Unter einer normalen Folge (von Variablen) verstehen 
wir eine Folge, die durch eine normale Kombination von Zo, 21, 3° © *, En 
bestimmt ist (§ 1, Festsetzung 4), wo n irgendeine ganze Zahl > 0 ist. Solche 
normalen Folgen werden hiernach mit griechischen Buchstaben bezeichnet. 


Festsetzung 4. Unter dem Produkt (n'£) von zwei normalen Folgen 
7 und £ verstehen wir die folgendermassen bestimmte Reihe (von Variablen) : 
Es sei 
. N = YYY" °° 
E = Toila" > 


Ersetzt man dann in 21, 2,° © © die zı, ©, @,° + + bzw. durch 41, Yo, Ya’ ‘> 
So ist das Resultat (y ¢). 


Satz 1. Das Produkt von zwei normalen Folgen ist eine normale Folge. 

Beweis: n und £ werden wie in der Festsetzung 4 bezeichnet und (y: ) 
werde durch 

Zolılalz ` * 
bezeichnet. 

Nach der Definition einer Normalfolge gibt es ein m und ein n sodass 
1) (oyi¥2° * * Yn) eine normale Kombination von 21, £a’ * °,2%m ist, die £m 
wirklich enthält, 2) Yn; = Sm4j- In derselben Weise gibt es ein p und ein q, 
sodass 1) (202122° * * £q) eine normale Kombination von 2%,%2-° * -£p ist, die 
weiterhin =, wirklich enthält, und 2) Zg; == £p. Wir können weiter anneh- 
men, dass p=n ist; denn ist p > n, so bleibt alles rechtig, das ich über m, n 
gesagt habe, wenn ich m durch m + p — n ersetze, und ist p < n, so kann ich 
in ähnlicher Weise p durch n, auch q durch g + n — p ersetzen. 

Nach diesen Erklärungen sieht man sofort, dass u; für 1 g eine Kom- 
bination von 4, %,°**,%m ist, während Ugi =3Yn1j==msj- Daher st 
Louiz `` Ugsı eine normale Kombination von 2, @2,°°+, @mi1y UDA Tolılolz ` 
ist die durch diese normale Kombination bestimmte Folge, w. z. b. w. 


Sazz 2. Sind Y und Z Kombinatoren, die den normalen Folgen n bzw. č 
von Variabien entsprechen, so entspricht (Y: Z) der Folge (y° £). 
Beweis: Sind n und £, wie in der Festsetzung 4 bezeichnet, so gibt es 
m, n, p, q, sodass ; 
Yrokıka' * * Lm = Von" ` * Yn tm nicht ausgelassen 
Zoo" ` Ep Sohıla” * ` hq Zp nicht ausgelassen. 


Wir können ohne Beschränkung der Allgemeinheit annehmen, dass n = p gilt; 
denn ist p > n, so können Wir Ying, mi2," © * p Emip-n Zu den beiden Seiten der 
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‘ersten Gleichung hinzufügen, und ist p < n, so können wir Lpi, Epro’ " "; En 
zu den beiden Seiten der zweiten Gleichung hinzufügen. Dann gilt 


(Y - Z) aor, t 2m <5 Y (2%) tita > -Em (II B4 Satz 1). 
= ZXoYiYoYs* * Yn 
= Tope? * * Ug, 
wo u; = z; mit z; durch y; ersetzt gilt. 


$3. Die Gruppierungen. 

Festsetzung 1. Eine Folge lauter Variablen heisst eine Gruppierung, 
wenn die Variablen darin in ihrer ursprünglichen Reihenfolge ohne Wieder- 
holungen oder Auslassungen, aber natürlich in beliebiger Weise in Klammern 
zusammengefasst, erscheinen. Z. B. sind 


Lo (Cıl2) (ts (L4( 25%) T7) )XsMg* `° 
Aq (a1 (Lo (T384) LsL) Te) LpLr0 
Gruppierungen. Jede Gruppierung ist eine normale Folge. 
Festsetzung 2. Unter die Gruppierungen ist die Folge 
Ler tate +s 


einzuschliessen. Diese Gruppierung soll die identische Gruppierung heissen. 
Ihr entspricht der Identitätskombinator I. 

Ich werde nun beweisen, dass jeder Gruppierung ein gewisser eindeutig 
bestimmter Kombinator entspricht. 


Sarz 1. Der Kombinator BmBn (mZ0,n>0) entspricht der Grup- 


pierung, welche dann entsteht, wenn man Emay Im’ * `, Emina in einem 
einzigen Klammerpaar zusammenfasst. D. h.: 


' BmBn&otıkz' © * Gmin = Tolita > ° Em (Emma a Emens) . 
Beweis: 
BmButoXıta* © * Emn = Bn (2212 — Lm) Tmt tr Eman+l 
(vgl. II B 1, Satz 3), 
= Bobito" * * Lm (mime? ` * mans) (vgl. II B 1, Satz 3). 
Satz 2. Jeder Kombinator der Form j 


(1) (Bm Bn,) i (Bing Bugs) f (BrngoBng2) are (BmBn) A (BmBm) 
entspricht einer Gruppierung. 
Beweis: Folgt aus Satz 1 und § 2 Satz 2, weil das Produkt (im Sinne 


von $2) zweier Gruppierungen wieder eine Gruppierung ist. 
9 
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Satz 3. Jeder Gruppierung, die nicht die identische ist, entspricht ein 
und nur ein Kombinator der Form (1) mit 


(2) Mg > Mga > Mg- > * "My > m. 


Beweis: Wir nehmen an, dass eine Gruppierung gegeben ist, worin alle 
die nach IC, Def. 1 fortgeschafiten Klammern, sowie auch die die gesamte 
Gruppierung einschliessenden, wirklich fortgeschafft sind. Die übrig blei- 
benden Klammern befinden sich in Paaren—eine Anfangsklammer und eine 
ihr zugehörige Schlussklammer—ein solches Paar nennen wir ein Klammer- 
paar. Wir bezeichnen dann die Gruppierung mit Tz, wo q die Anzahl dieser 
übrig bleibenden Klammerpaare ist. Es gilt q Z 1, wenn die Gruppierung 
nicht die identische ist. 

Nun sei das’ Klammerpaar, dessen Anfangsklammer am weitesten links 
steht, als das erste angesehen. Mit diesem verknüpfen wir die Zahlen mi, nı 
wie folgt: am, soll das letzte x sein, das vor der Anfangsklammer steht, und 
nı + 1 soll die Anzahl der innerhalb des Klammerpaares stehenden Glieder 
sein—wo ein eingeklammerter Teilausdruck, der selbst innerhalb eines anderen 
Klammerpaares steht, ist als ein einziges Glied des letzteren anzusehen. 

Zunächst schaffen wir das erste Klammerpaar aus Ty fort. Die so ge- 
staltete Gruppierung nennen wir Ty.;. Wir suchen dann das erste Klammer- 
paar in Tg- und bestimmen davon die Zahlen mz und mz genau so wie die 
vorigen m, und n, aus Ty bestimmt wurden. Dann schaffen wir dieses Klam- 
merpaar weg und gestalten eine neue Gruppierung Iy-2, wovon wir die Zahlen 
ms und na bestimmen, u. s. w. 

Nachdem wir diesen Prozess q mal wiederholt haben, kommen wir auf 
einer Te, welche keine Klammern enthält. Dann zeige ich, dass die so kon- 
struierten Zahlen Mi, Ma, °° Mg, My Na,’ * *Mq die Bedingungen des Satzes 
erfüllen. 

Zunächst ist Min > mi. Nach der Definition ist mi, Z= mi, und die 
Gleichheit ist unmöglich, weil wir alle die nach IC Def. 1 erlaubten Klam- 
merauslassungen ausgeführt haben, und also zwei Anfangsklammern an der- 
selben Stelle nicht stehen können. 

Zweitens: der Kombinator (1) mit diesem m: und n; entspricht dem Ty. 
In der Tat sei yr die Gruppierung, der Bn,B,, nach Satz 1 entspricht, dann 
folgt aus der Definition der T, dass 


Ir = Ty Yer (r = 1,2,-+-,qg—1) 
r: =y a 


gelten. Daher gilt (das Produkt von Folgen ist assoziativ) 
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Ta = Ya" Yor" t Yu 
Daraus folgt die.Behauptung nach § 2, Satz 2. 


Zuletzt gibt es nur einen Kombinator, der die Bedingungen erfüllt. Denn 
jeder andere Kombinator der Form (1), wofür (2) gilt, entspricht nach dem 
eben durchgeführten Beweis einer Gruppierung von ganz anderer Klammer- 
struktur. Aber derselbe Kombinator kann nicht zwei so verschiedenen Folgen 
entsprechen. (cf. $1, Hilfsatz 3). 


84. Die Umwandlungen. 


Festsetzung 1. Eine normale Folge von To, #1, %2,°** ,%n, worin nach den 
Auslassungen von I C Def. 1, keine Klammern (ausser den die gesamte Folge 
einschliessenden) erscheinen, nenne ich eine Umwandlung. (Diese Fest- 
setzung stimmt mit der Erklärung im Abschnitte A überein). Z. B. sind 


Lol Lgly~Lesh5* * * 
LoLeL4ColglsVe° ` * 


Umwandlungen, die erste ohne, die zweite mit Auslassungen. 


Festsetzung 2. Die Folge: 


Lolite * . 8 


der der Kombinator / entspricht, ist sowohl eine Umwandlung als auch eine 
Gruppierung. Ich nenne sie die identische Umwandlung. Um weitere Um- 
schreibungen zu vermeiden, soll hier festgestellt werden, dass diese identische 
Umwandlung zu allen den hierunter betrachteten Gattungen von Umwand- 
lungen gehört, 


Sarz 1. Jede Umwandlung lässt sich in eindeutiger Weise als Produkt 
einer Umwandlung x, die nur Auslassungen zulässt, wie etwa 


(1) (Bobılz" ` * Erni VysrCrsa’ Lrg rTigen * * * Che aLhger’ * " Lip-rThyr’ * o 
und einer Umwandlung u ohne Auslassungen darstellen. 


Beweis: w sei die gegebene Umwandlung. Wenn in » keine Variablen 
ausgelassen werden, dann gilt =(x ' x), wo « die identische Umwandlung 
ist und p=% ist. Sonst seien Tm, Lrs’ ` ",2n, die aus œ ausgelassenen 
Variablen. x sei die Umwandlung (1), mit hi: + +h» wie eben definiert. 
u sei die Umwandlung, welche entsteht, wenn man in w 2; durch z; ersetzt, 
wo 7 aus i folgendermassen bestimmt wird: wenn i < hy, ist, dann ist j 1; 
wenn hy <t< Agu ist, dann ist j==i— k; wenn hp <t ist, dann ist 
j==t—p. Dann ist » eine Umwandlung ohne Auslassungen und œo =(x' p). 
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« sei nun irgendeine Umwandlung der Form (1) (bzw. die identische 
Umwandlung) und yp’ sei eine Umwandlung ohne Auslassungen. Es sei 
wo =(K wW). Bilden wir x” und yp” aus œ genau wie wir «x und p aus w 
gebildet haben, so ist kK” ==x und @’=w. Also wenn wo’ =o gilt, so ist 
K =k und p =p, Also sind x und p durch e eindeutig bestimmt. 


SATZ 2. Jedem «, das nicht das identische ist, entspricht ein und nur 
ein Kombinator der Form 


(2) Kr, Rn: 7 "KK 

wo 

(3) <<" < dip < ho 
gilt, 


Beweis: Es sei eine Umwandlung « der Form (1) gegeben. Der Kom- 
binator (2) mit dem durch (1) bestimmten hs, ha,‘ > *,hp entspricht dann 
diesem «, und die Bedingung (3) ist natürlich erfüllt, Irgendein anderer 
Kombinator (2), wofür (3) erfüllt ist, entspricht nach dem eben Gesagten 
einer von x verschiedenen Folge x’, also nicht zu « ($1, Hilfssatz 3). 


Festsetzung 3. Unter einer Permutationsfolge verstehen wir eine normale 
Folge, die durch eine Permutation bestimmt ist, oder, was dasselbe ist, eine 
` Umwandlung ohne Auslassungen oder Wiederholungen. 


Satz 8. Jede Umwandlung ohne Auslassungen lässt sich als Produkt 
zweier Faktoren darstellen, wovon der zweite eine Permutationsfolge ist, 
während im ersien die Variablen ihre ursprüngliche Reihenfolge behalten, 
aber wiederholt werden können. Dieser erste Faktor ist eindeutig bestimmt. . 


Beweis: p sei eine gegebene Umwandlung ohne Auslassungen. Wenn 
es in p keine wiederholten Variablen gibt, so ist der zweite Faktor p selbst, 
der erste die identische Umwandlung. Sonst seien Tr, Tre’ * ‘52k, 
(kı < ka <*> > < kg) sämtliche in a wiederholte Variablen, und wir setzen 
fest, dass wx, (71 + 1) mal, Zra (r2 +1) mal u. s. w. bis xx, (ra +1) mal in p 
erscheinen. Dann betrachten wir die Umwandlung: 


(4) o (L02122 *** Vig Vey ** “(ts + L)mal ++ t Lr Ca" Veo Liege ** “(12 + 1)mal 
eee Eka Cloi 20°. Trg-1 Vk ghey ens (Ta + 1)mal ane Chg Viegst s. % 


Dann ist u durch eine Permutation der in (4) erscheinenden Zeichen be- 
stimmt, also ist es das Produkt von (4) und der durch diese Permutation 
bestimmten Permutationsfolge. 

Umgekehrt sei eine Kombination (4) gegeben (wo wir unter g =Q die 
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identische Umwandlung zu verstehen haben). Denn das Produkt von (4) 
nach irgendeiner Permutationsfolge ist ein a, worin ge, (i=1,2,',g) 
(r; + 1)mai erscheint und kein anderes œ wiederholt ist. Also kann ein a 
nie zugleich als Produkt von zwei verschiedenen Kombinationen der Form 
(4) mit Permutationsfolgen dargestellt werden. 

Der Satz wird nun bewiesen, ‚wenn wir bemerken, TS wenn g, ki, ke, 

` , kg betiebig sind, (4) die allgemeinste, den Bedingungen für den ersten 
Faktor genügende Folge ist. | 


Def. 1. Wit = We b= 1, 2,3, - 
Welt! == Wa War = = 1,2,8,+-+, r= 1,2,3,4,-- 


Satz 4. Es gibt einen und nur einen Kombinator der Form 


(5) Wreg! . Wr. Pe Ware R Wu 
wo ferner 
(6) hy < k S++ + < k 


gilt, der einer gegebenen, von der identischen Umwandlung verschiedenen, den 
Bedingungen für den ersten Faktor im Katze 3 genügenden Folge entspricht.” 


Beweis: Zuerst: Wy" entspricht der Folge l 
(Lotito + "Dritte + + (r+ 1)malı - + Tgtrate' * +). 


In der Tat für r ==1 folgt dies aus II B3, Satz 4. Ist es für ein gegebenes 
r angenommen, dann haben wir für r+1 


Walt ao%yLo* = Wal Toti’ * + Lp Vgl 
= Lolila * '* Myatt,’ ++ (r+ 2)mal--- ae 


Es wird nun bewiesen werden, dass, wenn (6) gilt, (5) wie es geschrieben 
steht dem Ausdruck (4) entspricht. Zu diesem Behuf kiirzen wir (5) mit 
q durch s ersetzt mit W,, und den Ausdruck 


(20%, * Leatt T (rı + 1)mal 
** Diyas "°° Vg- 1 Tr tky"! (rs + 1)mal eee Lk, ) 


mit X, ab. Dann haben wir schon für s ==1 bewiesen, 
(7) W,LoLıka Sheas Tk, = As i 
Ist dies für ein bestimmtes s vorausgesetzt, so haben wir 


* Dieser Satz und Lemma 3 meiner oben zit. Abhandlung sind wesentlich äquiva- 
lent. Der hier gegebene Beweis ist alternativ zu jenem. 
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WrıTtolıla ee WAL) L102 t key 
= Woetotihe* + "Drag * (To) Mal + + ty 
(nach dem eben bewiesenen), 
— Xalkni" ' They ET °° ("ea + 1)mal- u. 
(nach der Voraussetzung), 
e l (nach der Festsetzung über X,). 


Also wird durch Induktion (7) für s== gq, also die Behauptung bewiesen. 

Der Beweis des Satzes folgt gleich. Denn wenn wir die Konstanten 
q, kr, ke,‘ + >, kain (5) einsetzen, so entspricht der resultierende Kombinator 
der Folge (4) nach dem letzten Absatz. Wenn wir andere Konstanten, die (6) 
genügen, in (5) einsetzen, so entspricht der resultierende Kombinator einer 
ganz anderen Folge der Form (4). Also gibt es nur einen Kombinator der 
betreffenden Beschaffenheit. 


Sazz 5. Jeder Permutationsfolge entspricht ein Kombinator ©, der aus 
einem Produkt lauter C1, Oz: © besteht, und zwar so, dass das mit dem 
höchsten Index versehene On nur einmal vorkommt. 


Beweis: Nach einem wohlbekannten Satz über Permutationen ist jede 
Permutation der Elemente 21, %2,° * *, 2m ein Produkt von Transformationen 
benachbarter Elementen. Dies bedeutet, in unsere Terminologie übersetzt, 
dass jede Permutationsfolge, die durch eine Permutation von £i, 22, ' © +, Cm 
bestimmt wird, ein Produkt der Folgen 


(Dolatınz ° $ -) 
(Lo: LeLe ° ' -) 


(20C1%2 © Im-2Tmim-ıömsı" * -) 


ist. Diesen Folgen entsprechen bzw. die Kombinatoren Os, Cas '",Cm-ı. In- 
folgedessen entspricht der gegebenen Permutationsfolge ein ©, das aus einem 
Produkt von lauter Oi, C2,- © *, Cm-ı besteht (§ 2, Satz 2). 

Es sei nun eine Permutationsfolge m gegeben, die Sma, aber keine mit 
höherem Index versehene Variable, wirklich permutiert. x; sei die Variable, 
die die Stelle von Sm, einnimmt. Dann ist m ein Produkt von zwei Folgen 
Tiy und T2, WO 


m (&otılz er Okaka? ° * Im-1imEmsıtrimse' * -) 


ist und m: durch eine Permutation von 222° ` ' m bestimmt ist. Der Folge m 
entspricht aber der Kombinator @,, 


CG, == Cx i Chas ga Om- ‘ Cin. 
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Der Folge =» entspricht weiter nach dem vorigen Absatz ein @., das ein 
Produkt lauter O,, C2,- © ° Om- ist. Also entspricht ©==€,-@. der Folge 
m, und © erfüllt die Bedingungen des Satzes, weil Cm nur einmal vorkommt. 


85. Darstellung der allgemeinen normalen Folge. 


Satz 1. Jede normale Folge lässt sich in eindeutiger Weise als Produkt 
einer Umwandlung und einer Gruppierung darstellen. 


Beweis: y sei die gegebene Folge. Wir erzeugen aus y eine Umwandlung 
w und eine Gruppierung y folgendermassen: zuerst schaffen wir alle die 
innerhalb y erscheinenden Klammern fort, dann soll der resultierende Aus- 
druck w heissen. Zweitens lassen wir in n die Klammern stehen und schaften 
die Variablen fort, und füllen dann die Leerstellen, wo Variablen früher 
waren, mit Zo 1, V2," ‘ " von links nach rechts in ihrer naturgemässen Reihen- 
folge, ohne Auslassungen oder Wiederholungen aus. Der neue Ausdruck ist 
eine Gruppierung, y. Diese » und y nennen wir die mit n assoziierte Um- 
wandlung bzw. Gruppierung. Nach der Festsetzung 4, § 2 gilt „=(wo'y). 

Nun sei w irgendeine Umwandlung und y eine Gruppierung. Es sei 
7 =(w'y’). Dann sind die mit 7’ assoziierte Gruppierung bzw. Umwand- 
lung genau dieses w’ bzw. y. Infolgedessen muss, wenn 7’ —=n ist, auch 
o =o und y =y sein. 


Sarz 2. Jeder normalen Folge entspricht mindestens ein Kombinator 
der Form: 


(R-B%-C-B), 


wo a) & in der Form von §4 Satz 2 steht, 
b) Win der Form von § 4 Satz 4 steht, 
c) © in der Form von § 4 Satz 5 steht, 
d) B in der Form von §3 Satz 3 steht. 


Ferner sind &, W und X durch diese Bedingungen eindeutig bestimmt. 


Beweis: n sei eine gegebene normale Folge. Nach Satz 1 und § 4, 
Sätzen 1, 3 gibt es eine Gruppierung y, eine Umwandlung «, die nur Aus- 
lassungen zulässt, eine Umwandlung w, die nur Wiederholungen zulässt, und 
eine Permuitationsfolge, m, derart, dass 7 


n==(k'w' m: y) 


ist. Nach § 3 Satz 3, § 4 Sätze 2, 4, 5 gibt es gewisse die Bedingungen a-d er- 
füllende &, W, ©, B die diesen « bzw. w bzw. m bzw. y entsprechen. Dann ent- 
spricht (R- W- C-H) der Folge 7 nach § 2 Satz 2. 
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Nun sei irgendeine der Folge y entsprechende Kombinator der Form (1) 
gegeben, etwa (& W- C-H). Es seien x’, o^, #/, y’, die u W, W, & 
bzw. 8’ gehörenden Folgen ; sie gehören denselben Kombinationsgattungen wie 
K, o, m bzw. y an. Der betreffende Kombinator entspricht dann (xcom: y’) 
(8 2, Satz 2) ; also, wenn er auch dem 7 entspricht, gilt 


(Kom y’)==(k omy) (§ 1 Hilfsatz 3). 


Also gelten y == y und (X "u -a)==(x-w-a’) (Satz 1); x =x und (or) 
=(o'r) (§ 4 Satz 1); o =w (§ 4 Satz 3). Daher sind Y und 8 identisch 
(83 Satz 3); X und & sind identisch (§ 2 Satz 2) ; W und I sind identisch 
(84 Satz 4). Also sind &, W, und ® durch die Bedingungen eindeutig 
bestimmt. 


D. REGULÄRE KOMBINATOREN. 


& 1. Vorläufige Festsetzungen und Sätze. 
Festsetzung 1. Ein Kombinator X heisst regulär, wenn er die Form 
(X, -Xa:----X,) 
hat, wo jedes X; ferner von einer der Formen 
BBa, Cy Wa Ky Bol, 
ist. Die einzelne X; heissen die Glieder von X. 


Festsetzung 2. Ein Kombinator heisst normal, bzw. in der normalen 
Form, wenn er in der in II C 5 Satz 2 besprochenen Form steht. 


Festsetzung 3. Ein Kombinator X heisst in einer gegebenen Form um- 
formbar, wenn es ein schon in der betreffenden Form stehendes X’ gibt, 
sodass | X= YX’, i 

In diesem Abschnitte beweise ich den Hauptsatz: wenn immer zwei 
reguläre Kombinatoren X und Y derselben Folge entsprechen, dann + ¥ =F, 
Dies folgt daraus, dass erstens jeder reguläre Kombinator sich in die Normal- 
form umformen lässt, und zweitens der Hauptsatz gilt, wenn nur X und Y 
normal sind. Der zweite in Abschnitt A erwähnte Hauptsatz wird hier für 
normale Kombinationen bewiesen. 


Festsetzung 4. Zum Zwecke der Abkürzung möchte ich die folgenden 
Buchstaben für gewisse Gattungen regulärer Kombinatoren gebrauchen, derart, 
dass besondere Kombinatoren dadurch bezeichnet werden, dass Indizes an das 
betreffende Gattungszeichen angeheftet werden. 
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sämtliche Glieder der Form B„B„ oder Bul. 
sämtliche Glieder der Form On oder BmI 
sämtliche Glieder der Form Kn oder BmI 

sämtliche Glieder der Form Wn, Cn oder Bul 
sämtliche Glieder der Form W, oder BI 
sämtliche Glieder der Form Cn, Kn, Wn, oder Bnl. 


OBS aae 


Satz 1. Zu jedem regulären Kombinator X gibt es ein X’ derart, dass 
1) X’ regulär ist, 2) X’ wenn von I selbst verschieden, gar keine Glieder der 
Form BmI enthält, während die anderen Glieder genau dieselben wie in X 
sind, und 3) HX=X". 


Beweis: Klar aus II B2, Satz 1 und B4, Satz 4. Wenn sämtliche 
Glieder in X der Form B,J sind, so ist X” gleich I, sonst ist X’ von I ver- 
schieden. 


Sırz 2. | BB-C,—C,: C2: B. 
Beweis: Wir haben zunächst aus Ax. (CC), und II B2, Satz 1 


H- 0i: C = BA =I 
b C2-02=B(0:1-0) (IL B4, Satz 2; II B3, Def. 1). 


= B, =I. (Ax. (C@)x). 
Daher: + BB-C,=C,: C2: Ct Cat BB- O, 

= 01'a: B-01: 0, ‘ (Ax. (BC)), 

= 0 -C> B. W. Z. b. w. 


§ 2. Die kommutativen Gesetze. 
Festsetzung 1. Eine Gleichung der Form 
H CBmaX = BX: B, 


heisst ein kommutatiwves Gesetz für X, weil es eine gewisse Art von Vertausch- 
barkeit von X mit anderen Etwasen gewährt. Einige der Axiome sind von 
dieser Form; diese habe ich kommutative Axiome genannt. 


Satz 1. Wenn X ein Etwas ist, wofür 
+ CBauıX =BX- Bu; 
dann gilt für irgendein Etwas Y 
H BmY X =X BaY. 
Beweis: Aus der Hp. und ID Satz 3 folgt 
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(1) b CBmaXY =(BX - Ba) Y. 

Aber + CB ek. Y = Bays Y X (Reg. C), 
=—=(B(BaY))X (II B 1, Satz 5), 

(2) = BnY X (II B4, Def. 1). 

Auch | (BX Bn) Y = BX(BnY) (II B 4, Satz 2), 

(3) | X: Bay. 


aus (1), (2), (3) wird der Satz bewiesen. 


Sarz 2. Wenn X ein Etwas ist, wofür H OBanX == BX-B,; dann 
H OBamıX = BX > Bax (k=1, 2, 3, x o) 


‚Beweis: Wir haben zunächst mit Anwendungen der Eigenschaften der 
Gleichheit und Definitionen, 


L (CBmiX) + Bu—(BX - Bn) ` Br 


(1) —BX-Bnm (II B4, Sätze 3 und 5). 
aber + OBmuX ' Br = B( CBX ) Br (IL B 4, Def. 1), 

== BB(CBmi1)X Bx (Reg. B), 
(2) ==(BB-O)BmyzXBn (II B4, Satz 1), 


—=(C,*C2*B)BmaXBn (81, Satz 2), 
— 0: (Os (BBms))XBn (II B4, Sätze 1 und 3), 
— (,(BBas) BX (Reg. C), 
—(,(BBmuBn)X - (Def. von 02; II B 3, Def. 1; Reg. B) 
(3) == O Bms X (II B4, Def. 1 und Satz 5). 


Aus (1) und (3) wird der Satz bewiesen. 


Sarz 3. Wenn X ein Etwas ist, wofür |- CBm X= BX + Bn; dann gilt 
fir ein beliebiges Etwas Y 


(1) l- Bann *ByX = BaX ` Ban? (k, h=0,1,2°° '). 
Beweis: Nach Satz 2 haben wir 
H OBausmı X = BX ` Bni . 
nach Satz 1, + Buuf : X = X Bat. 
Die Behauptung (1) folgt dann aus II B 4, Satz 6 und II B1, Satz 5. 


Sarz 4. Wenn X ein beliebiges Etwas ist; dann gilt fir m = 0,1, Ben, 
n==1,2,°°',und p=m+l, 


L Bpan Y $ BaBa = BmBa k B,Y. 
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Beweis: Für n==1 folgt der Satz aus Ax. B und Satz 3. Ist der Satz 
für ein gegebenes n angenommen, so wird er folgendermassen für n+1 
bewiesen: 


+ Bam! * Bn Bas = BomuY + BmBn BnB (II B 4, Satz 7), 
== ByBa> Bar! ` BmB (Voraussetzung), 
= BnBn' BaB-BpY (dieser Satz für n = 1), 
= BrBaa* Bol (II B 4, Satz 7). 


Satz 5. Wenn X ein beliebiges Etwas ist; dann sind die folgenden 
Gleichungen beweisbar, 


a) + BnaY Cp = Cp' BnY, wenn m= p= gilt, 
b) F Bal -Wy= Wo: Bau! , wenn m= p= gilt, 
c) H Dur s Kp = Ky ° BusY. wenn m = p = 1 gilt. 


Beweis: Diese Gleichungen folgen aus Satz 3, den Axiomen C, W und K 
und den Definitionen von II B3. 


Satz 6. Das Aziom I, lässt sich aus den übrigen kombinatorischen 
Aziomen beweisen. 


Beweis: - 
H-OBI=CB(WK) (I C, Def. 3), 
== B(CB)WK (Reg. B), 
=(B-C)BWK (II B4, Satz 1), 


—(02:0,:BB)BWK (Ax. (BC)), 
— (,(C,(BBB))WK (II B4, Satz 1), 


= 0,(C,B,.W)K (Def. von C2; Reg. B; II B1, Def. 1), 
= (,(B,WB.)K (Ax. W; IT B-4, Satz 1; IT B 1, Satz 5), 
== BoC,B.WBK (II B1, Satz 3), 

= (7,B,C,WB2K . (Ax. C; II B4, Satz 1; II B1, Satz 5), 
== B,WC,B.K (Reg. C), 

== BW(C,B.K) (II B1, Satz 2), 

== BW(BK-I) (Ax. K), 

= W-K.-I (II B 4, Def. 1; Def. von Ke), 

= WO, K-I (Ax. (CK)), i 
=W- K-I (Ax. (WC)), 


== BI-I, w.z.b.w., (Ax. (WK)). 
83. Umformung in die Form Q: ®. 


Satz 1. Jedes B kann entweder in I oder in die Normalform von 
II C3, Satz 3, nämlich 
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(1) Bi Bn, BingaPniga ae Bm Bn z Bm, Bn, 
wo 
(2) Mı < Ma L` < Mg 


gilt, umgeformt werden. 


Beweis: Nach Festsetzung 4 und $1, Satz 1 kann jedes 8 entweder 
in I oder in die Form (1) umgeformt werden. Es bleibt nur zu beweisen, 
dass das betreffende ® im letzten Fall so umgeformt werden kann, dass auch 
(2) gilt. Ich beschränke mich auf solche $s. 

Aus § 2, Satz 4 und II B4, Satz 7 haben wir 


(3) } BuBn s BBa == BassBa = BmBn, wenn p > m gilt. 
(4) F BnBn . BBa === BuBasgs wenn p = m gilt. 


Nun sei 8 schon in der Normalform, dann kann B,B,-% in die Normal- 
form umgeformt werden. In der Tat sei 


r < Mt, Mta °”, Mg und entweder t= 1, oder m Zr 
Dann ist nach (3) 
BB, 8 = BingsBn, y B maats Enga ae BinysBn, * BBa: BP BA Bm Bno 


wo natürlich, wenn é= 1 gilt, die Glieder rechts von B,B, an der rechten 
Seite nicht da sind. Wenn t= 1 oder r > m... gilt, ist die rechte Seite der 
eben Geschrieben schon in der Normalform. Sonst kann B,B, mit seinem 
rechtsstehenden Nachbarn nach (4) verschmolzen werden, und der neue Aus- 
druck wird in der Normalform sein. 

Nun sei $ ein beliebiger Ausdruck der Form (1). %, sei (r—=1,2,: >>) 
das Produkt der r rechtsstehenden Glieder von $. %, ist schon in der Normal- 
form. Wenn 9, in die Normalform umgeformt werden kann, so kann 
Br == Bm aBn, Br nach dem vorigen Absatz in die Normalform um- 
geformt werden. Also kann Y = Y in die Normalform umgeformt werden. 


Satz 2. Zu jedem B und Op gibt es ein W und ein © derart, dass 
B- =C 8. 


Beweis: Für $ ==], klar. eo 
Zunächst sei Y == BmB. Dann unterscheiden wir vier Fälle: 


Fall: p>m-1. Dann 
F BmB s Cp = Cow ý BmB (§ 2, Satz 4) » 
Fall 2: p=m-+-1. Dann l 
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H BnB Oma =Ba(B 0) (II B3, Satz 1; II B4, Satz 6), 
— Ba(Ca:01- BB) (Ax. (BC)), 
= Che i Um 2 BmB (II B 3, Satz 3% ILB 1, Satz 5; II B 4, 


Satz 6). i 
Fall 3: p=m>0. Dann gilt 
F BnB i Cm zus Bm- (BB 4 C) 
== Bm-(Cı C2: B) ($1, Satz 2), 
T Cm 2 Oma J Bing B (II B 3, Satz 1; IL B 4, Satz 6). 
Fall 4: p< m. Dann gilt 
H BnB Ç Op = Cp a BmB ($ 2, Satz 5a). 


Also ist der Satz fir Y == BmB bewiesen. Es folgt durch Induktion, 
dass es zu einem beliebigen © ein © und ein W derart gibt, dass 


BnB C=C -®. 


Das allgemeinste Y kann nun entweder in J oder in ein Produkt von N 
Faktoren der Form B„B (Satz 1, II B 4, Satz 7)* umgeformt werden. Wir 
können nun ohne Beschränkung der Allgemeinheit Y als in dieser letzten 
Form gegeben betrachten. zr sei das Produkt der M rechtsstehenden Fak- 
toren'von $. Wenn der Satz für jedes Bar bewiesen ist, so ist er für $ 
bewiesen. Aber für M—=1 ist er schon im letzten Absatz bewiesen. Für 
ein bestimmtes M sei angenommen, dass + Bar: Op = €: By’, dann gilt 


+ Bare x Cp = BnB k Bar “Cp 


= BaB - C- By 
=C. B- By’ 
=O P. 


Daher folgt der Satz durch Induktion für alle By, also auch für B. 


Satz 3. Wenn X ein regulärer Kombinator ist, dessen sämtliche Glieder 
der form BmBn oder Cy sind, so kann X in die Form (G. = umgeformt 
werden. 


Beweis: Es sei X=X,'X.: X, wo die X; die Glieder von X ‘ind: 
Es sei nun angenommen, dass (X,-X2--:X,) in die Form (C - 8’) 
umgeformt werden kann; dann gilt, wenn Xan == BmBn, 


* Für das H von II C 3 (1) Satz 2 ist N =n; +m, + n+». +1) 
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HI, Xt X: 2 X Xo =U W + BuBa 


ae: e : B”, 
während, wenn Xg == O; ist, gilt 
HXi Xe: . Xg =e. V- Cy 
=g- e B” (Satz 2), 


= (Br, 


Also ist der Satz durch Induktion auf q für X bewiesen, weil er für g==1 
klar ist. 


SATZ 4. Für jedes B und Wp gibt es ein Q und ein Y derart, dass 
= B 5 Wo =Q. W. . 

Beweis: Für $ ==] klar. Ich beschränke mich also auf den Fall $ s£ I. 

Zunächst zeige ich, dass es für jedes m = 0, 1, 2,-- +, p= 0, 1, 2+, 
k= 0, 1, 2, +, p—1, ein q >00, ein h <q und ein X, deren sämtliche 
Glieder der Form B„B,„ oder Op sind, derart gibt, dass 
(7) H BmB ° Wo E Wor = 7. Wr == Wa 2 War N Wen 2 X. 
Es sind drei Fälle zu unterscheiden: 


Fall. p& m. Weil nach § 2, Satz 5 für alle r= m 


F- BnB i Wr == Wr 2 BmB, 
so haben wir hier, 


H BnB * Wy W. EM Wo = Wp ° Wo-1 ya Wo $ Basti. 


x 


Fal2. p==m-+1. Hier gilt für k= 0, 
H BmB : Wma = Bn(B: W) (II B 4, Saiz 6), 
== Bm( Wa- W1- C2: BoB: B) (Ax. (BW)),. 
== Wine’ Wma’ Ome’ BmB’ BuB (TI B4, Satz 6) 
Für & = 1, 


r BnB : Win ` Wan see Worker 
== W m * Wins" Oms2 BmB BaB’ Wm’ + + Wants 
(nach dem Falle k=0), 
== Wise’ Wms ' Cie’ Wn? Wer’ * Weer BmB + BoB 
(nach Fall 1), 
a Winse 5 Won s Wm Be Works ' C miks g BmB . BmB, 


wobei der letzte Schritt aus § 2, Satz 5 und Definition von Cm folgt. 
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Fall 3. p>m-+1. Aus § 2, Satz 4 folgt, für k= 0, 


Fr BnB: Wp = Wri’ BnB. 

Also: 

H BnB: Wp j Wp- eoe Wins Wise’ Wma * Wo-ky 

= Wout è Wo eS Wans 2 Wma x BnB j Won wie Wo-t, 
Wan ý Wo -e Wanna’ Wee? * ° Wo-x i C mik * BmB + BmB 
(Fall 2). 

Also ist (7) bewiesen. Durch den Induktionsprozess, den ich im letzten 

Absatz des Beweises von Satz 2 benutzt habe, wird die Gleichung bewiesen, 


die entsteht wenn man in (7) BmB durch ein beliebiges $ ersetzt. Wenn 
man in dieser Gleichung k = 0 setzt, so hat man 


HB: W= Wa: War‘ * ‘Wen’ X, 


wo, nach Satz 3 - X=: P. 
Also HB- Wp = We: Wor: 2 Wen ©-B’ 
== 1: B w. Z. b. w., 


weil (Wa: War Wan‘ È) die Definition eines Q erfüllt. 


Sartz 5. Für jedes B und Kp gibt es ein R und ein Y derart, dass 
+ B-K,=8&-B oder auch, gibt es ein &, wofür HB- K,—=NR. 


Beweis: Ich beweise den Satz zunächst für den Fall H == BmB. Dann 
gibt es drei Fälle: 


Fall 1: o=Sm. Dann gilt nach § 2, Satz 5 
+ BmB ` Kp = Ky Bun-B. 

Fall 2: p=m-+1. Dann folgt aus Ax. (BK) und IT B 4, Satz 6 
+ BnB + Kma = Bn( B+ K)= Bn(Ki- Ki) Kina: Kman 

Fall 3: p>m-+1. Dann folgt aus $ 2, Satz 4, 
l- BmB +: Kp = Kpn ' BmB. 

Der Rest des Beweises läuft genau wie in Satz 2. i 


Sarz 6. Jeder reguläre Kombinator lässt sich in die Form (Q:B) 
umformen. 


Beweis: X sei ein regulärer Kombinator und X;, X2,- ' -, Xq seien seine 
Glieder, so dass 
X=X, X Xn 
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Der Satz ist sicher wahr für X,. Nehmen wir an, er ist für den Kombinator 
(X X2 - -Xq) wahr, dann werde ich ihn für (Xı'X2"' -Xqi1) beweisen. 
In der Tat sei 

-X, X: Xw w. 


Dann ist Xq entweder BmBn, Cp, Wp oder Ky.* Im ersten Fall ist das zu 
Beweisende klar, wenn wir QO = Q’, B = Y- B„B. setzen. In anderen Fällen 
wissen wir aus den Sätzen 2, 4 und 5, dass es ein Q” und ein 8” gibt, wofür 
HY -Xm [= W gilt, also : 


HXi Ke’ , Xa =V Bs Naar 
= Q- or i p” 
== 0: H, 
wenn wir Q==0/- Q”, B= H” definieren. 
§4. Die Umformung Q =Q: M. 
Sarz 1. Jedes Q kann in die Form (&-M) umgeformt werden. 


Beweis: Es genügt zu zeigen, dass jeder Kombinator der Form (M- Kp) 
in die betreffende Form übergeführt werden kann, denn das allgemeinste Q 
enthält entweder kein K—uund dann ist der Satz klar (& == J)—, oder es 
kann in die Form 


(M ‘Kp: M` Kp te Mz Ky: Mer) 


umgeformt werden, wo einzelne W; =I können. (In der Tat folgt dies 
durch Einschaltungen von gewissen Ps, welche durch II B4, Satz 4 erlaubt 
sind). Dann wird durch Wiederholung des Prozesses wodurch (M- Kp) in 
die Form des Satzes umgeformt wird, der ganze Ausdruck in diese Form 
gebracht. 

Weiter genügt es zu beweisen, dass Wa ' Kp in die Form Kr: Ws bzw. 1 
und Cm' Kp in die Form K, -Cs bzw. K, umgeformt werden können. Denn 
wenn diese Behauptungen bewiesen sind, so folgt daraus, dass die einzelnen 
Glieder eines M eins nach dem andern über die K’s übertragen oder mit 
ihnen verschmolzen werden können. 


Die Behandlung von (Cn-Kp) gibt vier Fälle: 
Fall 1: pSm—1. Dann 
H Cm ` Kp == Kp + On-ı (82, Satz 5c; II B 3). 


* Wir können natürlich annehmen, dass keine Glieder der Form B,,7 vorkommen, 
weil der Satz für X = I klar ist (s. § 1, Satz 1). 
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Fall 2: p= m. Dann 
H Os Ku = Ba-(Cı ' E) (II B 4, Satz 6; II B 3), 

= Bn-ıKa (Ax. (CK)), 
= Kris (II B3, Satz 5). 

Fall 3: p=m-+1. Nach Fall 2 folgt 

H Cn ° Kma = Cn Cm : Kn 

= Bu (Cx ? Cı) d Km (II B 3, Satz 1), 
= Bmt’ Kn (Ax. (CC)ı; II B 1, Satz 5), 
= Kn (IL B 2, Satz 1, und II B 4, Satz 4). 


Fall 4: p>m-+1. Dann nach § 2, Satz 5, 
+ Om’ Kp = Kg: Um 
Die Behandlung für (Wm' Kp) gibt drei Fälle: 
Fall: pzm—1. 


H Wm? Kp = Kr‘ Wmi (§ 2, Satz 5c; II B 3, Sätze 3 u. 5). 
Fall 2: p=m. 
+ Wa ` Km = Bn (W: Kı) (II B 4, Satz 6; Il B 8, Sätze 3 u. 5), 
= By J (Ax. (WK); IT B1, Satz 5), 
=] (II B 2, Satz 1). 


Fall 3: p>m. Dann 


+ Wm* Kp = Kp-1 ° Wi (§ 2, Satz bb; II B 3, Satze 3 u. 5). 


Damit ist der Satz vollständig bewiesen. 


Sarz 2. Jedes & kann entweder in I oder in die Normalform von II C4, 
Satz 3, nämlich 


(1) (Kn,* Kiya? © * Kaa Km) 
wo 
(2) i hı <L ħa < hp 


sind, umgeformt werden. 


Beweis: Nach § 1, Festsetzung 4 und § 1, Satz 1 kann & entweder*auf I 
oder auf die Form (1) gebracht werden. Aus § 2, Satz 5 folgt 
(3) H Km: Kp =K, a' Km, wenn p Èm. 


Wenn es in dem betreffenden Ausdruck zwei benachbarte K’s etwa Kn, und 


Kn, gibt, wofür he. Z hs ist, so kann eine gewisse Vertauschung stattfinden. 
10 
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Nach einer gewissen Anzahl von Vertauschungen nach (3) wird der Ausdruck 
auf eine Form, wo (2) zutrifft, gebracht. Der genaue Beweis verläuft hier 
wie im § 3, Satz 1. f 

85. Die Normalform für M. 


In meiner oben erwähnten Abhandlung habe ich schon bewiesen, dass 
aus gewissen Axiomen (besser Axiomenschemen, wovon einige unendlich viele 
Axiome enthalten) die folgenden sich schliessen lassen: 1) jedes M kann in 
die Normalform umgeformt werden, 2) wenn WM, und Mt. derselben Folge 
entsprechen, so folgt H Mı =M. Um diese Ergebnisse unserer Theorie zu 
sichern, genügt es zu beweisen, dass die dort gegebenen Axiomen, und auch 
die Definitionen von We, Ws: - + aus unserem Grundgerüst ableitbar sind. 


Sartz i. H Om? Omn= I (m= 1, 2,3° i ‘). 
Beweis: Nach Definition von Cn und II B 4, Satz 6 gilt 


H Cn 7 Om = Beal, g C) 
a= Bint (BI) (Ax. (0031); 
=Í (II B 1, Satz 5; IL B 2, Satz 1). 


SATZ 2. FH On’ Omar? Cm Om’ Cm’ Oma (m =]1,2°°). 


Beweis: «+ Om s Omar Cm = Bm- (C1 7 C2 j Cı) (II B 4, Sätze 3 und 6), 
== Bm- (Cs "Gy" Cz) (Ax. (CC}e), 
= Ce Ox 7 Uns 


SATZ 3. FH Om‘ Oma = Cmi ' Cms wenn 7 > 1; (m = 1; Re: aP 


Beweis: Folgt aus § 2, Satz 5, wenn wir Cj.. für Y in die Gleichung 
a) setzen. 


Satz 4. + Om W == W Oma (m =R, 3,4, °°). 
Beweis: Folgt gleich aus § 2, Batz 5b. 

Sırz 5. H Wane Wn = Wr? Wma (m È n==1,2,38,- -). 
Beweis: Für m =n, 


H Wm d Wm = Ba-ı (Wı ! Wi) (II B 3, Def. 2; II B 4, Satz 6), 
—Bas(Wı-M) (Ax. (WW)), 
Wn Wan (II B3, Def. 2; II B 4, Satz 6). 


Für m > n folgt der Satz aus § 2, Satz 5b. 
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Satz 6. + Wan = Ca Wum: Orisi s Um (m =e 1, 2, 8. J). 


Beweis: + Cn: Wm = Bm (01: Wx) (II B 3, Def. 2; II B 4, Satz 6). 
= Bm- (W2' 01° C2) (Ax. (CW)), 
— Was‘ Cn*Cnx  (ILB3, Def. 2; IIB 4, Satz 6). 
also H Wan = (Wares Om’ Omer) * Om‘ Om (Satz 1), 
= Om’ Wn? Omit Om wW. Z. b. w. 


Sarz 7. Wenn W, und Mt, derselben Folge lauter Variablen DEN: 
dann + Tt, = Wh. 


Beweis: In meiner oben zitierten Abhandlung gegeben. Die Voraus- 
setzungen jenes Beweises sind in der Tat schon hier bewiesen, wie folgt: 


dort hier 

Axiomschema I Satz 1 

«£ II Satz 2 

s III Satz 3 

j IV Satz 4 

4 V Ax. (W0) 

e£ VI ! Folgen aus Satz 5 durch Umkehrung des Beweises der 

s . VII | Gleichungen (6) und (7) meiner zitierten Abhandlung. 
Definition von Wg Satz 6. 


Jener Beweis lässt sich aber vermöge der hier vorliegenden Entwick- 
lungen bedeutend abkürzen. In der Tat können wir aus § 2, Satz 5b und 
Ax. (CW) in einer den Beweisen von § 3, Sätzen 2 und 4 ähnlicher Weise 
schliessen, dass ein M in die Form W- © umgeformt werden kann, und dann 
weiter, wie im § 3, Satz 1 nachweisen, dass ® sich in die Normalform um- 
formen lässt. Dabei werden Lemmas 1 und 2 jener Abhandlung bewiesen. 
Für Lemmas 3 und 4 sind alternative Beweise schon in II C4, Sätzen 4 
und 5 geliefert. 


Sarz 8. Jedes M lässt sich in die N ormalform umformen. 


Beweis: Dies ist im Laufe des Beweises von Satz 7 dargetan. (Lemmas 
1 und 2 meiner früheren Abhandlung). —Der Satz folgt auch direkt aus 
Satz 7,86 (unten) Satz 2, und II C5, ‘Satz 2. 


§ 6. Zusammenfassung und Schluss. 


Satz 1. Jeder reguläre Kombinator kann in die Normalform umge- 
formt werden. i, 
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Beweis: Jeder reguläre Kombinator X lässt sich in die Form (0-8), 
wo ® in der Normalform steht, umformen (83, Sätze 1 und 6). Dieses Q 
lässt sich in die Form (8-M) umformen, wo & in der Normalform ist 
(84, Sätze 1 und 2). Endlich lässt sich M in die Normalform umformen 
(84, Satz 8). Also kann X in die Normalform (&:W- C-B) umgeformt 
werden. i 


Sırz 2. Jeder reguläre Kombinator entspricht einer normalen Folge 
lauter Variablen, und zwar am ersten Sinne. 


Beweis: Die einzelnen Glieder eines regulären Kombinator entsprechen 
solchen Folgen (II B3; II 03, Satz 1; II B2). Daher entspricht das 
Produkt einer solchen Folge (II C2, Satz 2). Dass er der Folge im ersten 
Sinne entspricht, ist aus dem Beweis von II C2, Satz 2 ohne weiteres 
ersichtlich. 


Sara 3. Wenn X, und X, reguläre Kombinatoren sind, wofür | Xi=X2; 
dann sind X, und X, dquivalent in dem dritten Sinne. 


Beweis: Nach II C1, Satz 11, und Satz 2 sind X, und X, im ersten 
Sinne äquivalent, also entsprechen sie beide einer gemeinsamen Folge lauter 
Variablen. Nach Satz 2 entsprechen sie dieser Folge im ersten Sinne. Also 
ist der Sinn der Aquivalenz zwischen X, und X; der dritte. 


Satz 4. Wenn X, und X, reguläre, derselben Folge von lauter Variablen 
entsprechende Kombinatoren sind; dann + X, = Xa. 


Beweis: Sind Y, und Y, reguläre, in der Normalform stehende Kom- 
binatoren, in welche X, bzw. X, umgeformt werden können (Satz 1), so ent- 
sprechen Y; und Y, derselben Folge wie X, und X, (Hp. und Satz 3). 


Sind . F= gR M, dB: und Y: = R Mo Ba, 

dann HB =B8 und +R, =R, (II C 5, Satz 2), 
und + Mi, = Me (§ 5, Satz 7). 
Daher + Y, =F. 

also L X = X, w. z. b. w. 


SATZ 5. Damit für zwei reguläre Kombinatoren X, und X, + X, == Xa 
gilt, ist es notwendig und hinreichend, dass X, und X, im dritten Sinne 
dquivalent sind. 


Beweis: Klar aus Sätzen 3 und 4. 


Festsetzung 1. Eine normale Folge é hat die Ordnung n, wenn 1) es 
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eine Kombination X von Zo, £1, %2,' ` `, €n gibt, sodass die Folge durch (tns) 
bestimmt ist, und 2) .n die keinste Zahl ist, wofür ein solches X existiert. 

Es folgt aus dieser Festsetzung, dass jeder Kombinator der dem & ent- 
spricht, ihm mindestens mit der Ordnung n -+ 1 entspricht.“ 


Satz 6. é sei eine normale Folge der Ordnung n, und X sei ein der Folge 
é entsprechender normaler Kombinator. Dann entspricht X der Folge £ mit 
der Ordnung n + 1. 


Beweis: Wir nehmen ein m so gross, dass X’, wobei 
X’ == ALLT" * * Ems 


sich auf einen Abschnitt von £ reduziert. Wenn in dieser Reduktion keine 
der Variablen Ens; En‘ © `, Em gestört werden, so ist der Satz bewiesen. 
Sonst führen wir die Reduktion von X’ ohne Störung von Zur, Tns © ", Um 
soweit fort, bis wir auf einen Ausdruck der Form 


Y (Zao) yao" ` ` Ya 


kommen (wo Y ein Glied von Xr, Z ł ein Produkt solcher Glieder ist, und 
Yı” * "Ya Kombinationen von 222° * * Em sind), sodass eine weitere Reduk- 
tion auf einen Ausdruck derselben Form ohne Störung von Ln’ * "2m nicht 
möglich ist. Wir unterscheiden dann vier Fälle: 


1) F ist ein Kp Dann wird ein gzs, s > n, in der weiteren Reduktion 
ausgelassen. Weil durch Reduktionsprozesse keine Variablen eingesetzt wer- 
den, so bleibt zs ausgelassen bis zur Ende der Reduktion von X”. Weil dieses 
zs nicht in é ausgelassen ist, kann X nicht der Folge é entsprechen. 

2) Y ist ein Wp. Dann wird in der weiteren Reduktion ein zs, s >n, 
verdoppelt. Weil X normal ist, so kann kein Glied der Form Kp in Z 
vorkommen; also bleibt x; verdoppelt bis zur Ende. Weil x, nicht in £ ver- 
doppelt ist, so kann X auch in diesem Falle nicht der Folge é entsprechen. 

3) F ist ein Cy. In diesem Falle führen wir die Reduktion fort, bis 
wir an einen Ausdruck der obigen Form ankommen, wo nun Y das Cp mit 
höchstem Index ist. Durch dieses Cp wird ein höchstes zs s > n mit einer 
niedrigeren 2; vertauscht, und weil dieses Cp nur einmal vorkommt (§ 1, Fest- 


* Wir haben hier n +1, nicht n, weil ich die Variable 7, zugelassen habe. Die 
Behauptung folgt, weil in jeder Reduktion auf einen Abschnitt von ¢ die Variable œ, 
gestört werden muss. 

f Streng genommen, können wir statt (Za,) einen Ausdruck haben, worauf (Zæ) 
sich reduziert; aber dies stört den Kern des Beweises gar nicht. 
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setzung 2), so kann x, nie seine Stelle wieder erreichen. Aber dies widers- 
pricht noch einmal der Voraussetzung, dass X der Folge £ entspricht. 

4) Y ist ein B,By. Dann reduziert sich X’ auf eine Kombination, worin 
mindestens ein 23, $ > n, eingeklammert ist. Daher entspricht X nicht der 
Folge é. 


Diese vier Fälle erschöpfen alle möglichkeiten, weil Glieder der Form 
Bri in einem normalen Kombinator nicht vorkommen. 


Sarz 7. Wenn X eine beliebige normale Kombination von lauter Varia- 
blen ist, so gibt es einen normalen Kombwmator, der sie darstellt. 


Beweis: Wir nehmen an, dass X eine normale Kombination der Varia- 
blen Zo, %1,° ° *, En ist. Y sei der normale Kombinator, welcher der durch X 
bestimmten Folge entspricht (II C5, Satz 2). Die Ordnung dieses Ent- 
sprechens ist Sn -+ 1 (Satz 6, Festsetzung 1). Also muss (Yrozıza  * + Zp) 
sich aus X reduzieren, und daher wird ipso facto X durch Y dargestellt. 


E. EIGENTLICHE KOMBINATOREN. 
81. Vorläufige Festsetzungen und Sätze. 


Festsetzung 1. Ein Kombinator heisst eigentlich, wenn er einer Folge 
lauter Variablen entspricht. 

In diesem Abschnitte beweise ich, dass jeder arent Kombinator in 
der Form RI, wo R regulär ist, umgeformt werden kann. Daraus folgt, 
hinsichtlich der Ergebnisse des letzten Abschnitts, dass zwei derselben Folge 
entsprechende Kombinatoren immer gleich sind. Der Beweis der in Abschnitt 
A erwähnten Hauptsätze II und III wird hier vollzogen (der letzte für 
eigentliche Kombinatoren). 


Festsetzung 2. Ausser den Gattungszeichen von II D1, Festsetzung 4 
benutze ich den Buchstaben R für einen regulären Kombinator. 


Festsetzung 3. Ein Kombinator heist regulierbar, wenn er in einen 
regulären Kombinator umgeformt werden kann; d.h. wenn es einen regulären 
Kombinator gibt, der ihm gleich ist. 


Sartz 1. Sind die Kombinatoren X und Y regulierbar, so ist auch (X-Y) 
regulierbar. 

Beweis: Nach den Voraussetzungen gibt es Rı und Rz, sodass H X = Ry, 
und | F= R also HX- FR N. (RR) ist aber regulär (dies folgt 
direkt aus II D1, Festsetzung 1). 
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Sarz 2.' Ist der Kombinator X regulierbar, so ist jedes (BX) regulierbar. 
Beweis: Wenn $ ==] ist, klar. 
Zunächst sel Y e= Bm. Setzen wir dann 


+X = Rt, R= X, X + Xn 
Dann l- Bm& == BmX1+BuX2: + + BaXn (II B 4, Sätze 3 u. 6), 


und die rechte Seite ist regulär. 
Es sei nun ein allgemeines ® gegeben. Wir können annehmen, dass ® 
in der Normalform steht. Dann folgt wenn m, = 0 ist (wo m, wie in II C 3, 
Satz 3 zu verstehen ist), 
+ B= BY’: Ba, 
also H BX == BY’ (ByX) = Y Bnd. 


Die rechte Seite ist regulierbar nach dem eben Bewiesenen und Satz 1 
Dagegen sei m, > 0. Dann = 
H BX == Bn, WX = B (BmV) X 
= BmV ° X; 


Die rechte Seite ist wieder regulierbar nach dem oben Gesagten und Satz 1. 
Sazz 3. Wenn X und Y beliebige Etwase sind, dann } XY =(X - BY)I. 
Beweis: Klar aus II B 2, Satz 4, und II B4, Satz 1. 


Sarz 4. Jeder Kombinator der Form. (RI) entspricht einer Folge lauter 
Variablen, und zwar in dem ersten Sinne. 


Beweis: n sei so gewählt, dass der Ausdruck (Rzotı72 * - + £n) sich auf 
eine normale Kombination von Zo, 21, Yo,° °°, En, etwa (XoYsY2° * * Ya) ohne 
Auslassung von æy reduziert (möglich nach II D6, Satz 2). Dann wird 
(Rlzızz‘ + +an) auf (Iyıya‘ + * Yq) im ersten Sinne reduziert. Dass sich 
die weitere Reduktion auf (yiy2- - *yq) im ersten Sinne vollzieht, ist selbst- 
verständlich. Also entspricht (RI) der durch die eben geschilderte Kom- 
bination bestimmte Folge. 


Sarz 5. Eine notwendige und hinreichende Bedingung dafür, dass ein 
(RI) einer normalen Folge entspricht, ist, dass es ein W und ein B gibt, sodass 


FR=BW-B. 
Beweis: Die Bedingung ist hinreichend; denn ist sie erfüllt, so gilt 


H RI = (BH - B) = R BI. 


824 Curry: Grundlagen der kombinatorischen Logik. 


(BI) ist regulierbar nach Satz 2; also ist (WI) regulierbar nach Satz 1. 
Daher entspricht (RZ) einer normalen Folge (Satz 4; II D6, Satz 2; II Cl, 
Satz 11). 

Die Bedingung ist notwendig. In der Tat sei angenommen, dass 
(RIT T2" > 2») sich auf eine normale Kombination V von 2, £a,’ ' ",&n 
reduziert. Dann erscheint zı in V vereinzelt und an der ersten Stelle. 
N werde in die Normalform umgeformt, etwa 


R=. WH- CB. 
Dann ist & von der Faktor K, frei, weil sonst =, in V ausfallen würde, also 
H & == BR’. 
Gleichfalls ist W von der Faktor W, frei, weil sonst æ, in V verdoppelt sein 
würde, also } W== BW’. Weiter entspricht © einer durch eine Per- 
mutation der Variablen 22, 23, - +, 2m bestimmten Folge, also ist © in ein 


Produkt von O3, Os,: © <, Cn- wmformbar* und daher + C= BQ. Aus 
den letzten drei Formeln folgt 


L R= BR W- C)B W. Z. b. w. 


Satz 6. Zu jeder Folge lauter Variablen gibt es ein Ra, und zwar ein 
normales R, ohne Glieder der Form By, sodass (Mil) der Folge entspricht. 
Gibt es überdies ein anderes der Folge entsprechendes Ra, so gilt für ein durch 
N, bestimmtes n 


H Ro = R By. 


. Beweis: Wir nehmen an, die Variablen in der gegebenen Folge sind 
Tı, Zo, La ' * "0 Die Folge sei etwa 
(1) u TJY ae 41. 
wo y; eine Kombination gewissen x’s ist. M, sei ein normaler Kombinator, 
welcher der Folge 
(2) Boty" °° 
entspricht. Dann entspricht (R,I) der gegebenen Folge nach dem Beweis 
von Satz 4. Enthält R, ein Glied der Form Bn, so müsste R,, weil es normal 
ist, von der Form (R,’- Bn) sein; aber in diesem Falle würde R, einer Folge 
entsprechen, worin eine Anfangsklammer links von der zweiten Variablen 
steht. Weil (2) diese Form nicht hat, so erfüllt R, die Bedingungen des 
ersten Teils des Satzes. 


* Vgl. Beweis von II C 4, Satz 5. 
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Nun sei R, irgendein regulärer Kombinator derart, dass (R7) der ge- 
gebenen Folge entspricht. Wir können ohne Beschränkung der Allgemeinheit 
annehmen, dass R, normal ist (II D6, Satz 1). Wenn R: Glieder der Form 
B, enthält, so gibt es ein $i.’ ohne solche Glieder, und ein Bn, sodass 


b Re =e’ Bae > 


Dann gilt p R- = R? (B,)=R/I (II B2, Satz 1; II B2, Satz 1). 
Im entgegengesetzten Falle setzen wir Ry == R . Rzy entspricht in den beiden 
Fallen einer Folge der Form 








CoUn%129%3° " "5 


(d.h. ohne Klammern vor der zweiten Variable.) Daher entspricht RI 
nach dem Beweis von Satz 4 der Folge: 


Tritaga” * * 


Weil dies mit der gegebenen Folge übereinstimmen muss, so ist k = j, 41 = 41, 
Zo = Ya U. S. W. Re’ entspricht daher derselben Folge wie R,. Also: 


b Me” = R (II D6, Satz 4). 
H Ht. = R Bu w.z.b.w. | 


Festsetzung 4. Eine von der Variablen x, frei Folge é heisst der Ordnung 
n, wenn 1) es eine Kombination X von 2, £a," * * En gibt, sodass die Folge 
durch AZni bestimmt wird, 2) n die kleinste Zahl dieser Beschaffenheit ist. 


Satz ?. Dass (Mi) von Satz 6 entspricht seiner Folge mit einer Ord- 
nung, die mit der Ordnung der Folge selbst übereinstimmt. 


Beweis: Das R, entspricht seiner normalen Folge mit der ‚Ordnung 
n+ 1, wo n die Ordnung der Folge selbst ist. (II D6, Satz 6). Wie im 
Satz 4 folgt daraus, dass (RI) seiner Folge mit der Ordnung n entspricht. 


Satz 8. Zu jeder Kombination lauter Variablen gibt es mindestens einen 
Kombinator, der sie darstellt. 


Beweis: Folgt aus Sätzen 6 und 7. 


§ 2. Die Kombinatoren T und eine Verallgemeinerung der kommutativen 
Gesetze. Diese Sätze sind Hilfssätze für § 3 unten. 


Def. 1: T, = Ci; Tay = Ta Omis | (n =a 1, 2, 3, ei ). 
SATZ i. LT, = 0: Cote 


Beweis: Klar. 
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Sarz 2. Wenn Xo X1,°°*,Xn, Y beliebige Etwase sind, so gilt 
H IX XX: 7 -Xn =X: ° ‘Beds 
Beweis: Für n=1, klar aus Regel C. 


Ist nun der Satz für ein bestimmtes n angenommen, dann wird er für 
n -+ 1 wie folgt bewiesen: 


b PawXo¥ Xi + + Xn = Da (OnmXo)X:Y Xa: -Xn  (Def.1; II B4, Satz 1), 
= (nakoda $ "Anl Xan (Voraussetzung), 
= IX °° Xanna Y (II B 3, Satz 2). 


Also folgt der Satz durch Induktion. 
SATZ 3. H Tra == Ci * BY, 


Beweis: Für n=1 klar. 
Ist der Satz für ein bestimmtes n angenommen, so gilt für dieses n 


r Dn = Tnıı Cne (Def. 1), 
== 01° BEn One (Hp.), 
= O,-B(Ta + Cnn) (IL B3, Def. 1; II B4, Sätze 2, 3), 
= Qa Blass (Def. 1). 


Also folgt der Satz durch Induktion. 
SATZ 4. r BB j Ta = Ti ° B. 
Beweis: Für n= 1 ist dies in II D1, Satz 2 bewiesen. 


Ist der Satz fiir ein bestimmtes n angenommen, dann 


L BB -Tan — BB Tn Cna (Def. 1), 
= Tnn Be Onn (Hp.), 
S Tra CaP (II D 2, Satz 4), 
= Th’ B (Def. 1). 


Also wird der Satz durch Induktion bewiesen. 
SATZ 5. Wenn Y ein beliebiges Etwas ist; dann 
"+ Ba(OBnaY)= Tor (BoBan) Y, (p = 0,1,2,3: °). 
Beweis: Definieren wir vorübergehend 


Xp =T)(BprBan) Y, (peed ea )5 
dann X, = CiBnauY, 
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und 
H BX, = BBY, (Ba-ıBası) Y 


=(BB * Tp) (Bp-1Bnn) Y 7 


= Ton (B (Bp-1Bas1)) Y 
= Ton (BpBan) X 


(ILB 1, Satz 3), 


- (II B 1, Satz 5; II B4, Def. 1), 


(Satz 4; IT B 4, Satz 1), 
(II B1, Satz 5), 


= Xp 
Also folgt der Satz aus II B1, Satz 4. | 
Sarz 6. Wenn X, Y beliebige Etwase sind, so gilt 
H Ton (BoBarı X) Y = Tora (Bou Bas) YX. 


Beweis: 
F Don (BaBarı £) Y == Tor (Bar Bun )F (II B 4, Def. 1; II B 1, Satz 5), 
== BY p31 (BpaBna) £Y (Reg. B), 
==(C,* Bl ps) (BoBo) YX (II B4, Satz 1; Reg. C), 
= Dore (Bo Bris) YX. (Satz 3). 


Sarz 7. Wenn XY Etwase sind, und Y das Kommutativgesetz 


}- OBmaY = BY: By 
erfüllt; dann 
H Ton (BpBm+ ° X) Y er Boal ° B,Pr ° X. 


Beweis: Nach den Voraussetzungen, 


H Vout (BpBmar , X) Y = Dose (Bar Br) YX (Satz 6), 


—— Bar (CB Y) X (Satz 5), 
= Bp(CBmaY ) «X (II B 1, Satz 5; IL B 4, Def. 1), 
= B,(BY- Bn) X (Hp.), 


= Bpa Y BBa: X (IL B4, Satz 6; II B 1, Satz 5). 


83. Darstellung der allgemeinen Kombinationen. 
Festsetzung 1. Ein Ausdruck X der Form 
(RIYıY: En Y ptt nt Zn)» 


wo die F; Etwase sind, reduziert sich formal auf einen Ausdruck 4, wenn 
mit Behandlung der Y; als Variablen eine Reduktion von X auf Z sich durch- 
führen lässt; oder, falls man es genauer haben will, wenn der Ausdruck 
(RIzıza' + *Lnp) sich auf ein solches Z’ reduziert, dass durch Einsetzung 
von Y; statt a; für i=1,2,' - ',p, und von Tip statt =; für i=p-+1, 
p-+2, -p+ nin Z, der Ausdruck Z erzielt wird. 
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Sarz i, Ist X ein Kombinator, so gibt es ein S der Form (RIBCWK), 
das sich auf X formal reduziert. 


Beweis: Ersetzen wir in dem gegebenen Kombinator B, C, W, K durch 
My, Lo, Ta bzw. Za, S0 erzeugen wir eine Kombination Z von 2,, Zo, Ts, Za- 
Nach $1, Sätzen 6 und 7 gibt es ein R, sodass (RIzız22;2,) sich auf Z 
reduziert. Daher reduziert (WIBOWK) sich formal auf X, w. z. b. w. 


Sarz 2. X sei eine Kombination von Kombinatoren und Variablen 
Zi, Cos * *°y Un, Sodass 


a) X auf einen ähnlichen X’ durch einen einzigen Reduktionsprozess 
reduziert wird, 

b) es ein S gibt, näm. 
(A) S= RIY, Y.. - - Yp, 


wo jedes Y; entweder B, C, W oder K ist, sodass der Ausdruck (Sxyt2° + + Zn) 
sich auf X formal reduziert. l 


Dann gibt es ein 8’, nämlich 
(B) = WY /Y-- - Yq 
‘wo jedes Y entweder B, C, W oder K ist, sodass 


a) HF =S, 
B) der Ausdruck (S’xıX2 ' + =) sich auf X’ formal reduziert. 


Beweis: Yo’, Yi, Yy,- -, Yg seien die sämtlichen in X vorkommenden 
‘Grundkombinatoren (B, C, W oder K), und zwar so, dass jeder der Kom- 
binatoren B, C, W, K unter diesen Y;’ genau so oft erscheint, wie in X selbst. 
Die Anordnung dieser Kombinatoren unter den Y;’ bleibt für jetzt gleich- 
‚gültig. Die Y; kommen natürlich—abgesehen von ihrer Häufigkeit—unter 
den Fi, Yat © +, Yp vor. 

Behandeln wir nunmehr die Y,, Y», * ++, Yp formal als Variable, so 
schliessen wir die Folgenden: : 


1) Die Folge IYJYy > - -Yqa,rev,- + - ist eine Umwandlung der Folge . 
AV Yo" + > Yotitety> +, 
2) Wenn wir die durch Y bestimmte Folge wie folgt schreiben, yoy: yoys 
- +, WO Yo entweder ein Y: oder eine Variable ist, und yi, 1 > 0, eine 
Kombination von ¥1,-Y2,- - -Yp und Variablen ist, so ist die Folge 


(1) Iyoy: > 
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das Produkt der eben erwähnten Umwandlung und eine Folge derselben Form 
wie (1). 

Nun bezeichne ich mit Q bzw. N, zwei normale Kombinatoren, sodass Q 
bzw. R,/ dieser Umwandlung bzw. der zuletzt erwähnten Folge entsprechen. 
Dann bemerken wir: 1) (Q-%t,) entspricht der Folge (1) (IT C 2, Satz 2) ; 
2) wir dürfen annehmen dass R, und also (Q: §t,)* kein Glied der Form Ba 
enthält (weil R, normal ist und (R,/) einer Folge der Form (1) entspricht— 
vgl. Beweis von $1, Satz 6); 3) wir dürfen ferner annehmen, dass A kein 
Glied der Form B, hat (denn wenn | {== #*- Bn, R* normal, so können wir 
in den Satz R durch N* ersetzen). Daraus folgt‘ 


t+ R#=0-R, | (81, Satz 6). 
+ S=(Q-R)IViV.:- -Yp ` 
== RIY Yr- + + Y (nach der Bedeutung von 2). 


Weiterhin reduziert der Ausdruck 

(2) (RIY Y? ere Ya Tito = 84 In) 

sich formal auf X. (Nach der Bedeutung von Mı, § 1, Satz 7). 
Wir unterscheiden nun zwei Fälle; näm.— 


I. Die Reduktion von X auf X” volzieht sich in dem ersten Sinne. 
II. Die Reduktion von X auf X’ vollzieht sich in dem zweiten Sinne. 


Fall 2. Hier sei Y,’ der erste in X vorkommende Grundkombinator. 
Dann erscheint Yọ” in X nur an der ersten Stelle. Deshalb ist X eine normale 


Kombination von Yo’, Y, Y2’,- ",Yg und Variablen. Es gibt also, nach 
$ 1, Satz 5, ein R und ein $, sodass 
H R = BR, 2 B. 
H RIY? == (Rz ‘BI)Y,’ 
(3) = (R, BI - BY,’)I ($1, Satz 3). 


Nun betrachten wir Y,’ wieder als Kombinator und definieren: 
a) W = eine normale Form von (Rə: BI: BY.’){ ohne Glieder dor Form Ba, 


b) = WIV. - Yf, 
so folgt + S= 8. Also ist die Bedingung «) erfüllt. . 
Dieses WI entspricht, wenn wir Y7, Y2’,- : -, Yg formal betrachten, der 


durch X” bestimmten Folge. Denn ich habe gezeigt, dass der Ausdruck (2) 


* Sogar wenn es auf die Normalform gebracht wird. 
f Dies ist regulär nach § 1, Sätzen 1 und 2, 
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sich formal auf X reduziert. In dieser Reduktion betrachten wir Yọ’ nunmehr 
nicht als Variable, sondern als Kombinator; dabei wird nichts in der Re- 
duktion geändert. Die Reduktion lässt sich doch eine Stufe weiter auf X’ 
durchführen (nach Hp. a): Aber weil 


HW = RIY (aus (3)), 


und die beiden Seiten dieser Gleichung Folgen lauter Variablen en 
so entsprechen sie derselben Folge (II C1, Satz 11). 
Dass die Bedingung £) erfüllt ist, folgt daraus nach § 1, Satz 7. 


Fall II. Hier soll Yo’ den Kombinator bezeichnen, welcher durch die 
Reduktion von X auf X’ eliminiert wird. Er nehme in X die (r+ 1)te Stelle 
ein, wo r > 0 nach der Voraussetzung dieses Falles ist. 

Nach II D 6, Satz 1, gibt es &,, W, ©, und B, derart, dass 


(4) H R == &, WM GB. 


Aber nach der Voraussetzung über Yo’, Yy’,--+,Y¢ kann &, kein K; für 
.iSg-+1und®, kein W; für j= q + 1 enthalten, also wird 


(5) F Sy W = Barr (Me + We). 


Auch entspricht ©; einer Permutationsfolge, welche in zwei Faktoren zerlegt 
werden kann, wie folgt: der erste Faktor lässt Yo’ invariant, aber ordnet 
Y, Yo, + +, Yq und die Variablen in die Anordnung, die sie in X haben, an; 
der zweite Faktor setzt Y,’ an die Stelle, die es in X hatt, aber lässt die 
Anordnung von Y,’,: - +, Yg und die Variablen unter sich selbst, unverändert 
bleiben. Dem ersten Faktor entspricht ein ©, dessen Glieder alle Ci mit t > 1 
sind, also ein © von der Form B@, ; dem zweiten Faktor entspricht T, (r > 0). 
Also (II D 5, Satz 7). 


(6) + ©, = BC, -T;. 
Daher (aus (4) (5) (6)) 
(7) H- R: = B( BR, - BAS. + C2) TB 


Nun erscheint Y,’ nach Hp. (a) und Definition am Anfang eines in X 
eingeklammerten Teilausdrucks; die Anzahl der Glieder ausser Yọ dieses 
Teilausdrucks sei m +1. Dann (vgl. den Beweis von II C3, Satz 3, und 
II D 3, Satz 1) gibt es Ba und B; derart, dass- 


(8) F B = BrDo ' BrBma' Bs. 


Weil die Glieder von T, alle C1, Cz + © oder C, sind, so kann B,..®, mit 
allen diesen Gliedern, also mit Ty selbst, vertauscht werden (II D 2, Satz 5a). 
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Daher H R, = B(Bi&: N BB j @.) "Tr Bra Be ' BrBma' Bs, 
== B (Bek © BRS, * (OA ig B,Bz) “Ty: BBm 5 Be 
(9) == BR, T’ BrBası ‘ By. 


wenn ich nur definiere: 


ft, = BSR: . BS. 7 C. 2 BB.. 


Daher + RIY’ = (BR. "IT;’ BBm 2 B IYS 
> BR, (Tr ( (BBm x BI) ) Yo 
(10) = Rə (Ty (Br Bm j Bal) Y,’) * 


Weil nach Hp. a) und Definition von Y,’ eine Reduktion durch Y wirk- 
lich stattfindet, so muss m = 2 sein, wenn Y,’B oder C ist, und m = 1, wenn 
Y.’W oder K ist. Infolgedessen muss es nach II D2, Satz 2, und den 
kommutativen Axiomen ein n geben, wofür + C:BmaYo’ =BYy Bn. Also 


L- T, (Br-Bma : Bl) Yo == BY ® Br-1Ba . (BI) (§ 2, Satz 7) 3 
also, wenn wir dies in (10) einsetzen, 
f- RYS — Nə (B,Yy 5 BriBy . Bel) 


9 


(11) —= (N, 5 Bafo ® BB . BH (§ 1, Satz 3). 
Definiere ich nun 

a) w = Rə E Berufe % B;Bn y Be, 

b) SY = WIV /Y/+--Y 7, 


so folgt aus (11) und (A), dass H S = g. 
Dass die Bedingung £) erfüllt ist, folgt hier genau wie im Fall I. 


Satz 3. Ist X ein solcher Kombinator, dass 
(1) (Xayte + + an) 


sich auf eine Kombination von Tı, %2,° ` +, En reduziert; dann lässt X sich in 
eine (RI) umformen und zwar so, dass (Rlxızz* - +n) sich auf die gegebene 
Kombination reduziert. 


Beweis: Nach den Voraussetzungen gibt es eine Reihe von Ausdrücken 
X, X2,° ",Xm derart, dass 1) Xin sich aus X; durch einen einzigen Re- 
duktionsprozess erzielt, 2) X, mit dem Ausdruck (1) identisch ist, 3) Xm 
eine Kombination von 21, %2,° * *,%n ist. l , 

Wir können nun diesen X; eine Reihe von Kombinatoren S81, Sa,’ © ', Im 
zuordnen und zwar so dass 


a) Jedes S; in der Form (A) (s. Satz 2) steht, — 
b) (Sityte+ ` 2m) sich auf X, formal reduziert, 
c) H Iin = Si i 
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In der Tat gilt als 9, der in Satz 1 ausgestellte Kombinator; und aus Satz 2 
folgt, dass aus einem gegebenen S;, (îi < m) ein Sin konstruiert werden kann. 
In dieser Weise haben wir ein Sm, etwa 


(2) Sm==_MnlViY2:-+Yp (Yı=B,0,W oder K, Rn normal) 


sodass (Sm@1%2‘*-@) sich formal auf eine Kombination lauter Variablen 
reduziert. In dieser Reduktion müssen freilich alle Y,, Y2,- - -, Yp ausfallen. 
Also wenn Rm auf die normale Form gebracht wird, gilt 


l- Rm = Kp Kp: a * Kı Rax. 


Infolgedessen + Sm=Rn’D (aus (2), IT B3). 
Aber j- Sm = Sy (aus ¢)), 
= X (Bedeutung von S;). 
tX=Nul. W. Z. b. W. 


Satz 4. Wenn zwei Kombinatoren Y, und Ye derselben Folge lauter 
Variablen entsprechen; 
dann, l- F= Yh.. 


Beweis: Nach Satz 3 gibt es R, und Rz, sodass 
HF =R +- F =R, 


und die beiden Kombinatoren (9,7) und (Rə) auch derselben Folge ent- 
sprechen. Wir können ohne Beschränkung der Allgemeinheit annehmen, dass 
N, und 9, normal und ohne Glieder der Form B, sind. 


Dann 7 + R == Ro i ($ 1, Satz 6). 
Also L Y= Y. w.z.b.w. 


SATZ 5. Wenn zwei eigentliche Kombinatoren Y, und Y, dieselbe Kom- 
bination von lauter Variablen darstellen, dann |- Yı = Ya. 


Beweis: Klar aus Satz 4. 
84. Die Substitutronsprozesse. 


Zum Schluss gebe ich hier einige Sätze über die Verhältnisse der Sub- 
stitutionsprozesse zu den Kombinatoren. Die Bewiese gebe ich nur kurz, weil 
sie meistens nur Rechnungsübungen sind. 

Die Substitutionsprozesse lassen sich zunächst durch Kombinationen von 
Variablen darstellen. Z. B. betrachten wir den Ausdruck: 


(ur: (Vats) 24). 


Wenn u und v Grundfunktionen sind, so bedeutet dies eine gewisse aus einer 
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Verknüpfung von u und 4 erzeugte Funktion von 21, Zo, Zs, Sa Aber wir 
können ihn auch, — wenn wir u und v für Variablen halten—als eine Funktion 
von u und v betrachten, welche für bestimmte Werte von w und v jene Funk- 
tion von Ziu Ze, Za, % darstellt—d.h. als den Verknüpfungsprozess selbst. 
Diese Auffassung ist naturgemäss, weil nach der Ausdeutung von Anwendung 
der Ausdruck für irgendeine bestimmten Werte von u, V, £1, Zo, a, Za die mit 
der Auffassung verträgliche Aussage bedeutet. Der Ausdruck lässt sich 
ferner in 
(Cy ` BBz) Uva Gott, 


umformen. Von unserem Gesichtspunkte aus ist also (Cı: BB.) der Sub- 
stitutionsprozess selbst--eine Funktion, welche aus u und v die Funktion 
((C,- BB.)uv) liefert, wo diese letzte die Funktion ist, welche aus 2, ta, Za 
die eben geschilderte Aussage liefert. In diesem Sinne kénnen wir sagen, 
dass (C,* BB.) den betreffenden Substitutionsprozess darstellt. 

Von diesem Gesichtspunkt aus haben wir die folgenden Satze: 


Satz 1. Jede Umwandlung im Sinne von Abschnitt A lässt sich durch 
ein Q darstellen. 


Sarz 2. Die Hinsetzung von einer Funktion als Funktion von n Varia- 
blen an die Stelle der (m-+-1) ten Variablen einer zweiten wird durch 
(Tm: BmBn) dargestellt. 


Sarz 3. Sind die Substitutionsprozesse wie in den Sätzen 1 und 2 darge- 
tellt, dann gestalten sie Ausdrücke der Form (Fu * un), wo F eine 
eigentliche Kombination von Ordnung nicht zu gross ist, in andere Ausdrücke 
derselben Form um. 


Beweis: Für eine Umwandlung gilt 


H 2(Yurus re Un) B,QY Ur er Un 
= (Ban: Pu "Un. 


Für Zusammensetzungen: es sei Z==T,:BpBg; dann 


+ Z (Xut um) (Youve: + - Un) 
= (Bm2 + BX) Taye: + + Um(Yoxve* + +n) 
= (Tm BuBn> Bm + BX)TV¥uyue: UmdwWe' * * Un i 
= Uuytle* + "Umdida‘ © * Um, 


wo U eigentlich ist, wenn nur X und Y eigentlich sind, und q gross genug 

ist, sodass Ya,2%2' * "Zug Sich auf eine Kombination lauter Variablen re- 

duziert. In der Tat reduziert (Uuur' + + UmV We’ * * Vnt’ * Lpg) sich 
11 
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auf (Kurs * + Umb%2° * ` Lp(V uve’ * *Vntpı' Tpg)). Die Bedingung auf 
Y ist erfüllt, wenn wir es mit einem Substitutionsprozess zu tun haben. 


Sarz 4. X sei eine Kombination von Variablen und gewissen Htwasen 
U Un‘ ° "5 Um. Dann gibt es einen Kombinator Y, sodass 


H Funuzumtıta "m =X, (ui als Variable behandelt). 
Gibt es weiter einen Kombinator Z, sodass 


H ZWN * "Anke En =X (vi als Variable betrachtet), 
wo H [vyvo* + + Up = Vu‘ + "Um, (V ein Kombinator), 


(oder umgekehrt), 


dann H Vues © "Um = Zvyve" © * Up. 
Beweis: * Wenn die vida‘ * ' vp dieselbe Reihe von Etwasen bildet, wie 
Uno," * `, Um, S0 folgt der Satz aus § 3, Satz 5. Sonst 
H Zuwa -vp =(V + BZ) IUe + * up, 
und L(V -BZ)I=Y . (8 3, Satz 5). 
r HF ZVW © Vp = Yuto’ * "Um w.z.b.w. | 


* Der Beweis des ersten Teils des Satzes ist klar (§ 1, Satz 8). 


A Test for the Type of Irrationality Represented 
by a Periodic Ternary Continued Fraction. 
By J. B. COLEMAN. 


1. Introduction. Let (Pı, q13 Po, 23 °° *3 Pe qr; " +) denote a purely 
periodic ternary continued fraction,” of period k = 4,} the partial quotient 
pairs being real numbers. Let D, denote the determinant 


—— ps qı 1 0 0 ee A 0 0 0 (—1)* 0 
L en “i O.. 2% 4° 0 0 0 
0 i (eee ec were ho A 0 0 


0 0 00% a aR e 0 1 — Pr- Qk-1 1 
0 1% 0 0 De i m oe 
(—1) 0 0-00 = 00 © 0 ead 


and Dz be the determinant derived from D, by replacing (—1)* by (—1)**! 
where it occurs in the first row and in the second column, and replacing — 1 
by 1 in the last column. , 

In this paper I prove that the vanishing of D, or of D, is a necessary and 
sufficient condition for the reducibility of the characteristic equation, when 
ps and q; are rational integers, in which case the ternary continued fraction 
represents a rational number or a quadratic irrationality.] If p; and qı are 
any real numbers, the vanishing of D, or of Dz is a sufficient condition for the 
reducibility of the characteristic equation. 

We proceed to prove the above statements by first finding determinant 
forms for the convergents and other expressions involved in the characteristic 
equation. This is done in sections 2-6. In sections 7-11, following the general 
proof, are some corollaries and numerical examples. 


© 


2. Let three sequences satisfying the recursion formula 


(1) Wn = Qa W n~a + Pr Wn-2 + Was 7 
* References for previous history: C. G. J. Jacobi, Werke, Vol. 6, p. 385; O. Perron, 
Mathematische Annalen, Vol. 64, p. 1; D. N. Lehmer, Proceedings of the National 
Academy of Sciences, Vol. 4, p. 360; H. P. Daus, American Journal of Mathematics, 
Vol. 51, p. 67; O. Perron, “Die Lehre von den Kettenbriichen.” 
t If k < 4 the expressions for D, and D, must be interpreted as shown in section 9. 
t For convergence conditions see O. Perron, article cited. 
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with the initial values 
(1a) (0,0,1) (0,1,0) (1,0, 0) 
be denoted, respectively, by Cn, Bn, An. 


The characteristic equation is 


(2) p? —— Mp? + Np—1=0, 

in which l 

(3a) M = Ar + Bra + Ch, 

(3b) N =(Ax 2, Bra) + (Aue, Cx) + (Bes, Or). 


(Bis, Cr)= Br-10r — BrCzs, &e. 


Since by a theorem of Lehmer’s * the roots, oi, and o2,1, of the cubic 
equation representing the expansion are related to pı, the principal root of (2), 
as follows; 


(4a) 03,1 ==(Brpi + ApBu-2— Ar-2Br) / (Arpi + An-ı Ba — AxBus) 

(4b) 021 = (Orıpı + Cy-2Ana — Cy-1An-2) / (Ax-ıpı + Arlkı E Arılk), 
the rationality or type of irrationality represented by the continued fraction 
may be determined from a discussion of the characteristic equation. Since 
(2) is of the third degree, if it is reducible when M and N are rational in- 
tegers, it must have a factor p— 1 or p+ 1. Hence the necessary and suff- 
cient conditions for reducibility under these conditions, are 

(5a) —M-+N=0 or 

(5b) M+N+2=0. 

If M and N are any real numbers, conditions (5a) or (5b) will be sufficient 
to insure reducibility. 


3. To find determinant forms for An, Bn and On. 


Let : ae 
i be, bas * © +, Ont n 


denote the determinant 


ay 1 0 0 0 
zZ bo ag 1 0 0 
(6) 1 — be as 1 0 g 
0 1 nz Dans Un 1 
0 0 1 — bn An 


* D. N. Lehmer, loc. cit. 
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Following the usage in ordinary continued fractions we shall call (6) a 
continuant. 
Expanding (6) according to the elements of its last row, 


On, Az, Ag," * Qars ia, * `g Unei Qas Ar," * ` y Onu 
(ma) u(y bs, ba, me on) td be, ba, ' ° oo) + bait (° be, mrs Dag Ne 
l 01; Os, nee Sy Ün-3 , 
T M u (2 bs, rs 3 ma), in z a): 


By (1) and (1a) we have directly 


(%b) Aa= M (q), Am (te), Ama (12%). 
Ps 72 Day Pa Jo 


From (Ya) and (1) we have immediately 


(8) Ån = M T2» A 5 . . 2 ay (n = 2, 3,° A n), 


for any n, provided it is true for three successively lower values of n. But 
by (7b) the relation (8) is true for n == 2, 3, 4; hence, by induction, it is true 
for all values of n. 

In the same way we find * 


(9) Ba — piAn + u (2 ie” u So): (n=3,4°''). 
(10) anu (tele fe), (n= 1,28) 9). 


4. By the recursion formulae (1) and (1a) it is found that 


(A-z B-)=1, (A,Bo)=0, (Ao, Bi)=0, (A,Be)—]1, 
and (An, Ban) — Pasi (Ansty, Bn)— Qn (An-2, B.-ı) + (Ans, Pa-2); 
(n == 1, 2,3,-- +). 
By direct calculation it is found that - 


(Az, Bs)== M(— ps) : (As B)—M{ aes u B) 


(A, B,)= M ~— Pim Ps — Ps ). 
H ; — Ya, — Ga 3 
ence 


(11) (An, Bu) == M ie po i ore =), (n=2,3,- °), 


by inductive reasoning similar to that employed in deriving (8). 


* A set of continuants similar to (8), (9) and (10) may be written for the con- 
vergents involved in quaternary, or in n-ary, continued fractions. In every case the 
proof, by induction, involves assuming that the convergent is represented by its con- 
tinuant for n successive orders and proving it true for the next higher order. 
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By (1) and by definition 


(An, On) = Qnez ( Ån, Cn) —(An-s Cn). 
Hence 
(An, On) = Qnr M — Pz — Par" * "5 Pi — Pa — Ps ' t3 F) 


—~ Qo," * "~~ Qn n ~— Jay * 7 In. 


since by a process similar to that used in deriving (11) we have 


(12) (An, Oars (P27 Ba Pe $ a) (n=1, 2 J 


~~~ Q2; — Yan" ° *3 Qn 


Also from similar considerations 


(13) (Bry Cnu) M( P P =); (m= 0, 1,2," +°). 
~ Yay —— Yar" * "3007 In Jnr 

5. Proof that D =M + N + 2. ` 

Expanding Da in terms of the elements in the last row we obtain two 
determinants of order k. We shall designate by Ds the minor of 1, and by 
D, the minor of (—1)*, in the last row. Next we expand Ds in terms of 
the elements of the last row and last column, by Cauchy’s method. Applying 
(13) three times, (8) twice, and (9) three times to terms of this expansion, 
we obtain 


(14) Da = — (Be, Or-1)— qr- (Br-s, Cr-2) + (Bas, Crs) 
+ Qr-1Br-2 + pr+Br-s + Bus + (Ar, Bri) t 1. 


Now by the recursion formulae (1) for B, and Cùn and by definition, (By1, Cx) 
reduces to — Pz(Br-2, Ce1)—(Br-s, Cr-1) and also (Br-s,Cz-1) reduces to 
Qu-1 (Bua, Cu-2)—(Br-s, Cu-3). Hence the first three terms of (14) reduce 
to (Bx-1, Cx). By (I) for B» the next three terms of (14) reduce to Br-ı. 
Substituting these terms in (14) it becomes 


(15) DE Gia) A S E Bt. 


Next expand D, in terms of the elements of the last row and next to the 
last column, by Cauchy’s method. Applying (12) twice, (10) five times and 
(8) once to the expansion gives 


(16) D,= du(Ax-2, Or-1)— (Ars, Cr-2) -+ PrÛr-2 + G1 9eCh~2 
+ On PrrCrs + ger + Cre + Are +1. 
By recursion formulae (1) for An and On the first two terms of (16) reduce 


‚to (Ax-., Cz). By (1) for Cp and Cy. the next five terms become Or- Sub- 
stituting these values in (16) it becomes 
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(17) Dy=(An-2, Cx) -|- Cr + Ara + 1. 
Combining (15) and (17) gives 


D, == J), + D, = Cr +- Bur + Ax-2 
+ (Bra, Cr) + (Ane, Ce) + (An-2, Bes) + 2. 
Hence by (3) and (4), 
D:==M 4 N +2. 
6. To show that 


(18) D= Cs + Ber + Ara — (Bry Cn)— (Aras Cr) —(Ana, Bra) 


it is not necessary to expand it completely as was done for Dz. The elements 
of the two determinants correspond except that three elements of each are 
replaced in the other by the same elements with their signs changed. Hence 
the expansion of D, may be obtained from that of D, by making appropriate 
changes of sign. The result of making these changes of sign in the preceding 
section produces (18). Thus by (3) and (4), D=M—N. 

From (5) and (6) it is now evident that the proof of the original state- 
ments is complete, i.e., that for the reducibility of the characteristic equation 
of a periodic ternary (continued) fraction, the vanishing of D, or Də is, 
(a) a necessary and sufficient condition where p; and g; are rational integers, 
(b) a sufficient condition when p; and qi are any real numbers. 


7. Since D, and Ds are linear in any particular p; and qi, it is obvious 
that if k— 1 pairs of partial quotients be selected arbitrarily, the remaining 
pair may be selected in an infinite number of ways so as to make the char- 
acteristic equation reducible, either by the root 1 or —1. 

In the same way D, and D» are linear in any qi and pis, so that the same 
statement may be made for such a pair as for the pair p; and qi. 


8. Below are listed six general conditions under which the characteristic 
equation will be reducible. The classification is made according to the method 
of derivation from D, or Da. 


A pi >= di. 

B. pi = qi + 2. . k 

C. p= qe = 0, pi = — i-is (i = 2,3,-° s k). 
D. p= 0, gel, pe +q +? = 0, pe+ am? pi in, 


e E 1). 
Ey. k being odd, Pı = qr = 0, Pe = fis Pr == Ge, Pi = di +2, 

(t==3,°- ‘„k— 1). 
En k being even, P= 2, qk = 0, Pi == di-ı +2, (1=2, 3° j a) 
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Fy. k odd, pı = 0, qx = — 2, pi= Gia + 2, (t= 2, 3, > ',k). 
Fa k even, 1 —=R, qr = — 2, Po == qi, Pr = Yea, Pi = dia +2, 

(i= 3,: =, k — 1). 
Two special cases arise amongst these. For k= 2, condition D becomes 
pı = 0, qz =, qı = — pə Also for k= 2, F, becomes pı =, q: =— 2, 
p=q—2. 


Reducibility under A results from the fact that under this condition the 
sum of the odd columns in D, is equal to the sum of the even numbered 
columns. 

Redueibility under condition B may be shown from the fact that the sum 
of the elements in the i-th row of D, is — p: + qi +2 when k is even, and 
the same is true for the i-th row of Dz when k is odd. Hence under this con- 
dition the root of the characteristic equation will be (—1)* This condition 
was found and proved by Lehmer: 

Conditions C, D, E, F result from a consideration of the sums and dif- 
ferences of the two sets of alternate rows of D, and Dz. 


9. The vanishing of D, or Da, in the special cases where k= 1, 2, 3, 
may be obtained from the general formulae by observing the following. It is 
necessary to have the elements involving powers of — 1 always occupy the 
three positions indicated below; 


Row Column 
1 k 
k 2 
k+1 1 


In case k = 1, 2, 3 these elements are to be added to any other elements which 
may occupy the same position in the determinant. 


10. The character of the roots of a reducible characteristic equation 
when M and N are rational integers. 

A. For D,=0,or M— N = 0, one root of the characteristic equation 
is 1. The other two roots will also be rational only in case M = N = 3 or 
M = N =— 1. When —1<M=N<3 the other roots will be imaginary. 
When M = N <—1 or M = N > 3, the two remaining roots will be quad- 
ratic irrationalities. 

B. For D: =M-4+-N+2—0, one root of the characteristic equation 
is — 1 and the other two are always quadratic irrationalities. 


11. Numerical examples in which the characteristic equation is reducible. 
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A. An example in which the partial quotients are positive integers and 
for which D, vanishes. 

Given (2,2; 4,1; 8,1; 8,5; +), k, the number of pairs per period 
being 4. 

The characteristic equation is p? — 185p? + 185p—1=-0. The prin- 
cipal root, pı = 92 + V 8463. l 


11163 + 121 V 8463 


By (4a), = — —— 
y (4a) 905 + 54 vV 8463 


2147 + 23 V 8463 
Oo q > Se 


and by (4b), ——: 
re 285 + 9 8463 


B. An example containing positive and negative partial quotients, D: 
vanishing for the set. 


Given (2,3; 3,—1; 2,4;---), k being 3. 
The characteristic equation is p? — Tp? + 7p —1== 0. 
The principal root is p, =3 +2 V2. 
By (4a), G11 = (2 — V2)/2, 
and by (4b), G217=—(6-+3 V 2) /4. 
C. An example of the same type as B. 
Given (2,3; 1,—1;-.- -), k being 2. 
The characteristic equation is p3 —1=0. The general conditions for 


convergence are not satisfied, so that the expansion does not give a limit for 
Ba/An or Cn/An. 


D. An example involving positive and negative partial quotients, D, and 
D: both vanishing for the set. 


Given (— 1,1; 3,—3;- -), k being two. 
The characteristic equation is p? — p? + p—1=0. 


The principal root pı = —1. 
By (4a), 11 =— 1, . 
and by (4b), 02,1 >= 0. P 


E.. An example involving fractional partial quotients, D, vanishing for 
the set. 


Given (1/2, 2/3; 1/3, — 4/5; * * :), & being 2. 
The characteristic equation is p? — 3/10p2 + 3/10p — 1 = 0. 
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This equation is reducible but again the conditions for convergence are 
not satisfied. 


F. An example involving irrational partial quotients, D, vanishing for 
the set.” 

Given (V2, V3; V6, V2; — V3, V6; °° +), k being 8. 

The characteristic equation is p? — 14? + 149 —1=0. 

The principal root is pı =(13 + V165)/2. 


By (4a), o1 = V2( 5+ V165)/10, 
and by (4b), oo, = V3(15 + V165)/10. 


* Under the given conditions the characteristic equation is reducible, even when 
irrational partial quotients are involved. However, for such a set of partial quotients, 
the type of irrationality defined by the continued fraction will not in general be quad- 
ratic, as was the case in example F. 


On the Separation Property of the Roots of the 


Secular Equation. 
By E. T. BROWNE. 


1. Introduction. Let A be any square matrix, real or complex, of order n. 
If J is the unit matrix, '4— M is called the characteristic matriz of A; 
the determinant of the characteristic matrix is called the characteristic deter- 
minant of A; the equation obtained by equating this determinant to zero is 
called the characteristic equation of A; and the roots of this equation are 
called the characteristic roots of A. In particular, if A is real and symmetric, 
j.e., Qij = 0;;, the characteristic equation is of great importance and is called 
the secular equation since it was first used by Laplace in the determination 
of the secular inequalities of the planets. 

The secular equation has been widely studied and many beautiful prop- 
erties of it have been discovered. For example, let us following Weber * 
denote by Zi(A) the determinant of order i standing in the upper left hand 
corner of A—-AIl. Weber gives a proof that the roots of L;(A)==0 are all 
real and are separated by the roots of Li.1(A)==0. However, it may happen 
that a root » of multiplicity m of the latter equation is a root of multiplicity 
m— 1, m or even m + 1 of the former, so that if Li-1(A)==0 has a multiple 
root the sense in which the previously mentioned “separation” takes place 
is not exactly clear. It is the purpose of this paper to study this separation 
property. In doing so we shall employ merely the.simplest properties of 
algebraic equations together with a well known theorem which in the study 
of the characteristic equation of a matrix is one of the most useful with which 
the author is acquainted; viz., 

If A is a Hermitian (real symmetric) matrix of order n, there exists 
a unitary (real orthogonal) matrix R such that R'AR =N (FAR=N), 
where N has as elements in its main diagonal the (real) characteristic roots 
of A and zeros elsewhere.+ - 

This theorem was used by Bromwich { in his proof that if « + i£ is a 
characteristic root of a matrix A whose elements are real or complex, and if 
pı Æ- "= pm are the characteristic roots of (A -+ A’) /2 and ips: * ` > Un are 


* Weber, Lehrbuch der Algebra, Braunschweig (1898), Vol. I, pp. 307-311. 

f Dickson, Modern Algebraic Theories, Chicago (1926), pp. 74-76; Kowalewski, 
Determinantentheorie, Berlin (1925), pp. 194-198. ` 

t Bromwich, “On the Roots of the Characteristic Equation of a Linear Substitu- 
tion,” Acta Mathematica, Vol. 30 (1906),-pp. 295-304. 
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the characteristic roots of (A —A’)/2, then p Sa SS pn and |B | does not 
exceed the greatest of ||,‘ : *,|m |. The same theorem was employed 
by the author * in the proof that if A is a charateristic root of a matrix A 


and if G and s are respectively the largest and smallest characteristic roots 
of AA’, then sS ASG. 


2. Transformation of a Hermitian Matria. Let us suppose then that A 
is a Hermitian matrix of order ny Denote by A, the principal minor matrix 
of order r standing in the upper left hand corner of A and by L,(à)= 0 
the characteristic equation of A, If pS: S pr are the characteristic 
roots of A, there exists a unitary matrix P==(p;;) such that P’A,P=B,, 
where B, has as elements in its main diagonal the roots p:,: * -, pr and zeros 
elsewhere. If Amı be the Hermitian matrix of order.r-+ 1 formed by ad- 
joining to A, an additional row Zi, * *, 2r, Zra (Zr Teal), and a column 
consisting of the conjugates of these elements, and if R be the unitary matrix 


P 0 
R=( 
(ys) 


formed by adjoining to P an additional row and column consisting entirely 
of zeros except in the last place, it is easy to verify that MArıR = Bray, 
Bı being & matrix of the form: 


pi," * +, 0, Xr 
(1) Bae ( eee a ) 
Xop PP OP. er 
where 
? 
(2) Xni = ru} I; == 2 Pijti (j =1,: i T). 


Under such a transformation the characteristic equations L,(A)=0 and 
Lr (A)= 0 of A, and Arn are unaltered. 

Expanding the characteristic determinant of B, according to the ele- 
ments of its last row and last column, Lra (A) may be written 


(3) Ira (A) = — z XiXiRi (A) + (Er —A)Lr(A), 
where the Ri(à) are defined by the relations 
(4) (pi — A) Bi (A)=(p1 —A) + + + (op —A) = L(A) 


and are therefore real. Manifestly Ri(pj)—=0 (ij) while if the p’s are 
all distinct Ri (pi)5< 0. 


* “The Characteristic Equation of a Matrix,” Bulletin of the American Mathe- 
‘matical Society, Vol. 34 (1928), pp. 363-368. 
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3. The Vanishing of Certain X’s. Since P is nonsingular (41,° © +, Xr) 
=(0,--°,0) if, and only if, (2,° ` ',2r)==(0,° * °,0). Let us suppose 
then that the X’s are not all zero but that Xy+' * >, Xyem which correspond 


in (1) to a root pya =' * = pym = p (say) of multiplicity m of A, are 
all zero. We then have 

= 
e Ipm—0 (Gy tL sy tm) 


so that the set (zı, ° *,®r)} is a solution of the system of homogeneous. 
linear equations (5) whose coefficients are the (y+ 1)th,-- +, (y-+-m)th 
columns of P. But from the manner in which P was built up* we have 
also the following 


(6) È (ai — pu) pr =0 (G=1- r), (=y+ L y+) 


where 5;; is the Kronecker symbol and is equal to 1 if t= 3; 0 if 14 7.- Thus 
the r— m linearly independent rows of A,— pI are also solutions of, (5), 
and since the latter system has at most 7— m linearly independent solutions, 
it follows that the set (a, + -,%,) depends linearly on the rows of A, — pl. 
Conversely, if (a1, ' *,£7) depends linearly on the rows of Ar— pl, Xy» 
== X yım = 0. We therefore have the following theorem: 


THEOREM I. If p is a characteristic root of multiplicity m of Ar and 
of Xyu ER are X’s corresponding to this multiple root in the matrix 
Bra,then Xy == Ayım = 0, if, and only if, the bordering set &,°'*,&r 
depends linearly on the rows of Ar — pl. ' 


4. The Separation Property. Let us now suppose that in (3) all the p’s 
are distinct and none of the X’s is zero. Since Ly.i(A)—=(—A)™I+---, 
manifestly Z,u(—®)> 0 whether r is even or odd. Also 


(7) Lra (pi) == — {žk (p:) 

= — XiXi(p1— pi) (pia — pi) (piss — pi)" "(pr — ps) 

—=(—1)'k; where ki > 0 (i=1,---,7). 
Further, Lr (c0) has the same sign as, (—1)7*1. Using for uniformity the 
notation po =— ©, pr = ©, we may say that (7) holds also fer i—0 
and t==7-+ 1. It is clear then that in each of the open intervals (p:-1, pi) 
(i= 1,- -,r -+ 1) there is exactly one root o; of L,.(A)=0. We there- 
fore have l 


* Kowalewski, loc. cit., pp. 195-196. 
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Tuurorem II. If the characteristic roots pi,‘ ' ",pr of a Hermitian 
matrix A, are all distinct and if Amı is the Hermitian matric formed by 
adjoining to Ar @ TOW X1,° * *, Er, Uris (Ers real) and a column i> ' +, Tr 
Tria, then if the set ©, ` ` ",Xr does not depend linearly on the rows of any 
of the matrices Ar— pl (i=1,''',r) the ++ 1 characteristic roots 
O1,° © "5071 Of Ara are all distinct and are separated by the p’s. 


Suppose, however, that py =" * ‘= pye = p is a root of multiplicity e 
of L,(A)==0. Then evidently each Ri (A) is divisible by (e—A)*? while 
Ri) (@=y+1,--°-,y-+¢) are not divisible by (p—A)*% Writing 
Bi(A)=(p —A)*8.(A) and noting that 


Syis(A)== "+ + = Bye) Sp(A), say, 
we may write Lrs (Aà) in the form 
Lra (A) = (p — A)? 7F (A) 
where f(A) is an expression of the type (3) with the root p now playing the 


role of a simple root and with the coefficient XpXp of Sp(A) satisfying the 
condition 


FR yte = 
Xpkp— X Kiki. 


Evidently Xp = 0 if, and only if, the set 2,° - -,z%, depends linearly on the 
rows of Ar — pl. 

If now Z,(X)= 0 has the m S r distinct roots pı <- © * < pm of multi- 
plicities ¢:,° - >, €n, respectively, we may proceed with regard to each of these 
roots as we did with regard to p until finally Lra (à) may be written in the 
form 

Ira (A) = (pi — A): + (pm — A) Om IP (A) 


where P(A) is an expression of the type (3) with each p playing the role 


of a simple root. If the set 21,- + -,2, does not depend linearly on the rows 
of any of the matrices Ar— pıl all of the X’s entering F(X) are different 
from zere. Hence, writing pp==—, pma == it follows that F(A)=0 


has exactly one root in each of the open intervals (pis, pi) (t= 1,- m+ 1). 
We have therefore proved 


TuuoreM ITI. If L,(A)=0 has the m distinct roots pi <+ ++ < pm 
of multiplicities e1,- + +, Em, respectively, and if the bordering set 21,° * `, te 
does not depend linearly on the rows of any of the matrices Ar — pil 
(i= 1,: ++, m), then each pi is a root of Lra (à)= 0 of multiplicity exactly 
ei — 1, while in each of the open intervals (pin, pi) (=1,::', m+ 1) 
there lies exactly one root of Lru(A)=0. 
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Suppose now that pya ==" * * = pym == p is a root of multiplicity m of 
L,(A)==0 and that the set 2,:--,2, depends linearly on the rows of 
Ar— pl, so that (Xyss' + * Xqysm)—=(0,:  ,0). From the determinantal 
form of Lr,,(A) it is manifest that the latter contains (p-—A)™ as a factor, 
so that p is a root of Lra (Aà)= 0 of multiplicity at least m. Indeed, if 


T T 
Tj = X, (dig — pBiz) C1 = D liji — pC} 
į=1 q=1 


it follows from an examination of the rank of B,.ı that p will be a root of 
multiplicity m + 1 or m of Lra (A)= 0 according as £r is or is not equal to 


r n anec%. § T 
p(1 — 205) + 2 jcidj. 
ge J 


Hence we have the following theorem: 


THEOREM IV. A root p of multiplicity m of L,(A)=0 will be a root 
of multiplicity at least m (and at most m + 1) of Lria(A)=0 if, and only 
if, the bordering set a,° + +,%, depends linearly on the rows of A;— pl. 


5. Number of Negative and of Positive Roots of Ari. Let the v distinct 
negative roots of L,(A)= 0 be pı < * -< pv of multiplicities ¢,, ¢,° * +, ev, 
respectively. If the X’s corresponding to the roots pi," * ",pıy are all zero 
the latter are roots of L74,(A)—0 of multiplicities at least en,’ * +, eiry, re- 
spectively. If for the remaining p’s, piy’ ' ",piv the corresponding X’s 
are not all zero, these are roots of Dr.1(A)==0 of multiplicities exactly 
liya — 1," © +, eip — 1, respectively, while in each of the v — y open intervals 


(8) nd, Piya’ °° > Pins 

there is exactly one (negative) root of L741(A)==0. Hence, the latter equa- 
tion has at least as many negative roots as Z,(A)=0. Similarly, Zr. (A) 0 
has at least as many positive roots as L,(A)== 0. 

If zero is a root of multiplicity m of L,(A)==0 and is likewise a root of 
multiplicity at least m of Lr (à)= 0, it is clear that the latter equation can 
have at most one more negative (positive) root than the former; while if 
zero is a root of multiplicity exactly m—1 of L,u(A)=0 by adjoining 0 
to the sequence (8) it follows that the latter equation has exactly one more 
negative root and likewise one more positive root than Z,(A)= 0. ° 

We may state the theorem as follows: 


THEOREM V. If m,v and p represent the numbers of zero, negative and 
positive roots of L,(A)=0 and if Z, N and P represent the corresponding 
numbers for Lru(A)= 0, then, if Z=m—1,N=v+land P=p + 1; 
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if Z=m, N=v+ 1 or v, P=p or p+1; and finally, if Z=m +1, 
N=y ang P = p. 


6. The Signature of a Hermitian Matrix. Ti L,(A)=0 has v negative 
roots and p positive roots, the difference p — v is called the signature * of Ar. 
Denote by M; the determinant of the matrix A; Suppose now that A, is 
non-singular, i.e, M,540. If Amı is also non-singular, by Theorem V 
Lra (à)=0 will have y negative and a -+ { positive roots or v-+ 1 negative 
and p positive roots according as M, and Mr, have the same sign or opposite 
signs. That is, the signature of Ár, is greater or less by one than the signa- 
ture of A, according as the sequence of two terms M-, Mra presents a per- 
manence or a variation of sign. 

But if Ars is singular and therefore Lr, (à)= 0 has one zero root, the 
latter has exactly y negative and p positive roots. If further A,ı2 is non- 
singular, L,,.(A)=0.has by Theorem V exactly v+ 1 negative and »+1 
positive roots. Hence, M, is of opposite sign to M,. Moreover, the signa- 
tures of A;,2 and A; are the same. Noting that the matrix (2.22) (&ı2 3 0) 
has one negative and one positive characteristic root, it is clear that we have 
established Gundelfinger’s f rule for determining the signature of a regularly 
arranged Hermitian or real symmetric matrix. 


THEOREM VI. If a Hermitian or a real symmetric matriz of rank r is 
regularly arranged, 1. e., if the rows and columns are so arranged that no two 
consecutive terms in the sequence 


-(9) M = 1, M: = t: $ -, M, = er 3 


Griy’ * "Orr 


are zero and M, = 0, the signature of the matris is equal to the difference 
between the number of permanences of sign and the number of variations of 
sign in the sequence (9), where a vanishing term may be counted as either 
positive or negative, but must be counted. 


%. Application to Hermitian Matrices which are not Regularly Arranged. 
Suppose now that both Arı and Ay. are singular while A, is not. Let us 
denote by Z, N and P the numbers of zero, negative and positive roots of an 
` equation under consideration. It is clear that if for L-(A)= 0 we have l 


L, (à): Z=0, N=v, P=p, 


* is sometimes called the index of A; cf. Dickson, loc. cit., p. 71. 
T Gundelfinger, “Zur Theorie der quadratischen Formen,” Orelle, Vol. 91 (1881), 
p. 225; ef. also Dickson, loc. eit., pp. 87-88. 
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then for L74:(A)== 0 we have 
Lra(X): Z=1, N =r, P=p, 

and for Lra (à) = 0 we have one of the following 

Z=2, N =n, P = u; 
(10) Ira): Z=1, N=v»v#+1, P= p; 

Z=1, N=», P=p+4+ 1. 

If Arıs is non-singular (so that for Le (à) the case Z = 2 cannot arise), 
the outlay for Lrs (A) is by Theorem V 
Z=0, N=v+2, P=u-+l; 
Z=0, N=ı+1 P=pt+2. 
That is, if MM, 0 while Mra = Mn = 0, Lris(A)—= 0 has two more 
or one more negative roots than L,(A)= 0 according as M, and Ars have 
the same sign or opposite signs. 


Suppose, however, that Ars, Ar: and Ars are singular while Ar id Arse 
are not. The possibilities for L,,3(A)= 0 are then easily seen to be: 


(11) Lr (A): 


pai Ver Poids 
(12) Lrs (A): Z=1, N=-ı+2, Pop; 
l Z=1, N=y, P =p +2; 


and for Lre (à)= 0: 
Z=0, N =v4+2, P=p+2; 

(13) l Lines (A): Z=0, N =v+ 3, P=u-+l; 
Z=0, N =vy+ 1, P=p-+4 3. 

If M, and Mr are of the same sign, manifestly the first case in (13) 
is the only one that can arise, while if M, and M;,,, are of opposite signs, 
either of the last two cases may arise and we cannot distinguish between them 
by the signs of the M’s alone. 

We therefore have the Theorem: 


THEOREM VII. If in the sequence (9) M, 540 and M,M7ys3 £0 while 
Mra = M ra = 0, then to the subsequence Mr, 0, 0, Mrs we assign two varia- 
tions and one permanence or one variation and two permanences of sign 
according as M, and Mrs have the same sign or opposite signs; and if 
MrMria AO while Moi = Mna = Mrig = 0 we assign to the subsequence . 
M,, 0, 0, 0, Hrs exactly two variations and two permanences if M, and Mra 
have the same sign, while in the contrary case the number of variations to be 
assigned may be either one or three. 


While the last theorem was proved only on the supposition that M, 540 


for r > 0 it is easy to very that the results hold also for r = 0. 
12 
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The questions discussed in this section were studied originally by Fro- 
benius,* and when two consecutive terms in the sequence (9) vanish the 
results that he arrived at by a very elaborate discussion are exactly the results 
that we have arrived at here. When three consecutive terms vanish and the 
adjacent M’s have opposite signs, Frobenius points out that the signature of 
the matrix is not determined by the sequence (9) alone. But he does not 
seem to show that the signature is definitely determined when the adjacent 
M’s have the same sign. More recently Franklin ¢ attacked the same problem 
by a scheme similar to, but, it seems to the author, less explicit and less 
powerful than, the one used here, and he arrived at the same conclusions that 
Frobenius had previously arrived at. Still more recently and by an entirely 
different method the author f obtained the results here given. 


8. A Sequence of Sturm Functions for the Equation In(A)=—0. Let 
a and 8 be any two real numbers, neither a root of Z„(A)=0. Since the 
characteristic roots of A — &I are less by « than the characteristic roots of A, 
it is clear that if va is the number of characteristic roots < g of A, then vg is 
the number of negative roots of A— al. If in the sequence 


(14) 1, L(a), D(a), ° . *, Dn (%) 


not more than two consecutive terms vanish (or if three consecutive terms 
vanish and the adjacent terms have the same sign), va is equal to the number 
of variations of sign in the sequence, where if two or more consecutive terms 
vanish the number of variations is determined by theorem VII. Here a root 
of multiplicity m counts as m roots. Under the same restrictions if vg is the 
number of variations of sign in the sequence (14) with «œ replaced by £, 
then vg is the number of roots < ß of La(à)= 0. Hence for a < 8 vp — Va 
is the number of roots of Z„(A)= 0 between « and 8. Without altering the 
number of variations of sign the order of the terms in (14) may be reversed 
thus furnishing a sequence in which the last one is always greater than zero. 
Such a sequence therefore 


L, (A), Lra (AÀ); j salà), 1 


may be thought of as constituting a sequence of Sturm functions § for the 
equation La(à)== 0. 
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. * Frobenius, “ Ueber das Trägsheitsgesetz der quadratischen Formen,” Crelle, Vol. 
114 (1895), pp. 198-199. 
+ Franklin, “ A Theorem: of Frobenius on Quadratic Forms,” Bulletin of the Ameri- 
can Mathematical Society, Vol. 33 (1927), pp. 451-452. 
Z“ On the Signature of a Quadratic Form,” Annals of Mathematics, 2nd Series, 
Vol. 30 (1929), pp. 517-525. 
§ Cf. Salmon, Lessons on Higher Algebra, Third Edition, Dublin (1876), p. 43. 


Discontinuous Solutions in the Problem of 
Depreciation and Replacement. 
‘By Henry H. PIxury. 


1. Introduction. The mathematics of the problem of depreciation in ` 
economics has been the subject of recent papers by Hotelling * and by Roos.t 
Roos has developed a dynamical theory of depreciation and replacement and 
has formulated the problem of replacement for a single operating machine as 
a type of Lagrange problem in the calculus of variations. The expression 
which he maximizes is the sum of two definite integrals whose integrands are 
functions of variable end and corner values. He considers it as a single 
integral with an integrand which is discontinuous along a continuous curve 
of corners. The maximizing arc which he obtains is, however, continuous at 
the time of replacement. This means that the replacement machine starts at 
the time and at the rate of production at which the operating machine stops. 
In an actual case this is not necessarily true. 

In this paper I develop a general theory corresponding to that of Roos 
without the assumptions of continuity at the time of replacement. In par- 
ticular, an application is given in which the replacement machine is started 
at a time and rate different from those at which the operating machine stops. 


2. The replacement problem. We consider a situation in which one 
machine operates from time é to time w, at the rate of u(t) units of output 
per unit time. Of the output of the machine y,(¢) units are sold per unit 
time at a price p,(¢) per unit. The total operating cost of the machine in- 
cluding depreciation is represented by the function Qı (u, U1’, Py pt). A 
second machine operates from time w2(= w.) to time ża with an output of 
u2(t) and a demand of ys(#) which sells at po(¢) per unit. The corresponding 
cost function is Q2(use, Us’, Po, Po’, t). 

Roos has shown that the total value, E to the time T, of the 

*H. Hotelling, “A General Mathematical Theory of Depreciation,” Journal of 
American Statistical Association (September, 1925). 

q C. F. Roos, “ A Mathematical Theory of Depreciation and Replacement,” American 
Journal of Mathematics, Vol, 50 (January, 1928) ; Roos, “ The Problem of Depreeiation 
in the Calculus of Variations,” Bulletin of the American Mathematical Society, Vol. 34 
(1928), p. 218. 
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profits from a machine which operates from T, to 7, plus the value at T of 
its scrap value at Ts is 


Ta . 
V(L)— f- [oly (t)— Qu wv, p,p’, t)] ET, dt + KE(L, Ta) 
. . , t ` 
where K is the initial cost of the machine, and £ (T, t) is exp [— J. 3(v) dv] 


in which ö(v) is the rate of increase of an invested sum s divided by s. The 
‘function #(T, t) is a discount (or interest) factor which gives the value at T 
of the profits earned at ¢.* By this formula the total value at the time T of 
the two machines minus the value at T of the amounts necessary to replace. 
the machines at wz and t respectively is 


Vi(T)— KE (TL, W2)+ V2o(T)— K;E(T, te) 
(1) = f (pigs — Qs) ECL, t)dt + K: [E(T, w)—E(T, ws) ] 


F f “Coane — Qo) E (T, t) dt + i (Pays — Q:) E(T,t)dt 


where the subseripts 1 and 2 denote functions of the operating and replace- 
ment machines respectively and the subscript 0 denotes functions for the 
period of replacement from w, to we. The cost function Q, represents any . 
- variable expense which occurs during the period of replacement and which 
may not be considered part of the constant K. The function Qo may be a 
function of w, and we. 

For convenience we will drop the subscripts 1 and 2 for the present and 
let u(t), y(t), p(t), and Q(t) represent the rate of output, rate of demand, 
price, and cost of production, respectively, for the range t StS. These 
functions may be discontinuous for the values = Ww, wz but are continuous 
for all other values of t in the range t St<t,. The functions u(t), y(t), 
and p(t) are not in general independent, since y and p are related by an 
equation of demand, while y and u satisfy an equation of supply. If we 
assume that the demand equation is a first order differential equation of the 
form 6(y, y, p, p, t)= 0, and that the supply equation is y = é(u, t), we can 
obtain by the elimination of y, a demand-supply equation + 


G) % Wu, p, p’, t)=0. 


* Roos, “The Problem of Depreciation in the Calculus of Variations,” loc. cit., 
p. 221, 

t Roos, “A Dynamical Theory of Economics,” The Journal of Political Economy, 
Vol. 35 (October, 1927); Roos, “The Problem of Depreciation in the Caleulus of 
Variations,” loc. cit., p. 222. 
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There will also in general be certain conditions which the end-points 
must satisfy which may be written in the form 


(3) Ya Lio, ute), p(to), Wo, u(We), p(wWe = 0)] 0 
(e= 1, ,p=14), 


where o may take both of the values 1, 2 in each of the p equations. 

We will eliminate y from the function (1) by means of the equation 
y=E£(u,t). Then if we assume that this function is to be maximized, our 
problem is that of finding among the ares u(t), p(t), satisfying the equation 
(2), and whose end-points satisfy equations (3), a set which maximizes this 
expression (1). 


3. The general problem. We will now state a more general problem of 
which the problem of the preceding paragraph is a special case. We will need 
to consider a class of ares, yı = yi(v), (i=1,- + -,2), which are defined for 
T= Si C=Se, and = 83, where zı Es SS To, Vy SHE, Ly SS Sg Se. 
We will represent these three intervals by the letters X,, X., and Xa, re- 
spectively. Our general problem is that of finding among those discontinuous 
arcs, Yı == J (2), (t= 1,'--,n), of the above class which satisfy certain 
differential equations 


(4) da(®, Y, Y )= 0, (el, -m <n), 


for all z in Xı, Xe, and Xs, and whose points at the ends of these intervals 
satisfy the end equations 


(5) Yu [£p Y (Zp) ] == 0, (up=1,-°+,pS6n+6;p—1,---,6), 
one which maximizes an expression 
(6) T= fF fs. y 2p ylz) as 

+ Jon Yst (ap) ] d+ S [09 Y,209(20)] ds 


where (y, y’) represents the set (yı,° © +, Yn, 315° ©“, Yn), [ap, Y (ap) ] repre- 
sents the set : 


[ary Ya (21), ty Yur), 22, Ys (2), y Yn (Ze), °° > Ve; Yr (&o),°**, Yn (Ze) J, 
and primes denote differentiation with respect to a. 
We assume that: 


(a) the functions y;(«) defining the maximizing arc E are continuous 
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in each of the intervals X,, X2, Xs, and have continuous derivatives in these 
intervals except at a finite number of values of z; 

(b) in a neighborhood E of the values (a, y, y’) on the are E the func- 
tions f, g, h, and ġa have continuous derivatives up to and including those 
of the second order; 

(c) at every element (z, y, y) on E the m X n-dimensional matrix 
day,’ | has rank m; 

(d) the functions ya have continuous derivatives up to and including 
those of the second order near the end values [2p, y(z,)] and at these values 
the p X (6n +°6)-dimensional matrix 


(7) [very do 


has rank p, where 4 Yo = ==} (Tp), (p=1,:- +, 6), and the subscripts y7, rp, yp 
denote partial derivatives.*, } 

For the general problem as here stated certain necessary conditions for 
a solution can be obtained by methods which are essentially those given by 
Bliss for the problem with a continuous integrand,* and which have been 
extended by Roos to the case of a discontinuous integrand.t In each of these 
treatments the solution is sought in a class of continuous arcs. 


4, Admissible arcs and variations. An arc y; = yi(s), (6==1,---,7), 
defined over the intervals X,, X2, X, will be called an admissible arc if it has 
the continuity properties (a); if all of its elements (2, y, y’) lie in | k, and if 
it satisfies the differential equations (4). 

If a one-parameter family of admissible arcs 


(8) yı = yi (z, b), 


[¢1,°°+,n; nS rS a(b); s())ESr S r(b); ssb) SxS zr(b)] 
containing a particular admissible are # for the parameter value b==0 be 
given, the functions q:(x)== dy; (x, 0)/db, & == ðxp(0)/ðb are called varia- 
tions of the family along E. 

The equations of variation on the arc E for the functions ba are defined by 


(9) , Balt, 1) = panmi + ban’ ni’ = 0, (a=1,: tam), 


*G. A. Bliss, “ Lectures on the Problem of Lagrange in the Calculus of Variations,” 
University of Chicago (1925), mimeographed by O. E. Brown, University of Chicago. 

+ Roos, “General Problem of Minimizing an Integral with Discontinuous Inte- 
grand,” Transactions of the American Mathematical Society, Vol. 31, (January, 1929), 
(hereafter referred to as “General Problem ”). 
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where the coefficients day, day,’ have as arguments the functions y;(a) de- 
fining the are Ẹ and the functions yi, i’ are, of course, defined only for values 
of x in the intervals X,, X, Xs. 

Similarly we define the equations of variation on the arc E for the func- 
tions Yu to be 


(10) Gn (E, n) = Yuepép + Yur ptyiltp (0), 0] /db, 
where in equations (9) and (10) «is an umbral index with range 1,° - -,n, 
and p is umbral with range 1,- - -,6, according to the convention that when- 


ever a subseript appears twice in a term that term is to be summed for all 
values of the subscript. The functions Yy are clearly functions of & and ni 
since 


(11) Ayla, (0), 0]/db = yip’Ep + mi (tp), (p==1," - +, 6, not umbral). 


A set of arbitrary constants p and functions (=) with the continuity 
properties described in (a) and satisfying the equations of variation (9) will 
be called a set of admissible variations, a definition which we will find useful 
since f 

For every set of admissible variations £p, yi(x) along the arc E there 
exists a one-parameter family (8) of admissible ares containing E for the 
value b = 0 and having the set ép, ni(x) as its variations along E. For this 
family the functions yı(z,b) are continuous on each of the intervals X1, Xo, Xs 
and have continuous derivatives with respect to b for all values (x, b) near 
those defining E, and the derwatives dyi(x,b)/dx have the same property 
except, possibly, at the values of « defining corners of E.* 


5. First necessary conditions. If we substitute the one-parameter family 
of admissible arcs, (8), containing E for b=0, in the expression J, dif- 
erentiate Z with respect to b, and set b = 0, we obtain the first variation of I 
along the are E 


T, (é, 7)= T (funi + fuen) ds, F 
(12) + J. i (Juni -+ Jueni) ds: + o (um T hu m’) dss . 


+ Kip (fg, h)dyi[ep (0), 0]/db + Le(f, g, t) ép, 


* For proof see Roos, “General Problem,” loc. cit., p. 61. See also Bliss, “ Lec- 
tures, ete.,” loc. cit., p. 4. The theorem stated above is an obvious extension of the 
one proved by Roos. ; 
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+ EN $ L2 mM Ta 
where. Kip(f. g, n= f Tvıpdss +f GJusp Sz +f hypdss 5. 
Tı - T3 @s 
Lo (f, g. h)= fo + f fopdsy +f Gapds2 + Í hapdss; * 


fı==— f(z), fe=f (z2), fs =— g (2s), fa= g (24), fs = — h(s), 
fe = (ae); f(zı) is the value of the function at the end-point of the are E 
corresponding to z= s, and the other functions, fp, are similarly defined; 
‘ù is an umbral index with range 1,---,m, and p is umbral with range 
1,° + ~, 6; and the subscripts yi, yi’, Yip, p denote ‘partial derivatives. 

Following the methods of Bliss and Roos it can be proved by means of 
this first variation that: For every maximizing arc for the above problem 
‘there exist sets of constants Cin, Cio, Cig, (i= 1,' "+,n), and functions 


F(s, Ys Y, Zp, Yips Ào» dg) == Auf + Aaa 
G(s, Y» Ys Tps Yip; ro da = Aog -+ daha, . 
H (83, Y, Y, Lp, Yipy Ao Aa) Aoh -F Aaha; (a==1,---,m; umbral), 


such that the equations 


81 82 & 
(13) Fy =f" Pudsi + 0m Gue = f"Gndse+ cim Hoe = fo” Hudss + cios 


are satisfied at every point of E. The constant A, and the functions Mals), 
(a==1,--+,m), are not all identically zero on the intervals Xi, X2, Xs, and 
are continuous except possibly at values of x defining corners of E. Further- 
more, the end values of E must be such that all determinants of order p +1 
of the matrix 


Mip(av)= Fip + Kip(P, G,H), Np (av) = — Fipy’ip + Lp(F, G, H); 


Np (wv) Mip (av) 
Yuop Yuyıp 





(14) | 





vanish, where 


Fa=— Fy (a), Fa=Fy (42), Fia =— Gy (2), Fu = Gy (24), Fis 
= — Hy (25), Fis = Hy, (£6); Fyr (%1) denotes a derivative with respect 
to y; evaluated at the end-point of E defined by «=, and the other func- 
tions Fip are similarly defined; i is umbral with the range 1,---,”; 
p=1,:--,6 and p is not umbral; and (ay) denotes the set (21,: > +, ae). 


* The notation here is suggested by Roos. See “ General Problem,” loc. eit., p. 62. 
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6. The maximizing arcs for the replacement problem. In the problem 
stated in § 2 we will assume that the relation, y = é(u, t), between the rate 
of demand and the rate of supply is of the form y(t)= acu(t)-+ Be(t), and 
furthermore that the demand is a linear function of the price and the rate 
of change of price, y(t) == dop (t)+ ec(t) + kop’(t). Then the demand-supply 
equation, (2), becomes 


(15) dr = u — aop (t)— bo(t)— hop’ (t)= 0, (c= 1,2), 


where, as in § 2, o==1, and o= 2 denote functions of the operating and re- 
placement machines, respectively ; a5 = do/&o, bo = (ee + Ba) /Ge, ho = ke/&o; 
and it must be remembered that the forms of the expressions represented by 
u(t), y(t), and p(t) are not in general the same for the operating and re- 
placement machines. For the period of replacement from the time w, to 
time w: we have u==0, and in the place of equation (15) we use the demand 
equation y(¢)== dop(t) + eo(t)-+ kop’(t). If in addition we know the initial 
time, 4 = T., the rate and price of output at time t,, the rate of output at 
time we, and the time which elapses between w, and w, the conditions (3) are 


(16) y = t, — T; =, pa = u(T,)— U, = 0, ys = p(T1})— Pı =0, 
ya = Wi — We + W =O, Ys = u (w:)— U = 0, 
in which Ti, Ux Pi, W, U, are known constants. 


Let us also suppose that the cost function Q is expressible by means of 
the forms 


Qolu, w, p, p’, t) 
= Ao? + Bou + Co + Dow? + Hop? + Fow + Gop’ + Hop? + lop, 
(v= 1,2), 
Mo (p, F: t) 
= C(t) + Ep” + Gop’ + Hop? + Top. 


‘The parameters do, ba, ae, Bo, do, €o; ko, ho, Ac,’ © +, Io, Cos Eo, Go, Ho, Io 
are either known functions of the time or constants. In the following solution 
we will consider all of them except bc, Co, and eo as constants for simplicity 
of the solution, although the problem can be solved when they are functions 
of it. We will also consider 8(v) a constant. 

Our problem may now be stated as that of: Finding among the arcs u(t), 
p(t) satisfying a demand-supply equation (15), and whose end-points satisfy 
equations (16), a set which maximizes the expression (1), which may be 
written 
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fa f “Capan + Bıpı — Q1) EZ, t) dt 
(17) +f [Ge ne) +-{ (dopo o-+ kopo) po— Qo} E (T, t) | di 


(ws— wı) 
ta 
Ae J. ` (aapatie + Bapa — Qo) ET, t) at, 


This is a special case of the general problem stated in §3 where m == ty 
Wy = Vy = Ta, Ta = Ts = We, Lele, yla)=ult), ylz)=plt), gr IS du 
for t StS w u for w, StS we, and dy for w StS ta and f, g, and h 
correspond to the three integrand functions. Therefore the arcs u(t), p(t) 
. with their end-points must satisfy the equations (13) and the tranversality 
conditions (14). _ 
If we define F, G, and H by the equations * 


F = [a,pu + Bip — Au? — Bu — O, — Du? — Ep” — Fy’ 
-— Gip — Hip? — Ip + Au (u— ap — inp’ — b (t))] ECT, t) 
G = K,[E(T, w,)— E(T, we) ]/ (we — w) 

+ [(dop + eo + kp’) p — Co(t)— Bop” — Gop’ — Hop’ — lop] ET, t) 

H = [a,pu + Bop — Aru? — Bou — Qo — Dw? — Bap” — Fou" 
— Gop! — Hap? — Tope + Mra (u — ap — hep’ — b2(t))] ECT, t) 
we obtain 
OF /du = (ap — %Ayu — By + Ay) E (T, t), 
OF /du’ = (— 2D, — F,)E(T,t), 
OF /Op = (au + Bı — RHıp — I, — ad.) E (T, t), 
OF /dp’ =(— 2E p — Gy — nan) E (T, t). 

The Euler-Lagrange equations in their classical form dF'y,"/da = Fy, are 
obtained from equations (13) by differentiation, and in our case these con- 
ditions are 
— 2D wu" + (2Dw + F)8 = ap — RAU — By + An 
— 2B yp —hAu + (Ep + Gat hida) = au + Br — %Hıp — Ii tàn 
from each of which the common factor E(T,t) has been removed. Solving 
the first of these equations for A and substituting its value in the second, 
we obtain 
Rhy Dw” — 2(a1 + Ahd) Dit” + 2(— hıdı + yi8D1)u" + (Ayıdı — a u — 2E p 

+ (aiki +8E)P + —- ayi + 2A) p + yi (Br + Fa) + G + a =! 
where yı = a + Að. 


(18) 


a 
* See Roos, “ A Mathematical Theory of Depreciation and Replacement,” loc. cit., 
p. 153. 
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Replacing u and its derivatives in this equation by their values in terms 
of p obtained from the demand-supply equation (15), we have the differential 
equation ; 


(19) LagD 4p + La D’ p + Ly2Di?p + LnD:p + Lop + Pıo = L (bs, by’, by”, by”) 
in which i 


Laa = Bha? DNS, Las = — BRAG 2(— ay + M) D, — BE, 
Digs = 28 (MA, + yD: + Bx), Lro = Maıyıdı + 2H, — Raıaı — hid, 
La (ba, 1, Ba”, ba!” == — 2h Dib” + 2 (a, + 218) Did” 

l F(A —ydDi) br F (— MAF aba 


Pio = y1 (Bı + F1) -+ dG, + 11— Bi. i 


Since this is a linear differential equation with constant coefficients its 
solution depends upon the roots, my, Mı2, Miss Ms, Of the algebraic equation 
Lim: + Lamè + Lym? + Lam + Lio == 0. I£ these roots are all distinct 
and if p:(t) is a particular solution of equation (19), then its general solu- 
tion is 

(20) py == Pp (t)+ Kiem! + Kye! + Kye! + Kiert, 


where the constants Kir, Kise, Kis, Kis are arbitrary. 

The determination of p, depends, of course, on b,(t). An interesting 
form of b,(£) is the general solution of the homogeneous linear differential 
equation L,(b1, by’, 61”, 61”) 0. The. auxiliary egüation in this case is 
— 2h Dip? + 2 (ar + 28) Dip? + 2 (hi Ai — y:8D1) u — 2yidi + = 0 and 
if its roots wis, pie, fig are all distinct the general solution of the equation 
L, = 0 is 


(21) by (t)= Rızemut + Renat + Ry gett, 


where K11, K12, Kıs are arbitrary constants. The constants Kis, Kis, Šis are 
at the disposal of the operator in forming a satisfactory demand-supply equa- 
tion (15). Hence for this form of b,(¢) our demand-supply equation has five 
arbitrary constants and at the same time gives us a solution for p,(¢) which 
can always be expressed explicitly in the form (20). Since Z,s=0, the 
particular solution may be taken pı = — P10/Lno. 

It may appear that the price p, as given in (20) is independent of the 
constants Ki, Kis, Kis in bı(t). However, in practice, for any change in 
Ki, Riz, Kis one would probably choose different values for a, and A, in the 
demand-supply equation (15), and p, is a function of these constants. 
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The differential equation which gives po(t) is formally like (20), its 
coefficients being functions of ae, ba(t), he, 2, Be, Ao,’ * °, Iz. I£ ba(t) is 
defined by an equation similar to.(21), then 


P2 = p2(t) + Kae" + Kaerat + Kose"2t + Koerant 


in which the K’s and m’s have meanings analogous to those in equation (20). 
As soon as pı and pz are known we have u, and uz from the demand-supply 
equation (15). 

- The differential equation which gives Een is dG, /dt = Gp, which in 
terms of the coefficients of the cost: function, becomes 


— 2h op 1. BE + (2H, — 2do — kið) p + BGs + To — by 


If mo, and Moz are the roots of 2h ym? — 28£ym — 2H. + 2dy + koô 0, the 
solution for pọ may be written 


Po = Po(t) + Kuretat + Kozerat, 


where g(t) is any solution of the differential equation and Ko, Koz are 
arbitrary constants. In particular, if e, is a constant, this solution may be 
taken po = (eo — Go8 —Io)/2Ho. However, the finding of a particular solu- 
tion does not depend on €o being a constant since there are many functions . 
of ¢ which put in the place of e, would yield a particular solution easily. 


% Determining the end values. We now use the conditions on the end 
values t, w(t), s(t), Wr, Ur(W1), Pili), Polwı), We, Pol we), Us(We); 
Palwa), tes to (te), p2(te), to determine the constants te, wo, Koi, Koz, Kos, Kos, 
Koi, Koz. These end values are subject to the transversality conditions (14). 
Since w: = Le = Tz, La = % = We, we must add the equations Yo 2,— t= 0, 
dr = a — Ts = 0, to the known end conditions (16) in evaluating the matrix 
(14). We now find that every determinant of order 8 of the (8 + 18)- 
dimensional matrix 


N, — Pa (t) — Fp, (t) N: N; N; N; — Ha. (we) Ck 


1 0 0 0 00 0 0 0 
0, 1 0 0 0 0 0 0 0 
0 0 l 0 00 0 0 0 
0 0 0 100-1 0 0 
0 0 0 0 00 0 10 
0 0 0 1-10 0 0 0 
0 0 0 0 0 1 >i 0 0 
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(k==1,---,10), must vanish. In this matrix cı = Fu, (w1), C2 = Far (wi), 
Ca == — Guy (W1)== 0, = — Gp (Wi), Cs = Guy (We) == 0, Ce = Gp, (we), 
Cy = — Hy, (We), = Ne = — Bar (tz) Ue’ (2) — Ap,’ (t2) po’ (te) + H(t), 
Co = Huy (t2), Cio = Hp, (t2). If it is assumed that the time T to which all 
profits are discounted is 4,, necessary and sufficient conditions that every 
determinant of order 8 vanish are 


No(w,, W2)+ N, (wı)+ N4(we)+ N;(w1, W2)= 0, Ck == 0, 
(k= 1, > -,10), which are equivalent to the following equations: 
N+ Net Nat Not cati (wi) + Copi (w1) + Capo (2) + Copo (We) -H crp? (we) 


=P (wi) — @(w) + G(w)— H (we) + Hug (ws) ta (w) + | (Gurt Gus) dt = 0, 
aa [— 2D 0, (wi) — Fi] E(t, :)=0, ~ 
C2 = [— 2E py (wi) — Gr — hidu (1) |] E(t wi) = 0, 
Cs == Cs = 0, 

(22) G = [REP (wi) + Go] E(t w) = 0, 

cs = [— 2Eopo (w:)— Go] E(t, we) = 0, 
Cr = [2H ope’ (w) + Go + hedie(we) | E (ti, we) = 0, 
Ca + Cotia (ta) + Crop? (t2)—= H (t2)= 0, 
Co = [— 2D au (t2)— Fo] E(t, te) = 0, 
tio [— 2H apr’ (t2)— Ge — horse (te) |] E (tz, te) = 0. 


Since u and p are expressible in exponentials in ¢, the integration indicated 
in the first of these equations can be performed without difficulty and the 
explicit expression in terms of the given constants can then be exhibited as has 
been done in the other equations. 

The fourteen constants to, Wo, Koi, Koo, Kos, Kos, Kor, Koo, can now 
be determined by the five equations (16) and the nine equations (22), the 
system (22) giving us only nine equations since cs and cs are identically zero. 

Interesting interpretations can be given some of the end-conditions. Since 
H(t) represents the profits per unit time from the replacement machine, the 
condition H(t.)== 0 means that the replacement machine should be run until 
the amount of money received for the goods sold equals the cost of production 
at that time. From the condition wu,’(wi)== — F1/2D, the slope of the pro- 
duction curve at the time the operating machine is scrapped is seen “to be a 
constant which depends only on the coefficients of the cost function of the 
machine. Roos has shown that in typical cases we have D, > 0 and Fi = 0.* 


* See Roos, “Some Problems of Business Forecasting,” Proceedings of the National 
Academy of Sciences, Vol. 15 (March, 1929), p. 190. 
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Hence the rate of production is decreasing at this time. Similar conditions 
on the rate of production at the time of scrapping the replacement machine 
follow from the equation uz (t) = — F2/2D2. 


8. Other forms of the problem. Evans has suggested that in certain 
cases the demand depends partly on the seasons, and he has given a form of 
the demand-supply equation which involves a periodic term as follows: 
y = ap +b + b cos kt + hdp/dt, V < b, a, b,b, h all constants.* It will be 
noticed that if in equation (21), pu == 0, and ps; pig are pure imaginaries 
(hence, equal except for sign, since we assume all coefficients to be real) 

the resulting demand-supply equation is in Evang form. 
There is also a variety of other forms of this function b(t) in the demand- 
supply equation which give a readily integrable differential equation (19). 
In particular, if b is any exponential in the first power of t, or a polynomial 
in t, or a constant is this true. 

The end equations (16) could also be replaced by other conditions without 
altering the analysis of the problem. It will be noticed that the conditions 
(22) can be simplified by assuming that more of the end values are known 
constants. 


*G.C. Evans, “ The Mathematical Theory of Economics,” American M athematical 
Monthly, Vol. 32 (1925), p. 108. 
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A Prepared System for Two Quinary Quadratic 
Forms. 


By J. WILLIAMSON. 


Introduction. In a previous paper,* a prepared system was determined, 
in terms of which every concomitant of two quadratics in n variables could 
be expressed, if the concomitants were multiplied by suitable invariant factors. 
In this paper we determine a prepared system, for the case n= 5, in terms 
of which every concomitant can be expressed, without being multiplied by an 
invariant factor. We find that eight new factors must be added to the 
2°——1==31 factors already determined, giving a total of 39. In addition 
a complete list of several types of irreducible concomitants is obtained. 

We use the notation of the previous paper throughout except that, for 
convenience in printing, primes are now used to denote determinantal per- 
mutations; i.e. (ab’c’)de’ is used instead of (abc)d, to denote the series 
(abc) dz —(abd)c2-—(adc)bz. Furthermore, for the five sets of cogredient 
point variables, that are necessary for this discussion, we use x, y, z t, w, and 
write P, p, and u for the compound coördinates rz, ma, and w, respectively.t 

In the first two sections the results are listed, while the remaining sections 
are devoted to their determination. 


1. The Prepared System. This system consists of 5 x-factors, 5 u-factors, 
10 P-factors, 10 p-factors, the factor (12345), 3 pa-factors, 3 Pu-factors and 
2 zu-factors. A complete list of these factors is given below. 


lo == G2, Še, 2¢==(Apr)=ap'ba’, 42, Ba =(Aghgr)—(a’b’Rs) ce’ 
(12)==ap(AP), (54), (18)—(aAsR,P)=(ab’R;)(ac’P), (53), 
(14)—=(aRaP)= 14’ (as'P), (52), (15)—(arP), 

(23)= (ARs) (ApP)=(ARs)ap’(b’’P), (43), 

(24)—=(ApRaP) = ap'Ta(b'SP); 

(123)= ap(AR,) (Asp), (543), (124)— ap (ARap)— apra’(As’p), 

(542), (125)==ap(Arp), (541), (143)=(RA;) (aRsap)—(RAs)ra (as't’p), 
(523), (135)=(waAsR,rp)=(a’b’R;) (ac’rp), 

(234)—(AR,) (RAs) (app) (ARs) (RAs) ap’(b'c'd’p) ; 


* J. Williamson, “ A Special Prepared System for Two Quadratics in n variables,” 
American Journal of Mathematics, Vol. 52 (April, zn pp. 399-412. 
7 Loc. cit, §§ 1 and 2. 
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(1234)—= ap(AR,)(RAs)ta, (5432), (1235)—=ap(AR,) (Asru), 
(5431), (1254)= apra(ARu); (12345)= apr, (AR) (RAs) 5 
(12, 54) = 1.’ (2'54) == (125 42” = apra (AR pr) Aprate (b’Rp)== aprase’ (Arp), 
(12, 43) == 12’ (2’43) == (124) 32’ = ap (RAs) (ARgapr)= ap (BAs) rosa (Alp), 
(54, 23) = Be’ (4/23) ==(542’) 3a’; 
. (123, 548) = (2/3) (17543) — (4/3) (1235’) == ap (ARs) ra(BAz) (AsBhsPu), 
== üp (ARs) fa (R43) (VEP) (@ Regu) = ap(ARs)ra(BAs) (SP) (Ast u), 
(123, 154) ==(12’) (1543”)= (14°) (1235’) == ap (ARs) 1a(AgaRPu), 
= dp (ARz) ta (C b'P) (aRdu)= ap(ARs)ta(as’P) (dru), 
(543, 512) = (54°) (5123) = (52°) (5431°) ; 
(12, 543) = 1a’ (543X )= 3,’ (54/12) —= apra (RAs) (B,Auz), 
== (pro (RAs) de (Rabu )= pfa (RAs) ta’ (rs’ Au), 
(54, 123) —=Ba’ (1234) = 34’ (1254). 


In the above list A, R, æ, p have been. written for As, Re, As, Rg respectively 
and A = ab, As = abe, R = rs, R = rst. When two factors are similar, only 
one has been defined, since the other may be obtained by replacing a, A, As, @ 
by r, R, Es, p respectively. 


2. Complete list of wreducible concomitants of several types. 
6 invariants: (aa)?, (ap)?, (ARs)?, (RAs)?, (ra)?, (rp)?. 
6 covariants: 5 quadratics is? and 1 quintic (12345) 1.23.4052. 


6 contravariants: 5 quadratics (1jkm)?, 
1 quintic (1234) (1235) (1245) (1345) (2345). 


20 complexes containing the variable P: 
10 quadraties (i7)?, 10 cubics (tj) (jk) (ki). 
20 complexes containing the variable p: 
10 quadratics (ijk)?, 10 cubics (12845) (ijk) (47m) (ijn). 
44 mixed forms containing u and z: 
5 of orders 1 in u and 1 in g, (12345) (1234) 5.8, 
(12345) (1245)3,, (12345) (54, 123) 8. 
5 of orders 1 in ų and 4 in z, (km) tojokeme. 
5 of orders 4 in u and 1 in g, 
(12345) (mijk) (mijn) (mikn) (mjkn) me. 
10 of orders 2 in u and 3 in x, (12345) (ijem) (tjkn) tojoke. 
10 of orders 3 in u and 2 in z, (mnkj) (mnij) (mnik) mote. 
2 of orders 3 in u and 3 in a, (12345) (1245) (1345) (2345) 122.328, 
2 of orders 3 in u and 4 in a, (12, 543) (1245) (1345) 1.4.52. 
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4 of orders 4 in u and 4 in 2, 
(12, 543) (12345) (1234) (1245) (1345) 12428, 
(12, 543) (12345) (1235) (1245) (1845) 1.5.8, 
1 of orders 5 in u and 4 in g, 
(12, 543) (54, 123) (1235) (1245) (1845) 1252. 
6% mixed forms containing P and g: 
10 of orders 1 in P and 2 in a, (17)tzJe, 
4 of orders 1 in P and 3 in a, 
(12345) (12) 3240508, (12345) (28) 1e5e405, 
5 of orders 2 in P and 1 in g, 
(12345) (23) (45) 108, (12345) (43) (15) 225, (12345) (12) (45) 32, 
5 of orders 2 in P and 3 in g, 
(12345) (21) (15) 1e8e4e5, (12345) (12) (23) 2e4a528, 
(12345) (23) (34) 321252, 
20 of orders 3 in P and 1 in 2, 
(12345) (12) (14) (15) 308, (12345) (21) (23) (25) 408, 
(12845) (31) (32) (84)52, (12345) (12) (18) (45) 1.8, 
(12345) (12) (15) (48) 128, (12345) (14) (15) (23)1.28, 
(12345) (21) (23) (54) 208, (12345) (24) (23) (51) 228, 
(12845) (25) (21) (48) 228, (12345) (34) (35) (21)328, 
(12345) (34) (32) (15) 32. 
2 of orders 3 in P and 3 in a, (12345) (34) (32) (45) 129.49. 
18 of orders 4 in P and 8 in a, 
(12345) (47) (ik) (im) (tn) te 5 in number, 
(12345) (13) (15) (32) (84) 1.8, (12345) (14) (12) (48) (45) 1.8, 
(12345) (15) (12) (53) (54) Lz. (12345) (21) (23) (14) (15) 225, 
(12345) (24) (21) (48) (45) 228, (12345) (31) (34) (12) (15) 3.8, 
(12345) (32) (34) (21) (25) 328. 
1 of orders 4 in P and 3 in v, (12345) (12) (23) (34) (45) 22324. 
2 of orders 5 in P and 1 in x, (12345) (31) (14) (23) (84) (45) 128. 


67 mixed forms containing p and u: These forms are the duals * of the mixed 
forms containing P and x and can be written down immediately. For ex- 
ample from the 5 forms 


(12345) (17) (ik) (im) (in) te, 


we obtain the 5 dual forms 


(kmn) (jmn) (jkn) (jem) (jkmn). 





* Loc. cit., § 5. 
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In the above list i, j, k, m, n take the values 1, 2, 3, 4, 5 with the under- 
standing that in any one form i, j, k, m, n are all distinct. The presence of 
the letter S after a form denotes the existence of a similar form,” that is a 
form in which the symbols 1 and 2 are interchanged with the symbols 5 and 4 
respectively. To obtain the actual irreducible concomitants from this list 
we must remove from any form the invariant factors which appear. For 
example, (12)? = ap? (AP)? yields the actual concomitant (AP)?. 


3. Determination of the Prepared System. Since we are now considering 
two quadratics in 2 variables for the case n = 5, there are six invariants + 
and five quadratic covariants + 4°, (i= 1, 2, 3, 4, 5). By theorem I every 
coneomitant,f multiplied by a suitable invariant factor, can be expressed in 
terms of the symbolic factors, 


tz, (ij), (ik), (ijkm), . (12345) (i, j,k, m = 1, 2, 3, 4, 5). 


We must now determine, if ever in forming these bracket factors, we have 
disturbed any of the invariant factors, which appear when 12, 23, 34, or 45 
are convolved together. Originally we have five sets of cogredient point 
variables z, y, z, t, w, which are convolved as A = (zyztw), u = xyzt, p == xyz, 
P= gy. Since the only factor involving A is (12345) and since 12, 23, 
34, 45, are all convolved in this, no invariant factor has been disturbed in 
forming it. When all the variables w have been convolved with zyzt to 
form A, we are left to consider 4-factors, 3-factors and 2-factors, where an 
t-factor is a factor involving + of the variables x, y, z, t We may neglect all 
4-factors, as they lead to nothing new, for then the variables can only be 
syzt = u. Let us now consider the possible cases, in which x, y, z, t may be 
convolved te form u. If one of these variables occur in a 3-factor, we may 
assume that three of them occur in this 3-factor, for (ijk | a’zt) (rs | yé) 
=(ijkr’ | zyzt) (s’ | €) + terms in which ay are convolved together, and 
(ijk | xy’2’) (rs | CE) ==(ijhr’ | wyzt) (s | €).-++ terms in which yzt are convolved 
together. Hence we must consider the cases when three variables occur in 
a 3-factor and the fourth occurs (a) in a 3-factor and (b) in a 2-factor. 


‘Case (a) gives the possibility, (ijkn’|w)(im’|&), and case (b) 
(ijkn’ | u) (m’ |£), where £ » may be any of z, y, z, t In (a) and (b), 
neither of m, n is the same as any of t, f, k or else no convolution of successive 
integers is disturbed. At first sight it would appear that (ijk’r|u) (m/|E) (Aln) 


* Loc. cit., § 6. 
+ Loe, cit., p. 404. 
$ Loc. cit., § 3. 
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is a possibility, arising from three 2-factors, but-i, j, k, r, m, n must all be 
distinct, and this is impossible. But if the variable ¢ does not appear, we 
might have the single new type (c) (ijk | p)(m’|é), arising from two 
2-factors. 

We now write the factors for simplicity without the variables, since no 
confusion can arise. There are no further types of factors, as we shall see. 
Type (a) cannot occur with another u-factor, as 


(ijkn’) (im’rs), (ijkn’) (imtë) i 
are the only possibilities. In the first rs cannot contain i, m or n, and so 
must be jk. But by the fundamental identities this is impossible.* In the 


second case none of r, s, t can be i, therefore two of them must be either 
k, j or m, n and in either case no invariant factor is disturbed. Further since * 


(ijkn’) (irm )=(ijkr) (imn) + (ijk) (inmr), 

type (a) cannot occur with a further p-factor. Hence type (a) gives solely 
the one new factor type (ijkn’) (im’). 

Similarily it may be shown that type (b) cannot occur with another wu or 
p-factor. Moreover type (c) cannot occur with another p-factor, for * 

(ijk) (n'm)=(ijm) (nk) + (ij) (nm), 

and in both terms on the right i,j and n, k are convolved. There are three 
other possible cases to consider; (ijkn’)(m’a) from (b) and a 1-factor, 
(ijkn’) (má) (bede) from two (b) factors, and (ijk’)(m’ab) from one (c) 
factor and a 2-factor. Of these, the first reduces to type (a), since a = one of 
t, j, k; the third gives nothing new, since one of a, b must be i or j; the 
second is more easily treated later. 

In type (a), m, n must be consecutive integers and so must i, j. Hence 
we have the possibilities ; 

(1235’) (14’)==(123, 154), (3215) (3’4’)== (128, 543), 
(5431’) (52’)==(543, 512). 


In type (b) m, n must be consecutive integers and so we have; 


Le’ (2/345), 2a’ (37145), 3a (4125), 5,°(4321). 
But . 
2, (37145) == 1, (3245) + (3214) 5,’ = 5,’ (3214), 


since in (3245) both 2,3 and 4,5 are convolved. Similarly 
Ba’ (4/125) == 1,’ (43275). 


* Loc. cit. Formulas (16) and (17). 


868 WILLIAMSON: A Prepared System 


Accordingly type (b) yields only two new factors, 
le’ (5432’)==(12, 543), 5e”(1234’)==(54, 123). 
In type (c) both i,7 and m, k must be successive integers and so we have, 
1,’ (2’48)==(12, 48), 52’ (4’23)==(54, 238), 1s (2 54)=(12, 54). 
If a new type of factor arises from two (b) factors, it must be 


(1’4) (27345) (5321)=(123’4) (475°) (5321), 
=(1254) (45°) (3°321)=(1254) (34’) (5'321), 


and so is expressible in terms of simpler factors. We thus have the eight new 
factors, three of type (a), three of type (c), and two of type (b). The factors 
of type (c) are the duals * of those of type (a), while each of the factors of 
type (b) is the dual of the other. 

Now, since, with the addition of these new factor types, no invariant 
factors, which were originally introduced,} have been disturbed, we can work 
with the symbols i,7 etc. and at the end remove all actual invariant factors 
and obtain the actual irreducible concomitants, provided that no identity is 
used, which separates successive integers convolved an even number of times. 
An alternative method is to use as a prepared system the factors (AP) for 
(12) etc. This prepared system was actually found by Dr. Wm. Saddler, 
but has never been published. He determined the prepared system by methods 
analogous to those used by H. W. Turnbull in his paper on two quadratics 
in four variables.{ To find any of the irreducible concomitants by this method 
is cumbersome, as all identities have to be worked out in detail and in addition 
the ten symbols a, r, A, R, As, Rs, «, p must be paired off instead of the five 
symbols 1, 2, 3, 4, 5. This, together with the simplification of the identities, 
_ more than compensates for the addition of the extra factor (12345) and the 
fact that the identities cannot be applied blindly. 


4, Determination of the wreducible covariants and contravariants. The 
factors which may occur in a covariant are the five i, factors and (12345). 
The irreducible covariants are then six in number, the five quadratics 7,2, 
and the quintic (12345) 1.223.405. By duality § the contravariants are also 
six in number, the five quadratics (kmnj)? and the quintic 


* Loe. cit., 85. 

7 Loe. cit., p. 405. 

+H. W. Turnbull, “The Simultaneous System of Two Quadratic Quaternary 
Forms,” Proceedings of the London Mathematical Society, Ser. 2, Vol. 18, Parts 1 and 
2, pp. 70-94. 

8 Loc. cit., § 5. 
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(1234) (1235) (1245) (1345) (2345). 


5. Determination of the irreducible complexes. The possible factors, 
which may occur, are the ten factors (ij) and (12345). But, as a product of 
(12345) by factors of the type (ij) always involves an odd number of symbols, 
the factor (12345) cannot appear in such a concomitant. Since the factors 
(ij) are strictly analogous to simple bracket factori of binary forms, we have 
only 20 possible complexes, 

the 10 quadraties (ij)? and the 10 cubics (ij) (jk) (ki), 
for a product of four or more factors (ij) is reducible. In fact, 

(ij) (km)==(ik) (jm) + (kj) (im), (47) (kn)=(ik) (jn) + (kj) (in). 

By multiplying these two equations together and neglecting the terms, whicn 
involve a factor squared, we have 
(mi) (ik) (kj) (jm)-+ (mi) (ik) (Xj) (in) == 0, 
or 
2 (ni) (ik) (ej) (im) + (ji) (ik) (kj) (mn)= 0, 
by applying the identity (mi) (jn’)=0 to the second term. But as 
(ji) (ik) (Æj) is itself a concomitant (nt) (ik) (47) (7m) is reducible.” 

By the principle of duality we see that there are only 20 irreducible 
complexes involving the variable p, the 10 quadratics (ijk)? and the 10 cubics 
(12345) (tjk) (ijm) (ijn). 

6. Determination of the mixed concomitants containing u and x. 
Reductions. (a) Since (12, 543 )== 1,’ (543%) == 3,’ (5'412), any concomitant 
containing the factor (12, 543) is reducible, if 12 or both of 34, 45 are con- 
volved an odd number of times. In addition such a concomitant has a factor 


(AR,) (ARsur) if 23 is convolved an odd number of times. 
Further, 


(12, 543)= 3,’ (5'412) = 3, (5412) — 52’ (34/12) == 3, (5412) — (54, 123). 


Hence 
(b) (12, 543) (1254) 3, ==(12, 543) (54, 123)==0, by (a). 


There also exists a reduction similar to that for quaternary forms.+ 
(c) (12, 543) (5432) 25 = 0. 
* Grace and Young, Algebra of Invariants, Chap. 15, p. 322. 


7 J. Williamson, “Note on the Simultaneous System of Two Quadratic Quaternary 
Forms, Journal of the London Mathematical Society, Vol. 4 (1929), pp. 182-183. 
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For neglecting the invariant factors we have 
(12, 543) (53432) 2. =(ARzur) (Apx) up = 2 (aBsu) bal apbe — dabp Up, 


and each term on the right has a factor ba? or bptpbs. It is important to 
notice that the dual product (54, 123)1,(1345) is not reducible. Moreover 


(d) (1234)5,4f == 0, if 4,5 is convolved an odd number of times in M, and ` 
(2345)1.M ==0, if 1, 2 is convolved an odd number of times in M. 
Since (12, 548 )==( 5482) le —(5431)2., by squaring this identity 
(e) (5432) (5431) 1.2, = 0. 
If now we consider (5432) as simpler than (5431), 
(£) (5431)2,.M == 0, if 2, 3 is convolved an odd number of times in M. 
Again by squaring the identity 


(12, 548)— (2431) 5, ==(5231) 45 + (5421) 3.2, 
we have, : 
(g) (5231) (5421) 4038, = 0 by (a). 


In the above reductions we may replace each factor by its similar factor 
and in most cases obtain a new reduction. We now consider the possible 
forms in the following order; first those- without the factor (12,543) and 
in ascending order in u, then those with one factor (12,543) and finally 
those with both factors (12,543) and (54,123). We only write down one 
of each pair of similar forms, and those forms which are marked F are re- 
ducible. The method of reduction is indicated shortly at the side. 


One u factor. We have the five concomitants ` 
(ijkm) tojakemae, 
and the types 
(12345) (1234) 5e, (12345) (1235)4, R(£), (12345) (1245) 3%. 
Two u factors. We have the types 
(1234) (1235) 4052 R(e), (1234) (1245)3,5, R(d), 
(1234) (2345) 1e50R(d), (1234) (1345)2.5. R(d) and (£), 
(1235) (1245)3.4, R(g), (1235) (1345)2.4. R(f) and (a), 
and the ten (12345) (ijem) (kn) tojeke. 


Three u factors. We have the ten (mnjk) (mnij) (mnik)manz, the duals of 
. the previous case and the types 
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(12345) (1245) (1345) (2345) 1,232, 
(12345) (1234) (1235) (1345) 224,5. 
(12345) (1423) (1425) (1435) 2,3052 
(12345) (1523) (1524) (1534) 223042 
(12345) (2314) (2315) (2345) 1.4.5. 
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Rf), 
fi(d), 
R by (1524) 32, 
k(d), 


(12345) (2415) (2413) (2485)1.3.5. R(d). 


Four u factors. We have the types 
(1234) (2315) (1245) (1345) 2.932425. 
(1234) (1235) (1245) (2345) 1282425, R(d); 

(1234) (1253) (1345) (2345) 1204052 K(f), 

and the five (12345) (ijem) (tjkn) (ijmn) (ikmn)i,, the duals of the forms 

with one w and four x factors, 


k(e), 


Fwe u factors. Hither no x factors or five æ factors occur. The first case has 
already been considered and in the second case all possible forms are reducible. 


One factor (12,543). We have the simple forms 
(12345) (12, 543), (12, 543)? and two similar forms. 


One further u factor. By (a) we see that there is only one possibility 
(12, 543) (1245)3, R(b). 
Two further u factors. We have the types, 
(12, 543) (1234) (2345) 22304, R(c), 
(12, 543) (1235) (2345) 523222 .R(c), 
(12, 548) (1245) (1345) 124282, 
(12, 548) (12345) (1245) (1234)3.5, R(d), 
(12, 543) (12345) (1245) (1235) 3242 R(f) mod (12, 543) (54, 123), 
(12, 543) (12345) (2345) (1845) 1.2. K(f) mod (12, 543)2. 
Three further u factors. We have the types _ . 
(12, 543) (1234) (1235) (1245) 324052 R mod (12, 543) (54, 123), 
(12, 543) (1234) (2345) (1845)122252 R mod (12, 548)2, 
(12, 543) (12345) (1234) (1235) (2345)2.32 Rc), 
(12, 543) (12345) (1234) (1245) (1345) Lede, 
(12, 543) (12345) (1235) (1245) (1345) 1252. 
Four further u factors. We have the sole possibility 
(12, 543) (12345) (1345) (2345) (1234) (1235) 1.2.4.5, 
R mod (12, 543)2. 


Five further u factors. There are no irreducible forms of this type. There 
are thus six irreducible forms containing one factor of the type (12, 543), the 
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three in the list above and three similar forms. It is important to notice that 
each of these six is irreducible but that their duals reduce by (c). 


Both factors (12,543) and (54,123). If both the factors (12,543) and 
(54, 123) appear in a concomitant, since 12, 54, 23, and 34 must all be con- 
volved an even number of times, there are very few possibilities and finally 
we are left with 


(12, 543) (54, 123) (1235) (1245) (1345) s52, 
and its dual 


` (12, 543) (54, 123) (12345) (1234) (2345) 228240 R(c). 


Y. Determination of the mixed concomitants containing P and x. 
Reductions. If we consider the P factors in the order of simplicity, 


(12), (84), (23), (34), (15), (14), (52), (18), (53), (24), 


by identities of the type (’j’) ks’ ==0, we see that 

(h) 

the products (13)22, (53)2z, (53)4z, (13)4., (24) 3x, 
(24)1o, (25)1e, (42)5., (41)o, 


are reducible. Further by identities of the type (i7) (k’m’)==0, we see that 
the products 

(i) l 

(13) (24), (53) (24), (13) (52), (53) (14), (14) (25) (15), 

(24) (14) (15), (42) (52) (51), (14) (24) (25) 


are reducible. The concomitant 


(j) (13) (35) (51) ==0 
also, since (13) (35) (51) is an actual concomitant containing no invariant 
factors. 

We first consider those concomitants, which do not contain the factor 
(12345). 


No factor (12345). In this case the only irreducible concomitants that appear 
are the ten mixed forms (1)12je. This follows as a result of the analogy with 
binary forms (See § 5). 


Forms containing the factor (12345). If the factor (12345) appears in a 
concomitant M, M must contain five x factors, three x factors or one x factor, 
since the number of symbols in a P factor is even. Five x factors cannot occur 
in M, for in that case the symbols appearing in the P factors must be paired 
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off. Accordingly M contains at least one factor (ij), in which 1,7 are not 
successive integers, and as a result the concomitant factor (ij)!zja. 

By considering list (i), we see that there can be no irreducible con- 
comitants involving eight or more P factors. But if seven P factors oceur 
and (24) occurs, (13) and (53) cannot appear nor can any of the products, 


(14) (25) (15), (24) (15) (14), (24) (51) (52), (24) (14) (25) 


and so in this case seven P factors cannot occur. But, if (24) does not occur, 
the products 


(13) (52), (53) (14), (13) (35) (52), (14) (25) (15), (18) (35) (51) 


are prohibited. Hence the only possible form involving seven P factors is 
(12) (23) (34) (45) (25) (15) (35) M or the similar form. Since 1, must occur 
among the v factors in M, this form is reducible by (h). Hence there are 
no irreducible concomitants containing seven P factors. 

We shali now consider the remaining concomitants in ascending order 
in P. Since (12), (54); (13), (53); (23), (43); (25), (41); are similar 
factors and (15), (24) self similar factors, we need only write down one of 
every two similar forms. 


One P factor. There is only one type, (12345) (ij)k,man. but all con- 
comitants of this type are equivalent to 


(12345) (12)3e4e50, (12345) (23) 1.4252 
and two similar forms by reductions (h). 


Two P factors, one « factor, There is only one type (12345) (ij) (km)n.. 
If we let n = 1, 2, 3 in succession and use reductions (h), we are left with 


(12345) (23) (45)1,, (12345) (43) (15) 22, (12345) (12) (45) 3,, 
and two similar forms. 


Two P factors, three x factors. There is only one type (12345) (ij) (ik) mente. 
Since, if 1, k are not successive integers, 


(12345) (47) (ik) menate = (12345) (ij) (im) ksnsis ete., 
by letting 1 = 1, 2, 3 in turn we see that all forms of this type reduce to 
(12345) (12) (15) 128240, (12345) (21) (23) 204052, (12345) (32) (34) 321252, 


and two similar forms. 
Three P factors, one x factor. There are two possible types 


(1234) (ij) (ik) (tm) me, (12345) (47) (ik) (mn) te. 
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The concomitants of the first type reduce by reductions (h) to 
. (12845) (12) (14) (15)3s, (12345) (21) (23) (25) 4s, (12345) (81) (32) (34) 5., 
and two similar forms. For, since the form 


X = (12345) (31).(32) (34) 52, 
=(12345) (35) (34) (82) lo + (12345) (15) (32) (39). = Y + Z, 


and the form Z appears in the list of irreducible forms of the second type, 
we may neglect Y, the form similar to X. The concomitants of the second 
type are equivalent to 


(12345) (12) (13) (45)1s, (12345) (12) (15) (48) 12, 

(12345) (14) (15) (283) Is, (12345) (21) (28) (54) 22, 

(12345) (24) (23) (51)22, (12345) (25) (23) (14)20 R, 

(12345) (25) (21) (43)2s, (12345) (34) (35) (21)8., 

(12345) (34) (32) (15) 3z, 
and seven similar forms, The form marked RB reduces by the identity 
(25) (1/4) == 0. 
Three P factors, three x factors. There is only one type 

(12345) (mj) (ji) (th) tejone- 

In this i, j; i, k; j, m must all be successive integers, or else the form reduces 
by the identities (77’) mo’ =0, (Vk) ja’ ==0, (Fm Jis =0. Accordingly we 
are left with (12345) (34) (32) (45)1,3242 and its similar form. 
Four P factors, one x factor. There are two types (12345) (4/) (ik) (im) (in) iz, 
(12345) (ij) (ik) (jm) (jn)is The first type yields five concomitants. In 
the second type, if i= 1 and j = 2, one of (24) or (25) must occur and so 
the form is reducible. If i==1 and j= 8, (35) cannot occur and so we have 
the possible form (12345) (13) (15) (32) (34)1.. If i=1 and j=4, (42) 
cannot occur and if i==1 and j=5, (52) cannot occur and so we have ‘the 
two forms (12345) (14) (12) (43) (45)1e, (12345) (15) (12) (48) (45) la, the 
second of which is equivalent to its similar form. By a similar treatment 
for the cases t = 2, and i= 3, we have as a final list of concomitants of the 
second type 


(12345) (13) (15) (32) (34)1., (12345) (14) (12) (48) (45) Le, 
(12345) (15) (12) (53) (45) 1, = to its similar form, 

(12345) (21) (23) (41) (15)2e, (12345) (24) (21) (43) (45) 20, 
(12345) (31) (34) (12) (15)82, (12345) (32) (34) (21) (25) 3z, 


and six similar forms. 
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Four P factors, three « factors. There are three types 


(12345) (mn) (ij) (jk) (ki)isjeke, (12345) (mi) (17) (jh) (kn) tejoke, 
(12345) (mn) (nj) (jk) (kn) tojoke. 


The first type is not possible, since all of 1,7; f, k; k,i cannot be successive 
integers and so the concomitant resolves into factors. In the second type 
m,i; ùj; fsk; k,n must be successive integers and so we have only the one 
irreducible form (12345) (12) (23) (34) (45) 203242. In the third type n, 7; 
j,k; k,n must all be successive integers and this is impossible. 


Five P factors, one x factor. There is only one type 
(12345) (47) (ik) (mj) (jk) (kn) to. 


In such a concomitant, by the identity (7k )is =0, we see that j,k must 
be successive integers, and by identities of the type (Y7) (k’n)==0, that one 
factor of each of the products (ij) (kn) and (mj)(ik) must be a pair ‘of 
successive integers. Since j,k are successive integers, both ij and m,j 
cannot be successive integers. If 4,4} are successive integers, it follows from 
the above that t, æ must be successive integers. But this is impossible since 
ij; j,&; k,i cannot all be successive integers. Therefore i,j cannot be 
successive integers and so k,n must be. Since k,j are also successive integers, 
t, k cannot be successive integers and so m,7 must be. As a result we have 
only two concomitants of this type (12345) (13) (14) (23) (34) (45)1,. and 
the similar form. 


Five P factors, three x factors. There are four types 
(12845) (ij) (jk) (kn) (ni) (mn) injolee, 
(12345) (in) (nk) (km) (mi) (mn) tejeka, 
(12345) (ij) (jle) (kt) (mi) (in) tajake, 
(12345) (km) (mj) (jk) (mt) (in) tajoke. 


In the first type 4,7; 7,4; k,n; n,i must all be successive integers, and 
this is impossible. Similarly the last two types are also impossible. In the 
second type, if m,n are not successive integers, the form is reducible by the 
identity (mn Jis ==0. Therefore both of k,m and m,i cannot be successive 
integers. Further either i,n or k,m must be successive integers and, also one 
of the pairs n, k and m,i. I£i,n are successive integers, m, i cannot be, since 
m,n are successive integers, and therefore n,k must be successive integers 
while k,n cannot be. Hence the form has the factor (km) (mi)kziz. If in 
are not successive integers, k,m must be and so m,i cannot be. But, since 
one of the pairs n,k and m,i must be successive integers, n, k must be suc- 
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cessive integers. Hence k,m; m,n; n,k must all be successive integers and 
this is impossible. Accordingly there are no irreducible concomitants con- 
taining five P factors and three x factors. 


Six P factors and one x factor. There are two types 


(12345) (jk) (jm) (jn) (km) (km) (nm) ta, 
(12345) (ji) (ik) (mj) (jk) (km) (nm) to 


Of these two types we need only consider the second, for, in the first type 
one of k,m; k,n; n,m cannot be successive integers and so we can apply 
an identity of the type (m’n’)i,’ == 0 and reduce it to two forms of the second 
type. In the second type we see that k, j must be successive integers and that 
one factor of each of the products (mj) (ik) and (mk) (1/) must be a pair of 
successive integers. But it is impossible for this to be the case, since the 
product of (kj) with one of both pairs (mk), (tj) and (mj), (tk) consist 
of three factors with a symbol in common or else is of the type (17) (jk) (ki). 


Six P factors and three x factors. There are three types 


(12345) (im) (mj) (jk) (km) (ni) (mn) isjaka 
(12345) (ij) (jm) (mk) (ki) (mi) (in)isjake, 
(12345) (im) (mj) (jn) (ni) (mk) (len) iejake. 


In the first type m,j; 7,4; k,n must be successive integers. Accordingly 
m,n cannot be successive integers and the form reduces by (mn jis ==0. 
In the second type m,1; m,j; m,k must all be successive integers and this 
is impossible. In the third type i,m; m, j; j,n; n, i cannot all be successive 
integers and so the form reduces to the first type by identities of the type 
(i’'m’) ke’ =0. Hence there are no irreducible concomitants containing six P 
factors. We have already shown that there are no irreducible concomitants 
with more than six P factors and so the list given in § 2 is complete. 

By the principle of duality we can write down the irreducible concomi- 
tants involving the variables p and u. 

The determination of the concomitants containing the variables P and x 
has not been attempted. The list of irreducible forms would be considerably 
longer but could be obtained by the methods that we have used. Since the 
complete system for two quadratics in four variables contains 122 forms, we 
should expect to obtain at least 700 or 800 forms in the complete system for 
two quadratics in five variables, as the labour involved in the latter case is at 
least five times as heavy as that in the former. 
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Rational Surfaces Defined by Linear Systems 
of Plane Curves Ca: 8A*B™. 


By JOSEPH ÜRAWFORD POLLEY. 


1. Introduction. The rational surfaces of order four and five having 
no multiple curves, and those of order five having multiple curves insufficient 
for rationality, have been determined. There are three types of rational 
quartic surfaces with no double curve. One was discovered by L. Cremona * 
by applying a cremona transformation to a known quartic surface. The two 
remaining types were determined by M. Noether. His method of investiga- 
tion was that of considering quartic surfaces with a double point and applying 
to their equations the conditions for a one to one correspondence with the 
points of a plane. 

Of particular interest also is the work of D. Montesano on rational 
quintic surfaces.] He obtained all the possible types by applying special 
cremona transformations to known rational surfaces. , 

In this paper various rational surfaces are discussed by considering certain 
linear systems of plane curves. The surfaces of Cremona, Noether and some 
of those of Montesano are re-determined: by this method and a general type 
of surface is discussed by means of a linear system of plane curves of the form 
Ogn: BAB", 


2. The system Os:7A?”. In a plane (x) the system of curves Ce: 742, 
with double points at 7 points A; (i= 1,2,: * -, 7), is of dimension 6. Let 
03:74, Cs’: 7A and C3”: 7A be linearly independent members of the net of 
cubics determined by the points A;; and Cs: 7A? a non-composite sextic of 
the system. Then we can take as the equation of the system 


(1) Q03? + a0." + a303” +. a403 O3” -+ ul + Glr + AEn == 0. 
Let ' 


(2) Jı = OF: TA, Ya = Cz: VA C3: 7A, Ys = Cs: TA C7: TA; 
Ya = Qz: TA: Q”: TA, Ys = Gy TA, Ye == Cy: TA, Yr = Ce: 7A?. 


* L, Cremona, Coll. Math. Chelini 413-424 (1881). 

t M. Noether, Mathematische Annalen, Vol. 33 (1889), pp. 546-571. 

D. Montesano, Rendiconti della Reale Accademia di Napoli, Ser. 3, Vol. 13 
{1907), pp. 66-68. 
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These are the parametric equations of a rational surface Fa in Se, in 
(1,1) correspondence with the plane (s), the image of a point (s) being 
a point (y) on the surface. Since any two members of the set have eight 
residual intersections, a general S, in Se meets Fa in eight points. Hence 
Fa is of order eight. l 

For a general point on Cs 


(3) N == Ya Yn == 0, Y= C/C3”, Ys = C3”, Y = 03”, Yr = Ce. 


Hence the image of Cs is a curve L in a sub-space 8, of Se. 
Since a Cs: 7A? has, with 0z: YA, four residual intersections, a plane 


Yı = Yo = Ys = Bays + Boys + Bey + Biyi = 0 


meets L in four points. Hence L is a quartic curve of genus 1. 
By projection from the plane of y, = yz = Ys = Yr = 0 the surface Fa ` 
goes into a surface F4, in an Sa, whose parametric equations are 


4 Y= C37: YA, Y = Oz: TA 07: 7A, 
( ) Ya = Oz: TA - O3”: TA, Yr = Qe: VAF. 


The image of Z is the point (0,0,0,1). To the plane sections of F4 
corresponds the system 


ul? + a003 + asC3C3” + tals = 0 


all members of which pass through the four simple points in which Cs meets Ce. 
The system is therefore of grade 4. l 

For a point near: P; (t= 1,2,3,4), the residual intersections of Cs 
and Ce, the corresponding Y2, Ys and yz are infinitesimals of the first order 
and the corresponding y, is an infinitesimal of the second order. Hence the 
images of P; are straight lines in the plane y, == 0 through the point 
(0,0,0,1). 

The surface (4) is the well known rational quartie surface of Cremona. 


3. The system C;: A’8B?. Ina plane (z) the system of curves C; : A*8B?, 

with a triple point at A and double points at B; (i= 1,2,- -,8), is of 
‘dimension 5. The basis points determine a cubic Cs: A8B and a web of quar- 
tics 04: A?8B, Hence, if C;:A°8B? and C7: A°8B? are two non-composite 
curves of the system, and C1: A, C,’: A are members of the pencil of lines on A, 
the following can be taken as the linearly independent members of the system: 


(5) Cr : A58B?, Cx: ABB: O4: A?8B, 03: A8B- Oy: A, 
Os: A&B: Ci: A, Cs :ASB- BR A78B, CY’: A338 B?, 
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A member of the pencil Or -+ yC: = 0 has two residual intersections 
with O; and for a particular choice of y there is a member tangent to C3 at 
some point C., Let C7 be that member and consider the pencil C,’ + 803C,’ 
= 0. For a particular choice of 8 we obtain a C; with a double point at C; 
call it Ö,. Furthermore, among the quartics there is a net through the point 
C, C4: A*8BC, C3: A8BC-C,:A and 0,: ASBC - Oy’: A. Let D be the re- 
sidual intersection of C, and Cs. Then we have as linearly independent 
members of the system 


6 : A*8B°C?, 0,3: A8BC : Ca: A*8BCD, O: ASBCD - Cy: AD, 
t6) : A8BOD - Cy :4, Oa: A8BOD Or: A*8B, O7: A®8B*. | 


Let 
(7) n= On, Y2 == Cat Cs Y; = C3: C1, Yi = C3: Cy, Ys = C3 Cg, Ye = C7, 
and project from the line yı = Y2 = Y = Ya == 0 into the opposite S, of the 


8s, thus obtaining a surface whose parametric equations are 
(8) n= Cy: 4?8B?C?, Ya C3 :ASBOD- Os: A?’SBCD, 
> Yz = 0 a A8BOD Ei Cs SAD, iF Ce A8BOD ` CO; : 8A. 


eet 


The surface defined by equations (8) is a rational quartic surface F, 
since the system (8) is of grade 4. 

For a general point on Cs: ASBCD, yı 0 and y = ys = y4 = 0, hence 
the image of Cs: A8BCD is the point (1,0,0,0) on Fy The section of F, 
made by a plane kyz + lys = my, = 0 through the point (1,0,0,0) deter- ` 
mines in the plane (x) a composite, curve 


O; : A8BCD (kC,: A?8BCD + IC; : A8SBCD - Cy: AD 
+ mC,: ASBCD x Qr: A)= 0 
that is ; 


(9) Cz: A8BOD - 04: A*8BCD. 


Any two curves of form (9) have two residual intersections. Therefore 
(1,0,0,0) is a double point. Since to each plane section. through (1, 0, 0, 0) 
corresponds a single C4, hence but one direction through the point D in (s), 
any plane section through (1,0,0,0) has a cusp at that point. 

Let a point P in (=) approach a point Q, other than D, on Cs; then ys 
and y4 vanish to the second order, yz to the first order, and y, is finite; hence 
the image of P approaches (1,0,0,0) along ys = y4 = 0, and ys = y, = 0 
is the cuspidal tangent. As a point P approaches D on Cs, Ya vanishes to the 
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third order, hence (1,0,0,0) is a uniplanar singular point on Fy, the plane 
of the point being the plane y; = 0. 

The surface (8) is one of the rational quartic surfaces with no double 
curve, determined by Noether. 


4. The system Cy: 8A°B?. Ina plane (x) the system of curves Cs: 8A*B? 
with triple points at A; (s=1,2,---,8) and a double point at B is of 
dimension 4. Taking C,:84B and C,:8A as members of the pencil of cubics 
on Ai; Cs:8A7B, a non-composite sextic; and C,:8A*B? a non-composite 
curve of order 9, the equation of the system is 


(10) 03: 8A®B? + 0,04: 84B- Cy: 842B 
+ a03: SAB: Cs: 8A -+ mes SAB =Q. 


The cubic Cz has with Cy one residual intersection. Call this point C. 
Let 
(11) Yı = 03: 84A3B?C, Ya = Cs: SABO- Os: 8A2B, 


ys = 03: SABC - 03:84, y— 03°: SABC. A 


3 


These are the parametric equations of a rational surface of order 4 in RT 
space. The image of C; is the point (1,0,0,0). 

For a point near C in (x) the corresponding values of y, and yə are 
infinitesimals of the first order and those of ys and y4 are infinitesimals of 
the second order and the third order respectively. Hence the image of C is 
the line ys; == y4 = 0. 

For a point near B in (x) the corresponding values of yı, y2 and ys 
are infinitesimals of the second order and that of y4 is an infinitesimal of the 
third order. Hence the image of B is a conic in the plane y, = 0. 

There is a pencil of curves Cy: 8A°B°C? given by 


C7: 8ABC- Oz: 8A + y@33: 8ABC = 0. 


These go into the sections of F, cut by the pencil of planes y,== yys, these 
sections being composed of rational cubics and the line y, == y,==0. To the 
section Made by the plane y;==0 corresponds C,*:8A4BC which is of the 
form Cy: 8A*B°C*, hence the section made by this plane is composed of a 
conic, image of B, and a line image of C, taken twice. 

This surface is the second rational quartic surface with no double point 
determined by Noether. 


5. The system Ci2:8A*B*. In a plane (z) the system of curves 
C12: 8A4B® is of dimension 4 and the equation of the system may be written 
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(12) a:012: 8A*B°D + a203: 8ABD : Cy: 8A*B? + a30,°7: 8ABD-C,: 8A?B 
+ a403? : 8ABD + 03: 8A + a;03*: 8ABD = 0 
‚where D is the residual intersection of C3: SAB and C12: 8A*B*. 
Let 


Yı = Cy: 8A!B?D, Yo = C3: 8ABD: Cy: 8A*B?, 
Ys = 0: 8SABD - Oe: 84?B, ya== C2: 8ABD-C3:8A, ys = Cit: 8ABD. 


‘hese are the parametric equations of a rational Fs in Se 

et E be the residual intersection of Os: 8A*B®D = 0 and Co: 8A°B? = 0. 
through Æ passes a curve of the pencil C,;:8A and a non-composite 
of the net Ce: 8A?B. The image of E is a point P on Fe. Project 
; from (0,0,0,0,1) as a center into the opposite Ss obtaining an Fs 
parametric equations are 


yı = Ca: 8A* BIDE, Yz = 03: 8ABD : Cy: 8A°B®E, 
Y = 03: 8ABD- 06: 8A°BE, Ya = 03t: 8ABD - 03: 8AL. 


iach Cy» of the system goes into a plane section of Fs which is a Cs of 
4, hence a Cs with two double points. The locus of these double points 
oe a double conic K on Fs. 
she image of point D is the line ya = y4 = 0; the image of point E is 
a line on the surface. 


(15) The first polar of a rational surface Fy with respect to a point P not 
on the surface is a surface of order N — 1, containing the double curve on Fy, 
the curve of contact of the tangent cone to Fy with P.as a vertex, and the 
singular points on Fy. If Fy is a surface whose plane sections are mapped 
on a plane (s) by a web of curves of order m, then corresponding to the plane 
sections of Fy through P is a net of curves belonging to the web, whose 
Jacobian is a curve of order 3(m — 1) having a (d3r—-1)-£fold point at an 
r-fold point of the web. The Jacobian is the image of the curve of contact 
of the tangent cone with Fy. 

For the case at hand the polar surface is an F, whose intersection with 
Fs goes into a composite Cas: 8A*BD*E* consisting of the Jacobian 
O33: 8A“ B8D*E*; the curve C,;:8ABD, image of (0,0,0,1); and the image 
of the double conic K which is a O2: 8A*B*DE*. A general C1.,8A*B®DE 
goes into a general plane section of F; but the C12: 8A*B*DE? goes into the 
double conic counted twice and a residual line of F, in the plane of the conic. 
This line is the image of point E. 


5fa). If point B is chosen on a certain locus there is a Cy: 848B? other than 
14 
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C;?:8AB.* Hence we can choose as linearly independent members of the 
system l 

09:843B®- O3: 84ABO, (09:84°B?- Cy: 84C, 
ae C,?:8ABC-C,:8AC, 0,7:8A4BC-C5:8A7B, C24: 8ABC, 


where C is the ninth point common to C;:8ABC and (3:84. 

Take any point D in the plane (s). There is a member of th 
Cy: 8A°B + y0: 8ABC = 0 through D. Call this a new Cy: 8A°B*. 
is also a C3:8A and a C,:8A7B through D. 

Let 


im 27 Co: 8A°*B9D: Cz: BABO, Y2 = C: 8A°B°D: 03: 8ACD, 
m Ys = (5?:8ABC : Cg: 8A°BD, Ya C°: 8ABC- C3: 8ACD. 


These are the parametric equations of a rational surface F; in S-t 

The image of 0,:84°®B®D is the line yı =Y = 0. The in 
C;:8ACP is the line y= y, == 0. The image of the point C is 
Ys = Y4 == 0, the image of point D a line in the plane y: = 0, and th 
of point B a rational cubic in the plane y,—=0, with a double 1 
(0, 1, 0, 0}. 

Since Ce has two residual intersections with a general Ciz, eac 
section of F, has a double point on the line yı = Yz = 0, the image _. _. 
Hence yı = y2 = 0 is a double line. 

A section of F, made by a plane of the pencil y2 = yys goes into a com- 
posite Cy. of the form O: 840D - 0s: 843B°, which meets a general Cy. in 
3 residual points not on Cs: 840D. Hence the line of intersection of any 
_ plane of the pencil and a plane not of the pencil meets F, in 3 points other 
than on the line y, = y4 = 0, which means that y = y4 == 0 is a double line. 

We observe that the surface Fs as defined by (17) has a composite double 
conic consisting of the double lines yı = y2==0 and Y: == y4 = 0. As in the 
general case (14), the image line of the ‘point D is the residual intersection 
of the plane of the double conic with F's. 


6. The system C.1s:8A°B*. In a plane (s) the system of curves 
C1,:8A°B* is of dimension-5 and by the method employed in the previous 
cases we can choose as linearly independent members of the system 


(18) C15: 8A®B, Cyp: 8A*B*- Oz: 84B, Cy: 8A°B*- C,?: 8AB, 
0s: 84°B : 0:3: 8AB, C,*: 8AB-C 3:84, C25: 84B. 


* Halphen, Bulletin de la So. Math., 162 (1882). 
t D. Montesano, Rendiconti della Reale Accodemia di Napoli, Ser. 3, Vol. 13 
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Let C be the residual intersection of C3: 84B and Cis: 8A°B*. The curves 
Cis: 8A5B* and O2: 84*B? have 8 residual points of intersection. Call two 
of these points D and Æ. Choose a new Cy and a new Ce such that they will 
pass through D and E. 


Let 
Yı = Cis: SASBÜDE, Y == Urs: SAt*B DE - Co: SABC, 
(19) ys = Cy: 8A°B?DE + C°: 8ABC, Ya Cg: 8A?BDE Cè: 8ABC, 
ys = Cyt: SABC OSAD, Ys — 03°: SABC. 


These are the parametric equations of a rational Fs in 8;. The images 
of points D and E are points on the line yı == Ya = Ys = Ys = 0. 

From the line yı = Y2 = Ys = Y4 = 0 as a center project Fs into the Ss, 
Ys = Yo == 0, giving a surface whose parametric equations are 





Yı — Cis? 8A°BACDE, Yo = Cia: SA!B’DE " Cs: SABC, 


(20) ay = Cy: 8A°B°DE + C;2:8ABC, ye= Co: 8A2BDE + 0°: SABC. 


The surface is an Fe. The points D and E go into lines on this surface. 
The image of C is the line = y,=0. The image of C;:8ABC is the 


--.. point (1, 0, 0,0). 


Since the genus of a member of the system is 5, each plane section of Fe 
is a Ce of genus 5. Hence there is a double C; on the surface. 

By (15) we see that the section of F,,by the first polar of a point not 
on Fe goes into a composite Crs: 84°°B?°C°D°E? which consists of the Jacobian 
Ca: 8AMBUC?D?E*; Cz: 84BC, the image of the singular point (0, 0, 0,1); 
and the image of the double C; which is a Oso: 8A!°B®C?D°E?. A general 
Cso: 8AM BCP D° E” goes into a general quadric section of Fe but the 
Cao: SABC? DE goes into the quadric section containing the double C, 
with the image lines of points D and E as the residual intersection of the 
quadrie with F's. 

If two surfaces of order n, and me respectively contain a Cm of order m 
and rank r, genus p to multiplicity 1, and i, respectively, the residual C, meets 
Cm in t points and has genus w where * 


t = m (tony + hna — Bylo) — itor, . 
(21) n= film ta E Frl) +1, 
r= 2m + 2p —2. 


* Noether, Annali di Mathematica, Ser. 2, Vol. 5 (1871), pp. 163-177. 
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For the case in question 


and, since Cy is a composite conic, 
v=? and r=—1. 


She the above values in equations (21) we find that p== 2; that is, 
the double Os on Fe is a curve of genus 2. 

A Cs genus 2 is the partial intersection of a quadric and a cubic surface, 
the residual being a ruling on the quadric. 

Let F, be a cubic surface containing the Cs and one line of the degenerate 
O2. Then the number of intersections of the line with C; is, by (21), t= 3. 
Hence the line images of points D and E are trisecants of the quintic Os. 


6( a). If B is chosen on a certain locus there is a Crp: 8A*B* other than 
C;*: 84B, and we can take as parametric equations fof the surface 


Yyı = C1228 8A*B*DE - 03: 8AC, Yo > Cw: 8A*BADE 2 ER 8ABC, 


(22) „— Co: 84°B°DE-C,2:8ABC, y,— Cy: 8A2BDE - 03°: 8ABO. 


The surface is again an Fẹ with plane sections of genus 5 and a double 
curve Cs of order 5. 

The image of Cı is the line „=%=0. Since C,.:8A*B*DE meets 
a general C,,:8A°B‘CDE in 2 residual points, y, == ya = 0 is a double line; 
hence the double Cs is composite with yı = y2 = 0 as a component. 

For a point near B in (=), yı, Ys and y, are infinitesimals of order four 
while y, is an infinitesimal of order five, hence the image of B is a rational 
quartic in the plane y= 0. The images of D and E are lines meeting the 
line ¥1 == y2 == 0, since D and E are on Cız in plane (s). 


6(b). Again if B is chosen on a certain locus so that there is a Cy: 8A°B® 
other than C,°:8AB we can take the following as parametric equations of a 
surface 


: Yı = 0s: 8A®BSDEF : Cs: 8A2BCDEF, 
(28) Ya = Cy? 8A°B°DEF - C,: 8ABC 03: 8A, 
i Ys = Co: 8A®B°DEF - 02: SABO, 


Ja = Oe: 8A*BDEF - 03: 8A BC. 


The surface is an Fs genus 5. Since each plane section is a quintic curve 
of genus 5 there is a double line on the surface. 


*D. Montesano, Rendiconti della Reale Accademia di Napoli, Ser. 3, Vol. 13 
(1907), pp. 66-68. 
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The image of Cs is the point (0,0,0,1). The image of C,:8AB is the 
point (1,0,0,0). The image of C is the line y,=y,=0. The images of 
points D, E and F which are on Ce are three lines in the plane y, = 0, passing 
thru (0,0, 6,1), the image of Cy. 

The image of Cy is the line „=y—0. Since Co: 8A°BCDEF has, 
with a general C,,: 8A4°B*CDEF, two residual intersections, every plane section 
of F, has a double point on yı == y4 = 0, which is, then, the double line on 
the surface. 

A plane section thru the point (0,0,0,1) goes into a composite curve 
in plane (x) of the form 


Cy: 8A*B°DEF Ce: 8A? BC. 


Two curves of this type meet in two residual points not on Co, hence the line 
of intersection of two planes through (0,0, 0,1) meets F, in two points other 
than (0,0,0,1), hence (0,0,0,1) is a triple point on Fs. 

By the method of (15) we can show that the images of the points D, E 
and F in (x) form the residual intersection of the plane through the double 
line and the point (0,0, 0,1). 


Y. The system Cz,:8A°B*®. This system is of dimension 6 and by a 
process of reasoning similar to that in the previous cases we obtain the surface 
in S; given parametrically by 


Yı = Cig: 8A°BFCD”, Yo = C15: 8A°B*D? - Cz: 8ABC, 


(28) Ys = Cre: BABI D? - C3: 8ABC, Ya = Ca: 8A'BPD - O33: SABO, 


The surface is an Fe and each plane section is a Ce genus 5; hence the 
surface contains a double C; of order 5. The image of the curve Cs is the 
point (1,0,0,0). The image of the point Ọ is the line ys == y4, == 0. The 
image of the point D is a conic on Fe. 

Through the double Cs on Fe passes one quadric surface whose residual 
intersection with Fe is a conic C2. 

Again referring to (15) we can show that the double curve Qs goes into 
a Oss: 8AVBYC*D®. Since a general Cx,: 8A*2BY°C*D* goes into a general 
quadric section of Fe, the Css: 8A**B*°C?D® goes into the section made by the 
quadric on the double Cs, which, therefore, has the image conic of point D as 
the residual intersection with Fe. 


7(a). If B is chosen so that there is a Cy): 8A*B® other than 0,3: 84B we 
obtain a surface whose parametric equations are . 
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yı = Cy: 84°BSDE - Cy: 84°B2CD, 
yo = Cy: 84°B°DE - Cy: 8A2BD : 03: SABC, 
Ya = Co: 84°B°DE - 05: 8AD + 032: SABC, 
ya = 032: 8AtB°DEE + 0,2: BABO. 


(25)* 


The surface is an Fs with plane sections of genus 5; hence there is a 
double line on the surface. The image of Cy: 8A*B® is the point (0,0, 0,1). 
The image of C3:8ABC is the point (1,0,0,0). The images of D and E 
are a conic and a line, both of which must pass through the point (0, 0, 0,1), 
since D and E are on C,:8A°B*. The image of C is the line ys = y, = 0. 

The plane determined by the double line and the point (0,0,0,1) has a 
Cz as residual intersection with F,. 

From (15) we find that the double line goes into a C18: 8A*B®CD®E*. 
Since a general Cig goes into a general plane section of F's, the Cig: 84°B°CD®!E? 
goes into the section made by the plane through the double line and the point 
(0,0,0,1) and contains the images of points D and E as the residual inter- 
section with Fs. The residual ©, in which the plane determined by the double 
line and the point (0,0, 0,1) meets the F; is therefore composite, and consists 
of a conic and a line, images of D and E. 

A section of F; by a plane a,yı + doye + Ass = 0 goes into a composite 
curve of the form 

Cy: 8A®B*DE (a03: 84°B2CD + @208: 8A°BD - C3: 8ABC 
+ as03: 8AD+ C3: 8ABC)=0; 
that is 
CO: 8A®*B°DE - Cy: 8A°B?CD. 
Two of these C,:8A°B?CD meet in three residual points, hence (0, 0, 0,1) 
is a double point on Fs. 


7(b). If the point B is so chosen that there is a C1;:8A°B® other than 
C3": 8AB, the parametric equations of the surface may be taken as 


Yi = Cys: 8A*°B°DEF - C3: 8AC, Yo = Cis: 8A°B°DEF - O5: SABC, 


26 
(26) „me 012: 84°B°DER- 0,2: 8ABC, ya— Cy: 8A°B*DEF - 0°: SABC. 


This surface differs from (24) only in that the line y, = y = 0 is a 
double line on the surface and a component of the double Cy. 


7(c). . If the point B is so chosen that there is a C,.:8A‘*B* other than 
C3*: 8AB then we obtain a surface whose parametric equations are 
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yı — Cuz: 8A*B*DEFG - 0,84°BC, 

ya = O12: 8A*B¢DEFG - Cy: SABC ` C: 8A, 
(27) ya = 012: 84*B'DEFG - 032: 8ABO, 

yı — Cy: 84°BDEFG - (3°: 8ABC. 


The surface is an Fẹ with plane sections of genus 6 and contains a double 
Cy. The image of Ch. is the point (0,0,0,1). A section made by a plane 
through this point goes into a curve in plane (x) of the form 


C12: 8SA*B*DEFG : Cy: 8A7BC. 


Two of these C,:842BC meet in two residual points, hence the point 
(0,0, 0,1) is 4-fold on the surface. 

The images of D, E, F, and G are lines in the plane y,==0 passing 
through (0,0,0,1). The image of Cs is the line yı = Y4 = 0. In plane (s), 
Co: 8A°BCDEFG meets a general Cis: 8A®B’ÜDEFG in two residual points, 
hence yı = y4 = 0 is a double line and a component of the double C4. 

From (15) we find that the double O4 goes into a Css : 8A“ BMC? DEAF GS. 
This Css goes into the quadric section on the double C, and the point 
(0,0,0,1} which has as residual intersection with I’, the composite C, con- 
sisting of the four lines, images of the points D, E, F and @. 


8. The system Co: 8A'B®, This system is of dimension 7 and by the 
methods previously employed we obtain the surface whose parametric equa- 
tions are 


Yı = Cn: BATBSCD7E, Yo = Cig: 8A°BSD?E - C3: SABC, 


78) Ys = Uys: SA*B*D7E - 0: SABC, = Cis? SA®B? DE. BZ SABC. 


The surface is an 7, with plane sections of genus 6, hence there is a 
double curve Cs of order 9 on the surface. 

The image of C is the line 4y = y4 = 0, the image of D a conic and the 
image of E a line. By (15) we find that the double Cy goes into a curve in 
the plane (x) of the form Ces: 84A% BCDE. This Ces goes into the section 
of F; made by the cubié surface containing the double Cs and has a$ residual 
intersection a composite cubic curve consisting of the ednie image of D and 
the line image of E. , 


8(a). If B is so chosen that there is a C,,:8A°B® other than 03°: 84B a 
surface is determined whose parametric equations are 
Yı = Cr5: 8A°B°5D - Cg: 842BC, Yo = Crs: 8A°B°5D - 03: SABC - 0,84, 


129) Ys == C1s:84A°B°5D - O3?:8ABO, Ya Cig: 8A*B*SD - 033: SABC. 


888 Potter: Rational Surfaces Defined by Linear Systems. 


The surface is an F, with plane sections of genus 7 hence there is a 
double curve Cs of order 8 on the surface. The image of C is the line 
Ys = y1—=0. The image of Cz:8ABC is the point (0,0,0,1). Since a line 
through (0, 0, 0,1) meets the surface in only two residual points this point is 
of order 5 on the surface. The image of B is a rational sextic in the plane 
Ys = 0 with a point of order 5 at (0,0,0,1). 

The images of the Di (i1,2,---,5) are five lines on the surface 
passing through the point (0,0,0,1) and form the residual intersection with 
F, of the cubic surface through the double Cs. 


8(b). If the point B is so chosen that there is a C,.8A*B* other than 03%: 8AB 
a surface is determined whose parametric equations are 


yı = Crp: SA*B*DEF - Cy: 8A°B°CD*EF, 
yo = O32: 8A*B*DEF - Os: 8A°BD ` Cz: SABC, 
Ya = Org: 8A*B*DEF - 03°: SABC - Cs: 8AD, 
Ja = Cy: SASB°CD°EF - C4: SABC. 


(30) 


The surface is an J’, with plane sections of genus 6, hence there is a 
double O, on the surface. 

The image of Cız is the point (0,0,0,1), the image of C;:8ABC the 
point (1,0, 0,0), and the image of Cs is the line yı = y4 = 0. The image 
of D is a conic in the plane y, = 0 passing through the point (0, 0, 0, 1). The 
images of E and F are lines in the plane yı = 0. The line yı = y4 = 0 is a 
double line. The point (0,0,0,1) is a triple point on the surface. 

By the methods employed in the previous cases we find that the residual 
intersection with Fs of the quadric through the double C, is a composite C4 
consisting of the conic image of the point D and the line images of the points 
E and F. 


9. Conclusion. It is now clear that the processes developed in this paper 
can be carried on indefinitely for any linear system of the type Cen: 8ArBrt 
containing a pencil C3;: 8A‘Bt. 


A Problem of Ambience. 


By Wırvıam KELSO MORRILL. 


In the following paper, we shall consider a triangle of direeted lines, 
the vertices of which are moving with the same constant speed parallel to 
their respective opposite sides but in opposite directions. The invariants of 
the triangle are studied, and the motions of the vertices are investigated by 
the aid of the Weierstrass elliptic function theory as well as the g-series of 
Jacobi. 


1. The Invariants of the Triangle. Let a, b, c be the lengths of the 
sides of the triangle, and a, ß, y their respective directions. If 6, ¢, y are 
the angles which the sides of the triangle make with the base line, then 
— a= g; B= eih; —y = ett, We shall use A, B, C in two senses: first 
as the affices of the vertices, second as the interior angles of the triangle. 
The motion of the vertices is given by the following diffrential equations 


A=—a, B=— fo, C= — y, 


where the dot indicates differentiation with respect to the time and v is the 
speed. We can now write a« = C — B. Then 


Dax == aa + ta = OC — È = (B—y)v 


and a+ (a/ aja = (B/a—y/a) v. 
But B/a = 6-0 — — cos C -+i sin O 
and y/% == et +B) = — cos B — isin B. 


a+ aa/a = v[cos B — cos C + i(sin B + sin C)]. 
Equating reals and imaginaries, 


å = (cos B— cos C)v, 
a/a == i(sin B + sinO)v. 


'The variations of the sides of the triangle are given, therefore, by 


à == (cos B — cos 0)», 
4174 | b= (cos O — cos A)», . 
é= (cos A — cos B)v. 


Now v == dA/dt, where A is the distance each body moves in the time t. 
‘Choosing v = 1, we have dA = dt and A= #. Adding equations 1.1, we have 
atb+té=—0. 
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1.2 Ea a+b-+c=s 


‚where s, is a constant; and our first result is that the perimeter of the tri- 
angle remains constant. Finding the perimeter constant suggests a study of 


the area. 
Area = [s(s— a) (s— b) (s — c) ]%, 


where s = (a + b + ¢)/2. Thus, letting 
X = 16 (Area)? == 2(a7b? + PE + ac?) — at — b* — c* 
X = 4{(b° + t —a’)da + (2 + a — b?)bb + (a + b? — c*) ec} 
== 8abe(a cos A + b cos B + ċ cos O). 
Substituting the values of a, b, & from 1.1; we have: X—0and 
1.3 X $,, where 8, is a constant; that is, the area also is constant. 


We thus find the perimeter and area of the triangle are invarıant under 
the motion. 


2. Introducing the Elliptic Functions. Let =s—a, y=s—b, 
z==s—c. Then from 1.2 and 1.3 respectively, we obtain 


stytz=h,. and 
i zy2 = keg 
dx + dy + dz = 0, l and 


yadz + zdy + sydz = Q. 
From these two equations, we obtain 


21  de/e(y—z) = dy/y(z— s) = dz/z(2 — y) = dy, 
2. de/du = (8 — y) = 2{ (g + y)?™— day} — 2[ (ki — 2)? — 4ka/2]* 
(dz/du)? = 2[(kı — z)? — 4ka/2]. 


Put z = — 1/v; then dz/dp = v?°dw/du, and 
(du/dp)? = (kv + 1)? + Akzv®. 
Now putting v = w — k,?/12ks, we get 


2.2 (dw/dx)? == Lkw? + (2h, == k.t/1%ks) w 
(1 — Ye? /12k + 2k:8/3 - 1222). 


Finally putting ks#dp = du, and 
2.3 ga =(— 2ly/ks) (1 — kı°/24k,) and 
2. 4 Js == (— 1/ks) (k1°/216k3? — kı?/6kz + 1) and 
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substituting in 2.2 we obtain 
2.5 (dw/du)? == 4w* — gw — 93. 


Equation 2.5 is the elliptic relation (p'u)? == 4p*u — gapu — gs, and hence 
our problem is an elliptic function problem. 

We may then write w= p(u— y), where y is a constant. Since 
z = — l/v, and v = w—ky?/12k,, z= 1/[k/12k; — p(u—y) ]. Setting 


2.6 kı’/12k; = pr 


and noting, from 2.1, that 2 and y have expressions similar to 2, we have: 


y = 1/[pr — p(u— B)], 

z= 1/[pr—pl(u—y)]. 
Note that 2'dz/du = (2 — y) /k;* = p' (u — y)/ [pr — p(u—y)]*. This 
equals zero when s= y, which is at the half periods of the parallelogram 
of periods, since we know the function p’ is zero there. Conversely when 
u—y is a half period, that is when 


| s=1/[pr -p(u—o)], 
2.7 


2.8 U — Y = Myo, + Mwz where 


Mi, Me = 0, 1, 2 but m = m: 0 or 2, p (u—y)=0, and s= y or from 
2.7, plu —a)=p(u— B). 

Consider then u — «== 8 — u, and, therefore, 2u = « + 8. Since from 2.8 
we have 2u = 2y, it follows that 


2.9 a+ß=2y, B+y=2a, y+ a=k. 
a A— y= 2y -— 2a or ba == 38 = dy. 


This result tells us that a, 8, y in 2.7 are constants which differ from each 
other by thirds of a period. By choosing y = 0, it follows that «= «, and 
B = 2a, and we can rewrite 2.7 in the following way: 


gz = 1/ (pr — pu), 
2.7 l y==1/[pr—plu-+a)], . 
z = 1/[pr — p(u—a)]. 


z has poles at u= + 7; y has poles at u = + r—«; and z has» poles at 
u=+rrrıa Since ©-+y+z is a constant, the sum of the poles of 
x, y, and 2 respectively must be a period. Hence r must be a third of a 
period. 

The type of network can now be determined quite easily: gs and gs 
are both real and the diseriminant 
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j A = g — 2793" == ( k13 — Tkg) /ka? > 0. - 


This follows from the theorem: If n numbers 21,-- "=, are positive, the 
arithmetical mean must be equal to or greater than the geometrical mean.* 
Since gz and gs are real and A > 0, our net work is rectangular. 

We are interested in how the triangle behaves as the elliptic parameter 
u moves in a rectangular cell. But there are limitations on how u shall 
move in the cell. 

There are eight thirds of a period in a cell. Of these, only four give 
distinct values to pu, due to the evenness of the p function. At the vertices 
of the cell pu is infinite. Along the boundaries it is real. As we move 
along the rectangle of half periods, pw decreases from -+œ to —o and 
is real. u must vary along such a path as will keep k, and ks real and positive. 
To find k, and ks in terms of elliptic functions, we proceed as follows 


g= 1/ (pr — pu)= 1/[pr — 1/u2 — equ?- + +] 


and this equals zero for u = 0. 
Expanding p(u-+ r) in a Taylor’s series we obtain for y the following: 


y = 1/[pr— p(u + 1)] = 1/[pr —(pr + up's + uWpr/ait )] 
=1/[— up" (1 + up r/Rl p'r + pri + )] 
=(— L/up’r) [1 — up”t/2! pr — u'r /38! pr +). 
In a similar way we obtain 
= (1/up’r) [1 + up’r/2! pr — up's /3! pl +]; 
whence it follows 
z+y+2z=r"r/p”r-+a function of u. 


when u == 0, this function vanishes. Hence since x + y -+ z= k, is a con- 
stant, we have 
kı = p’r/p’®r. 


From 2.6 we have ky = kı?/12pr = p”?r/12p*r pr. Since r is a third of 
a periods we have 12prp?r—p"?r; for from the identity 2pu + p(2u) 
== p"2u/4p'?u, we obtain on letting u =r, 

i 2pr + p(2r)= p”?r/4p”r. 


But pr == p(2r), and hence 12pr' pr = pr. Putting this back in the 
expression for ks above we obtain 


* Todhunter’s Algebra, Page 422. 
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ks == 1/p"?r. 


To keep k, and k, real and positive, p'r must be real, and p”r must be 
real and positive. Both of these conditions hold when r lies on the real axis. 
Furthermore the path along which u moves on the cell must keep 2.7 
positive and real. There is only one choice: u must move along the path 
which joins the mid-points of the vertical sides of the cell. Thus in our 
problem u == w + v, where v is real and varies from 0 to 2a,. 


3. The Isosceles Cases. Knowing the path along which u must move, 
we will next determine when the triangle becomes isosceles. Let us consider 
first ay. Then p(u-r)= pu, hence u + rt = + u + 2mo, + Bop. 
The case of interest here is the one leading to 2u -+ 7 = 2m; + 2mawe2; 
but u == ws- », 

Roe + Ru + T = Amıwı + AMaws; 


thus 2v +r =0, whence v= —r/2 = 5r/2, 
or = 3r, whence v= r, 
or = z, whence v= 5r/2, 
or = 97, whence v = fr =r. 


Hence the sides a and b of the triangle become equal for two values of u; viz., 


== 5r/2 +o and u=r -+ os. 


Next we will consider v =z. Then p(u—7)= pu and going through 
a similar argument we find the sides a and c of our triangle are equal when 


u = w: 4-7/2, and u= w: + 2r. 
Finally we have y=z when p(u + r)=p(u—r). In this case we 
find that 
U = w and u = we + 37/2, 


which tells us that our triangle was initially isosceles as 6 = c. 

We can sum up the results of this section thus: Starting isosceles, the 
triangle becomes isosceles at every sixth of a period as u moves along the 
path u == w + v, starting with v = 0. 


4. The Positional Equations. We shall determine A as a function of 
the elliptic parameter u. From 1. 1 we have 


da/dA = cos B — cos C = (— 2k,/abc) (s — a) [ (s-— c)—(s—b)] 
~. da/dA =(— Rkıks/abe) [p’up’r/ (pu — pr)?]. 
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Now s— a= 1/(pr— pu). Therefore da/du = —pu/(pr— pu)?, and 
dA/du = abc/2k,k,%; whence 


dA/ du = — hs#/2ke, + kskı?/8ka —(ks#/2) [pu + plu +7)+ p(u —7)]. 
Calling K = — ks” /2kı + ka3*k,2/8ks, we have 


dA — Kdu—(ks#/2) [pu + plu -+ r)+ plu— 1) ]du. 
4.1 <. A= Ku -+(ho%/2) [tu + &u+r)+tu—n)] $e. 
To determine the constant. of integration, let » 0, then u= wœ and 
C= Kos + 3hg%2/2. 
_ Thus for a particular position of u along its path, we can determine 
the distance the affices have moved. 

As the affices move, the rates of change of the angles 6, ¢, and y are 
given by a set of equations (see Section 1) which we will call positionai 
equations: 

ad6/dA = sin B + sin O, 

4.2 l bds/dA=sinC + sin A, 
cdy/dA == sin A + sin B. 


Expressing these in terms of elliptic: functions, we have 


d6/dA = (sin B + sin C) /a l 
== [2 (kiks) */abe] [(b + ¢) /a]. 

We have already found 

dA/du = abe/R%kıks* 
Hence d6/du == (1/k,#)[ (b + c)/a] 

= (1/h,%) {1 + 2/[kı(pr — pu) —1]}- 

If we make the substitution 
4.3 pvo = pr — 1/kı, 


where pv, is.a constant, we get dO = (1/kı*) [1 + 2/k: (pvo — pu) jdu." 
Multiplying both sides by p’v, and integrating, we obtain 


Op’ vy) —=(1/kı%) [up’vo + i (log en) ugn )] + CL 


But, by putting for pv, its value given in 4.3, in the identity 
pV = 49309 — 92PVo — 9s 
we find that p’v == 21/k,3/. 


* Halphen, Traité des Fonctions Elliptiques, Vol. 1, p. 185. 
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The three angles of the triangle are then given by the following equations: 


i9 = iu/k.%® + log en — ufo + Cs, 
nik A o(u+-r+%) 
4.4 ig = i(u + r)/kı® + log un) TET — 2 (u + r)Lv9 + C2, 


T T % su— rt) _ BE 
wy == (u — T)/kır + log Eon 2(u— r) fro + C3. 
The equations 4.4 are important since they tell us the position of the 
triangle for a particular value of the parameter u. 


5. Introducing the g-series. The representation of the elliptic functions 
by the g-series was invented by Jacobi * and is most important for practical 
problems. His invention made it possible to express doubly periodic func- 
tions in an infinite series, the terms of which are singly periodic functions. 
The problem we are interested in is the study of the paths of the vertices 
and of the center of gravity of the triangle. First, however, we will express 
the results already obtained as g-series. 

Since we know the network of periods is rectangular, let us choose a 
rectangle standing upon a smaller side. 

Put 2o, =r} and then 2wz== irr where r>1. Hence we have 
q == ¢'w./w, == e", and the larger we take r the smaller q becomes. 


pu expressed as a g-series is f 
pu = —(m/ar) + (4/201) 21/sin? (u/2o,) 
— 2 (a/m)? 2 [ng/(1 — 9?) ] cos nu (m/w). 
n= 


For 2w, =”, we have 


pu = — ?m/r + 1/sin? u— 8 X, [ng?"/ (1 — g?”)] cos 2nw; 
and for 7 == 7/3, we obtain 
pr = — q/m + 1/sin? r/3 — 8 $ [ng?"/ (1 — g?”) ] cos 2n (7/3). 


we are interested in the values for pu obtained for u moving along a line 
from wœ to w + 2r or, what is the same thing, for u == œs + v. 


* Jacobi, Fundamenta Nova; Halphen, Traité des Fonetions Hlliptiques, Vol. 1, 
p. 425. 

f When we have put 2w, =r, our unit is fixed and we are talking about a par- 
ticular triangle. To generalize we merely multiply a, y, and = by # (an arbitrary 
constant), and the discussion is the same. 

t Halphen, Traité des Fonctions Hiliptiques, Vol. 1, p. 426. 
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plos + v)= — m/n — 8 I [ng”/ (1 — q2”)] cos 2nv. 


Expressed as g-series, we have 


g == 1/ (pr — pu)=(8/4) [1 — 6q cos 2v + g?(15 + 6 cos 4 
y = 1/[pr — p(u+ 1) ] = (8/4) [1 — 6g cos 2 (v + 2/3) 

5.1 -+ g2 (15 + 6 cos 4(v + x/3) 
z = 1/[pr — p (u — 1) ] = (3/4) [1 — 6q cos 2 (v — 27/8) 

7 + q2 (15 + 6 cos 4(v — 7/3) 


5. 3 keg = gyz = (27/64) (1 + 18g? +--+). 
aie go = 4/3 + 820 (2 +: -).4 
5.5 Ja = 8/27 —(28-7/3)(q? +- 3. 
5.6 A == 21292 4. + +4 


We are now prepared to explain our choice of a rectangular ce 
upon a smaller side. If g = 0 we see from 5. 6 that the discrimin 
But this says k,3 == 27k, or that a==b= ¢ which is the equil: 
Once equilateral the triangle stays equilateral, and the vertices ` 
circle. It is easy to show that the triangle will never become 
unless it is that way initially. We shall consider the nearly equil 
hence we want g to be small. We can also express A, 6, ¢, and y 
We had dA/dv = abc/2k.ks*; hence, dA/dv ==(2/3%) (1 + 57%q?/4 


5.7 J. A=(2/3%) (1 + 5702/4 +++ Ju + Ao 
where Ap>==0. Also 


d8/ du —(1/kı%) {1 + 2/[k (pr — pu)—1]}, 
d0/du = (2/8) [2 — 9q cos w — 3q?/2 + 45g? cos 40/2 +- | 
5.8 .. 0 =— 40/3 — 3q sin Zv — g?v + 159? sin 4w/4 +: 


We can choose our triangle to make &,—=0. In our original 
when v = 0, u= œ and our triangle is isosceles. “Let us choose ot 
to be initially parallel to the side a. We must determine the a 
integration for & and y. 


$— k—(4/3)v — 3q sin 2(v + 2/8) 
— 9? (v + /3)+ (15/4) 9? sin 4(v + 1/3 
“bo — k = —3q sin (20/3) — q? -1/3 +(15/4)g? sin (Ar/‘ 
whence 
5.9 $ — po = (4/3) v + 8q[sin 27/3 — sin 2(v + 7/3) ] 
— g?v +(15/4[sin 4(v + m/3)— sin (40/3 


* Halphen, Traité des Fonctions Elliptiques, Vol. 1, p. 426. 
{ Harkness and Morley, Theory of Functions, pp. 322-324. 


MORRILL: A Problem of Ambience. 897 


In the same way 


5.10 d— ypo = (4/3) 0 — 3g[sin 27/3 + sin 2(v — 7/8) 
— gv + (15/4) [sin 4(v — 1/3) + sin (40/3)] +: 


In order to determine ġo and yo consider 


a= k, — 1/ (pr — pu) 
= 3/2 —(9/2) q cos 2v -+-[45/2—(9/2) cos 4v] g +>. 


For v = 0; a = fo, 
do = (8/2) [1 — 3q + 129? +° + °], 
and in a similar way, we find 


bo = Co = (3/2) [1 + 39/2 + 3847/2 +*+]. 


Hence 
= h L Lot Ret: 
5.11 hou a 2 + 3g + 33g? Ho 
From this we get 
5.12 ethe + ents == — 1 -++- 99/2 — 992/4-+- >. 
eih = o + (132/2) +: >, 
and ipo = log (o + (183/2/2)u2g +. 


To evaluate yo, we note that it is equal to — do, and hence cos Yo == COS do. 
When we solve 5.12 for e’%, we have two roots resulting from a quadratic 
equation. They represent the values of et% and e%> respectively. Hence 


eto == o2 — (188/272) wg +- Be 
and ipo = log [w? — 1383/2/2) wg +]. 


. Formula 5.11 is very important in that it fixes the value of g once the 
initial lengths of the sides of the triangle are given. 


6. The Paths of the Vertices and Centroid. First consider the path 
of A. e* is the turn from the base line to the side a. A is moving along 
some path with a direction e#Pi— — ge, Since this equals dA/dA, 
we have 


dA/dA = exp{i[ 40/3 — 3q sin 2w — q?v + 15q? sin 40/2 +- - -]} 
== — exp (4iv/3) {1 — iq sin 2v 
+ 22[— (9/4) —iv + (9/4) eos 4v + (15i/4)sin 40] +-+}, and 
dA/dvu = 2(1 + 5742/4 ++ + +) /3%, 
15 
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„`. dA/dy = —(2/3%) exp [i(4/3)v] [1 — dig sin 20 
+ q2 (12 — iv + 9 cos 40/4 + 15i sin 40/4) > °] 
==(— 2/3%)exp [1(4/3) v] {1 — 3q[exp (?iv)— exp (— 2iv)]/2 
+ 92[48 — 4iv + 12 exp (4iv)— 3 exp (— 4iv) ]/4 +: + +}. 


Put exp(?w)= #, then dv = 3dt/2¢, and 


dA /dt == i34[¢t — 3q (tt — t2) /2 
+ (q2/4) (48t — 6t log t + 1247 — 365) +- - -]. 
6.1 e A= Ao + BLE /3 — (89/108) (1° + 5) 
+ (q2/16) [10242 — 122? log t +- 66 +- 31] +}. 


We can determine A, by taking A==0 when ¢=1. This represents the 
path along which A moves. The logarithmic term tells us the path is not 
closed but continually shifts over the plane. 

By a similar method the equations of the paths of B and C, expanded 
as far as the first. degree term in q, are found to be 


l {2  i83/2gi? Sug (wt? 4 502) . 

= NO Ir ee 

6.2 B—B, + 13% (5 ; a ae ) 
: 242 33/2062 Burg (wis -L 5 

6.3 C= 0, + 13% E p SE ate) 4.) 


where By and Cy are determined in the same manner as Áo. 
To obtain the path of the centroid g we have, noting that 3g = A+B+C, 


that i g =(Ao + Bo + Oo) /3 + 33/29/2i¢ + - az 
where Ao + Bo + Oo = 88/%ig/2 +... 
Hence "  g == (83/29/21) [1/(¢—1L)] +°-°-. 


Periodic Orbits in the Problem of Three Bodies 
with Repulsive and Attractive Forces. 


By DANIEL BUCHANAN. 


1. Introduction. This paper deals with periodic orbits described by two 
mutually repellant infinitesimal bodies which are attracted by a finite body. 
The forces of repulsion and attraction are assumed to vary according to the 
Newtonian law of the inverse square. Two types of periodic orbits for this 
system were obtained by Rawles.* In the first type, which will be here desig- 
nated as the circular orbits, the repellant particles move in equal circles the 
planes of which are parallel. The line joining the centres of these circles is 
normal to their planes and is bisected by the centre of gravity of the finite 
body. The particles remain on the same generating line of the cylinder 
through these circles. 

In the orbits of the second type, here designated as the arc orbits, the 
three bodies remain in the same plane. The infinitesimal bodies oscillate in 
arcs of curves, which are symmetrically situated with respect to the finite body. 
Langmuir + first calculated these orbits by numerical integration and they are 
also discussed by Van Vieck.} 

The problem considered in the present paper deals with periodic oscilla- 
tions in the vicinity of the circular orbits. Only the construction of these 
orbits is made but the convergence of the solutions obtained is assured by a 
theorem due to MacMillan.§ The author begs to acknowledge the assistance 
of Mr. H. D. Smith, M. A.,f in checking certain algebraic expressions in the 
construction and in making the computation for the numerical examples. 

Second genus orbits in the vicinity of the are orbits have also been 
obtained by the author but they are discussed in another article. | 


* Rawles, “ Two Classes of Periodic Orbits with Repelling Forces,” Bulletin of the 
American Mathematical Society, Vol. 34, No. 5 (1928), pp. 618-630. . 

+ Langmuir, Physical Review, Vol. 17 (1921), pp. 339-353. 

+ Van Vleck, “ Quantum Principles and Line Spectra,” Bulletin of the National 


Research Council, Vol. 10, Part 4, No. 54, p. 89. e 
§ MacMillan, Transactions of the American Mathematical Society, Vol. 13, No. 2, 
pp. 146-158. 


T Smith, A thesis submitted in the Department of Mathematics for the degree of 
M. A. in the University of British Columbia. 
E | Buchanan, “ Second Genus Orbits for the Helium Atom,” Transactions of the 
Royal Society of Canada, Third Series, Vol. 23, Sec. 3 (1929), pp. 227-245. 
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As there is a similarity between the three bodies in this problem and the 
helium atom, we shall refer to the finite body as the nucleus and to the par- 
ticles as electrons. No use, however, is made of the quantum mechanics aor 
of Larmor’s theorem.* 


2. The Circular Orbits. The units of time and space will be chosen so 
that the gravitational constant of attraction is unity. Let k? denote the ratio 
of the repulsion to the attraction. Then the force function of the system is 


U = 1/p. + 1/p2—k*/A, 


where p: and pz are the distances between the electrons and the nucleus, and A 
is the distance between the electrons. If we take a system of rectangular 
coördinates with the origin at the nucleus and denote the coördinates of the 
electrons as (zi yj, 27), (7 = 1, 2), then the differential equations defining 
their motion are 
vj” = OU /ox;, yi” = OU /ðyi zi” = 0U /02;, 
(1) pi? = T? + y? + 2°, ({=1, 2), 
A? = (£, — 2)? + (Y1 — Yo)? + (21 — 22)”. 


When the restrictions 
(2) Tı =— tr Yr = Yy Z= Zz 
are made, as in Rawles’ paper, the differential equations become 


g” = — s/p + e4, 
(3) y= — 9/0", 
2” = — z/o, 


Ir. 

Pd 

where the subscripts 1 or 2 have been dropped. These equations possess the’. 
integrals 


(4) iy (a? -+ y” -+ z?) == 1/p E= k?/4x + const., 
yz — yx = const. 
The solutions of the differential equations are 
i z= (k?/4)% =m, Say, 
(5) y = (1—m?)* sin (t— to), 
z = (1— m?)* cos (t — to), 


which are the circular solutions obtained by Rawles. They denote the circles 


* Larmor, Philosophical Magazine, V, Vol. 44 (1897), p. 503; Richardson, The 
Electron Theory of Matter (1916), p. 258. `~ 
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with centres at (+ m, 0, 0), radii (1— m?) and whose planes are parallel 
to the yz-plane. The electrons rotate in these orbits from the positive z-axis 
to the positive y-axis. If the solutions are to be real, m? cannot exceed unity. 
When m” == 1, however, the solutions reduce to point circles but this simple 
case will be excluded from our consideration. 

We shall refer only to the one circle, viz., that having its centre at 
(m, 0,0). 


Orbits of Three Dimensions. 


3. The Differential Equations. Let the motion be referred to a system 
of rotating axes x, 7, & The z-axis remains unchanged while the »-axes 
rotate in the yz-plane in the direction in which the electrons move and with 
their angular velocity. Further, let y ==— y, =z at t= %. Then the 
necessary transformations are 


5 gu (in) + doin G4), 
z==qsin (t — to) + &cos (t-— to), 


and the differential equations of motion (3) become 


w” = — y/p* + k/t, 
(7) g” + E —y = n è, 
= —£/p. 


A particular solution of these equations is 
(8) zs=m, 9=0, = (1—m?)%, 


which are the equations of the circular orbit with respect to the rotating axes. 
In order to determine deviations from the circular orbit, let 


z= m + YP, 
qn = 0 + yg 
K = (1— m?) + yr, 
t — to = (1 + 8)*r, ° 


where 


P- q, r are new dependent variables, ; 
y is a parameter representing the scale factor of the new orbits, 
è is a constant depending upon y, 
r is the new independent variable. 


When equations (9) are substituted in (7) and the factor y is divided out, 
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the following differential equations are found, the dots denoting derivation 
with respect to r; 

p+ 3(1+8)(1—m*)p—3(1 + 8)m(1—m*)*r 

. = Be rE a i b 
(10) g+2(1-+8)¥r—= (1+ 8) [y0 Yen) 

7 —2(1-+8)%q—3(1 t 8) u 314 ee 

= (1+ 8)[yRe +++ +YRBat'') 

where Pj, Qj, Ry (f = 2, 3,:- +) are polynomials in p, q, r of degree j. In 
P; and R;, q enters to even degrees only, while in Q; it enters to odd degrees 
only. So far as the computation has been carried out we have 


P, = 3(1/m + 8m/2 — 5m*/2) p? + 3mq?/2 
— 3m (2 — 5m?/2)7? 4-3(1 — m?)4*(1 — 5m?) pr, 

P; == (8/2 — 15m? + 85m*/2) p + (15m/2) (1 — m?)4(%m? — 8) p?r 
+ (3/2) (1 — 5m?) pg? — 3 (2 — 35m2/% + 35m*/2) pr? 
—(15m/2)(1 — m?)*q?r + 5 (2 — Ym?/2)2°, 

Q: = mpg + 3(1— m?)*gr, 

Qs = (3/2) (1 — öm?) p°g — 1öm(1— m*)*pqr + 8q°/2 
— 3 (2 — 5m?/2)r°q, 

R, ==(38/2) (1 — m?) # (1 — 5m?) p? — 3m (4 — 5m?) pr 
+ (8/2) (1 — m?) g? — 3 (1 — m?) # (1 — 5m?/2)r?, 

R; =(5m/2) (1 — m?)% (7m? — 3) p? 

+ 3[1/2 + 15m? — 35mt/2 — (5m/2) (1 — m?)%]p?r 
—(15m/2) (1— m?)*pq? + 15m (1 — m?)% (2 — 7m?/2) pr? 
+ 3[1/2 — 5m(1— m?)*]g?r 
— [27/2 — 15m? — (35/2) (1 — m?) 9/7] 9°, 


On integrating (10,b) we obtain 
(11) i g=—2(1+8)*%r+0 
HAH) f OQA + Qin d 


where C is the constant of integration. As q and r are later developed as 
power series in y we shall put 


(12) O= 0 4 0y He + my 


When the substitutions are made for C in (11) and for g in (10, c) we obtsin, 
on repeating (10,a) and (11) for reference, 


~ 
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D+3(1 +8) (1— m*) p —3(1 + 8)m(1 — m?)%r 
(143) È Pis 
(18) gear (2+) S È tt È ay, 
r- (1 + 8) (1+ 3m?)r— 3 (1 + 8) m(1—_m?)%p 
== (1+ 8) » yR + 2(1+8)% > OP y 


+24 f È Qindr. 


We shall now take (13) as the three defining equations for p, q, r. 


4, The Equations of Variation and their Solutions. If we consider only 
the terms of the equations -(13) which are independent of y we obtain the 
equations of variation. They are 


p +3(1— m*) p — 3m (1— m?*)*r = 0, 
(14) q+ r= 0, 
r+(1+ 3m?) 2 — 38m (1 — m?)*p = 20. 
The first and third equations of (14) are independent of the second and 


will be considered first. We shall make use of the operator D to denote d/dr. 
Then (14,a) and (14,c) may be expressed as 


15) [D? +- 38(1 — m?)] p— 3m(1 — m?)*r = 0, 
( — 38m(1— m’) £p + [D +1 + 3m?]r = 209. 


The functional determinant of these equations is 


D? +-3{1—m?), —3m(1— m?)% 
— 3m(1— m)”, D? -+1 ++ 3m? 
== D* 4- 4D? + 3(1— m?). 


(16) D = 


On equating D to zero, as in the method of solving sets of linear differential 
equations with constant coefficients, we find the roots 


D? == — 2 4- (1 + 3m?)4%, —2—(1+3m2)% ° 
As m? must be less than 1 in order that the circular solutions shall be real, 
both roots for D? are therefore negative. If we put 


—2 + (1+ 3m?)#—=—o%, —&@—(1 + m) — op’, 
then 
P D = $ 104, “E G0, 
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and the complementary functions of (15) are thus found to be 


P == Aet + Aai 4 Aei +. A em taar, 
t= Bett + Bett + Bets -+ Bye 827, . 


where A;, Bj, (j= 1,:-++,4) are constants of integration. Only four of 
these constants are independent as the following relations hold, 


A; = orB;, (j = 1, 2, 3,4; y= 1, 2), 
(18) o, = 3m (1 — m?) */[1 — 3m? + (1 + 8m?)*], 
we = 3m (1 — m?)*/[1 — 8m? — (1 + 8m?) *]. 
There are therefore three sets of generating solutions, viz., 


I p == o (Belt? -— Bet), 
p == Bete? + Betar; 
Period = P, = ?r/oı. 
II p = oz (B3612 + Bet"), 
r = Bzeitet +. B eton ; 
Period = Pa = ?r/e.. 
II p == o (Bet + Batat) + we (Better + Betr), 
f p == Beta +. Bye71T +- Bett + Bye 92 ; 
Period = Ps = tP, = Po. 


(17) 


The last solutions, ITI, exist only when o, and o, are commensurable, 
i. e., when 


01/62 = N,/Nie, 


where n, and na are relatively prime integers. 

Orbits are constructed in the sequel by using only the first two generating 
solutions. The construction of orbits having generating solutions III was 
attempted but abandoned on account of the complexity of the problem. 


5. Outline of the Construction of Periodic Solutions. There is the same 
construction for orbits having the generating solutions I or II except for the 
subscripts 1 and’ 2, respectively, on o and o. We shall therefore drop these 
subscripts and restore them in the final solutions. 

We propose to show that p, g, r, 8 can be determined as power series in y 
so that p, q, r shall be periodic with the period P(=P, or Pz) and shall 
satisfy certain initial conditions, to be discussed presently. Accordingly 
we put 


co co 
p= È py, q= È a, 
(19) je = 
r= 5 rng, è= X ôy. Bi 


j=0 j=1 
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Let these substitutions be made in (13) and let the resulting equations be 
cited as (13°). On equating the coefficients of the various powers of y in (13°) 
weeobtain sets of differential equations in Pj, qj 7;. We propose to show that 
these equations can be integrated and that the various 8; and the constants 
of integration at each step can be determined so that p;, q; r; shall be 
periodic and shall satisfy the initial conditions, now to be discussed. 


6. The Initial Conditions. It will be observed in the next section that 
at each step of the integration four arbitrary constants arise which are not 
determined by the periodicity conditions. We therefore impose four initial 
conditions. Let us suppose that 


p(0)=7r(0)= q(0)==0, (0) 0. 


As r carries the factor y in (9) we may take r(0)= 1 without loss of gen- 
erality. When these initial conditions are imposed upon (19) we obtain 


pi(0)= r; (0)= g (0)=0, (f= 0,1,2--°), 
en "= Oa) GAL: 


Y. Construction of the Solutions. 


Terms independent of y. When we equate the coefficients of the terms 
in (13°) which are independent of y we obtain equations which are the same 
as (14) except for the subscript 0 on p, q and r. The solutions which have 
the period P, or Pa, except for certain terms in r, are 


Po = w (Beier + By eier) + Im (1 — m?)-#0,, 
(21) do == (2t/o) (B® eter = BO e-ter) — BO, Or +- 09, 
To = B, eter oie BL grier + 20," 
where B and Č, here and henceforth, with various subscripts and superscripts 
are constants of integration. 

In order to satisfy the periodicity conditions we must put C, = 0. 
When we impose the condition 9 (0)—= 0 we obtain B, == B,, and con- 
sequently the condition r,(0)— 0 is satisfied. Then from go(0)== 0 we obtain 
C, = 0 and from 7)(0)= 1 we have 


BLO = Ba 25 w. 


The periodic solutions at this step which satisfy the initial conditions then 
become 


(22) Po = OCOS OT, Yo = — (2/o) sin or, To= COS or. 


Terms in y. The differential equations arising from the terms in y in 


13’) are 
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[D? + 3(1— m?) ]ı — 8m (1 — m?) fr = PW, 


(23) — 3m( (1 — m?)*p, + [D + 1 + 3m?]rı = RY 420,9, 
h=— MO + f Qrar, i 
where i 
PO = aP + da,” cos or + a2 cos Ror, 
QP = 8,51% sin or + b2 sin 2er, 


RD == 6) + 8,0, cos er + CaP cos Ror; 
aP == (8/2) (1/m + 3m/2 — 5m3/2) 0 + (3/2) (1 — m?) (1 — 5m?) 
— 3m (1 — 1/0? — 5m?/4), 
mP == — 3 (1 — m?)w +3m(1—m?)*, 
aP == (3/2) (1/m — 3m/2 — 5m3/2) w® + (8/2) (1 — m?)4(1 — 5m?) 
— 3m(1 + 1/o* — 5m?/4), 
bD = 1, bV = — (3/0) [mo + (1— m’)*], 
Cot == (8/4) (1 — m?)%(1— 5m?) o — 3m (2 — 5m?/R2)w 
—~ 8 (1 — m?)% (1/2 — 1/0” — 5m?/4), 
GD == 3m(1— m?)% + (1— 3m’), 
CaP == (3/4) (1— m?)4(1 — 5m?) wo? — 3m (2 — 5m?/2)o 
— (3/2) (1 — m?)* (1+ 1/o? — 5m?/2). 


The solutions of (23, a and b) will be considered first as (23,c) depends 
upon 7; The complementary functions of (23a) and (23b) are 


pı == (By eter -+ B,D erter) + 2m(1 es m?)-20,), 


(24) 1, = BP eier -H B,D e-tor + 20,™, 


The particular integrals of p, and 11, expressed symbolically, are 


_ [DIAL 3m?]P® + 8m (1 — mR 
DF 4D + 3(1— m?) ; 

_ 8m (1—m?)4P + [D +830 — mE) RO 
D +4D + 31 — m?) 


(25) 


In order that pı and 7, shall be periodic the coefficients of cos or in the numera- 
tors of the above expressions must vanish, inasmuch as —o* is a root of the 
denominators. Hence 
a) bP La $14 3m?) + oD {3m(1 — mt) #}] = 0, 

8; [a; {8m (1 — m?)4} -+e DP {—o? + 38(1—m’)}] =0. 
The functional determinant of 3,4, and 8,¢,“ in the above equations is 


ot — 40? +- 3(1 — m’), & 
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and this vanishes as — o° is a root of D in (16). Therefore the two equa- 
tions in (26) are equivalent. They are satisfied only by 6,==0. The par- 
ticular integrals then become 


Pr == A P + a, cos Ror, 


27 
( ) Ti = yo + yV cos 2or, 
where 
1+ 3m? 
D gee 1) 
leas ee a Te nay i 


gee (1 = 40* + 8m") a. + 8m (1 — m) Fea | 
160* — 160° + 3(1 — m?) 
(Dis (1) m, 
Yo Fe m? SE 77 2,31% -+ ĉo 
aC a eS o 2 


yP = 
160° — 160° + 3(1— m?) 


When (24) and (27) are combined we obtain the complete solutions for p, 
and ri 

The third equation of (23) can now be integrated, the integral being 

qı = (Zifo) (By Pett — B,D eter) — (Be, P + Ay ®)r 

+ BP sin or + 0,0, 
where 
Bo) = (3/40°) [mo + (1 — m?) — 2y]. 

On applying the periodicity and initial conditions to the complete solutions 
for fi, Qu 71 we obtain 


CD == —(2/3) yo, CoP = 0, 
By == B,® = (1/6) yo? — (1/2) yo 


The desired solutions at this step are thus found to be 


pi = Fy? + FL cos or + F,™ cos Bor, 
(28) qi = G,™ sin or + G” sin 2or, : 
rı = H,® + H,” cos or + He cos 2or, 
where 
Fy? = a? —(4m/3) (1 — m?) y” 
y Z4 2B, a, Fe PR 6, e 
G2 = — (4/0) B®, GaP = Bo, 
HP = (1/3), FH, = 2B ous H,® — ya? 


Terms in y’. It will be necessary to consider the terms in y? in (13°) 
pffore the induction to the general term can be made. These terms are 
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[D? + 3(1— m?) | p: — 3m ( 1— m?) "br, = P™, 
(29) — 3m(1— m?)*p2 + (D? +1 + 3m’) =R” + 20,, 


q2 = — ae + f Q® dr — der + Oy; 


where 
PO mag’ (82d, + ay) cos or 
+ a. cos Zor + as” cos dor, 
R? = co? + (8ede + 1P) cos or 
+ 62 cos 207 + C? cos dor, 
QP = b,” sin or + b2 sin or + bs” sin 307, 
di? = 38m(1— m?)*— 3(1— m?)o, 
dy? = 1 — 3m? + 3m (1 — m?) %o. 


The values of the various a’s, b’s, and c’s were computed by Mr. Smith 
but his results are omitted here. 

The complementary functions and the particular integrals of the first 
two equations of (29) are the same as (24) and (25), respectively, with the 
appropriate changes in subscripts and superscripts. The equations similar to 
(26) which must be satisfied in order that the particular integrals for p, and 
7, shall be periodic, are 


(1—o? + 3m?) [bd P + a, ] + 8m(1 — m?)% [S2d2 + eaP] = 0, 

30) 3m (1— m?)* [Bah + a] + {— 0 + 3 (1 — m?) } [bad + a2] = 0. 
The determinant of the coefficients of the expressions in the brackets [ ] is 
the same here as in (26) and therefore vanishes. Hence the above equations 
are identical and can be satisfied by a proper choice of the single arbitrary êz. 
The required value of 82 is 


_ (œ —1— 8m?) a, — 3m (1 — m?)*%e, 
(1-0? + 8m?) d, + 3m (1 — m?) 4d. 
When ô is thus determined, the complete solutions for ps and rə will be 
periodic and will have the form 
e P2 = (B Peier + B,® erier) + Im (1 ER m?) 0, 
+ ay + a. cos Ror + a, cos dor, 
Ta = By ett + B Deier L 20, 
+ yo” + yz” cos Ror + y” cos dor, 
where the œ’s and y’s are linear in the a’s and c’s. 
On substituting (32) in (29c) and integrating we obtain 
q2 = (2i/c) (By ete? — BP e-ter) + (80, + ayo) = 
+0,92 + B® sin or + f” sin Ror + B” sin dor, 


(31) 8, 


(32) 


` 
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where i 

B® = —(1/o)82—(1/o%) b.™, 

° Bo = —(1/0)y2 —(1/40*)b,®, 
Bs® = —(2/30) ys —(1/907) bg. 


When the periodicity and initial conditions are applied we have 


CO, == —(2/3)y., C2 =—0, 
B? == By = (1/6) yo? — yP + y”. 


The solutions at the third step are therefore 
3 
po= X F, cos vor, 
v=0 


3 
q= > Gy® sinver, 


v=1 
3 
Ta == ` H,® cos VOT, 
v=0 
where 

B® == 2m(1 pee mè) Ag D -+ a2, 
PB, == oB, FP == aj, (j = 2, 3,), 
GD = —(4/c) By + B®, G2 = B®, (j =2, 3), 
Hy == 2¢,°2? + yo, 
H,® = 2B,®, H;® = yP, (j = 2, 3). 


8. Induction to the General Term. Let us suppose that the pj, qj, t$ 
have all been determined for j —0,- - -, n— 1 and that they are of the form 
jal 
p = 2 Fy cos vor, 
j+1 
(33) qi = > Gy sin vor, 
FHL 
Tj == 2 Hy“ cos vor, (j =0,: < -, n—i), 
where the Fy, Gy“, Hy”? are functions of m. Further, let us suppose that. 
81," e +, 8n-1 have been uniquely determined. We wish to show from these 
assumptions, from the differential equations, and from the initial and peri- 
odieity conditions that Pn, gn, Ta have the same form as (33) for j =n, and 
that 8, is a uniquely determined constant. . 
The differential equations obtained by equating the coefficients of y” in 
(13’) are 
[D? + 8(1— m?) ]pa — 3m (1 — m?) rr = P™, 
(34) — 3m (1 — m?)%pa + [D? +14 3m] = R® + 201, 


qn = — Im +f OM dr + 0, —8uro, 
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PO == — 33,(1 — m?) po + 88nm (1 — m?) ro 

-+ terms in Pis 95 Ths d;, . 
Bw = 38,m (1 — m?) po — 8n(1 + 3m?)r, 

+ terms in Pis Vis Ti, 85, 
Q® = terms in Pi, Vis Ti, 85, i (j = 0,° °°, n— i1; & = 0). > 


The undetermined constant 8, enters the right members only where it is 
expressed and not in the other terms. In P™ and R™ the powers of the q’s 
are even while in Q they are odd. Hence P™ and R™® are sums of cosines 
of multiples of ar while Q'® is a sum of sines of multiples of or. They have 
the form 


PO == a" + (dS, + a™) cos or + + + + ann cos (n + 1)or, 
R = Cy + (do 8n + 6, ) COS or + eee + C™ ny cos (n + L)or, 
Q = bM ginor +: ++ bag sin (n + Lor, 


The complementary functions of (34, a and b) and the terms arising 
from 20, in (34b) are 


pr = 0 (By ™ eier + Bz eier) + am(1 =e m?) -40 W, 
Ta = B Meier +. B, Metier +. 30,™, 


-The symbolic expressions for the particular integrals are the same as (25) 
with the appropriate changes in subscripts and superscripts. As at the 
previous steps the coefficients of cos or in the numerators of these expressions 
must vanish in order that pa and gn shall be periodic. We thus arrive at the 
two equations 


(1 — o + 8m?) (d,8, + a) + 8m(1 — m?)4(d28, + oo) = 0, 
3m (1 — m?)%(d,8n + am) + [—o? +3(1— m?) ] (din + a) = 0. 
Since the functional determinant in these equations vanishes, the two equa- 
tions are equivalent and can be satisfied by solving either for ôn. Thus 


gez = rim a, on (le) ee 
° (— 0?-+1-+ 3m?)dı ®+ 3m (1 — m)” d,® 
With this choice of 8, the particular integrals will be periodic and will have 
the form ° 
Pn =? + a Gos Ror +e + am... cos(n + 1)or, 
tn = yo + ye cos 2er ++ yaa cos(n + 1)or, 
On substituting the complete solution for r, in (34c) and integrating we 
obtain i 
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n = (2i/e) (Bi Peter — B ™ eier) — (30, + 2y®)r 
n+l 
° +60, m + 3 By sin vor, 
p= 


and in order that this solution shall be periodic we must put 
CO == — (2/3) yo™. 
When the initial conditions are applied we obtain 
CC, == 0, B,™ = 8B, — a constant. 


Hence pn, gn and ra have the same form as (33) when j=n. This completes 
the induction. The construction of the solutions can therefore be carried on 
to any desired degree of accuracy. 

The two sets of solutions can be obtained by restoring the subscripts 
1 or 2 to wand c. 


9. The Final Form of the Solutions. On substituting the various values 
for 93, Qj, r; in (19) and the results in (9) we obtain 


on jtt > > 
r= m+ (> Fr cos ver) yi, 
3=0 r=0 


oo Fu » . 
=0 (N G™ sin vor) yi}, 
g=0 »=1 


oo +1 
E=(1—m’)4+ X ( 5 H,® cos vor)y’*!, 


j=0 =Q 


r=(i+ È 8y) #6). 


In the above equations m, y and tọ are the only parameters which remair 
arbitrary; m denoting the scale factor of the circular orbits, y that of the 
` periodic oscillations near these orbits, and ti, the epoch. By substituting fo: 
7 and é in the equations 


y = — q cos (t —t)+ ésin (t—t), 
z= y Sin (t-—t,)+ Ecos (t — to), ` 
we may obtain the corresponding values of y and z. There are two sets o: 


values, @1, Yı 213 L2, Y2, Z2, corresponding to the two electrons, but they are 
not independent inasmuch as the restrictions (2) hold 


Ti = 1%, Yi = Y2 Zi == Zg. 
10. Numerical Example. Mr. Smith assigned the values 
lk = .5, m= .5, y=.05, t= 0, 
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and on completing the integrations up to the terms in pz, qz and r, he obtained 
p = — .0025 + .064 cos or -+ .025 cos 2er — .002 cos dor, 
gq == — 19 sin or + .03 sin or — .0003 sin 3er, 
f r = .0043 + .077 cos or — .017 cos or — .00027 cos dor. 
Using the subscript 1 on o and o he found 
o, = .825, Py = 1271/5, nearly. 
Values of ¢ were then taken at approximately 30° intervals as ¢ ranges from 
0° to 2160°, that is, through the complete period, and the numerical values - 


of 21, ys, and z, were computed. The values obtained near the beginning and 
near the end of the period are found in the accompanying Table. 


(A Ta Yı 21 
0 560 .00 95 
30 ‚555 54 77 
60 . .536 „87 .33 
90 \ B15 87 —.19 
120 488 64 aabo 
150 „464 26 —.78 
180 ABO 2-40 — .80 
210 440 BT — .66 

. 240 475 e265 ae AG 
270 ABS = —.14 
300 480 —.81 .26 
330 506 el ee 65 
360 530° suet 83 
1800 530 17 0.98 
1836 500 .68 BY 
1890 58 81 4 
1926 443 .60 51 
1980 448 10 — .80 
2016 470 2.36 — .76 
2070 ‚515 — 8 — 19 
2106 .542 sl A3 
2160 560 0 © 95 


A check was made on the work by making use of the vis vwa integral 
(4a). Various sets of computed values for x, Yı 2: and their derivatives 
were used and the constant in the vis vwa integral was found to range from 
2.17 to 2.31. 

The accompanying diagrams give the projections of the oscillations on 
the coördinate planes. The circular orbit is not shown in Fig. 2. Its No- 
jections in Fig. 1 and Fig. 3 are the y- and z-axes respectively. 
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11. Two-Dimensional Orbits. Two-dimensional periodie oscillations 
near the circular orbits can be readily found by neglecting the terms in v in 
thespreceding construction. These orbits are coplanar with the circular orbits. 





Circus! 








i Fig. 5 


Fig 2 
a 
The actual construction was carried out but as no peculiarities were found it 


is omitted. Mr. Smith computed an orbit and found curves similar to those 
in Fig. 2. 
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On the Groups Which Contain a Given Invari- - 
ant Subgroup and Transform It According 
to a Given Operator in Its Group 
of Isomorphisms. 
By H. R. Bramana. 


A method by which ‘one may construct all the groups which contain a 
given group H as an invariant subgroup of prime index p was given recently 
by Professor Miller.* In the papers cited the method was applied and several 
theorems were introduced which accomplished simplifications of the method 
in special cases, mostly cases in which H was abelian or the isomorphism 
performed on H by an operator outside H was of order p. The subject was 
presented by Professor Miller to a class which the writer attended and after 
discussion it was decided to investigate the possible wider application of these 
theorems. The results of this investigation are offered here. 

We consider a group H and a group @ of order ph which contains H 
as an invariant subgroup of prime index p. Let t, be an operator outside H. 
‘Its p-th power will be in H, and G is generated by tı and H. Following 
the method used by Miller (loc. cit.) we may consider G to be written as a 
regular group in which H is intransitive but is transitive on the fh letters of 
each of p constituents. The operator t, permutes these constituents cyclically. 
Let ¢ be an operator on the p-h letters which permutes the transitive con- 
stituents of H in the same way as t;, but which transforms every operator 
of H into itself. Then the operator ttt will transform each of the transitive 
constituents into itself and will transform the operators of H in the same 
way as fs Let t,¢-1 == 5,89’ - + - sy’, where s;” is that part of the product t,¢-1 
which involves only letters of the i-th constituent H;. s, transforms H, in 
the same way as some operator s, in its group of isomorphisms. Let us define 
S2, 83,° * *,Sp bythe relation F1s;t == Sim Then t which is s,s’: -sy't 
performs the same transformation on H as s182° - * St. The operator Q = t? 
is in H an& hence is permutable with ¢. Q transforms H in the same way 
as SPS? ` - SP. The operator Qsı?85?- + + ss? which we shall denote by 


SoSo” sg”, where so‘? is that part of the product which involves only 


* (1) Proceedings of the National Academy of Sciences, Vol. 14 (1928), p. 819, 
See also (2) loc. cit., p. 918; and (3) Transactions of the American Mathematical ` 
Society, Vol. 2 (1901), p. 264, and (4) American Journal of Mathematics, Vol. 24 
(1902), p. 395, in which he described and used the method in the construction of psige 
power groups. 
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letters of the i-th transitive constituent, is permutable with every operator of 
H and also with t. This operator is in the conjoint of H and moreover it is 
‘transformed into itself by s; since this is true of both Q and s;. Now let us 
consider the operator U == 848182 ° * "Spt. U transforms H in the same manner 
as t, and its p-th power is SoSo” > * "So s,?sq?- - > sẹ which is Q. Therefore, 
{H, U} is simply isomorphic with {H, t}. 

Conversely, if there exists an operator s in the group of isomorphisms 
of H whose p-th power is an inner isomorphism and an operator Q in H 
which transforms the operators of H in the same way as s? and is invariant 
under s, then the operator 5,’ and consequently the operator U and the group 
G exist. Therefore, 


A necessary and sufficient condition that there exists a group G of order 
ph in which the operators of a given invariant subgroup H are transformed 
according to an operator s in its group of isomorphisms whose p-th power is 
an inner isomorphism is that there exists an operator Q of H which trans- 
forms the operators of H according to s? and is invariant under s. 

The operator So’, and consequently U also, is completely determined by Q 
and s. s does not determine Q completely but determines it as one of a set 
of operators of H each of which transforms. H in the same manner as s? and 
each of which is permutable with s. The operators of H which transform H 
in the same manner as s? may all be obtained from one of them by multi- 
plying it in turn by operators from the central of H. The operators of the 
central of H which are permutable with s form a subgroup C which when s 
is not identity is the central of G and does not depend on Q. Therefore, 


Every group G which contains a gwen group H invarianily as a subgroup 
of prime index p and transforms it according to a given operator s, not 
identity, in its group of isomorphisms contains a central C which depends 
only on H and s. 

The order of s is of necessity a multiple of p, but in any group @ the 
operator U may be so chosen that it transforms H according to an operator s 
whose order is a power of p, for if the order of the transformation performed by 
U is m p* where m is prime to p then U” will transform H according to an 
operator s whose order is a power of p. The groups {H,U} and {H, Ur} 
are evidentiy the same. We shall therefore assume in what follows that the 
order of s is a power of p. 

A necessary and sufficient condition that for a given H and s there exist 
a group G is given in the first theorem. That such a group need not always 
efist was shown by Professor Miller.* We shall accordingly in what follows 





* loo. cit, (1) p. 821. 
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assume that one such group exists for the H and s under consideration and 
investigate the question of the existence of other groups. 

If the given group is {H, U} where U? == Q, every possible group detér- 
mined by H and s is generated by H and an operator which transforms H 
according to s and which has C: : Q for a p-th power, where C; is some operator 
of C. Since s is of order p*, U” = R: Q’, where both R and Q’ are in O, 
the order of R is prime to p, and the order of Q’ is a power of p. Therefore, 
the group {H, U} will contain an operator JU = Rt: U which transforms the 
operators of H according to s and whose p“-th power is Q” of order a power 
of p. Since the groups {H, U} and {H,U} are the same, we may assume 
that the order of Q is a power of p. 

Now any other group that corresponds to H and s may be obtained by 
taking H and s,U where so is chosen so that Soso ' - - 89) is an operator in C; 
and though every operator of ( will give an so and every so determines a group, 
it follows from the preceding paragraph that the number of distinct groups 
cannot exceed the order of the Sylow subgroup of order p” in C. 

Ii È is any operator of C then (RU)? —R*Q. Therefore, the group 
obtained by taking s to correspond to R? is the same as that obtained by 
taking so to be identity. We have the theorem: 


The number of groups which contain a gwen group H invariantly as a 
subgroup of index p and transform its operators according to a given operator 
s in its group of isomorphisms is not more than one greater than the number 
of operators which are not p-th powers in the Sylow subgroup of order p! in 
the central C. 

An operator of @ which transforms H in the same manner as U must be 
the product of U and an operator from the central of H, and if it has for 
a p-th power the product of Q and an operator from the Sylow subgroup OpY 
of order pY of C the operator from the central of H must be from its Sylow 
subgroup H7 of order pf. Let R be such an operator, let U-1RU == R;R, 
and let UTIRU—=R;uß. Then since UP? —Q, we have U»RU®P 


p (P 
— RR) RP) -: +R, R= R, where the exponents are the binomial coef- 
cients. From this we get 


(1) RRO RG). -RO a 


aa a 
Then (BRU)? = U? - Ryoho i -° Ry?’ - RP, which in view of (1) becomes 


“ 


ON (RU)? =Q- Rp ako) RG). . RÈ) m. . 
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If R is another operator in the central of H the operator (2#’U)? will 
be the same as the right member of (2) where the R; is replaced by Ry’. 


P pò 
Then (R/RU)® = Q - (R'pBp1) (B’y-aByps) O e (RiR) © (R’R)? 


p p p p 
= Q- Ro. Mi) -R @) kr. Rp ak ==] (2) R?. Hence the operators of 
CY which with Q determine p-th powers of operators of @ which transform 
H in the same manner as U form a group; we shall denote this group by Chr. 


| C) » ®) G) 
Moreover, the set of operators RpiR,3 Bas - - ° Ri RP, where È is allowed 
to go through a set of independent generators of the Sylow subgroup of order 
pë of the central of H generate a group which contains every operator in the 
central of H which can be written in that form. The cross-cut of this group 
and C is Cy. . 

If Cp’ is arranged in co-sets with respect to Cu, a choice of so which 
makes the product of Q and one operator of a particular co-set the p-th 
power of an operator which transforms H in the same manner as U, makes 
the product of Q and every operator of that co-set such a p-th power. 
Therefore, 


The number of groups determined by a gwen H and s does not exceed 
the order of the quotient group of Cp’ with respect to Cy. 

It is true that we may determine an sp for each operator of the quotient 
group of OpY with respect to Car and that each such so determines a group G 
which has a new set of operators for p-th powers of operators which transform 
H in the same way as U, but we may not conclude therefrom that there are 
that many distinct groups G, due to the possibility of isomorphisms of H 
which are permutable with s. This will become more apparent when we 
consider certain restrictions on H and s. 

The method of procedure indicated in the proof of the preceding theorem 
is quite readily carried out when both p and the number of invariants of CpY 
are small. Often, however, the result may be arrived at indirectly in a 
simpler manner. From the form of the right member of (2) we notice that 
every operator of Cy is in the group Hy generated by the p-tl? powers of 
operators in the Sylow subgroup of order pê in the central of H and the 
(p —1)-th derived group of this Sylow subgroup with respect te U. Since 
Cy is in C, Cy will be in the cross-cut of Hy and C; we shall denote this 
cross-cut by Cr. 

We shall now consider some of the subgroups of Ca. In any case where 
we gan show that such a subgroup coincides with Cz, we may conclude that 
Cx coincides with this subgroup. 
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Let us consider an operator R in the central of H whose p-th power is 
in (7%. Then U-1R?U = R,?R? which must be R’. Therefore, R, and each 
of the succeeding Rs must be of order p or 1. Then from (1) we see that 
Rp must be identity, which requires R,-ı to be in Op”. Moreover, (2) reduces . 
to (RU)? =Q-Ryp.k?. If Rp. is identity then the operator RP is in Cy.* 
The R’s for which the corresponding R,.ı’s are identity form a group and 
their p-th powers form a group which is in Car and which we shall denote by Cy. ` 

If one of the operators R,-ı above is the p-th power of an operator S 
in 07°, then (S7RU)? = Q- S-?R,.R? =Q- R”. Then R? is in Cy. The 
product of two such Ws fulfilis the same conditions, as do the operators BR 
which determine C; Thus we have determined a group Cy which is con- 
tained in Cy and contains Cr. 

The (»—1)-th derived group with respect to U of the set of operators 
of the central of H whose p-th powers axe in Op” is, as we have seen, con- 

tained in Cp” and is of type 1,1,---. The group Or contains all of those 
- Rpa’s which are p-th powers in Cp”. For each of the independent generators 
of the group of R,..’s which are not in Cr we may determine an operator’ 
Ry+h?, any one of which is obtained from a given one by multiplying the 
latter by some operator from Cz. The group Cx determined by these operators 
and C; is contained in Cy and contains Cr. i 

These three groups may be described as follows: @r is composed of the 
set of p-th powers of the set of operators in the central of H whose ip-th 
powers are in O,” and whose (p—-1)-th commutators are identity; Cy is 
obtained by removing the restriction that the (p— 1)-th commutators be 
“identity and requiring that they be p-th powers in Cp”; and Cx is obtained 
by extending -Cy by means of a definite operator for each-of the remaining ~ 
generators of the (p—1)-th derived group of the set of operators in they 
central of H whose p-th powers are in (y?. i 

If we suppose that R is an operator in the group H,® for which Rpa 


p p 
and BR) eR @) RP are in OpY, we note first that Rp. is of order p, since 


U- Rpa Ur— RË) Ripa— By» Then t — 2 RO) g 
p-2 == Do p-2 = LVp-2» en from U» Ro-3 y? = Bet Rz Ro-3 
== Ry it follows that Ry. is also of order p. By repetition of this process we 
l ! p p 
may show that every R; is of order p, and that therefore BR) a ay R® Re 
becomes F,.,R?. Hence under the conditions on R its p-th power must be in 


* This includes two of Miller’s theorems: (1) R is in O, loc. cit. (1), p. 820; and 
(2) R, is in Ọ, is of order p, loc. eit. (3), p. 265. ® 
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O,” and the subgroup Cx of Car cannot be extended by an operator corr 
sponding to an R,.ı which is invariant. 

© To continue to a consideration of the Rp_.’s which are non-invariant wou! 
be to give a complete determination of Cyr for which a method has alreac 
been pointed out. From the foregoing a number of conclusions concernir 
special cases may be drawn; we shall give three. 


(a) If the (p—1)-th derived group of Hy? is identity, then Cx cot 
cides with C1; if it is composed of p-th powers in OpY, then Cx coi. 
cides with Cy; if it is composed of invariant operators, then C 
coincides with Cr. 

If the group of p-th powers of operators of Hf is contained - 
Crt, then the (p—1)-th derived group of Hy’ is in Cp” and C 
coincides with Cx. 
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(c) If Op” coincides with the group of p-th powers of operators of H, 
and if the (p—1)-th derived group of H£ is contained in the gror 
of p-th powers of operators of Cy’, then Ou coincides with Cy ar 
with Cp’, and therefore there is but one group corresponding 
H and s. 


If R is an operator of Hp? which is transformed into its k-th pow 
by U, then (RU)? = Q. Ries...» Tf this operator Bl... +k?) ig 
Cp” it is in Cu.” If we have determined Cy, this gives us no new informatio 
but if we are determining Cr, Cy, or Cx it gives additional information co: 
cerning Ca whenever Rt ---+#?") ig not in Or. 

Thus far we have placed no restrictions on H or s. Let us now suppo 
that s is of order 9. The operator s? is permutable with every operator of J 
Since H always contains at least one operator, namely identity, which is i 
variant under H and s, Q always exists. Therefore, 


For a gwen H and an s of order p in its group of isomorphisms the 
exists at least one group G which contains H invarianily and transforms 
according to s. 


If H is abelian s must be of order p. This makes no change in the pr 
cedure in the determination of Cyr since that depended only on the operato 
of Hf, which were permutable with each other and with s®. However, whi 
II is abelian it is the direct product of its Sylow subgroups and its group 
isomorphisms is the direct product of the groups of isomorphisms of its Sylc 
ee 


* This theorem is given by Miller for H abelian, loc. cit. (2), p. 918. 
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